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High-temperature superconducting (HTS) magnetic mirrors under development exploit strong fields with high mir-

ror ratio to compress loss cones and enhance confinement, and may offer cheaper, more compact fusion power plant

candidates. This new class of devices could exhibit largely unexplored interchange and gradient-driven modes. Such

instabilities, and methods to stabilize them, can be studied with gyrokinetics given the strong magnetization and preva-

lence of kinetic effects. Our focus here is to: a) determine if oft-used gyrokinetic models for open field lines produce the

electron-confining (Pastukhov) electrostatic potential; b) examine and address challenges faced by gyrokinetic codes

in studying HTS mirrors. We show that a one-dimensional limit of said models self-consistently develops a potential

qualitatively reaching the analytical Pastukhov level. Additionally, we describe the computational challenges of study-

ing high mirror ratios with open field line gyrokinetic solvers, and offer a force softening method to mitigate small time

steps needed for time integration in colossal magnetic field gradients produced by HTS coils, providing a 19X speedup.

I. MOTIVATION & BACKGROUND

The world’s energy needs, the time scale on which clean

energy sources are needed, and existing financial structures

all favor fusion power plants that can be deployed quickly

in the coming decades and with the lowest possible capital

cost1. This ecosystem has incentivized R&D of tokamaks2

and stellarators3,4 that use emerging technologies and manu-

facturing techniques to shorten the time frame and reduce the

cost of bringing fusion energy to the grid. Non-toroidal de-

vices striving to achieve similar goals with less time and fewer

resources are also being explored. One such candidate is the

axisymmetric magnetic mirror, a device consisting primarily

of two coils cylindrically aligned to magnetically confine a

plasma between them. Recent years have seen renewed in-

terest in mirror-based fusion due to a number of reasons (see
5–9 and references therein), some of which we briefly review

here. Amongst them is the realization of magnetohydrody-

namic (MHD) stability and keV electron temperatures in one

such mirror, the Gas Dynamic Trap (GDT) at the Budker In-

stitute5,10. These findings have also coincided with the arrival

of new heating and superconducting technologies, motivating

new proposals for mirror-based fusion7.

Amongst the technological advances modern mirrors can

exploit is the emergence of high-temperature superconduc-

tors (HTS) based on REBCO tapes11. HTS coils can oper-

ate at higher temperatures and current density, both desirable

in fusion applications, and generate much stronger magnetic

fields, which in the context of the mirror means smaller loss

cones and synergistic operation with modern RF heating sys-

tems. These are some of the advantages the Wisconsin HTS

Axisymmetric Mirror (WHAM), now under construction at

the University of Wisconsin, intends to leverage as it demon-

strates the operation of an HTS mirror. WHAM will consist

of two HTS coils ≈2 m apart, producing magnetic fields with

a peak amplitude of ≈17 T; field lines extend past the coils to

expander regions where they flare out.

Along this magnetic field, an electric field that confines the

electrons and mitigates parallel particle and heat losses is ex-

pected to appear, as in previous mirrors12. This “ambipolar”

field results from light and collisional electrons in the mirror

rapidly scattering into velocity space loss cones and attain-

ing velocities that allow them to escape to the expander and

eventually collide with the wall. The ions, however, stay be-

hind because they are heavy and slow, and scatter much more

slowly into the loss cone; hence a positive potential begins

to build in the plasma. This rising potential increasingly de-

celerates outgoing electrons and accelerates the ions, and is

arrested when a quasineutral equilibrium with equal ion and

electron particle fluxes (ambipolarity) is reached. Analyti-

cal calculations of the particle loss rates, and the potential to

support them, were first done by Pastukhov13 and soon af-

ter corrected by others14,15. They consisted of approximate

solutions to the kinetic equation with the Landau/Rosenbluth

collision operator (LRO), using a simplified bounce averaging

with a step-function magnetic field model and neglecting ex-

panders. Despite their simplifications, the resulting potential

drops (∆φ ) from the center of the plasma to the location with

the maximum magnetic field amplitude (the mirror throat) of

e∆φ/Te ∼ 4−5 overlapped with contemporaneous numerical

calculations giving e∆φ/Te ∼ 4− 6 (Te is the electron tem-

perature)12,16,17. Since then, many other experimental6,18–22,

numerical and semi-analytic23–25 studies have characterized

the ambipolar potential in similar or related scenarios. They

generally find e∆/Te ∼ 1−6, although the precise height and

shape of the ambipolar potential depend on numerous factors

such as mirror ratio, confinement scheme, plasma parameters,

geometry, and heating methods. The presence of high-energy

“sloshing ions” produced by oblique neutral beam incidence

can also modify the potential since their more distant turning

points cause the density to peak off-center5. Amongst such

previous works one stands out for contributing a particularly

relevant semi-analytic calculation using WHAM parameters,

finding e∆φ/Te ≈ 5−625.

In addition to developing a sufficiently strong ambipolar

potential to diminish the electron parallel particle and en-

ergy transport, mirrors have to mitigate several other phenom-

ena that can degrade confinement. For example, there are

gradient-driven drift modes like electron and ion temperature-
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gradient modes (ETG, ITG) and trapped particle modes.

These lower frequency modes produce transport across field

lines and deteriorate confinement. Most worryingly owing to

its short, microsecond time scale, is the severe interchange

flute instability caused by the charge separation induced by

the azimuthal ∇B drift of ions and electrons and its result-

ing E ×B drift that reinforces initial azimuthal perturbations.

Strategies like good-curvature5, kinetic26, active feedback27

and vortex28 stabilization have been developed to suppress

this mode’s growth. The latter uses electrical biasing between

a ring limiter in the plasma and concentric rings at the far end

of the expander to generate radially sheared azimuthal flows.

These flows can suppress the growth of radial perturbations in

the same way shear-flow stabilization does in tokamaks29, or

similar to how biasing-induced azimuthal flows reduce cross-

field transport in LAPD30. In contrast to tokamaks, where

reduction of ITG heat transport by flow shearing is done in-

directly via a complex relationship between actuators and tur-

bulence, a potential advantage of the mirror is that these flows

may be tailored directly via end-plate biasing.

