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We investigate the twist-3 transverse-momentum-dependent parton distribution functions (TMDs) of the 
pion with basis light-front quantization. The twist-3 TMDs are not independent and can be decomposed 
into twist-2 and genuine twist-3 terms from the equations of motion (EOM). We compute the TMDs 
from the resulting light-front wave functions obtained by diagonalizing the light-front QCD Hamiltonian, 
determined for pion’s constituent quark-antiquark and quark-antiquark-gluon Fock sectors, with three-
dimensional confinement. We also obtain the twist-3 parton distribution functions (PDFs) and show that 
they preserve the sum rule, which affirms the robustness of our approach. This is the first time that 
theoretical predictions are made for subleading twist structures of the pion containing interference terms 
between two light-front Fock sectors.

© 2023 Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

Understanding the structure of hadrons is one of the main goals 
of modern particle and nuclear physics [1–6]. However, due to our 
insufficient knowledge of QCD color confinement and chiral sym-
metry breaking, it is difficult to obtain information on the internal 
structure of hadrons directly from the fundamental Lagrangian. On 
the other hand, with the development of the factorization the-
orem [6–14], one can decompose the cross sections of different 
experiments into short-distance perturbative and large-distance 
nonperturbative parts. The nonperturbative segment contains the 
structural information of the hadron [13,15–18]. For instance, one 
can extract the collinear parton distribution functions (PDFs) from 
deep inelastic scattering (DIS) processes [19,20]. The PDFs, describ-
ing the distribution of longitudinal momentum carried by the con-
stituents inside hadrons [7,21], provide us with a one-dimensional 
(1D) longitudinal picture of hadrons. Therefore, the PDFs represent 
an initial 1D stage for comparing theory with experiment in the 
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very challenging nonperturbative regime. This is our initial goal for 
addressing the structure of the pion.

Beyond the 1D structure, we gain insights into the three-
dimensional (3D) structure of hadrons through the generalized 
parton distributions (GPDs) [6,22–25] and the transverse-momen-
tum-dependent parton distribution functions (TMDs) [26–29]. The 
GPDs provide us with essential information about the distribu-
tion in position space and the orbital motion of partons inside 
hadrons [6,30–32]. The GPDs are experimentally accessible through 
the deeply virtual Compton scattering (DVCS) or the deeply virtual 
meson production (DVMP) [6,25,33–35]. The TMDs provide infor-
mation on the distribution of the transverse momentum in addi-
tion to the longitudinal momentum fraction [7]. The TMDs, espe-
cially of quarks, can be extracted from the cross section associated 
with a specific azimuthal angle in the semi-inclusive deep inelastic 
scattering (SIDIS) processes or the Drell-Yan processes [7,36–38]. 
These two classes of distribution functions allow us to draw a 3D 
picture of hadrons.

Higher-twist parton distribution functions give access to a 
wealth of information about the partonic structure of hadrons [21,
39,40] such as describing multiparton correlations inside the 
hadrons that correspond to the interference between scattering 
from a single quark and from a coherent quark-gluon pair [41–44]. 
They help us to understand the quark-gluon dynamics going be-
yond the probabilistic interpretation, which applies to the parton 
 BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
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distribution functions at the leading-twist. Twist-three PDFs and 
TMDs contribute to various observables in inclusive and semi-
inclusive DIS, respectively. Due to the existence of suppression 
factors, the twist-three contributions are often much smaller than 
the twist-two. However, in the kinematics of fixed target exper-
iments, the twist-three structure functions are not small. One of 
the major goals of the future experimental program at JLab12 is to 
determine the different higher-twist spin-azimuthal asymmetries 
in SIDIS [45–47]. Meanwhile, the upcoming Electron-Ion-Colliders 
(EICs) [48–51] would access different kinematical regions [1,52]. 
In this context, twist-three TMDs have been investigated in var-
ious QCD inspired models, for example, diquark spectator mod-
els [53–56], the MIT bag model [41,57–59], chiral quark soliton 
models [60–64], instanton models of QCD vacuum [65,66], con-
stituent parton model on the light front [67,68], and perturbative 
light-front Hamiltonian approaches with a quark target [69–72]. 
Recently, the unpolarized twist-2 and twist-3, T-even quark TMDs 
in the pion have been evaluated by using the homogeneous Bethe-
Salpeter integral equation in Ref. [73]. In addition, phenomeno-
logical extractions of the pion’s quark TMDs from available cross 
section data of pion-nucleus induced Drell–Yan processes have 
been reported in Refs. [74,75].

In this work, we present the twist-three TMDs of the pion 
obtained with basis light-front quantization (BLFQ), which pro-
vides a nonperturbative framework to solve relativistic many-body 
bound state problems in quantum field theories [32,76–94]. Pre-
viously, this approach has been successfully applied to investigate 
the leading-twist TMDs of the physical spin- 1

2 and spin-1 parti-
cles in QED, i.e., electron [89] and photon [85], respectively, as 
well as for the proton [95]. We emphasize that we compute the 
pion TMDs at the model scale and do not consider the TMD evo-
lution [7,96–99]. Our calculation of TMDs should be physically in-
terpreted as its nonperturbative, initial scale components. In other 
words, our model computation can provide a useful starting point 
for the TMDs at a specific scale, but the TMD evolution must be 
performed to obtain a complete distribution at a different scale. 
However, this is not the focus of the present work.

