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Abstract 
The anisotropic and isotropic R-8 dispersion contributions (disp8) are derived and implemented 
within the framework of the effective fragment potential (EFP) method, formulated with 
imaginary-frequency Cartesian polarizability tensors distributed at the centroids of the localized 
molecular orbitals (LMOs). Two forms of damping functions, intermolecular overlap-based and 
Tang-Toennies, are extended for disp8. To obtain LMO polarizability tensors centered at LMO 
centroids, an origin-shifting transformation is derived and implemented for the dipole-octopole 
polarizability tensor and the quadrupole-quadrupole polarizability tensor. The analytic gradient is 
derived and implemented for the isotropic disp8 contribution.  

Relative to the previously implemented empirical EFP disp8 energy, the isotropic disp8 component 
of the interaction energy improves the overall agreement of the EFP dispersion energies with the 
symmetry adapted perturbation theory (SAPT) benchmarks, reducing the mean absolute errors 
(MAEs) and mean absolute percentage errors for most of the databases examined in this work. 
While the anisotropic disp8 can further enhance the accuracy of the EFP dispersion energy and 
yield smaller MAEs, significantly over-bound dispersion energies are predicted by the anisotropic 
disp8 when the maximum element in the intermolecular overlap matrix is greater than 0.1, possibly 
due to the breakdown of the approximations made in the EFP dispersion derivation at short range. 
For potential-energy-scan databases, the newly developed EFP dispersion model with isotropic 
disp8 yields overall correct curvature and good agreement with SAPT benchmarks around 
equilibrium and longer but overestimate the dispersion interactions at short range. While the 
overlap-based dispersion damping functions produce better MAEs than Tang-Toennies damping 
functions, further improvement is needed to better screen the large attractive dispersion energies 
at short range (overlap > 0.1).  
 
 
 
  



 
I. Introduction 

Dispersion, the weak interaction due to the correlated movement of electrons, impacts systems 
across chemistry, biology and material science. Correlated ab initio methods, such as Möller-
Plesset 2nd order perturbation theory (MP2) and coupled cluster (CC) methods, can capture the 
dynamic correlation, in which dispersion is an integral part, at the cost of steep scaling, which 
severely limits their applicability to condensed phase, nanomaterials or bio-relevant systems. 
Introducing the resolution-of-identity (RI) approximation or local orbital approaches to these 
correlated methods and applying them within a fragmentation framework can mitigate the issue of 
high computational cost. However, these novel implementations may still be insufficient because 
of the increasing desire to use electronic structure theory to study larger and larger systems and to 
provide more detailed molecular modelling (e.g., explicit solvent molecules rather than a dielectric 
continuum approximation).   

In the seminal paper of London1, the long-range R-6 dispersion interaction was successfully 
accounted for by applying 2nd order perturbation theory to a pair of neutral atoms in S states 
approximated as two fluctuating dipoles. Extending the approach to higher multipoles, the 
fluctuating dipole-quadrupole interaction results in the R-8 term in the dispersion energy.2,3 
Removing the limit to spherical systems such as atoms, the foundational work by Buckingham 
formulated the dispersion forces within the framework of intermolecular perturbation theory.4,5 
The equations were made practical by introducing the Unsöld approximation6 and expressing the 
equations in terms of static molecular polarizabilities. The formulation and importance of higher 
order dispersion terms has been discussed for some special cases (e.g., linear molecule, tetrahedral 
molecule).4,5 In the late 1970s, Lekkerkerker et al extended an alternative approximate approach 
for dispersion forces applying the Kirkwood variational method to higher order dispersion terms.7–

10 Instead of the Unsöld approximation, the Casimir-Polder formula11 was employed, in which the 
dispersion interaction is expressed in terms of dynamic polarizabilities over the imaginary 
frequency range. Using spherical tensor formalism, Wormer et. al. developed a closed expression 
for the long-range interaction (including dispersion) in which the orientational dependence is 
simplified.12–16 Later, Wormer and coworkers also computed the dynamic polarizabilities using 
many-body perturbation theory.17,18 Due to the limited computational power at the time, early 
developments of dispersion interactions, especially higher order contributions, focused on noble 
gas atoms, diatomics and simple molecules like methane. 4,5,7–10 Molecular polarizabilities were 
typically used, and certain higher-order multipolar contributions could be omitted by symmetry 
arguments.  

With the advent of modern computers and consequently increased computational power for larger 
molecular systems, it became apparent that a single-site multipole expansion representation of 
molecules faces convergence difficulties. A distributed multipole expansion, in which the 
molecule is divided into regions, each described by its own multipoles, can better reflect the 
molecular complexity. Such distributed treatments naturally extend to the polarizabilities as well. 



Several groups19–30 have developed dispersion models based on distributed polarizabilities. The 
underlying theoretical framework is perturbation theory, and the methods mainly differ in how the 
partition is done and how the so-called non-local polarizabilities are treated. Often, some form of 
Hirshfeld-type scheme31–33 is used to partition the molecular charge distribution into atomic 
contributions. Consequently, since polarizabilities involve two multipolar operators, the expansion 
centers of the two multipoles can coincide or differ, thereby giving rise to local and non-local 
polarizabilities, respectively. Some of these approaches22–30 were developed as dispersion 
corrections to density functional theory; i.e., a DFT-D type correction; hence, some parameters are 
fitted for different functionals.  

The effective fragment potential (EFP) method was originally developed as an explicit solvation 
method34, just for hydrated systems, and later extended to any closed-shell systems that are bound 
by intermolecular forces. EFP is an ab initio force field method, in which all of the parameters in 
an EFP potential are generated from preparatory ab initio calculations on the isolated monomer 
(called a fragment in EFP terminology). Once generated, the EFP fragments can interact with each 
other (EFP-EFP interactions) or with an ab initio wave function (QM-EFP interactions). EFP-EFP 
and QM-EFP interactions share the same theoretical foundation but differ in some key 
approximations made throughout the derivations. The EFP interaction energy between a pair of 
molecules consists of five terms: Coulombic interaction, polarization, dispersion, exchange 
repulsion and charge transfer. Unlike many other ab initio force field methods that distribute the 
molecular properties over atoms, localized molecular orbitals (LMOs) play a central role in the 
EFP method. The polarization and dispersion components are formulated using static and dynamic 
LMO polarizability tensors, respectively. The exchange repulsion component is derived from a 
truncated power expansion of the intermolecular overlap between LMOs. While mathematically 
equivalent to the canonical molecular orbitals (CMOs), LMOs provide a more intuitive and 
transferable picture for chemists.   

The EFP-EFP dispersion interaction as currently implemented contains three contributions: 
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R measures the intermolecular separation. The leading term with R-6 dependence is the 
contribution due to the isotropic dipole polarizabilities.35 The disp7 term is an anisotropic 



contribution formulated with dipole polarizabilities and dipole-quadrupole polarizabilities.36 The 
third term in Eq. (1) can be considered to represent the higher order contributions and has been 
approximated as one-third of the isotropic disp6 term, an empirical approximation based on a 
limited number of test cases.35  

In order to maintain a method that is free of fitted parameters, the present work is devoted to the 
derivation and implementation of the analytic expressions for the disp8 contribution. Hereinafter, 
“old disp” refers to the dispersion energy given by Eq. (1), whereas “new disp” includes the 
analytic disp8 developed in this work. 