The effectiveness of biasing in controlling interchange and

ITG modes and the expected magnitude of the turbulent cross-

field transport produced by these and other low-frequency in-

stabilities is not well characterized in WHAM or other fu-

ture HTS mirrors. Luckily the tokamak community has spent

decades maturing computational tools that can allow us to ex-

plore these phenomena through, for example, continuum31–34

and PIC35,36 gyrokinetic37 simulation. These codes may be

capable of providing a first-principles estimation of the mi-

croinstability characteristics and the effects end-plate biasing

has on them. Their design, however, was not meant for an

HTS mirror environment where, for example, magnetic fields

are open-ended and have large parallel gradients. Luckily in

recent years, the Gkeyll code38 pioneered continuum gyroki-

netic modeling in open field lines, which may provide a sound

foundation on which to build capabilities to perform first-

principles simulations of low-frequency turbulence in HTS

mirrors akin to the way the community has for tokamaks in

the last 20 years. A hint at what this may look like can be

seen in Gkeyll simulations of LAPD in which biasing was

shown to reduce cross-field turbulent transport39.

Hence, in this work, we explore two stepping-stone issues

toward achieving predictive capability over HTS mirror turbu-

lence. The first issue is whether the gyrokinetic model in the

Gkeyll code (also present in other gyrokinetic codes40,41) is

consistent with and capable of producing the Pastukhov am-

bipolar potential, an essential requirement for mirror-based

fusion since electron parallel heat losses need to be curtailed.

We point out that the main subject of a gyrokinetic code like

Gkeyll is short time scale turbulence, rendering it inefficient

at calculating the Pastukhov potential, which evolves and sat-

urates on a much longer time scale. A bounce-averaged code

is much faster for this task, but demonstrating that a gyroki-

netic model is consistent with the Pastukhov potential and

qualitatively reproduces it on a shorter time scale is an im-

portant initial test. The second issue concerns the computa-

tional challenges brought about by the HTS mirror environ-

ment, to which tokamak-oriented codes would need to adapt

and develop solutions to. Examples include extreme time

step constraints from the colossal mirror force, and the high

mirror ratio that increases resolution requirements and com-

pute time (e.g. a mirror ratio of 20 requires increasing the

velocity-space resolution by about a factor of 20 to resolve

the loss cone). These topics are addressed in the following

sections: section II introduces the physics models employed

in this work, section III describes some of the computational

challenges in carrying out continuum gyrokinetic simulations

of an HTS mirror, section IV presents our results, and sec-

tion V summarizes this work.

II. EQUILIBRIUM & GYROKINETIC MODELS USED

The simulations presented in the next section are produced

with the following model magnetic equilibrium and three dif-

ferent kinetic models, each detailed in this section.

A. Magnetic equilibrium model

We use a model magnetic mirror that resembles the pro-

posed WHAM experiment, including the expanders where

flux expansion and good magnetic curvature occur. This

model magnetic equilibrium is composed of a radial and an

axial component, B = BRR̂+BZẐ, each of which is given

by a magnetic flux function ψ(R,Z) as BR =−(1/R)∂Zψ and

BZ = (1/R)∂Rψ . In our model, the magnetic flux function

consists of a double Lorentzian:

ψ =
R2B

2πγ





[
1+

(
Z −Zm

γ

)2
]−1

+

[
1+

(
Z +Zm

γ

)2
]−1


 ,

(1)

which has a good description of the field between mirror coils

but is less accurate in the expanders. This simple three-

parameter model (B controls the strength of the magnetic

field, γ the width of the of the peaks and ±Zm the location

of the coils) was tuned to generate a magnetic field similar to

that aimed for WHAM. The resulting field lines and magnetic

field magnitudes in the R-Z plane are shown in figure 1(a) for

the parameters {B,γ,Zm} = {6.51292,0.124904,0.98}, and

can be compared with those obtained by the Pleiades code42

in figure 1(b). The field is quite similar in the central region

where the plasma is confined, but this Lorentzian model does

not precisely capture the curvature of the field lines in the ex-

panders. The on-axis field is shown in figure 1(c), illustrat-

ing that this model is reasonable as a first step in this study.

Comparison of several equilibrium metrics for the Pleiades-

computed field and the model used here is given in table I.

The Rm = Bm/Bp = 32 mirror ratio for our model, although

higher than the Rm = 20 in the Pleiades calculation, is within

the Rm = 20−50 range that WHAM plans to explore so we did

not try to improve this field further at this time. Note that this

Rm = 32 is significantly higher than other recent mirror sim-

ulations23,24,43. A bigger discrepancy exists in the magnetic

field at the expander wall (B(Z =±L/2) = Bw), Gkeyll’s be-

ing is 2.6 times larger than Pleiades’ and larger than what will
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FIG. 1. Comparison of equilibrium magnetic field in the model used

in Gkeyll (a) and as computed by the Pleiades code for the coils in

WHAM (b). The magnetic field on axis given by the model is very

similar to that in the planned experiment (c).

TABLE I. Mirror equilibrium in WHAM compared to our model

parameter description WHAM Gkeyll

L Machine length 5 m 5 m

Lm Distance between mirror coils 1.8 m 1.96 m

am Mirror radius (at mirror coils) 0.0275 m 0.018 m

ap Plasma radius 0.1 m 0.1 m

aw Expander radius at wall 0.35 m 0.2 m

Bm Mirror field strength 17 T 17.016 T

Bp Plasma field strength 0.85 T 0.53 T

Bw Field strength at expander wall 0.05 T 0.1327 T

be found on WHAM. In the future we will perform studies

with more accurate magnetic fields computed by Pleiades or

other equilibrium tools.