With the framework of BLFQ [76], we adopt the light-front 
QCD Hamiltonian [86,100] and solve for its mass eigenvalues and 
eigenstates. With quark (q), antiquark (q̄), and gluon (g) being the 
explicit degrees of freedom for the strong interaction, our Hamil-
tonian includes light-front QCD interactions relevant to constituent 
|qq̄〉 and |qq̄g〉 Fock sectors of the mesons with a complementary 
3D confinement [79]. We solve this Hamiltonian in the leading 
two Fock components and fix the model parameters by fitting the 
known mass spectra of unflavored light mesons [86]. The result-
ing light-front wavefunctions (LFWFs) obtained as eigenvectors of 
this Hamiltonian have been successfully employed to compute a 
wide class of pion observables, e.g., the electromagnetic form fac-
tors and associated charge radius, decay constant, quark and gluon 
PDFs, the differential cross sections for charmonium production by 
a pion beam, etc., with remarkable overall success. Here, we ex-
tend our investigations of the pion to compute its subleading-twist 
TMDs and predict, for the first time, the genuine twist-3 TMDs, ẽ, 
which preserves the sum rule, and f̃ ⊥ of the pion.

2. Meson LFWFs in the BLFQ framework

In light-front field theory, the solution of a bound state can be 
obtained by solving the light-front stationary Schrödinger equa-
tion: P+ P−|�〉 = M2|�〉, where P− and P+ represent the light-
front Hamiltonian and the longitudinal momentum of the system, 
respectively. At the fixed light-front time, x+ ≡ x0 + x3, the meson 
state with mass squared eigenvalue M2 can be expressed schemat-
ically in terms of various quark, antiquark, and gluon Fock sectors,
2

|�〉 = ψ(qq̄)|qq̄〉 + ψ(qq̄g)|qq̄g〉 + ψ(qq̄qq̄)|qq̄qq̄〉 + · · · , (1)

where ψ(··· ) is the LFWF associated with the Fock component | · · · 〉. 
For numerical calculations, we must truncate the infinite Fock sec-
tor expansion to a finite Fock space of Eq. (1), and here we retain 
the first and the second Fock components. This implies that the 
meson, at the model scale, is described by the quark-antiquark 
ψ(qq̄) and the quark-antiquark-gluon ψ(qq̄g) LFWFs.

We adopt an effective light-front Hamiltonian: P− = P−
QCD +

P−
C [86], where P−

QCD and P−
C correspond to the light-front QCD 

Hamiltonian relevant to constituent |qq̄〉 and |qq̄g〉 Fock compo-
nents of the mesons and a model Hamiltonian for the confining 
interaction, respectively. The light-front QCD Hamiltonian with one 
dynamical gluon in the light-front gauge A+ = 0 is [86,100]

P−
QCD =

∫
dx−d2x⊥{1

2
ψ̄γ + m2

0 + (i∂⊥)2

i∂+ ψ

+ 1

2
Ai

a

[
m2

g + (i∂⊥)2
]

Ai
a + gψ̄γμT a Aμ

a ψ

+ 1

2
g2ψ̄γ +T aψ

1

(i∂+)2
ψ̄γ +T aψ

}
, (2)

where ψ and Aμ represent the quark and the gluon fields, respec-
tively. T a is the half Gell-Mann matrix, T a = λa/2. g is the coupling 
constant. m0 and mg are the bare quark mass and the model gluon 
mass, respectively. While the gluon mass is zero in QCD, we per-
mit a phenomenologically motivated gluon mass to fit the mass 
spectra in our low-energy model [86]. For the quark mass correc-
tion from a higher Fock sector, we introduce a mass counter term, 
δmq = m0 − mq , for the quark in the leading Fock sector, where mq

is the renormalized quark mass. In the vertex interaction, we allow 
an independent quark mass m f referring to Ref. [101].

The confinement in the leading Fock sector, which includes 
transverse and longitudinal confining potentials, reads as [79,86],

P−
C P+ = κ4

{
x(1 − x)�r2⊥ − ∂x[x(1 − x)∂x]

(mq + mq̄)
2

}
, (3)

where κ is the strength of the confinement, and �r⊥ = √
x(1 − x)×

(�r⊥q −�r⊥q̄) represents the holographic variable [102]. Confinement 
in the |qq̄g〉 sector is implemented through the cutoff of the BLFQ 
basis functions discussed below. However, since all mass eigen-
states of the present model will have a valence quark-antiquark 
component, all our solutions will be confined due to the confining 
interaction in the quark-antiquark sector.