In addition, note that EFP dispersion is a pairwise additive model based on intermolecular 
perturbation theory and does not account for many-body dispersion. In an earlier study37, the 
many-body dispersion effects in molecular clusters bound by weak intermolecular forces were 
explored and were shown to be negligible. Dispersion methods such as MBD by Tkatchenko et. 
al.38 are based on a formulation of the random phase approximation called the adiabatic-connection 
fluctuation-dissipation theory, which formally gives an exact expression for the total electron 
correlation, including both intramolecular and intermolecular correlation.   

This paper is organized as follows: Section II provides a brief overview of the EFP theory, 
followed by a detailed derivation of the analytic energy and gradient (in the Appendix) expressions 
for the R-8 dispersion contribution. Section III presents the computational details. Section IV 
presents and discusses the results. The conclusions are drawn, and future work is considered in 
Section V.  

 
II. Theory 

(A) Effective Fragment Potential Method 

The effective fragment potential (EFP) method is an ab initio force field method that is developed 
to describe intermolecular interactions accurately and efficiently. As mentioned in Section I, 
parameters for an EFP (usually an individual molecule) are generated from a preparatory single 
point ab initio calculation, usually with Hartree-Fock (HF), coupled perturbed HF (CPHF) and 
time-dependent HF (TDHF) at the 6-311++G(3df,2p) basis set for a given geometry. This is 
accomplished at the so-called MAKEFP step. Detailed descriptions of each EFP term can be found 
elsewhere34–36,39–42. Here, only a brief account of the EFP terms will be given.  

The total EFP interaction energy consists of five components: Coulomb, polarization, dispersion, 
exchange repulsion (ExRep) and charge transfer (CT). The first three terms are electrostatic in 
origin (derived from a truncated multipole representation of the interacting potential operator), 
hence have R-n dependence, whereas the last two terms have an exponential dependence on the 
intermolecular separation R.  

The Coulomb interaction is calculated as multipole-multipole interactions using the Stone 
distributed multipole analysis (DMA)43 approach, carried out through octopole moments. These 
distributed multipoles are located at the atom centers and bond midpoints of an EFP fragment. The 



polarization interaction, as the only EFP many-body term, is computed from the iteratively 
converged induced dipole moment located on each localized molecular orbital (LMO). The 
dispersion interaction, which is the focus of this work, is computed via the dynamic (imaginary 
frequency dependent) LMO polarizability tensors. The ExRep interaction energy is derived as a 
power series expansion of the intermolecular overlap, truncated at the quadratic term. The CT term 
arises from the interaction between occupied molecular orbitals on one fragment with the virtual 
molecular orbitals on another fragment. The virtual orbitals used in the CT term can be either the 
converged canonical virtual orbitals obtained after an SCF calculation of the fragment or the 
valence virtual orbitals (VVOs44). The VVOs are the unoccupied complement to the valence 
occupied orbital space. Therefore, the number of occupied MOs + VVOs is the same as the number 
of minimal basis functions, thereby dramatically reducing the computational cost of the CT term 
relative to the full canonical orbital space.  

At short range, the classical multipole expansion breaks down, and the Pauli exclusion principle 
becomes important; then, the use of the Hartree product instead of the antisymmetrized product 
for the total wave function is no longer a sound approximation. Therefore, the three R-n dependent 
EFP components must be augmented with damping functions to obtain the correct asymptotic 
short-range behavior. For each of these three terms, two options for the damping functions are 
available. The Coulomb term can be screened by an exponential damping or an overlap-based 
damping; the latter utilizes the intermolecular overlap between the LMOs in the spherical Gaussian 
approximation.45 For the polarization term one has a choice of exponential or Gaussian damping 
functions.46 For the dispersion term, the damping functions can take an overlap-based form or a 
Tang-Toennies style.47,48  

 

(B) Theoretical Derivation of R-8 dispersion contribution 

● Molecular Model: Disp8 using molecular polarizabilities 

In Rayleigh-Schrödinger (RS) intermolecular perturbation theory, the dispersion energy is part of 
the second-order perturbation energy 
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where |0A> and |0B> represent the ground states of fragments A and B, respectively. |m> and |n> 
represent the excited states of fragments A and B, respectively. The Es in the denominator are the 
energies of the corresponding states. The summation is over all of the excited states of fragments 
A and B. The perturbation operator ��  represents the long-range electrostatic interaction. To obtain 
all of the contributions for the R-8 order of interaction, ��  must be expanded through the octopole 
moment,  
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where �, �, � ��� �  are the monopole, dipole, quadrupole and octopole moments of an EFP 
fragment, and run over the Cartesian coordinates x, y, z. The electrostatic T tensors in 
Eq. (3) are defined as follows: 
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where R is the distance between the expansion centers (e.g., center of mass or centroids of LMOs) 
of the two charge distributions, and  is a Kronecker delta. 

Substituting Eq. (3) into Eq. (2), the dispersion interaction properly starts from the T(R-3)T(R-3) 
combination, that is, the R-6 dipole-dipole term. The R-7 dispersion term comes from the T(R-3)T(R-

4) combination. The R-8 dispersion interaction comes from two combinations, T(R-3)T(R-5) and 
T(R-4)T(R-4). To simplify the notation, ∆���

�  is henceforth used in place of ��
� − ��

�, and ∆���
�  is 

similarly defined. These definitions lead to Eq. (5) below for ��
����: 
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As for the derivation for disp6 and disp7, it is assumed that the fragments A and B are sufficiently 
separated so that short-range exchange effects can be neglected. Hence, the total wave function 
can be written as the Hartree product of the fragment wave functions: 

|0�0� >= |0� > |0� >, |�� > = |� > |� > (6) 

With the changes in Eq. (6), the numerator of Eq. (5) can be rewritten in terms of multipole 
integrals. To proceed further, note that the first and second terms in Eq. (5) are equivalent and can 
be combined:  
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The ∆���
�  are expressed in terms of the transition frequency ���

�  in Eq. (8). This step allows the 
disp8 expression, Eq. (7), to be recast in terms of polarizabilities, which are defined as follows4: 
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where �(�), �(�), �(�) ��� �(�) are the dipole, dipole-quadrupole, quadrupole and dipole-
octopole polarizability tensors at frequency �, respectively. Note that the authors choose to use D 
for the dipole-octopole polarizability tensor, which is different from the notation in some other 
works. This choice of notation avoids confusion with the use of E for energy.  

The disp8 interaction energy now takes the form, 
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in which the superscripts A and B indicate that the expansion centers are located at the centers of 
mass of the corresponding molecules. In addition, in analogy with the R-6 and R-7 dispersion terms, 
the integrals in Eq. (10) are evaluated numerically via a 12-point Gauss-Legendre quadrature by a 
change of variable, 
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where �(�) and �� are the Gauss-Lengendre weights and abscissas35,49 and the value for �� is 
taken to be 0.3.50 This ��

���� is computed with the anisotropic polarizability tensors. Next, a 
formula using the isotropic forms of the polarizabilities will be introduced. 