B. Gyrokinetic models

Gkeyll38 solves a long-wavelength full- f gyrokinetic

model, either electrostatic or electromagnetic (i.e. with B⊥
fluctuations44), to determine the evolution of the distribu-

tion function of species s, fs(x,v‖,µ , t), as a function of

time t, guiding-center position x = (x,y,z), velocity parallel

to the background magnetic field v‖ and magnetic moment

µ = msv
2
⊥/(2B). The model evolves fs by solving

∂B∗
‖ fs

∂ t
+∇ ·B∗

‖ẋ fs +
∂

∂v‖

(
B∗
‖v̇‖ fs

)
= B∗

‖C[ fs]+B∗
‖Ss (2)

in the electrostatic limit, where B
∗ = B + (msv‖/qs)∇× b̂

and we approximate B∗
‖ = b̂ ·B∗ ≈ B. The terms C[ fs] and

Ss stand for collisions and sources, respectively. Collisions

are modeled via a Dougherty operator45, which has been im-

proved to better model multispecies collisions46. The phase-

space characteristics are defined by ẋ = {x,H} and v̇‖ =
{v‖,H} in terms of the Poisson bracket

{F,G}= B
∗

msB
∗
‖
·
(

∇F
∂G

∂v‖
−∇G

∂F

∂v‖

)
− b̂

qsB
∗
‖
×∇F ·∇G,

(3)

and the Hamiltonian

H =
1

2
msv

2
‖+µB+qsφ − 1

2
ms |vE |2 (4)

including the higher order term associated with the kinetic en-

ergy due to E ×B drifts47,48 of velocity vE =E× b̂/B.

The gyrokinetic evolution described by equations 2-4

is coupled to the long-wavelength Poisson equation (i.e.

quasineutrality) given by

−∇ ·∑
s

nsms

B2
∇⊥φ = ∑

s

qsns (5)

where we refer to ns as the guiding center number density,

defined as the zeroth velocity moment of fs: ns =
∫

dw B∗
‖ fs

with dw = (2π/ms)dv‖ dµ . In general, the spatially and time-

dependent density is used in the left side of equation 5, in

contrast to the linearized polarization density or Boussinesq

approximation commonly employed in other full- f gyroki-

netic40 and fluid49 codes. The last term in the Hamiltonian

(equation 4) is kept to guarantee energy conservation when

the Boussinesq approximation is not made, demonstrated in

the 1D limit in appendix A.

The model given by equations 2-5 is cast in field-aligned

coordinates, which in this case, we choose to be the equilib-

rium magnetic flux ψ , the azimuthal angle θ and the length

along the field line ℓ, i.e. our guiding center coordinates

are x = (x,y,z) = (ψ ,θ , ℓ). Gkeyll requires that we pro-

vide the mapping X(x) from field-aligned (x) to Cartesian

(X = (X ,Y,Z)) coordinates, from which the metric coeffi-

cients gi j = (∂X/∂ui) · (∂X/∂u j) (for ui ∈ {x,y,z}) and

the position-space Jacobian J are computed using automatic

differentiation routines in the SciLua package50. Given our

choice of (ψ,θ) (or (x,y)), R(x,Z) can be obtained by in-

verting equation 1. Lastly, we obtained the mapping Z(x)
for a given (x,y) by considering the field line equation

d(X(z))/dz|along B =B/B which after dotting with Ẑ can be

rearranged into

z(Z) =
∫ Z

0
ds

B(x,s)

BZ(s)
. (6)

In general, the solution to this equation may not be analytic,

but we integrate and invert it numerically to obtain Z(x).
Although our ultimate goal is to study the three-

dimensional dynamics of WHAM, in this work, we constrain

ourselves to a one-dimensional exploration of parallel dynam-

ics along a single field line across the entire machine. Our
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TABLE II. Reference plasma parameters used in simulations

parameter description value

n0 Number density 3×1019 m−3

Te0 Electron temperature 940 eV

Ti0 Ion temperature 8.361 keV

mi Ion mass mdeuterium

scope is thus more comprehensive than previous ones that

only focused on “nozzles" or a single coil region23,24,51. We

solve a 1D limit of the above model on the field line going

through (R,Z) = (0.1m,0), where the evolution of the distri-

bution function fs(z,v‖,µ, t) is given by

∂B∗
‖ fs

∂ t
+

1

J

∂

∂ z

(
JB∗

‖ż fs

)
+

∂

∂v‖

(
B∗
‖v̇‖ fs

)
= B∗

‖C[ fs]+B∗
‖Ss,

(7)

the Jacobian J is now evaluated at (ψ(R = 0.1m),θ = 0), and

the guiding-center equations of motion are now obtained with

the simpler Poisson bracket

{F,G}= 1

msJB∗
‖

(
∂F

∂ z

∂G

∂v‖
− ∂G

∂ z

∂F

∂v‖

)
. (8)

The kinetic equation in this 1D limit is often referred to as

the drift-kinetic equation; we continue to call it the gyroki-

netic equation because it is a 1D limit of our higher dimen-

sional (long-wavelength) gyrokinetic model and because, as

it is shown below, we use a Poisson equation to obtain the

electrostatic potential as one does in higher dimensional gy-

rokinetics.

As a starting point, we only consider the study of the ther-

mal plasma with the reference parameters in table II and do

not directly model beam ions; this is because the use of ∼25

keV neutral beams introduces an energetic sloshing popula-

tion that is more computationally expensive to account for.

Sloshing ions modify the potential profile due to their off-

center peaked density, as mentioned in section I, and although

we have ideas on how we will mitigate this expense in the

future, we first want to understand the challenges associated

with the thermal population and explore the Pastukhov poten-

tial formation for which the beam ions are not essential. For

now we use a particle and heat source at the center of the field

line to mimic the combined effect of beam ions slowing down

on the thermal population, ionization particle sources and mi-

crowave heating. Such source has the following shape:

Ss(z) =
N

(2πTs/ms)
3/2

exp

(
−

v2
‖+2µB

2Ts/ms

)
, (9)

and uses the source density rate and temperature

N =

{
max

(
Nfloor,

N0√
2πσ2

e−z2/(2σ2)
)

|Z| ≤ Zm

Nfloor |Z|> Zm

(10)

Ts =

{
Ts0 |z| ≤ 2σ

Tfloor,s |z|> 2σ
(11)

with the following parameters: Nfloor = 10−16 m−3s−1, N0 =
3.96 × 1022 m−3s−1, σ = Zm/4, Tfloor,s = Ts0/8, Ts0 =
1.25Ts0. The small density source floor (Nfloor) is included

to reduce the risk of having negative distribution functions,

which the code does not forbid. Still, we try to keep it at suffi-

ciently low levels so it does not affect the physics results. For

example, in simulations presented in section IV less than 5%

of cells had a distribution function with an amplitude lower

than −10−8 times the maximum (positive) distribution at that

location in z; moreover, all velocity moments that should be

positive (e.g. density, temperature) are indeed positive at all

locations.