To compute the Hamiltonian matrix, we follow BLFQ [76]
and consider the 2D harmonic-oscillator (HO) basis functions, 
	nm(�p⊥; b), with scale parameter b to explain the transverse de-
grees of freedom [79]. The 2D-HO wave function carries the radial 
and the angular quantum numbers denoted by n and m, respec-
tively. We employ a plane-wave basis function to describe the 
longitudinal motion of the Fock particle. The longitudinal motion 
is confined to a 1D box of length 2L with antiperiodic (peri-
odic) boundary conditions for fermion (boson). The longitudinal 
momentum is then defined as p+ = 2π

L k, where k, an integer (half-
integer) for boson (fermion), is the longitudinal quantum number. 
We neglect the zero mode for the boson. With the additional quan-
tum number λ for the light-front helicity, each Fock-particle basis 
state involves four quantum numbers |αi〉 = |ki, ni, mi, λi〉 and the 
many-body basis states are identified as the direct product of the 
Fock-particle basis states |α〉 = ⊗i |αi〉. In the case of Fock sec-
tors allowing multiple color-singlet states, we require an additional 
label to identify each color-singlet state. Note that this is only ne-
cessitated for the Fock sectors beyond the two that we retain here. 
In addition, our many-body basis states have well-defined total an-
gular momentum projection M J = ∑

i(mi + λi).
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Table 1
The model parameters for truncation {Nmax, K } = {14, 15} [86]. All are in units of 
GeV except g .

mq mg b κ m f g

0.39 0.60 0.29 0.65 5.69 1.92

For numerical calculations, we truncate the infinite basis of 
each Fock sector by introducing two truncation parameters K and 
Nmax in longitudinal and transverse directions, respectively. The 
dimensionless variable K = ∑

i ki parameterizes the longitudinal 
momentum P+ . Thus, for a Fock particle i, the longitudinal mo-
mentum fraction x is defined as xi = p+/P+ = ki/K . The vari-
able K manifests as the ‘resolution’ in the longitudinal direction, 
and hence a resolution onto the PDFs. The Nmax truncation is set 
by 

∑
i(2ni + |mi | + 1) ≤ Nmax and it enables factorization of the 

transverse center of mass motion [77,78]. The Nmax truncation im-
plicitly acts as the infrared (IR) and ultraviolet (UV) cutoffs. In 
momentum space, the IR cutoff λIR 
 b/

√
Nmax and the UV cut-

off �UV 
 b
√

Nmax [77].
After diagonalizing the full Hamiltonian matrix in the BLFQ 

framework, we obtain the mass spectra M2 and the correspond-
ing LFWFs in momentum space,

�
M J
N ,{λi}({xi, �p⊥i})

=
∑

{nimi}
ψ

M J
N ({αi})

N∏
i=1

	nimi (�p⊥i,b) , (4)

where ψ
M J

N=2({αi}) and ψ
M J

N=3({αi}) are the components of the 
eigenvectors associated with the Fock sectors |qq̄〉 and |qq̄g〉, re-
spectively.

With the truncations {Nmax, K } = {14, 15}, the model param-
eters, summarized in Table 1, have been fixed to generate the 
mass spectra of unflavored light mesons [86]. The LFWFs in this 
model provide a high-quality description of the electromagnetic 
form factors and associated charge radius, decay constant, PDFs 
for the pion, and pion-nucleus induced J/ψ production cross sec-
tions [86].

3. Transverse-momentum-dependent parton distributions

For spin-0 mesons, the quark TMDs are parameterized through 
the quark-quark correlation function defined as [103],

	
[
]
q (x,k⊥) =1

2

∫
dz−d2�z⊥
2(2π)3

eik·z

× 〈P |ψ̄(0)
W(0, z)ψ(z)|P 〉|z+=0 (5)

with k+ = xP+ . |P 〉 is the light-front bound state of the target 
meson with mass M and momenta (P+, �P⊥), where the trans-
verse momentum �P⊥ = �0 [104]. The Dirac matrix 
 determines 
the Lorentz structure of the correlator 	[
] and its ‘twist’ τ [42]. 
The Wilson line W preserves the gauge invariance of the bilocal 
quark field operators in the correlation function [105].

For the pion, there are two leading twist (twist-2) TMDs namely 
the unpolarized quark TMD, f q

1 (x, k⊥), and the polarized quark 
TMD, h⊥q

1 (x, k⊥), also known as the Boer-Mulders function, which 
are defined through the parameterizations of the quark-quark cor-
relator with 
 ≡ γ +, σ j+γ5,

	
[γ +]
q (x,k⊥) = f q

1 (x,k⊥), (6)

	
[iσ j+γ5]
q (x,k⊥) = −ε

i j
T ki⊥
M

h⊥q
1 (x,k⊥), (7)
3

where k⊥ is the transverse momentum of a struck quark, ε11
T =

ε22
T = 0, and ε12

T = −ε21 = 1. Meanwhile, the subleading twist 
(twist-3) quark TMDs are defined as follows

	
[1]
q (x,k⊥) = M

P+ eq(x,k⊥), (8)

	
[γ j ]
q (x,k⊥) = M

P+
k j
⊥

M
f ⊥q(x,k⊥), (9)

	
[γ jγ5]
q (x,k⊥) = − M

P+
ε

i j
T ki⊥
M

g⊥q(x,k⊥), (10)

	
[iσ i jγ5]
q (x,k⊥) = − M

P+ ε
i j
T hq(x,k⊥). (11)

The TMDs h⊥q
1 (x, k⊥), g⊥q(x, k⊥) and hq(x, k⊥) are T-odd TMDs in 

nature. The rest are T-even TMDs [103]. Note that the twist-3 TMD 
correlation functions have a suppression with the factor M/P+ . In 
this present work, we do not consider the effect of the Wilson line 
W and set it to be a unit matrix. With this approximation: W ≈ 1, 
only the T-even TMDs survive [67].