 

● Isotropic Approximation 

The well-known C6 dispersion coefficient can be formally derived by neglecting the off-diagonal 
components of the dipole polarizability and averaging the diagonal components of the dipole 
polarizability. 
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It has been demonstrated that the isotropic averaging of the dipole-quadrupole polarizability is 
zero.4 It can be shown that the same is true for the dipole-octopole polarizability (see Appendix 
A). The only other surviving polarizability in Eq. (12) (within the isotropic approximation) is the 
quadrupole polarizability. So, the isotropic disp8 term contains only the terms involving the 
isotropic dipole polarizability, ��, and the isotropic quadrupole polarizability, �̅. (See Appendix B) 
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The isotropic dipole polarizability, �� , is defined above and �̅  is the isotropic quadrupole 
polarizability5 defined as 
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● Distributed Model: Disp8 using Localized Molecular Orbital (LMO) polarizabilities 

Currently, the implemented R-6 and R-7 dispersion terms in the EFP method are computed using 
LMO polarizability tensors located at the centroid of each LMO. Such a distributed model allows 
a better description of the charge distribution than a single center model in a molecular 
environment. A detailed description of the distributed model has been given in previous studies35,36 
for both the R-6 and R-7 dispersion interactions. The distributed disp8 can be derived in an 
analogous manner: 
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The isotropic version becomes, 
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(17) 

 

In Eq.(17),  k and l represent the LMOs of fragments A and B, respectively. The T tensors of 
various ranks are defined in terms of the distance between the two LMO centroids (���). As for 
the R-7 dispersion term, the LMO polarizability tensors are obtained via a two-step process: The 
first step is to compute the molecular polarizability located at the center of mass of the molecule 
and to partition the molecular polarizability into the LMO components. Then, an origin-shift 
transformation is carried out so that the expansion centers are shifted from the center of mass to 
the respective LMO centroids.  

  

● Origin Dependence  

For neutral molecules, the dipole polarizability is independent of the expansion center, but higher-
rank polarizabilities will change with a shift of the expansion center. This is commonly referred to 
as origin dependence. A general form of a multipole-multipole polarizability can be defined as 

���(�) = �
�������

[(���)� − ��]

������

���

 (18) 

where ���  is the transition frequency between the ground state and excited state m and Qk 
symbolizes a multipole moment integral centered at origin k. For molecular polarizabilities, both 
i and k are the center of mass of the same molecule. However, after partitioning the molecular 
polarizability into LMO components, the origins i and k need to be shifted and they do not 
necessarily coincide at the same centroid. For the simplicity of the formulation and implementation, 



it is desirable to have a local formalism (� = �). Currently, the ‘non-local’ polarizabilities (� ≠ �) 
are neglected in the EFP distributed model. A brief discussion can be found in the Appendix.   

Having finalized the form of the distributed disp8, the only missing piece is to have an origin-
shifting transformation from the molecular center of mass to an LMO centroid for the quadrupole 
polarizabilities and the dipole-octopole polarizabilities. A quadrupole moment, �� , with origin 
shifted by -�′, is related to the original quadrupole moment � through,  
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In Eq. (19), �, � and � are the charge, dipole and quadrupole moment at the original (un-shifted) 
center, and the subscripts run over x,y,z. Therefore, the origin-shifted quadrupole polarizability, 
��, through some algebra, is obtained as 
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In Eq. (20) �, � and � without the superscript prime indicate the original polarizabilities with the 
origin at the center of mass. Note that the integrals involving the charge q vanish due to 
orthogonality of the ground and excited states, regardless of the charge.  

The octopole moment origin shift transformation, although considerably more complicated 
algebraically, can be achieved as follows:
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(21) 

Then the shifted dipole-octopole polarizability, ��, becomes, 
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(22) 

The dipole-octopole polarizability tensor and quadrupole-quadrupole polarizability tensor are 
generated using the same procedure as that used for the dipole polarizability and dipole-quadrupole 
polarizability tensors51; that is, the dynamic analog of the coupled perturbed Hartree-Fock (CPHF) 
equations52, 

��(�)�(�) − (��)��� = −�(�)� (23) 



In Eq. (23), �(�)is the real oribital Hessian matrix  

�����
(�) = (�� − ��)������ + 4(��|��) − (��|��) − (��|��) (24) 

and �(�) is related to the magnetic field response of the system 

�����
(�) = (�� − ��)������ + (��|��) − (��|��) (25) 

in which i and j are the occupied molecular orbitals (MOs), a and b are the virtual MOs.  �� and �� 
are the corresponding orbital energies. The matrix � in Eq. (23) provides the perturbation field. � 
is the dipole moment integral in the MO basis for the dipole-octopole polarizability and the 
quadrupole moment integral in the MO basis for the quadrupole-quadrupole polarizability. Then 
the response vectors � obtained by solving Eq. (23) are used to form the desired polarizabilities: 
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● Damping function 

Both the anisotropic and isotropic disp8 in Eq. (16) and Eq. (17) are implemented, augmented with 
a damping function to ensure correct asymptotic behavior. Both disp6 and disp7 have their 
associated damping functions f6 and f7. The damping functions for disp8 are natural extensions of 
the disp6 and disp7 contributions. Currently, two types of damping functions exist for the EFP 
dispersion interaction: overlap-based46,53 and Tang-Toennies46,47, both of which are extended to 
account for the disp8 term.  

Overlap-based: ��
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 (28a) 

where ��� is the overlap between LMOs i and j.  

Tang-Toennies: ��
��(�, �) = 1 − ��

(��)�

�!

�

���

� ���� (28b) 

where R is the distance between the centroids of LMOs i and j, and Sij is an element of the 
interfragment overlap matrix. The parameter b is (somewhat arbitrarily) chosen to be 1.5 for 
consistency with disp6 and disp7, which have demonstrated reasonable performance36,46. 

● Analytic gradient of the isotropic disp8 

The fully analytical gradient for the isotropic disp8 was derived and implemented to allow 
geometry optimizations and molecular dynamics simulations. (See derivations in Appendix).   

All of the new developments are implemented in the GAMESS electronic structure package.54–56  



 

III. Computational Details 

The databases used as benchmarks in this work are listed below in Table 1. The first eight contain 
dimers at a single configuration, while the last four databases are potential energy scans. For all 
the systems, the EFP potentials were generated at the HF/6-311++G(3df,2p) level of theory using 
the monomer structure in the dimer as provided by the Biofragment Database (BFDb).57 The 
benchmarking dispersion energies are obtained from the same portal.  The levels of symmetry 
adapted perturbation theory (SAPT) used for the benchmarks are summarized in Table 2.  

Table 1. The databases examined in this work. The first eight sets contain dimers at a single 
configuration (around equilibrium) while the last four are interaction energy scans along certain 
reaction coordinates.  