In addition to sources, the right side of the kinetic equa-

tion 7 includes a collision term that, in this study, only ac-

counts for intra-species collisions, using a spatially constant

and time-independent collision frequency52 computed using

the reference parameters in table II. Future studies will in-

clude the effect of multispecies collisions with an improved

Dougherty operator46. Additionally, the homogeneous colli-

sionality causes the expanders to be more collisional than they

should be since νs ∝ ns/T
3/2

s and the density drops precipi-

tously there, but that is something we could relax in future

work. Perhaps the fact that our simplified operator lacks the

1/v3 dependence of the LRO is of greater importance; more

precisely, the pitch-angle scattering part of the Dougherty op-

erator corresponds to a collision frequency scaling as 1/v2 in-

stead of the 1/v3 scaling in the LRO53. Such scaling leads to

somewhat larger scattering rates at high energies and different

equilibrium potentials. Improving the model to incorporate

the 1/v3 scaling and implementing the LRO are subjects of

ongoing work.

Alongside the Dougherty operator, the sources in equa-

tions 9-11 complete the definition of the kinetic equation we

evolve. Integration, however, also requires boundary (BCs)

and initial (ICs) conditions. As for BCs, the field line in our

domain terminates at the sheath entrance since the sheath is

a non-neutral region beyond the scope of gyrokinetics. At

this location, we apply a conducting sheath BC54, in which

the potential φ is determined by the field model (below) and

particles with msv
2
‖/2 < −qsφ are reflected (assuming zero

wall potential) while the rest are absorbed by the wall. At ve-

locity space boundaries, we apply zero-flux BCs, as needed

for our model, to conserve moments of fs. Such BCs are ap-

plied in every step from t = 0, at which time we begin from

Maxwellian ICs (see figure 2) with the following moments:

ns(z, t = 0) = A(z;n0,nm), (12)

Ts(z, t = 0) = A(z;Ts0,Tsm), (13)

u‖s(z, t = 0) = csm z/zm (14)

in terms of the helper functions

A(z;h0,hm) =





h0 L(z) |Z| ≤ Zbt ,

h0 L(z)5 Zbt < |Z| ≤ Zm,

hm

√
B(z)/Bm Zm < |Z| ,

(15)

L(z) = 1− [(R(z)−Rbt)/alim]
2 . (16)

The function A(z;h0,hm) is chosen such that the density in-

creases from (R = 0.1m,Z = 0), where we assume parti-
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FIG. 2. Initial number density (a), parallel drift speed (b) normal-

ized to cse0 =
√

Te0/mi, and temperature (c) for ions (solid blue) and

electrons (dashed orange).

cles are injected at a 45-degree angle, towards the turning

point of trapped orbits at (Rbt = 0.07m,Zbt = 0.47m), where

B(z) = 2Bp (from conservation of kinetic energy and µ). A

limiter radius of alim = 0.125m is assumed. The profiles

in the expander would preferably follow the ratio B(z)/Bp

rather than its square root, but the latter was chosen to ease

numerical transients earlier in the simulation; A(z;h0,hm) in

Zbt < |Z| ≤ Zm is simply chosen as a polynomial connection

between the other two regions. These profiles give initial den-

sities and temperatures at the mirror throats given by nm and

Tsm, respectively, from which one can define the parameter

csm =
√

Tem(1+Ti0/Te0)/mi. We note that these are only sim-

ple choices for a first attempt at this problem to limit the sever-

ity of initial transients. They are lacking in notably two ways:

first, they lead to φ(t = 0) = 0 in the kinetic electron case

via field models in sections II B 1-II B 2 while we know to ex-

pect a potential several Te/e at equilibrium, and second, the

Maxwellian velocity dependence does not incorporate some

basic kinetic expectations such as anisotropy and loss cones.

Future simulations will use improved ICs as discussed in sec-

tion III C.

Lastly, to close the model in equations 7-11 a field equation

for φ is needed. Three different field models were employed

to build confidence in the results and for computational rea-

sons explained in section III. We also tried to use a fourth,

zero-current field model akin to what was originally proposed

for kinetic MHD55, where the parallel electric field is obtained

via a sum of the first moment of our kinetic equations 7 and

assuming vanishing parallel currents. This model results in

the field equation:

−∑
s

q2
s ns

msB
∗
‖

∂φ

∂ z
= ∑

s

qs

[
∂

∂ z

(
M2‖s

B∗
‖

)
+

1

2B

∂B

∂ z

M2⊥s

B∗
‖

]
,

(17)

with the moments

M2‖s =
∫

dw v2
‖B∗

‖ fs,

M2⊥s =
∫

dw (2µB/ms)B
∗
‖ fs.

(18)

Similar approaches have been used in previous modeling of a

tokamak scrape-off layer56,57. However, we did not find a sta-

ble numerical method for integrating the gyrokinetic model

with this field equation. Two challenges with this approach

are that: a) equation 17 was implemented in a cell-wise sense,

which is not consistent with the weak form of the gyrokinetic

equation coupling three cells in each direction and using an

upwind numerical flux, and b) energy conservation requires

that exact preservation of quasineutrality (ne = ni), which dis-

cretely may not be the case unless special precautions are

taken. An in-depth discussion of these difficulties, and their

solutions are beyond the scope of this manuscript. For the

moment, we have proceeded with the three field models de-

scribed below because they worked and represent challenges

that persist in 3D, which we wish to first understand and over-

come in 1D.