In the light-front field theory [106], the quark field is de-
composed into a ‘good’ ψ+ , and a ‘bad’ ψ− component (ψ± =
1
4 γ ∓γ ±ψ ).1 The bad component ψ− can be expressed in terms 
of the good component ψ+ and the gauge fields as,

ψ−(z) = γ +

2i∂+
[
i(∂ j − ig A⊥ j(z))γ j + mq

]
ψ+(z), (12)

where mq is the quark mass, and j = 1, 2. The above con-
straint equation comes from the EOM in the light-cone gauge 
A+ = 0. Note that in Eqs. (6) and (7), the Dirac matrices in the 
leading-twist operators project the correlator into ψ̄+ψ+ , while in 
Eqs. (8)-(11), the Dirac matrices in the subleading-twist operators 
project the correlator into ψ̄+ψ− + ψ̄−ψ+ . Therefore, the twist-3 
TMDs can not be expressed as the probabilities or the differences 
of probabilities. They are related to quark-quark matrix elements 
and quark-quark-gluon matrix elements.

The higher-twist operators can be decomposed into the twist-
2 and other operators using the EOM of quark fields [43]. 
Consequently, the twist-2 (Eqs. (6) and (7)) and the twist-3 
(Eqs. (8)-(11)) TMDs are related via the following relations [67]

xeq(x,k⊥) = xẽq(x,k⊥) + mq

M
f q
1 (x,k⊥), (13)

xf ⊥q(x,k⊥) = x f̃ ⊥q(x,k⊥) + f q
1 (x,k⊥), (14)

where the tilde terms or the so-called genuine twist-3 TMDs are 
defined as follows (see appendix for detailed derivation)

ẽq(x,k⊥) = i

Mx

g

2

∫
dz−d2�z⊥
2(2π)3

eik·z

× 〈P |ψ̄+(0)σ j+[A j
⊥(z) − A j

⊥(0)]ψ+(z)|P 〉|z+=0, (15)

2xk j
⊥ f̃ ⊥q(x,k⊥) = g

∫
dz−d2�z⊥
2(2π)3

eik·z

× 〈P |ψ̄+(0)γ +[A j
⊥(0) + A j

⊥(z)]ψ+(z)|P 〉|z+=0. (16)

Sum rules are particularly important for testing the model con-
sistency. The twist-2 and the twist-3 integrated TMDs, j(x) =∫

d2k⊥ j(x, k⊥), where j(x, k⊥) denotes the TMDs, must satisfy the 
following sum rules [67]

1 The projection operators used here are different from the definition in 
Ref. [106]. We follow the convention, x± ≡ x0 ± x3.
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∫
dxf q

1 (x) = Nq, (17)

∑
q

∫
dxxf q

1 (x) = 1 −
∫

dxxf g
1 (x), (18)

∑
q

∫
dxeq(x) = σπ

mq
, (19)

∫
dxxeq(x) = mq

M
Nq. (20)

Equation (17) represents the number sum rule, where Nq is the 
total number of valence quarks of a particular species [107]. Equa-
tion (18) corresponds to the momentum sum rule, which states 
that the constituent quark, antiquark, and gluon together carry the 
entire light front momentum of the meson. Note that due to the 
explicit k j

⊥ factor in Eq. (9), there does not exist any PDF nor sum 
rules corresponding to the TMD f ⊥q(x, k⊥). Since the focus of the 
present work is on the quark distributions, we omit the superscript 
q from the TMDs below for simplicity.

The zeroth moment of e(x), Eq. (19), involves the singular term 
at x = 0 and is related to the scalar form factor of the pion at 
zero momentum transfer, σπ [41,43]. The second sum rule of e(x), 
Eq. (20), can be cast into the first-moment sum rule of ẽ(x) using 
the relation of TMDs at different twists in Eq. (13) and the number 
sum rule given in Eq. (17),∫

dx x ẽ(x) = 0. (21)

We will discuss this sum rule within our model in the following 
section.

Overlap representations of TMDs

Here, we provide an overview of the LFWF overlap representa-
tions for the leading-twist and the subleading-twist TMDs of the 
pion. In the Fock space, the meson state in Eq. (5) is expressed by 
considering all Fock components as

|P 〉 =
∑

n

∑
λ1,λ2,··· ,λn

∫ n∏
1

[
dxid2�k⊥i

]
2(2π)3√xi

× 2(2π)3δ

(
1 −

n∑
1

xi

)
δ2

(
�P⊥ −

n∑
1

�k⊥i

)

× �n,{λi} ({xi,k⊥i})
∣∣∣{xi P+, �k⊥i + xi �P⊥, λi}

〉
, (22)

with the following orthonormal relations,

〈P ′|P 〉 =
∑
n,n′

2P+(2π)3δ3(P − P ′)δnn′ Pn, (23)

where δ3(P − P ′) = δ(P+ − P ′+)δ2(�P⊥ − �P ′⊥). The summation is 
over all the Fock components and Pn defines the probability of 
finding the n-parton state in the meson. In this work, we have 
only two LFWFs, ψ2 for |qq̄〉 and ψ3 for |qq̄g〉. With the model pa-
rameters summarized in Table 1, we find that the probabilities of 
the |qq̄〉 and |qq̄g〉 components are 49.2% and 50.8%, respectively.