Database Description 
A24 A set of 24 small bimolecular complexes 
BBI25 Peptide backbone-backbone complexes 
HSG Bimolecular complexes from protein-indinavir reaction site 1 HSG 
JSCH Nucleobase pairs 
S22 Organic bimolecular complexes 
S66 Organic bimolecular complexes 
SSI100 Peptide sidechain-sidechain complexes 
UBQ Bimolecular complexes from native 1UBQ protein fold 
Potential energy scan 
ACHC Interaction energy curve for adenine-cytosine stacked nucleobases through 6 translations 

and rotations 
HBC6 Dissociation curves of doubly H-bonded bimolecular complexes 
NBC10 Dissociation curves of dispersion-bound bimolecular complexes 
S22by7 Dissociation curves of organic bimolecular complexes 

 
Table 2. The level of SAPT theory used for the databases.  

Database Dispersion Energies 
A24 SAPT2+3(CCD)/aug-cc-pVTZ 
BBI25 SAPT2+/aug-cc-pVDZ 
HSG SAPT2+3(CCD)/aug-cc-pVTZ 
JSCH sSAPT0/jun-cc-pVDZ 
S22 SAPT2+3(CCD)/aug-cc-pVTZ 
S66 sSAPT0/jun-cc-pVDZ 
SSI100 SAPT2+/aug-cc-pVDZ 
UBQ sSAPT0/jun-cc-pVDZ 
 
ACHC sSAPT0/jun-cc-pVDZ 
HBC6 SAPT2+3(CCD)/aug-cc-pVTZ 
NBC10 SAPT2+3(CCD)/aug-cc-pVTZ 



S22by7 sSAPT0/jun-cc-pVDZ 
 
The mean absolute error (MAE) and mean absolute percentage error are computed for the database 
containing dimers at a single configuration, and are defined as: 
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The signed error is defined as ���������� − ����ℎ����. Therefore, for the dispersion energy, 
underestimation by EFP is indicated by positive errors while negative errors mean overestimation 
by EFP.  
 

IV. Results and Discussion 

A) Dimers around equilibrium configuration 
The total dispersion energies predicted by EFP, “old disp” and “new disp” using either isotropic 
or anisotropic disp8, individual dispersion contributions (disp6, disp7 and disp8), as well as the 
three components in disp8 due to dipole-quadrupole polarizabilities, dipole-octopole 
polarizabilities and quadrupole-quadrupole polarizabilities for all the databases containing dimers 
at a single configuration are summarized in Supporting Information.  

The magnitudes and percentages of disp6, disp7 and isotropic disp8 in the total dispersion energy 
for the single configuration databases are shown below in Figure 1. Disp6 is the leading term in 
the dispersion energy (Eq. 1), contributing 40% - 80% of the EFP total dispersion energy. Disp7 
is negligible in many cases, but can be significant (~ 20%), particularly for hydrogen-bonded 
dimers. The isotropic disp8 contribution is smaller but still substantial (~ 20% – 40%).  
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Figure 1. The magnitudes of the dispersion energy components (disp6, disp7 and isotropic 
disp8) (left) and the percentage of disp6, disp7 and disp8 in the total dispersion (right) for the 
A24, BBI25, HSG, JSCH, S22, S66, SSI100 and UBQ databases. Overlap-based damping 
functions are used. The bars are ordered from left to right according to the naming convention 
of each database.   
 

The mean absolute errors (MAEs) and the mean absolute percentage errors of the EFP total 
dispersion energies for the eight databases containing dimers at a single configuration are 
summarized in Table 3. Of the eight databases, five yield MAEs less than 1.5 kcal/mol and show 
progressive improvement from the approximate disp8 (old disp) to the isotropic disp8 (new iso 
disp8) to the anisotropic disp8 (new aniso disp8). The three databases (JSCH, S66 and UBQ) that 
produce worse performance than the “old Disp8 all use sSAPT0/jun-cc-pVDZ for benchmarking 
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calculations, which consider only intermolecular perturbation, whereas other databases use at least 
the SAPT2+ level that contains intramolecular correlation including intramolecular dispersion. 58 
Therefore, SAPT2+ and above provide better benchmarking values for the total dispersion 
interactions. The better agreement of the analytic disp8 (either isotropic or anisotropic) may be 
partially due to the over-estimation of disp8. As will be discussed in relation to the signed errors 
(Figure 2) and potential energy scans (for example, Figure 6), the overlap-based damping function, 
in its current form, may not provide sufficient screening at short range or for molecules with large 
intermolecular overlaps, thereby possibly contributing to an over-estimation of disp8.  
 
Table 3. The mean absolute error (MAE) in kcal/mol and the mean absolute percentage error of 
EFP total dispersion energies for the eight databases. “Old” refers to approximating disp8 as one 
third of isotropic disp6. “New” dispersion computes the disp8 using either the isotropic or the 
anisotropic formulation. 

Dataset MAE (kcal/mol) Mean Absolute Percentage Error (%)  
Old New  

(iso disp8) 
New  
(aniso disp8) 

Old New  
(iso disp8) 

New  
(aniso disp8) 

A24 0.540 0.380 0.280 28.95 21.95 15.23 
BBI25 1.694 0.864 0.436 36.31 18.83 9.22 
HSG 0.993 0.509 0.497 23.06 13.42 12.89 
JSCH 1.019 1.652 2.638 15.39 19.42 32.25 
S22 1.696 1.320 1.215 25.47 18.02 15.42 
S66 0.546 1.084 1.760 13.64 26.83 47.32 
SSI100 0.664 0.269 0.395 19.44 8.16 10.48 
UBQ 0.427 0.493 1.272 17.07 20.59 44.70 

 
 
Table 4. Mean absolute error (MAE) of S22 dispersion energies compared against 
SAPT2+3(CCD)/aug-cc-pVTZ benchmarks. The EFP dispersion energies are screened with either 
overlap-based damping functions or Tang-Toennies damping functions. The dispersion expansion 
is truncated at R-6 (Disp6), R-7 (Disp6+7) and R-8 terms, where “Old Disp” includes all three 
contributions and uses an approximate disp8, and “New Disp” uses the isotropic disp8 developed 
in this work. 

MAE 
(kcal/mol) 

Disp6 Disp6+7 Old Disp New Disp  
(iso disp8) 

Overlap-based damping 2.46 3.07 1.69 1.31 
Tang-Toennies damping 3.32 3.56 2.42 2.21 

 

From Table 4, one can observe that (1) on top of disp6, adding only the disp7 correction is not 
sufficient, and. in fact, lowers the overall accuracy of the dispersion energies; (2) the even-powered 
higher order contribution (with disp8 being the leading term) is necessary; (3) the newly developed 
analytic disp8 provides the best accuracy and (4) the intermolecular overlap-based damping shows 



better performance than Tang-Toennies style damping. So, for all subsequent discussion, the 
numerical results are obtained using the overlap-based damping functions.   

The anisotropic disp8 (Eq. 16) consists of contributions from various types of polarizability tensors, 
namely, the dipole-quadrupole polarizability tensor (E8DQ), the dipole-octopole polarizability 
tensor (E8DO) and the quadrupole-quadrupole polarizability tensor (E8QQ). For the databases 
studied in this work (see Supplementary Information), it is found that the E8DQ contribution is 
always small, generally less than 5 % of the total dispersion energy and often even smaller than 
1%. The E8QQ contribution is always attractive while the E8DO contribution can be attractive or 
repulsive, with a tendency to be attractive for hydrogen-bonded systems and repulsive for 
dispersion dominated systems.  