1. Kinetic e− with linear polarization

In the spirit of taking a 1D limit of our long-wavelength

gyrokinetic model, we create a proxy of the quasineutrality

equation 5 by replacing the nablas with a user-defined ik⊥ pa-

rameter. This is an approach that has been used in, for exam-

ple, explorations of an ELM pulse in the scrape-off layer of

tokamaks58. Later, we also show a scan of the assumed value

of k⊥. Furthermore, we use a linear polarization or Boussi-

nesq approximation to replace the ns/B2 factor in the polar-

ization density with the homogeneous, constant value n0/B2
p.

Therefore in this field model, we compute the potential using

k2
⊥∑

s

n0ms

B2
p

φ = ∑
s

qsns. (19)

The use of constant factors in the polarization density appears

in other full- f gyrokinetic codes40, and is often done to sim-

plify, amongst other things, the linear solver required for this

operation (i.e. the stiffness or left-side matrix becomes time-

independent and is only factorized once). When this field

model is used, we also drop the last term in equation 4, as it

is not needed to have a consistent, energy preserving scheme

(see appendix A).

2. Kinetic e− with nonlinear polarization

When the constraint on the time step needed for time in-

tegration due to mirror forces is mitigated, the time step can
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then be set by the ωH or electrostatic shear Alfvén mode (see

section III). In order to ameliorate such constraint while con-

tinuing to obtain sufficiently high potential profiles, we tried

to use a field model similar to that in equation 19 but with

a larger k⊥ and keeping the spatial and temporal dependence

of the density factor in the polarization density. That is, the

potential was obtained from

k2
⊥∑

s

nsms

B2
p

φ = ∑
s

qsns. (20)

For the model to conserve energy, the E ×B energy term in

the Hamiltonian needs to be kept (equation 4) and computed

using |vE |2 = (k⊥φ/Bp)
2 (see appendix A). For higher accu-

racy, one could also keep the spatial dependence of B(z) and

k⊥(z), using a proxy model k⊥ ∼ π/a(z) ∝
√

B(z), where a

is the plasma minor radius. But the dominant variation in the

polarization term is the density’s, as we will see in section IV,

so we used k⊥/B2 = constant for now.

3. Boltzmann, isothermal e− with ambipolar sheath

This model follows earlier work58, which assumes that

electrons have Boltzmann behavior and are isothermal, such

that when we impose ambipolarity at the sheath entrance

(equality of electron and ion particle fluxes), one obtains an

equation for the sheath potential

φs = φ(z =±Lz/2) =
Te0

e
ln

(
nivte0√
2π Γi

)∣∣∣∣∣
z=±Lz/2

(21)

in terms of the kinetic ion fluxes (Γi) at the sheath entrances

z = ±Lz/2 for the computational domain z ∈ [−Lz/2,Lz/2].
Equation 21 assumed quasineutrality and used v2

te0 = Te0/me.

Having obtained the sheath potential, quasineutrality and

a Boltzmann electron response, ne = C exp [e(φ −φs)/Te0]
(where C is a constant determined by ni(z =±Lz/2) = ne(z =
±Lz/2)), combine assuming zero wall potentials to produce

the field equation

φ = φs +
Te0

e
ln

(
ni

nis

)
, (22)

where nis is the ion density at the sheath entrance. Only the

ion gyrokinetic equation is evolved in this model, increasing

the time step needed in time integration by roughly a factor of√
mi/me ∼ 60 and making the calculations much cheaper.

Note that electrons trapped inside the mirror bounce back

and forth many times and are confined long enough to ther-

malize, developing a Maxwellian velocity dependence and ex-

hibiting a Boltzmann response to the potential. But in the ex-

pander fe has a significant beam-like population of cold elec-

trons that escaped the mirror. Electrons in this region thus

have a non-Maxwellian character and may reach the wall be-

fore they have time to thermalize; i.e. the expanders are col-

lisionless and not expected to follow a Maxwellian distribu-

tion59. Furthermore, even inside the mirror the electron tem-

perature is expected to drop precipitously near the throat, and

hence the isothermal electron assumption is likely to cause

further departures from the more realistic kinetic electron

case. The validity of this Boltzmann electron model is thus

limited, and we merely employ it as a tool to make iterative ex-

ploration possible (given its lower cost) and to help us under-

stand the computational challenges of modeling ion dynamics

in high-field mirrors.

III. COMPUTATIONAL CHALLENGES AND
TECHNIQUES

The gyrokinetic model in equations 7-16 with the field

models in sections II B 1-II B 3 are discretized with a discon-

tinuous Galerkin (DG) method and time-integrated with an

explicit strong-stability-preserving third order Runge-Kutta

scheme in the Gkeyll code38. The spatial discretization is

carried out on a multidimensional, uniform grid over the do-

main (z,v‖,µ) ∈ [−Lz/2,Lz/2]×
[
−v‖max,v‖max

]
× [0,µmax]

using Nz × Nv‖ × Nµ cells with a piecewise polynomial ba-

sis of order p within each cell. We will primarily dis-

cuss results obtained with (Nz,Nv‖ ,Nµ) = (288,64,192) and

p = 1, corresponding to >28 million degrees of freedom

per species, z limits obtained from equation 6 for Z ∈
[−2.5m,2.5m], v‖max = 3.75vts0 = 3.5

√
Ts0/ms and µmax =

ms(3vts0)
2/(2B2

p). These grids may seem highly resolved, but

they are in fact marginally sufficient. For example, we found

that the simulations were not stable with fewer than 256 cells

along the field line. The resolutions used here are the outcome

of a convergence analysis discussed in appendix C.

A couple of features motivate high velocity-space resolu-

tion. One reason for the seemingly extreme µ resolution is the

location of the trapped-passing boundary. Consider that par-

ticles at this boundary in the center of the mirror (z = 0) with

v‖ = vts0 have µ = µt p = msv
2
ts0/(2Bm) in the large Rm limit.

Defining a thermal µ = µt =msv
2
ts0/(2Bp) at z= 0, we see that

the trapped-passing boundary µt p is quite small by compari-

son: µt p/µt = Bp/Bm = 1/20 for the Pleiades WHAM case in

figure 1. For the choice of µmax = 9µt to handle the high ve-

locity part of a Maxwellian, and a grid spacing of ∆µ = µt p to

resolve the trapped passing boundary, we see that Nµ = 180

cells or more are needed. While this ∆µ = µt p is marginal,

this is alleviated some by the fact that a DG algorithm with

p order polynomials is equivalent to p+ 1 optimally-located

Gaussian quadrature points per cell in each direction. So the

resolution capability of a p = 1 DG code with N cells is com-

parable to a low-order grid with approximately 2N grid points.