Using the expression of the meson state, Eq. (22), and the 
quantized quark and gluon fields in the Lepage-Brodsky pre-
scription [100,108], we express the TMDs f1(x, k⊥), ẽ(x, k⊥), and 
f̃ ⊥(x, k⊥) in terms of the overlap of the LFWFs as
4

f1(x,k⊥) =
∑
λ1,λ2

d[12]�∗
2,λ1λ2

�2,λ1λ2δ
3(p̃′

1 − k̃)

+
∑

λ1,λ2,λg

∫
d[123]�∗

3,λ1λ2λg
�3,λ1λ2λg δ

3(p̃1 − k̃), (24)

ẽ(x,k⊥) = − gC F
√

2

Mx

∑
λ2,λg

∫
d[12]d[123]2(2π)3

√
xg

× (�∗
2,−λ2

�3,+λ2λg − �2,+λ2�
∗
3,−λ2λg

)

× [δ3(p̃′
1 − k̃) − δ3(p̃1 − k̃)]δ3(p̃′

2 − p̃2), (25)

f̃ ⊥(x,k⊥) = gC F
√

2

2xk1⊥

∑
λ1,λ2,λg

∫
d[12]d[123]2(2π)3

√
xg

(−)
λg +1

2

× [�∗
2,λ1λ2

�3,λ1λ2λg δ
3(p̃1 − k̃)

+ �2,λ1λ2�
∗
3,λ1λ2,λg

δ3(p̃′
1 − k̃)]δ3(p̃′

2 − p̃2). (26)

Here we define the conventions

d[12] ≡
∏2

1 dx′
id

2 �p ′
⊥i

[2(2π)3]2
2(2π)3δ3( P̃ −

2∑
1

p̃′
i), (27)

d[123] ≡
∏3

1 dxid2 �p⊥i

[2(2π)3]3
2(2π)3δ3( P̃ −

3∑
1

p̃i), (28)

where δ3( P̃ − ∑n
1 p̃i) = δ(1 − ∑n

1 xi)δ
2(�P⊥ − ∑n

1 �p⊥i), and we 
omit the arguments (p̃′

1, p̃
′
2) from the quark-antiquark LFWFs 

and (p̃1, p̃2, p̃g) from the quark-antiquark-gluon LFWFs, where 
k̃ ≡ (x, �k⊥). The color factor, C F = 2/

√
3, comes from the quark-

quark-gluon matrix element 〈qq̄|ψ̄b Aμ,a T a
bcψc |qq̄g〉 and its hermi-

tian conjugate. The unpolarized TMD f1(x, k⊥) involves the indi-
vidual overlaps of LFWFs of the |qq̄〉 and the |qq̄g〉 Fock sectors. 
However, the genuine twist-3 TMDs ẽ(x, k⊥) and f̃ ⊥(x, k⊥) involve 
the mixed overlaps of LFWFs between the |qq̄〉 and the |qq̄g〉 Fock 
sectors. This is interpreted as an interference between scattering 
from a coherent quark-gluon pair and from a single quark [41–43].

4. Numerical results

With the model parameters for the basis truncation {Nmax, K } =
{14, 15} summarized in Table 1, we solve the light-front stationary 
Schrödinger equation to obtain the two Fock-state LFWFs of the 
pion with the mass M = 0.139 GeV. The LFWFs �n,{λi}({xi, �k⊥i})
are boost-invariant and depend only on the longitudinal fraction 
xi and the relative transverse momentum of the constituent par-
ton of the meson �k⊥i . The physical transverse momentum of the 
parton is given by �p⊥i = �k⊥i + xi �P⊥ and the longitudinal momen-
tum is p+

i = k+
i = xi P+ . We convert the nonperturbative solutions 

in the single particle coordinates, Eq. (4), to those in the relative 
coordinates, �n,{λi}({xi, �k⊥i}), by factorizing out the center of mass 
motion [78,84,89]. We then employ the resulting LFWFs with the 
expressions in Eqs. (24)-(26) to compute the quark TMDs and PDFs 
of the pion.