Taking the S22 database as an example, the dispersion energies for individual dimers are listed in 
Table 5 and the statistics metrics (MAE and mean absolute percentage error) are summarized in 
Table 6. Several interesting observations can be made. (1) The old dispersion model significantly 
underestimates the dispersion energy for hydrogen-bonded dimers (3.95 kcal/mol MAE) but yields 
most likely fortuitously excellent agreement for dispersion dominated dimers (0.37 kcal/mol 
MAE). (2) The new dispersion model with isotropic disp8 predicts larger dispersion interactions 
than the old model, which means improved results for hydrogen-bonded dimers but larger errors 
for dispersion dominated dimers. (3) The dispersion model with anisotropic disp8 yields even 
larger dispersion energies for hydrogen-bonded dimers due to the attractive E8DO contribution. 
On the other hand, the repulsive E8DO contribution for the dispersion dominated dimers reduces 
the total dispersion interactions and provides much better agreement with available benchmarks.  
 
Table 5. The total dispersion energies (kcal/mol) of the S22 database predicted by 
SAPT2+3(CCD)/aug-cc-pVTZ and EFP. The R-8 dispersion energy contribution to the total EFP 
dispersion is computed from the approximate disp8 (old), or the isotropic disp8 (iso disp8) or the 
anisotropic disp8 (aniso disp8).  

    SAPT58 Old Disp 
 

New Disp  
(iso disp8) 
 

New Disp 
(aniso disp8) 

Hydrogen-bonded dimers 
Ammonia ammonia -2.1651 -1.5195 -1.8974 -1.7085 
Water water -2.5274 -0.9208 -1.2324 -2.5379 
formic acid formic acid -10.3917 -4.722 -7.8015 -16.4291 
Formamide formamide -8.2317 -4.2207 -7.0517 -13.0303 
Uracil uracil -9.9104 -4.156 -5.5077 -9.7334 
Pyridoxine aminopyridine -10.3660 -5.6366 -8.6772 -14.4304 
Adenine thymine -10.8311 -5.6227 -7.7021 -14.1919 
Dispersion dominated dimers 
Methane methane -0.9482 -0.9605 -1.0091 -0.7881 
Ethene ethene -2.5288 -2.6620 -3.0875 -2.4475 
Benzene methane -2.8155 -2.2718 -2.9335 -3.2809 
Benzene benzene -8.0158 -8.0494 -10.5018 -8.8422 



Pyrazine pyrazine -8.6512 -8.7689 -11.4931 -9.3063 
Uracil uracil -11.9863 -10.8432 -12.0031 -10.6106 
Indole benzene -11.8612 -12.1984 -16.0207 -12.8879 
Adenine thymine -17.6415 -16.9627 -20.0753 -16.3613 
Mixed dimers 
Ethene ethyne -1.4094 -0.9614 -1.0708 -1.2634 
Benzene water -2.9557 -2.1166 -2.6331 -2.6609 
Benzene ammonia -2.8436 -2.169 -2.7432 -2.9098 
Benzene HCN -3.7630 -3.0642 -4.0268 -3.8127 
Benzene benzene -4.7454 -3.8198 -4.9338 -5.1757 
Indole benzene -6.6948 -5.2097 -6.7606 -6.8901 
Phenol phenol -6.7825 -5.1683 -6.2454 -6.0133 

 
 
Table 6. The mean absolute error (kcal/mol) and mean absolute percentage error (%) for the full 
set, H-bonded subset, dispersion dominated subset and mixed subset of S22 database. 

Dispersion MAE (kcal/mol) Mean absolute percentage error (%) 
S22 Old New 

(iso)  
New 
(aniso) 

Old New 
(iso) 

New 
(aniso) 

Full set 1.70 1.32 1.21 25.47 18.02 15.41 
H-Bonded 3.95 2.08 2.70 49.78 27.50 29.99 
Disp. bound 0.37 1.58 0.73 5.48 18.20 10.24 
Mixed 0.96 0.26 0.28 23.99 8.34 6.76 

 
The signed errors for all databases are plotted in Figure 2. For many dimers, there is an error 
reduction from the old dispersion (blue bar) to the new iso disp (orange bar) and then to the new 
aniso disp (grey bar). However, as discussed for the S22 set, the anisotropic disp8 is largely 
attractive for hydrogen-bonded dimers and yields substantial errors in some cases. Interestingly, if 
the dimer has a value greater than 0.1 for the maximum element in the intermolecular overlap 
matrix, it almost always results in a large over-bound dispersion energy. Such large errors could 
be the result of two approximations in the derivation of the EFP dispersion model. One is the use 
of a classical multipole expansion for the interaction operator. The second is the assumption that 
the total wave function can be represented by the Hartree product of monomer wave functions. An 
intermolecular overlap matrix element of 0.1 (increasingly likely at shorter inter-fragment 
distances) might suffice for the breakdown of one or both approximations. It is noted that at short 
range (overlap > 0.1), other dispersion terms (disp6 and disp7) should also be affected and the use 
of analytic disp8, either isotropic or anisotropic, should still reduce errors. However, fortuitous 
cancellation of errors when using the empirical (old) disp8 may appear to make the results worse, 
as exemplified in the S22 database.  
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Figure 2. Signed errors (kcal/mol) for the total dispersion energies predicted by EFP relative to 
SAPT benchmarks. The disp8 contribution in the EFP total dispersion energy is calculated either 
as anisotropic disp8 (grey), isotropic disp8 (orange) or 1/3 of disp6 (blue). An underestimation by 
EFP is indicated by positive errors while negative errors mean overestimation by EFP. The bars 
are ordered from bottom to top according to the naming convention of each database.   
 
 
 

B) Potential energy scans 
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Four potential energy scan databases are examined here (Figures 3-6). ACHC is composed of 
potential energy scans of adenine-thymine along six coordinates (Figure 3).  Three translations are 
Rise (+Z), Slide (+Y), and Shift (+X) and three counterclockwise rotations includes Twist (+Z), 
Roll (+Y) and Tilt (+X). HBC6 consists of hydrogen-bonded bimolecular complexes of formic 
acid (FaOO), formamide (FaON) and formamidine (FaNN) monomers in homogeneous dimers or 
heterogenous dimers, along the hydrogen bonding dissociation coordinate (Figure 4). NBC10 
contains a collection of dispersion bound bimolecular complexes including the sandwich (BzBz_S), 
T-shaped (BzBz_T), 3.2, 3.4 and 3.6 Å separated (BzBz_PD32, BzBz_PD34, BzBz_PD36) 
configurations of the benzene dimer, benzene  with hydrogen sulfide (BzH2S), benzene with 
methane (BzMe), methane dimer (MeMe), the antiparallel sandwich (PyPy_S2) pyridine dimer 
and a T-shaped (PyPy_T3) pyridine dimer (Figure 5). S22by7 contains dimers in S22 database 
separated at 0.7, 0.8, 0.9, 1.0, 1.2, 1.5 and 2.0 X of the equilibrium separation (Figure 6).   