Also, as the electrostatic potential builds up to confine elec-

trons, the trapped passing boundary shifts to higher energy,

which is easier to resolve.

The combination of uniform velocity grids and large tem-

perature variation is another feature calling for high velocity

resolution. Typically continuum simulations have fixed (in

x) velocity grids with extents v‖max ≥ 4vts0 (and an equiva-

lent µmax). For a plasma with temperatures that vary weakly

in z, such grids are sufficient to resolve fs well at all z

and maintain fs small near the boundary by a factor of .
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exp
[
−v2

‖max
/(2v2

ts0)
]
∼ 10−4, so we can safely employ zero-

flux BCs there. An HTS mirror, unlike the tokamak core that

gyrokinetic models and codes have historically been devel-

oped for, has large temperature gradients along the field line.

This means that a velocity grid that may seem sufficient in the

cool expander would be far too small in extent for the plasma

at z = 0 or vice-versa, a velocity grid that is appropriate in

the center would be far too large and coarse for the expander.

Continuum gyrokinetic codes, like Gkeyll, are then forced to

either use a large grid with many cells at all z, or to compro-

mise with grids that are smaller and more over-resolved than

necessary at z = 0, and are fine enough to provide a reason-

able description near and past the throat without being overly

expensive. This compromise resulted in the grids used in this

work.

It is worth interjecting with the caveat that two other ap-

proaches to support large temperature variations in kinetic

simulations have been pursued elsewhere. One of them is to

use multiblock grids where each block along z has a different

v‖max or resolution60. The second technique involves mapping

velocity coordinates to ones normalized by the local thermal

speed, e.g. v̂‖ = v‖/vts(z) and µ̂ = µ/(msv
2
ts(z)/(2Bp))

61. Al-

though these strategies may be further developed to work for

our purposes, they can both suffer from diffusion in the µ di-

rection either due to the inter-block interpolations or the nu-

merical diffusion in the fluxes along µ that arise from the extra

terms that normalizing µ introduces. Such diffusion would vi-

olate exact µ conservation, which is paramount in accurately

depicting mirror processes. Additionally, multiblock velocity

grids have only been used in one δ f code, leaving us with the

uncertainty of how boundaries in the direction of other blocks

but not abutting other blocks must be treated in full- f codes.

The compromise that we have made for the grids is only

half of the challenge; the other half is the duration that one

intends to simulate and what time step (∆t) the numerical

methods call for (thus determining the number of time steps

needed). We leave the latter question for section III A below

and discuss two time scales of interest. As stated in section I,

one of our primary objectives is to determine whether our gy-

rokinetic model is consistent with a Pastukhov equilibrium.

That is because in the future, when we study microstability

and perpendicular transport, we would like to start from such

an equilibrium and evolve the turbulence without potentially

problematic macro-rearrangements of the plasma caused by

the search for a different equilibrium. The Pastukhov poten-

tial, however, arises from a difference in the electron and ion

collision times, which for the parameters in this work are nom-

inally τee ≃ 18 µs and τii ≃ 36ms. Thus, to form this potential

from a state away from equilibrium could take at many τee

or a τii, which for the small ∆t required could take millions

to billions of time steps. In the following subsections, we

describe the origin of this small ∆t, and some ways to over-

come it, yet reiterate that in the future, we will begin from a

Pastukhov equilibrium estimated elsewhere (e.g. with semi-

analytic methods or bounce-averaged Fokker-Planck codes).

A. Time step constraints

Given that the collisionality is relatively low for the plas-

mas of interest, the two primary constraints on ∆t arise from

the need to resolve the mirror acceleration and the electro-

static shear Alfvén (or ωH ) mode, the latter only arising in

kinetic electron simulations. When integrated with explicit

methods, the mirror acceleration, contained in the third term

on the left side of equation 7, imposes the Courant-Friedrichs-

Lewy (CFL) stability limit

∆t

∆v‖/(2p+1)
max

[
1

ms

∂ (µB)

∂ z

]
.C, (23)

where ∆v‖ = 2v‖max/Nv‖ is the cell length in v‖ and C is an

order unity number. Thus, the fine v‖ grids needed to resolve

fs near and beyond the mirror throat, the small electron mass,

the large µmax needed to capture fs in the center, and the large

gradients in B due to the HTS coils all conspire to give a small

∆t. For the physical and computational parameters in sec-

tions II-III, equation 23 yields νee∆t ≃ 1/(6× 106), meaning

that around 6 million time steps with large grids would be

needed to reach a single τee, and many more to build the equi-

librium potential from φ = 0.

When the limitation in equation 23 is overcome, say by us-

ing an implicit method or with the technique described in sec-

tion III B, Boltzmann electron simulations are primarily lim-

ited by the parallel ion advection CFL, i.e.

max
(
v‖ik‖

)
∆t .C, (24)

typically an easily met criteria (k‖ is the wavenumber along

the field line). On the other hand, kinetic electron simulations

are limited by the need to resolve the ωH mode, the electro-

static branch of the shear Alfvén wave62. In the uniform slab

with a linearized polarization, this constraint reads

ωH∆t =
vte0k‖max

k⊥ρs0

√
ne0(z, t)

n0
∆t .C. (25)

Here ρs0 = cse0/ωci is the reference ion sound gyroradius,

with cse0 =
√

Te0/mi and ωci = qiBp/mi the ion gyrofre-

quency. The linear analysis that leads to the frequency in

equation 25 is done around the instantaneous and local equi-

librium density ne0(z, t) (see appendix B 1). This high fre-

quency also becomes harder to resolve as we refine the z-

grid, which is needed in order to capture the field-aligned

variation near and outside of the mirror throats since k‖max ≃
π(p+1)/∆z = π(p+1)Nz/Lz.