4.1. Twist-2 and twist-3 TMDs

The TMDs computed in BLFQ have oscillations in the transverse 
momentum direction due to the oscillatory nature of the HO basis 
functions applied in the transverse plane. The transverse trunca-
tion Nmax, together with the HO scale b determines the transverse 
basis states. The average over the BLFQ results at different Nmax
decreases these finite basis artifacts. Following the averaging pro-
cedure adopted in Refs. [85,89], we take an average of the BLFQ 
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Fig. 1. The BLFQ results for the twist-2 TMD, f1(x, k⊥), and the genuine twist-3 TMDs, ẽ(x, k⊥) and f̃ ⊥(x, k⊥) at different truncation parameters. Upper panel: the TMDs are 
functions of k⊥ for fixed x = 2.5/15. Lower panel: the TMDs are functions of x for fixed k⊥ = 0.22 GeV. The solid black lines represent the TMDs after implementing the 
averaging scheme with truncation parameters Nmax = {12, 14, 16}, K = 15.

Fig. 2. 3D plots of the BLFQ results for the twist-2 TMD, f1(x, k⊥), and the genuine twist-3 TMDs, ẽ(x, k⊥) and f̃ ⊥(x, k⊥). Results are all obtained by averaging over the BLFQ 
results at Nmax = {12, 14, 16}, K = 15.
results for three different Nmax at fixed K . We first take the aver-
age between the BLFQ results at Nmax = n and Nmax = n + 2. We 
consider another average of the results obtained at Nmax = n + 2
and Nmax = n + 4. The final result is then achieved by averaging 
the previous two averages. Thus, this two-step averaging method 
involves the BLFQ results at Nmax = {n, n + 2, n + 4}, and at fixed 
K .

Fig. 1 shows the pion’s TMDs with different Nmax and K = 15. 
The upper panel of Fig. 1 presents the TMDs as functions of k⊥
at fixed longitudinal momentum fraction x = 2.5/15, whereas the 
lower panel of Fig. 1 shows the TMDs as functions of x at fixed 
k⊥ = 0.22 GeV. We observe that the BLFQ results at different Nmax
have oscillations. The magnitude of the oscillation is larger when 
k⊥ and x are small. The phases of the oscillations alter with chang-
ing Nmax. Through the above method, we average the BLFQ results 
of different Nmax, which reduces the oscillation of our results. This 
can be seen in Fig. 1 (solid black lines). Meanwhile, the amplitude 
of the oscillations is small in the large k⊥ and x > 0.1 region re-
flecting better stability of our results in that domain.

The 3D structure of our BLFQ results for the TMDs f1(x, k⊥), 
ẽ(x, k⊥), and f̃ ⊥(x, k⊥), after implementing the average, is shown 
in Fig. 2. We find that the TMDs still have small oscillations in the 
k⊥ direction after averaging. The TMDs drop to zero abruptly in the 
transverse plane after the UV cutoff (∼ b

√
Nmax). Note that the UV 

cutoff increases with increasing Nmax and thus, the fall-off of the 
TMDs extends to the relevant higher-momentum region for larger 
5

Nmax. This behavior of TMDs within our BLFQ framework has been 
observed for the physical spin- 1

2 particle in QED, i.e., electrons re-
ported in Ref. [89].

Fig. 3 presents the total twist-3 TMDs, e(x, k⊥) and f ⊥(x, k⊥), 
using the EOM relations given in Eqs. (13) and (14). We find that 
the qualitative behavior of these TMDs is similar to each other 
and their magnitudes are larger than that of the twist-2 TMD 
f1(x, k⊥). The behavior of these TMDs mainly follows from the 
function f1(x, k⊥)/x, which is singular at x = 0. However, the con-
tributions of twist-3 TMDs in the cross section are suppressed by a 
factor M/P+ [109] and thus, the higher twist effects are weakened 
in high-energy collisions. It can also be noticed that the twist-3 
TMDs fall quickly in the transverse direction.

4.2. k⊥ moments of the TMDs

We consider the interpretation of the quark unpolarized TMD 
f1(x, k⊥), which describes the probability of having an unpolarized 
active quark with the longitudinal momentum fraction x and the 
relative transverse momentum k⊥ in an unpolarized hadron [21]. 
We then define the x-dependent mean squared transverse momen-
tum of the quark as

〈k2⊥〉 f1(x) =
∫

d2k⊥k2⊥ f1(x,k⊥)∫
d2k f (x,k )

. (29)

⊥ 1 ⊥
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Fig. 3. 3D plots of the BLFQ results for the twist-3 TMDs, e(x, k⊥) and f ⊥(x, k⊥). 
Results are all obtained by averaging over the BLFQ results at Nmax = {12, 14, 16}, 
K = 15.

Fig. 4. The x-dependence of the mean squared transverse momentum k⊥ of the 
unpolarized TMD f1 for the leading Fock sector |qq̄〉 and two Fock sectors |qq̄〉 +
|qq̄g〉 after averaging with the truncation parameters Nmax = {12, 14, 16}, K = 15
under the BLFQ framework.

Fig. 4 shows the results for the x-dependence of the mean squared 
transverse momentum 〈k2⊥〉 f1 (x) of the quark with different Fock 
components: |qq̄〉 and |qq̄〉 + |qq̄g〉. Both the distributions have 
their peaks at x = 0.5. We observe that the 〈k2⊥〉 distribution from 
the leading Fock sector is symmetric about x = 0.5. This occurs 
due to the same quark and antiquark masses in the pion. Mean-
while, the 〈k2⊥〉 distribution from |qq̄〉 + |qq̄g〉 is smaller than that 
from |qq̄〉. This is attributed to the fact that the dynamical gluon 
in |qq̄g〉 carries away a part of the quark (antiquark) momentum.