The dispersion energies predicted by the new dispersion model with isotropic disp8 are compared 
with SAPT benchmarks and plotted in Figures 2-5 for the ACHC, HBC6, NBC10 and S22by7 
databases, respectively. A general observation is that the new dispersion model is able to predict 
overall correct curvatures of the potential energy surfaces with good agreement with SAPT around 
equilibrium and longer separations, but tends to over-bind substantially at shorter range. For the 
significantly over-bound dimers, the maximum element in the intermolecular overlap matrix can 
be greater than 0.2 or even 0.3 whereas at equilibrium this value is generally smaller than 0.1. Also, 
the ACHC and S22by7 benchmarks are obtained at a lower level of accuracy, sSAPT0/jun-cc-
pVDZ level while HBC6 and NBC10 dispersion benchmarks are obtained at SAPT2+3(CCD)/aug-
cc-pVTZ. At shorter range, the importance of intramolecular correlation, including dispersion, is 
expected to increase.  

 
 
  



ACHC 

(a) (d) 

(b) (e) 

(c) (f) 
Figure 3. The dispersion energies of the ACHC database predicted by new EFP model with 
isotropic disp8 (blue) and SAPT (orange). Three translations are (a) Rise (+Z), (b) Slide (+Y), 
and (c) Shift (+X) and three counterclockwise rotations are (d) Twist (+Z), (e) Roll (+Y) and (f) 
Tilt (+X). 



 
HBC6 

(a) (d) 

(b) (e) 

(c) (f) 
Figure 4. The dispersion energies of the HBC6 database predicted by the new EFP model with 
isotropic disp8 (blue) and SAPT (orange). Homogeneous dimers: (a) FaOO-FaOO, (b) FaON-
FaON, (c) FaNN-FaNN. Heterogenous dimers: (d) FaOO-FaON, (e) FaON-FaNN, (f) FaOO-
FaNN.  



  
 

NBC10 

(a) (f) 

(b) (g)  

(c) (h) 



(d) (i) 

(e) (j) 
Figure 5. The dispersion energies of the NBC10 database predicted by the new EFP model with 
isotropic disp8 (blue) and SAPT (orange). (a) sandwich benzene dimer (BzBz_S), (b) T-shaped 
benzene dimer (BzBz_T), (c) 3.2, (d) 3.4 and (e) 3.6 Å separated (BzBz_PD32, BzBz_PD34, 
BzBz_PD36) configurations of the benzene dimer, (f) benzene with hydrogen sulfide (BzH2S), 
(g) benzene with methane (BzMe), (h) methane dimer (MeMe), (i) the antiparallel sandwich 
(PyPy_S2) pyridine dimer and (j) a T-shaped (PyPy_T3) pyridine dimer. 

  
 
  



S22by7 







Figure 6. The dispersion energies predicted by EFP with isotropic disp8 and SAPT for S22by7 
database.  The list of 22 dimers is the same as Table 5. The separations are at 0.7, 0.8, 0.9, 1.0, 
1.2, 1.5 and 2.0 x equilibrium separation.  

 
 
The various components of the dispersion, R-6 dispersion (disp6), R-7 dispersion (disp7), isotropic 
R-8 dispersion (iso disp8) and the anisotropic R-8 dispersion (aniso disp8), as well as the three 
components in the anisotropic R-8 dispersion (E8DO, E8DQ and E8QQ), as a function of the 
fraction of the equilibrium separation, are plotted below for the S22by7 database (Figure 7). 
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Dispersion dominated complexes 
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Mixed complexes 
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Figure 7. The various dispersion components predicted by EFP for the S22by7 database. The 
left panel shows disp6, disp7, isotropic disp8 and anisotropic disp8, and the right panel shows 
the three contributions to the anisotropic disp8, E8DO, E8DQ and E8QQ. The list of 22 dimers 
is the same as those inTable 5. The separations are at 0.7, 0.8, 0.9, 1.0, 1.2, 1.5 and 2.0 x 
equilibrium separation.  

 
At equilibrium separations, disp8 can be a fraction of disp6. But, isotropic disp8 quickly increases 
relative to disp6 as the intermolecular separations shorten. The crossover point for many dimers in 
the S22 test set is at 0.8x equilibrium separation. The anisotropic disp8 can be much larger or 
smaller than disp6 at short range, depending on whether the E8DO component is attractive or 
repulsive. Disp7 is generally small and slowly changing. Most of the dimers have increasingly 
repulsive (positive) disp7 as the separation decreases. 
 
As the distance between two molecules decreases, E8DQ remains small along the separation 
coordinate, whereas E8QQ and E8DO show more noticeable changes. E8QQ remains attractive 
(negative) at all separations for all 22 dimers in the set, while E8DO is attractive for most of the 
hydrogen-bonded dimers and repulsive for most of the dispersion dominated dimers. In terms of 
the magnitudes, E8QQ almost always undergoes steep changes as the intermolecular separation 
decreases. On the other hand, changes in E8DO do not demonstrate a discernable pattern.  
 
 
V. Conclusions and Future work 

The anisotropic and isotropic R-8 dispersion interactions (disp8) are derived in the framework of 
the effective fragment potential method by extending the interaction operator, which is expressed 
in terms of distributed multipoles, through octopoles. The final expressions for disp8 are a double 
summation of products of dynamic LMO polarizabilities. Two forms of damping functions for 
EFP dispersion terms, overlap-based and Tang-Toennies, have been extended to screen disp8. The 
analytic gradient has been derived and implemented for the isotropic disp8.  

A total of twelve databases were examined by EFP, eight of which contain dimers at a single 
geometry. The other four contain potential energy scans along certain interacting coordinates (e.g., 
hydrogen bonding dissociation coordinate). Compared against the SAPT benchmarks, a 

-14.0

-12.0

-10.0

-8.0

-6.0

-4.0

-2.0

0.0

2.0

0.7 0.9 1.1 1.3 1.5 1.7 1.9 2.1

In
t. 

E.
 (k

ca
l/m

ol
)

Fraction of Equilibrium Dissociation Distance

S22-22

aniso disp8 iso disp8 disp6 disp7

-16.0
-14.0
-12.0
-10.0

-8.0
-6.0
-4.0
-2.0
0.0
2.0

0.7 0.9 1.1 1.3 1.5 1.7 1.9 2.1

In
t. 

E.
 (k

ca
l/m

ol
)

Fraction of Equilibrium Dissociation Distance

S22-22

E8DO E8DQ E8QQ



progressive improvement can be observed from the previous empirical disp8 model to the isotropic 
disp8 and the anisotropic disp8 formulation. For anisotropic disp8, the contributions due to dipole-
quadrupole polarizabilities are always very small (< 5% of the total dispersion energy) while 
dipole-octopole polarizabilities or quadrupole-quadrupole polarizabilities make more prominent 
contributions. The contribution due to quadrupole-quadrupole polarizabilities is always attractive, 
whereas that due to dipole-octopole can be either attractive or repulsive. Interestingly, it was 
observed that the dipole-octopole term tends to be attractive for the hydrogen-bonded complexes 
and repulsive for the dispersion dominated complexes.  

When the maximum element in the intermolecular overlap matrix is greater than 0.1, sizable errors 
in the dispersion energies are observed, likely due to the breakdown at short distances of the 
multipole expansion of the interacting operator and/or approximating the total wave function by 
the Hartree product of individual fragment wave functions.  