As we will see in section IV, there is some indication

that decreasing k⊥ can produce larger potential drops that are

closer to the Pastukhov level and the Boltzmann‘ electron re-

sult. However, a decrease in k⊥ entails a drop in ∆t, if the

mirror-force constraint is mitigated, and can make the sim-

ulation intolerably expensive. If k⊥ρs0 = 0.01, then our base

parameters produce an ωH frequency with a time step require-

ment, νee∆t ≃ 1/(8.3× 106), which is quite close to that de-

manded by the mirror force.
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We are considering semi-implicit methods to bypass equa-

tion 25, but in the meantime, we have instead opted to utilize

a larger k⊥ and instead obtain a suitably peaked potential by

incorporating the variation of the density in the polarization

as described in section II B 2. In that case, the ωH constraint

becomes (see appendix B 2)

ωH∆t =
vte0k‖
k⊥ρs0

√
ne0(z, t)

ni0(z, t)
∆t .C. (26)

This
√

ne0(z, t)/ni0(z, t) factor is everywhere very close to

1, in contrast to equation 25 where the
√

ne0(z, t)/n0 factor

drops off in the expander. At first glance, this change would

indicate that the nonlinear polarization model would need a

smaller ∆t, and all things being equal, it does. However,

in the confined plasma where the pressure is largest, these

factors are both close to 1 and the
√

ne0(z, t)/ni0(z, t) factor

in equation 26 will be offset by our increasing k⊥ tenfold.

We intend for this larger k⊥ to produce reasonable φ profiles

still, thanks to the natural decrease in ns(z, t) away from the

center introduced into the polarization equation 20. These

changes ought to lead to the friendlier approximate time step

νee∆t ≃ 1/(8.3×105).

B. Mitigating the mirror ∆t by force softening

Upon closer examination of equation 23 we notice the

smallest ∆t is called for by the region of phase space with large

µ and ∂zB. The magnetic field gradient is maximized as one

approaches the mirror throat, but at the same time, particles

with larger µ are reflected by mirror forces. So in those same

regions where max[∂z(µB)] occurs, we expect fs to be very

small (figure 3(a)). It is thus unfortunate that explicit time in-

tegration demands a tiny ∆t from a region in which fs is many

orders of magnitude smaller and makes a possibly negligible

contribution to the system’s dynamics.

One way to mitigate this CFL constraint is to soften the mir-

ror force in those regions of negligible fs, inspired by the way

high-speed particles are slowed down in some particle-in-cell

methods63. Our approach here, to maintain the Hamiltonian

structure of the system, is to introduce a softened Hamiltonian

H =
1

2
msv

2
‖+Π(z,µ) µB+qsφ − 1

2
ms |vE |2 , (27)

where we multiplied the term giving rise to the mirror force

by a phase-space factor Π(z,µ). We intend to use this factor

to modify the advection speed in the v‖ direction so that the

mirror force term, given the Poisson bracket in equation 8,

v̇‖mirror
=− 1

msJB∗
‖

∂

∂ z
(Π(z,µ)µB) =−χ(z,µ)

msJB∗
‖

µ
∂B

∂ z
(28)

is weakened by a factor χ(z,µ) of our choosing. Once χ(z,µ)
is defined, the Hamiltonian softener Π(z,µ) can be obtained

by integrating equation 28 from z = 0 with the boundary val-

ues Π(z = 0,µ) = χ(z = 0,µ) = 1. A weaker µB term in

FIG. 3. (a) Ion distribution function at v‖ = 0 and t = 32 µs (neg-

ative cells multiplied by -1 for simplicity of viewing) and the mag-

netic field gradient (green line). (b) Softening function χ(z,µ) in

equation 30.

the Hamiltonian changes the CFL constraint due to the mirror

forces from equation 23 to

∆t

∆v‖/(2p+1)
max

[
χ(z,µ)

ms

∂ (µB)

∂ z

]
.C. (29)

The χ(z,µ) factor is chosen to remain 1 where fs is appre-

ciable but vanishes in regions limiting ∆t despite their neg-

ligible fs. One possibility is to choose χ(z,µ) = 1 in most

places of interest and χ(z,µ) ∝ µt(z)/µ where fs is negligibly

small, with µr(z) being a threshold adiabatic moment beyond

which we soften the Hamiltonian. However, χ(z,µ) decays

too slowly in that case, so we instead opt for

χ(z,µ) =

{
1 µ ≤ µt(z),
1
2

[
1+ tanh

(
µt (z)+2.5w−µ

w/2

)]
µ > µt(z),

(30)

with w = µt(z)/10. We define µt(z) as the largest adiabatic

moment that is accessible at each z, µt(z) = µmaxBp/B(z),
according to energy conservation but disregarding collisions,

parallel kinetic energy (a relatively small correction for this

high-field mirror) and the electrostatic potential because we

do not know it a priori.

The softening function χ(z,µ) in equation 30, used for

some results in section IV, is plotted in figure 3(b). Notice,

by comparison with figure 3(a), that the regions where the

distribution function is many orders of magnitude smaller co-

incide with regions where χ(z,µ)→ 0. This correspondence
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is not exact, since other physics, like electrostatic forces, also

shape the regions of small fs. Additionally, electrostatic ac-

celeration is signed and modifies the regions of small fi and

fe differently. Therefore the optimal χ(z,µ) will look slightly

different for each species. In the future, we can incorporate es-

timates of the potential profile φ(z) in the definition of µt(z)
to produce a more suitable softening function. Nonetheless,

in section IV, we show results obtained with this χ(z,µ) are

sufficiently close to those without force softening and were

obtained 19.5 times faster.

C. Further computational improvements

For Boltzmann electron simulations, force softening is suf-

ficient to attain large time steps that result in simulations

where the potential is built from scratch (i.e. φ(t = 0) = 0)

to a level comparable to the Pastukhov estimate in a matter

of hours (on 288 cores). This is a nearly 20X speedup over

simulations without force softening. However, kinetic elec-

tron simulations can still have a ∆t too small for building the

potential from scratch, especially if a linearized polarization

is employed. Therefore, additional measures must be taken to

further reduce the cost of these simulations if kinetic electron

physics is of interest.