Although there is no probabilistic interpretation for twist-3 
TMDs e and f ⊥ , we calculate their first and second k⊥ moment 
defined as [59]

〈kn⊥〉TMD =
∫

dx
∫

d2k⊥kn⊥TMD∫
dx

∫
d2k⊥TMD

. (30)

The corresponding results are summarized in Table 2. Our results 
are close to those from the light-front constituent model (LFCM) at 
a low scale μ0 ∼ 0.5 GeV [67]. Note that the latter model’s results 
are based on the leading Fock component.

4.3. Twist-2 and twist-3 PDFs

In this subsection, we turn our attention to the integrated TMDs 
namely the PDFs. Fig. 5 shows the twist-2 PDF xf1(x), and the gen-
uine twist-3 PDFs xẽ(x) and x f̃ ⊥(x). Interestingly, and in contrast 
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Table 2
〈k⊥〉 and 〈k2⊥〉 moments as defined in Eq. (30) for the twist-2 TMD, f1(x, k⊥), and 
the twist-3 TMDs, e(x, k⊥) and f ⊥(x, k⊥). The BLFQ results are all obtained by aver-
aging with the truncation parameters Nmax = {12, 14, 16}, K = 15. The LFCM results 
are from Ref. [67]. All are in units of GeV.

〈k⊥〉BLFQ 〈k2⊥〉1/2
BLFQ 〈k⊥〉LFCM 〈k2⊥〉1/2

LFCM

f1 0.26 0.30 0.28 0.32
e 0.26 0.30 0.26 0.30
f ⊥ 0.25 0.29 0.26 0.30

to our TMD results, the PDFs have no oscillations and are very sta-
ble for different Nmax truncations. Clearly, integrating the TMDs 
over k⊥ eliminates the unphysical oscillations and yields smooth 
results for the PDFs. The twist-2 PDF xf1(x) shows a positive dis-
tribution, while the genuine twist-3 functions, xẽ(x) and x f̃ ⊥(x), 
exhibit positive behavior when x < 0.5, but they are negative above 
x = 0.5. The magnitude of the twist-2 distribution is much higher 
than those of the twist-3 distributions. We also find that the inte-
grated value of the distribution xẽ(x) over x vanishes showing that 
our BLFQ results properly satisfy the sum rule defined in Eq. (21). 
Note that this sum rule is derived from the EOM relations and 
thus, it must be independent of the system. The genuine twist-3 
PDF ẽ(x) for the nucleon has been studied in Ref. [68], where the 
authors considered |qqq〉 and |qqqg〉 Fock components but their 
distribution ẽ(x) does not satisfy the sum rule defined in Eq. (21). 
In Ref. [71], the author investigated the twist-3 PDF e(x) and the 
genuine twist-3 PDF ẽ(x) for a dressed quark at one loop, where 
the distribution ẽ(x) satisfies the first-moment sum rule (21). Us-
ing the sum rule defined in Eq. (19), we compute the pion scalar 
form factor from our BLFQ results, σπ = 13.44 GeV.

Fig. 6 shows the total twist-3 PDFs and their decompositions in 
terms of twist-2 and genuine twist-3 PDFs. We observe that the 
twist-2 terms and the genuine twist-3 PDFs have distinctly differ-
ent x-dependence behaviors. The former strongly dominates the 
total twist-3 PDFs.

Fig. 7 compares our integrated TMDs f1(x), e(x), and f ⊥(x)
computed from only contributions of the leading Fock sector |qq̄〉
with the LFCM’s results [67], which demonstrates the pion struc-
ture based on a two-body light-front Fock state |qq̄〉. For f1(x), 
both models produce symmetric distributions about x = 0.5 due to 
equal quark and antiquark mass. However, the f1(x) in the LFCM 
is wider, while our BLFQ result is narrower and steeper. The PDF 
e(x) in the LFCM rises rapidly from zero in the small x region and 
decreases quickly in the large x region. Meanwhile, the BLFQ re-
sult shows a different trend for e(x) dropping to a plateau in the 
small x region and then continuing to drop to zero. We notice that 
f ⊥(x) exhibits a somewhat similar trend as observed for e(x). At 
large-x, both the LFCM and the BLFQ framework provide qualita-
tively similar behavior for f ⊥(x).