The dispersion interaction energies for dimers along an interacting coordinate predicted by the 
new isotropic disp8 yield correct curvatures and good agreement with SAPT benchmarks around 
equilibrium and longer but overestimate the dispersion interactions at short range, due to the 
presence of large intermolecular overlap matrix elements.  

To screen dispersion energies, the overlap-based damping functions provide better error statistics 
(smaller MAEs) than the Tang-Toennies damping functions and are free of empirical parameters. 
Future work will focus on refining the functional form of the overlap-based damping functions for 
all three terms in EFP dispersion interactions (disp6, disp7 and disp8).  

 

Appendix 

(A) Proof that the Dipole-Octopole Polarizability Tensor Vanishes upon Rotational 
Averaging 

Throughout the derivation, Einstein notation is assumed, that is, the repeated suffix in a term is 
automatically summed over. 

An nth rank tensor T with respect to different frames of reference can be related through the 
equation: 

��� …�� = ����� … ���������� …�� (A1) 

where ��� …�� and ����� …�� are nth rank tensors with respect to the space-fixed frame and the 
molecule-fixed frame, respectively, and ����� is the cosine of the angle between the space-fixed 
axis and the molecule-fixed axis.  

Denote the rotational average 〈����� … �����〉 by �(�), which can be expressed in terms of a linear 
combination of isotropic tensors. Each member of this linear combination, called an isomer, is a 
product of two isotropic tensors, one referred to the space-fixed frame and the other to the 
molecule-fixed frame. 



The fundamental isotropic tensors in three-dimensions are the Kronecker delta, ���, and the Levi-
Civita epsilon, ����, for which the usual quantum chemistry antisymmetrizer is a special case. For 
the dipole-octopole polarizability, which is a 4th rank tensor, the possible isomers are formed by 
permuting the indices from two Kronecker deltas: 

�� = ���������� ,    �� = ����������,    �� = ���������� (A2) 

According to Weyl’s theorem59, 

�(�) = � ��
(�)���

(�)��
(�)

�,�

 (A3) 

where ��
(�) and ��

(�) are the rth and sth members of the set of isomers in the space-fixed frame 
and the molecule-fixed frame, respectively. And ���

(�) are numerical coefficients.  

A given isomer ��
(�)and its corresponding isomer ��

(�)in the other frame are related by: 

��
(�) = �(�)��

(�) (A4) 

Substituting Eq. (A3) into Eq. (A4) and multiplying both sides by ��
(�) gives rise to 

��
(�)��
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(�)��
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(�)
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(�)��
(�)��
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 (A5) 

Products of ��
(�)��

(�)upon contraction of indices (i1, i2 etc.) yield a matrix element ���
(�). So, Eq. 

(A5) becomes 

���
(�) = � ���

(�)���
(�)���

(�)

�,�

 (A6) 

That is,  

�(�) = �(�)�(�)�(�) (A7) 

Assuming that the inverse of �(�)exists, it follows that, 

�(�) = ��(�)�
�� (A8) 

In other words, solving for �(�) yields �(�) and therefore �(�). 

For n=4, one has a 4th rank tensor; e.g., the dipole-octopole polarizability. �(�) is formed from 
the isomers in Eq. (A2). 

�(�) = �
��

� ���� ����
���� ��

� ����
���� ���� ��

�
� = �

9 3 3
3 9 3
3 3 9

� (A9) 



Consider ��
� as an example for the diagonal terms. From Eq (A2), 

��
� = �������������������� (A10) 

By construction, the terms can survive only if �� = �� ��� �� = ��. 

Set  �� = �� = �, �� = �� = �, with �, � = �, �, �. Then, 

������������������������������ = ������������

= �
������������ + ������������ + ������������ + ������������ + ������������

+������������ + ������������ + ������������ + ������������
�

= (1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1) = 9 

(A11) 

Similarly, for ��
� = ��

� = 9. Next, consider the off-diagonal term ����. 

���� = ���� = �������������������� with terms surviving only if �� = �� = �� = ��, and in Cartesian 
coordinates,  

�������������������� = ������������ + ������������ + ������������ = 1 + 1 + 1 = 3 (A12) 

Similarly, ���� = ���� = ���� = ���� = 3 

Thus, 

�(�) = ��(�)�
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=
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From Eq. (A3) 
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=
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+�����������−���������� + 4���������� − �����������
+�����������−���������� − ���������� + 4�����������

� 

(A14) 

The rotationally averaged dipole-octopole polarizability tensor ����������can then be obtained from 
full dipole-octopole polarizability tensor by taking �(�)��������� , as follows: 

���������� =
1

30 ������������4���������� − ���������� − �����������  

+ �����������−���������� + 4���������� − �����������  
+ �����������−���������� − ���������� + 4��������������������� 

(A15) 



=
1
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+ �����������−��������� + 4��������� − ���������� 
+ �����������−��������� − ��������� + 4���������� � 

The terms that survive must satisfy either �� = �� = �� = ��  or must have two pairs of equal 
indices that are not equal to each other; for example, �� = �� and �� = �� but �� ≠ ��. Explicitly 
expressing Eq. (A15) in terms of x, y and z, 

������ = ������ = ������ =
1

15 ���������� + ��������� + ���������� 
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1

30 �4��������� − ��������� − ���������� 

������ = ������ = ������ … =
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30 �−��������� + 4��������� − ���������� 

������ = ������ = ������ … =
1
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(A16) 

In Eq. (A16), explicitly expressing the �� as x, y and z gives rise to  

��������� = ����� + ����� + ����� + ����� + ����� + ����� + ����� + ����� + ����� 
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��������� = ����� + ����� + ����� + ����� + ����� + ����� + ����� + ����� + ����� 

(A17) 

Using the traceless property of octopole moments, ���� = ���� = ���� = 0, the sums in Eq. 
(A17), each group of three terms with the same field direction must vanish in order to preserve 
tracelessness. For example, ����� + ����� + ����� = 0  and ����� + ����� + ����� = 0 . 
Therefore, ��������� , ���������  and ���������   in Eq. (A17) are all zero, which means the 
rotational averaged ���������� in Eq. (A15) is zero.  

This completes the proof for the vanishing dipole-octopole polarizability upon rotational 
averaging. The derivation follows closely Appendix 2 of Craig and Thirunamachandran.60  

 
  



(B) Derivation of Isotropic R-8 Dispersion  
Since the dipole-quadrupole polarizability and dipole-octopole polarizability are rotationally 
averaged to zero, the non-vanishing terms in the anisotropic R-8 dispersion energy (Eq. 12) upon 
rotation are the ones involving the quadrupole-quadrupole polarizability tensors: 
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(B1) 

Since the first term and the second term of Eq (B1) are equivalent for derivation purposes, we 
can focus on the first term.  
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 (B2) 

 
The isotropic dipole polarizability is well known. 

�� =
1
3

������ =   
��� + ��� + ���

3
 (B3) 

 
All isotropic 4th-rank tensors take the form 

����� = � ∙ ����� + � ∙ ����� + � ∙ ����� (B4) 

where a, b, and c are constants and the elements of P, Q and R are given by 
����� = ������ 
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����� = ������ 
(B5) 

So Eq (B2) becomes 
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 (B6) 

Splitting Eq (B6) into components resulting from P, Q and R gives  
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Since ���,�� = ������, it is only necessary to consider terms with � = � and � = � for the sum involving 
P:  
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However, note that  
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(B9) 

So, Eq (B8) vanishes and does not contribute to the energy. 

Next, ���,�� = ������, it is only necessary to consider terms with � = � and � = � for the sum involving 
Q:  
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The third equality in Eq. (B10) arises from the following observation:  
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The sum involving ���,�� = ������ can be simplified along similar lines: 
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Adding Eqs. B10 and B12 yields 
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The derivation for the second term of Eq. B1 can be done similarly and then combined with Eq. 
B13, resulting in 
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Now, finding the rotational average of the quadrupole-quadrupole polarizability ���,��, a 4th rank 
tensor, is equivalent to finding the projection of C onto the space of the isotropic tensors spanned 
by P, Q and R (Eq. B5). However, P, Q and R are not orthogonal with respect to the tensor inner 
product. An orthogonal basis can be used instead: 
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The inner product of this basis is  



� ∙ � = 1 

� ∙ � = 5 

� ∙ � = 3 
(B16) 

The projection of C onto the space of this set of isotropic tensors can be written as 
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The ��(���) and ��(���) in Eq. A13 can be obtained using Eq. B17 and the definitions given in 
Eq. B15. 
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Substituting Eq. B18 into Eq. B14 yields 
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and ∑ �����
� (��)�����

�,�,�
����  is a scalar. Note that �

�
∑ ������

� (��)�������,�,�
����  equivalent to the 

Buckingham definition (Eq. 15) 
 
So, the isotropic R-8 dispersion is   
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(C) Octopole origin-shift formulation  

Recall the general forms of a quadrupole moment (�) and an octopole moment (�) in cartesian 
coordinates, where r is the vector relative to an expansion center and subscripts �, �  and � 
represent x, y and z, and 
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Let the origin of the octopole moment be shifted by −��. Then, 
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where the bold terms correspond to the original (un-shifted) octopole moment. 
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Now, separate the rest of the RHS of Eq. (C4) into two parts, which contain the one- and two-
coordinate shifted vector component(s), respectively. 
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Now, recast term1 in Eq. (C4) in the form of the quadrupole moment, 
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The bold terms in Eq (C6) cancel out because 
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So, the final form of the origin-shifted octopole moment is 
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(D) Analytic gradient of isotropic R-8 dispersion  

The expression for the damped disp8 term is �� = �� ∙ ��,�, where ��,� is the undamped disp8. So, 
the general expression for the disp8 gradient is 
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where q is an EFP fragment degree of freedom. Since EFP fragments are rigid, the relevant degrees 
of freedom are the translation of the center of mass of a fragment and the rotation about the center 
of mass of a fragment.  

 First, focus on the derivative of the energy expression E8,0.  
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Since the isotropic dipole polarizability and the isotropic quadrupole polarizability are constants 
at a given imaginary frequency, their derivatives are zero. Only the derivative of R-8 is required, 
which can be straightforwardly derived, for example, for a specific case, ��� 
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In Eq. (D3), the ���
���

 term is one, because the displacement of the centroid of LMO i is the same as 

that of the center of mass of fragment A (��). Therefore, Eq. (D2) becomes 
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Next, consider the derivative of the damping functions. 

Overlap-based damping function 
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Let �� = −2��|���| for simplicity. The derivative of the powers of RB is 
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Then Eq. (D5) becomes 
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Tang-Toennies damping function  

Tang-Toennies damping function has a radial dependence on the intermolecular separation, in this 
case, the distance between two centroids of the LMOs of two EFP fragments. Hence, its derivative 
can be obtained straightforwardly from the derivatives of the intermolecular separation R. 
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Since 
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where i and j are the LMOs of fragments A and B.  
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Then Eq (D9) becomes 
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(E) Non-local model of dispersion 

When developing a distributed formulation of dispersion, the molecules A and B are divided into 
regions (atoms, LMOs or functional groups), each of which is described by its own multipole 
moments. Then the interaction operator V becomes 
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where ��
� symbolizes a multipole moment of rank t centered at point a within the molecule A. The 

���
�� are the electrostatic T tensors in terms of the distance between the expansion centers a and b, 

defined analogously to Eq (4). Then, the dispersion interaction yields 
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where the distributed polarizability tensor, ����
���

, is defined as  
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If � ≠ ��, ����
���

 is a non-local polarizability, otherwise, ����
���

is a local polarizability. The non-local 
polarizabilities are neglected in the local model of dispersion.  Since only the local polarizabilities 
(� = ��  and � = �� ) are involved, the conventional dispersion model involves only a double 
summation over the expansion centers instead of a quadruple sum. An early exploration of a non-
local dispersion model was done by Stone and Tong (ST).19 Unlike the conventional model, the 
non-local model involves terms that contain so-called charge-flow terms such as charge-multipole 
and charge-charge polarizabilities since the charge of one region can flow into that of another and 
is no longer a constant. ST have shown that for small exemplar molecules such as N2 dimer, Cl2 
dimer and C2H2 dimer, the contributions to the dispersion energy from non-local multipole-
multipole polarizabilities and charge-multipole polarizabilities are rather small. But the charge-



charge polarizability contribution is non-negligible.  ST introduced a localization scheme to 
transform the non-local polarizabilities into local ones, through origin shifting the multipole 
moment operators appearing in the polarizabilities and reducing the quadruple summation to a 
double summation. However, as they note, this origin shifting should not be large, otherwise, the 
convergence of the multipole expansion will be compromised and might not converge at all.19 
Later, LeSueur and Stone proposed a scheme to localize all non-local dipole polarizabilities except 
for the charge flows between atoms separated by two or more atoms in order to achieve  reasonably 
transferable polarizabilities for the alkanes and conjugated polyenes.20 Lillestolen and Wheatley, 
around the same time period, introduced a scheme to determine localized atomic polarizabilities 
by calculating the polarization of the molecule in a finite field and localizing the resulting atomic 
multipoles.61 However, the test cases for these schemes are small molecules, e.g., diatomic or 
triatomic gas molecules, small alkanes, etc. On the other hand, the size of EFP fragments in some 
applications can be tens of atoms. Whether these localization schemes can achieve good results 
for larger systems remains uncertain. Furthermore, how effective these schemes are for LMO 
polarizaiblities is also unknown, compounded by the fact that localizing the orbitals for such large 
fragments may not be possible.  It is the authors’ opinion that a careful examination of the non-
local polarizability contribution must be carried out for at least moderate-sized molecules, as well 
as polymers, proteins and conjugated systems, for which large charge flow effects are expected, 
before implementation.  

The current dispersion implementation in EFP assumes a local model and has been successful for 
predicting interaction energies for a wide range of systems.62–69  As the natural extension of the 
current EFP dispersion model, the conventional model (i.e., neglecting non-local polarizabilities) 
is adopted for disp8. If one were to implement the non-local model within the framework of EFP, 
all three contributions involved, disp6, disp7 and disp8, should all be considered in order to achieve 
a balanced approach, which is beyond the scope of the current study. A distributed non-local 
dispersion model will be considered in a future study.  
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