5. Summary

In this work, we calculated the twist-2 TMD f1(x, k⊥) and the 
genuine twist-3 TMDs ẽ(x, k⊥) and f̃ ⊥(x, k⊥) of the pion at the 
model scale from its LFWFs within the basis light-front quantiza-
tion framework. These wave functions have been obtained from 
the eigenvectors of the light-front QCD Hamiltonian in the light-
cone gauge for the light mesons by considering them within |qq̄〉
and |qq̄g〉 Fock spaces, together with a 3D confinement in the 
leading Fock sector. We employed the model-independent EOM re-
lations to obtain the total twist-3 TMDs e(x, k⊥) and f ⊥(x, k⊥). In 
this study, the gauge link has been set to unity, which leaves us 
only the T-even quark TMDs. We also adopted an averaging pro-
cedure for reducing finite basis artifacts of our BLFQ results for 
the TMDs. The integrated TMDs exhibit good consistency between
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Fig. 5. The results for the twist-2 unpolarized PDF and the genuine twist-3 PDFs with the different Nmax under the BLFQ framework.
Fig. 6. The results for the total twist-3 PDFs, the genuine twist-3 PDFs, and the 
contributions from the twist-2 PDFs after averaging with the truncation parameters 
Nmax = {12, 14, 16}, K = 15 under the BLFQ framework.

computations with different basis truncations. Our BLFQ results 
satisfy the momentum sum rule related to e(x). For the total twist-
3 PDFs e(x) and f ⊥(x), we found that the contributions from the 
genuine twist-3 PDFs have a distinctive x-dependence from those 
of the twist-2 PDF. Due to imprecise knowledge of the nonpertur-
bative Sudakov-like form factors and complexity of the evolution 
of high-twist TMDs [110] at present, it is not feasible yet to evolve 
our twist-3 TMDs in order to employ them for predicting experi-
mental observables, such as spin asymmetries [109].

We compared our results from the leading Fock sector |qq̄〉 with 
the LFCM. Our twist-3 PDFs show a different trend at small x from 
the prediction of the LFCM, while at large x both approaches pro-
vide similar qualitative behaviors. Considering that the genuine 
twist-3 TMDs and the T-odd TMDs with gauge links have simi-
lar operator structures, the results of this work are encouraging 
for an extension to the T-odd TMDs. Future studies will focus on 
the Boer-Mulders TMD h⊥

1 of pions and its application to spin-
asymmetries in Drell-Yan processes. In addition, a detailed analysis 
of the pion’s gluon TMDs in the BLFQ will be reported in a future 
study.

We believe that these results including twist-3 TMDs provide 
predictions for future experiments, such as precise measurements 
of the pion-nucleus induced Drell-Yan processes and future mea-
surements of the 3D structure of the pion at the EIC and at the 
EicC [111], which will refine our 3D knowledge of the pion and its 
internal correlations based on QCD.
7
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Appendix A. Derivation of the EOM relations

In this appendix, we show the details of the derivation of the 
EOM relations given in Eqs. (13) and (14). In Ref. [59], the authors 
derived EOM relations in a free quark model without considering 
the gauge link. Here, we also ignore the gauge links, however, our 
bound state contains a dynamical gluon.

For an arbitrary Dirac matrix 
, we insert the EOM in the un-
integrated correlation function, and we obtain

0 =
∫

d4z

(2π)4
eik·z〈P |ψ̄(0)
(i�D(z) − mq)ψ(z)|P 〉

=
∫

d4z

(2π)4
eik·z〈P |ψ̄(0)
[�k + g�A(z) − mq]ψ(z)|P 〉, (A.1)

where the first term is derived from the surface integral. Adding 
this formula and its complex conjugate yields
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Fig. 7. Comparison of the unpolarized PDFs f1(x), e(x) and f ⊥(x) of the LFCM [67] and the results after normalization to the leading Fork state |qq̄〉 and after averaging 
Nmax = {12, 14, 16} of the BLFQ framework.
0 =
∫

d4z

(2π)4
eik·z〈P |ψ̄(0){[�k + g�A(0) − mq]
̄

+
[�k + g�A(z) − mq]}ψ(z)|P 〉, (A.2)

where 
̄ = γ 0
γ 0. When 
 = γ + , we integrate the unintegrated 
correlator of Eq. (A.2) over the light-front energy component k−
and the light-front time component z+ in the light-cone gauge 
A+ = 0, and we obtain

0 =
∫

d3z

(2π)4
eik·z〈P |ψ̄(0)[2k+ − 2mqγ

+

− ig(A j(z) − A j(0))σ j+]ψ(z)|P 〉|z+=0. (A.3)

From the above equation, we can find three kinds of gamma matrix 
structures, 1, γ + and σ j+ . The three gamma structures, by defini-
tions in Eqs. (6) and (8), correspond to the twist-3 TMD, e(x, k⊥), 
the twist-2 TMD, f1(x, k⊥), and the genuine twist-3 TMD, ẽ(x, k⊥), 
respectively. Arranging the formula, we get the EOM relation,

xe(x,k⊥) = xẽ(x,k⊥) + mq

M
f1(x,k⊥), (A.4)

where the genuine twist-3 TMD is defined as follows

ẽ(x,k⊥) = i

Mx

g

2

∫
dz−d2z⊥
2(2π)3

eikz

× 〈P |ψ̄+(0)σ j+[A j
⊥(z) − A j

⊥(0)]ψ+(z)|P 〉|z+=0. (A.5)

We can also get a similar equation by setting 
 = −iσ j+ in 
Eq. (A.2) for the another T-even twist-3 TMD f̃ ⊥ of spin-0 hadrons.

The above derivation does not take into account the contribu-
tions from gauge links, but future inclusion of the gauge link is 
feasible yet will leave the EOM augmented with additional singu-
lar terms [43,59,68].
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