Assuming that it is, there are five modifications to the ap-

proach presented in this work that we are currently pursuing.

These are:

1. Simulation time: As mentioned earlier and illustrated in

section IV, developing the (Pastukhov) equilibrium poten-

tial from φ(t = 0) = 0 can take many ν−1
ee to ∼ ν−1

ii , which

requires costly simulations with millions or billions of time

steps and large grids. However, the ultimate goal of mir-

ror gyrokinetics is to examine the stability of gradient-

driven modes (e.g. interchange) and perpendicular turbu-

lent transport, which occurs on a much smaller time scale

than that of the equilibrium evolution. For example, for

the parameters used in this work, the potential takes on the

order of 100 µs to reach the Pastukhov estimate, while the

interchange time scale is ∼ zm/(2vti0). 1 µs64. Therefore,

studies of interchange stability and transport will time inte-

grate for a ∼10X shorter period and result in ∼10X cheaper

simulations (assuming ideal perpendicular parallelism).

2. Improved ICs: For both 1D and higher-dimensional sim-

ulations, one could start from ICs closer to the final

(Pastukhov) equilibrium than those in equations 12-16 to

shorten the required simulation time. Such ICs could be

obtained with semi-analytical25 or analytical (under de-

velopment) methods that compute the equilibrium more

quickly. Another approach is to first perform a Boltzmann

electron simulation, which is ∼
√

mi/me ≈ 60 times faster,

and use that result as the IC of a kinetic electron simulation.

3. Nonuniform grids: the cost of these simulations can be re-

duced by using nonuniform grids with higher resolution

only where needed. For example, in Gkeyll one could use

a coordinate mapping (z,v‖,µ)= (z(ξ ),v‖,µ(η)), where ξ

and η are the computational coordinates along the field line

and along µ , respectively, to place more degrees of free-

dom (DOFs) near the mirror throats and at low µ (DOFs

uniformly spaced in ξ and η). We estimate that this could

reduce the number of DOFs, and thus speed up the code, by

a factor of 10-15 – a factor of 2-3 from using a nonuniform

z grid and a factor of 5 from a proportional µ grid65.

4. Positivity preservation: A novel, rigorous method for pre-

serving positivity of the particle distribution function while

conserving energy in Hamiltonian systems has been devel-

oped66 and implemented in another branch of Gkeyll. En-

suring fs ≥ 0 would improve robustness of simulations on

coarser grids, and thus reduce computational cost.

5. Improved parallelization: The results in this manuscript

were produced with an earlier version of Gkeyll; since

then, additional parallelization strategies have been imple-

mented. Specifically, these simulations can now be per-

formed on GPUs, parallelizing over velocity space and

species. Parallelization over species alone reduces the time

to solution by 2X, and similar reductions are found from

GPUs and velocity space parallelization.

Most of these improvements are ready for use. Hence we

expect that future work will take advantage of such capabili-

ties to perform simulations at a small fraction of the cost of the

simulations reported here. Additionally, we may use such en-

hancements to do more complex studies like parameter scans,

3D simulations, or simulations with sloshing ions.

IV. RESULTS

In this section, we report on results from three types of sim-

ulations we carried out; namely those using

• Boltzmann electrons with & without force softening,

• kinetic electrons with linearized polarization without

force softening, and

• kinetic electrons with nonlinear polarization & force

softening.

These results can be reproduced using the Gkeyll in-

put files found under version control at https:
//github.com/ammarhakim/gkyl-paper-inp/tree/
master/2023_PoP_gkwham1x2v. As stated earlier, our

two-fold intention here is to examine the computational

challenges in modeling an HTS mirror with a continuum

gyrokinetic code and to determine if these models develop

the (Pastukhov) electrostatic potential expected for such

machines.

We can obtain an approximation for the potential drop be-

tween the center of the plasma and the mirror throat by con-

sidering the collisional electron loss rate computed by Pas-

tukhov13 and later corrected by others14,15:

dne

dt
=− 4√

π
Ap

νeene

G(Rm)

(
eφ

Te0

)−1

e−eφ/Te0 I(Te0/eφ) (31)
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FIG. 4. (a) Estimated Pastukhov potential profile for the mirror using

parameters in tables I-II and equations 31-33, absent in the expanders

because the assumptions are not valid there. Vertical dotted lines

indicate the mirror throat locations. (b) Potential drop between the

mirror center (z = 0) and the mirror throat (z = zm = 0.98 m) in the

Pastukhov estimate as a function of an electron collision frequency

scaling factor (A): νee → Aνee.

in terms of the functions

G(x) =
2x+1

2x
ln(4x+2),

I(x) = 1+0.5
√

π xe1/xerfc
(√

1/x
)
.

(32)

We have introduced a scaling factor Ap for several reasons.

First, we want to observe the change in the potential drop

as one scans the collision frequency. Second, the Pastukhov-

Chernin-Cohen approximation incorporates electron-electron

and electron-ion collisions, but our kinetic electron simula-

tions only account for electron-electron collisions for now. By

itself, this would make it more appropriate to compare our

kinetic results with the analytic Pastukhov estimate using a

scaling factor of Ap = 0.5, but there are other effects that may

make the effective Ap greater than 1. There is also an issue

with differences between the velocity dependence of the col-

lision frequency in the Dougherty (this work) and LRO (used

by Pastukhov) operators, as explained in section II B. These

effects would increase Ap, though the final impact on the po-

tential depends on the relative importance of pitch-angle and

velocity scattering for electrons and ions. Future code valida-

tion will employ the equivalent of Pastukhov’s calculation us-

ing the Dougherty operator (under development), but for now

we see below that the exact results depend weakly on Ap.

From equation 31 we may calculate an electron particle

confinement time τpe = ne/(dne/dt). The ion particle con-

finement time, however, is much longer because ions are col-

lisionally scattered less frequently and is of the order τpi =

ν−1
ii logRm according to analytical and numerical study of

the LRO equation12. Since electrons are scattered into the

loss cone and thus exit to the expander and the sheath more

quickly, they leave behind the ions, and an electrostatic po-

tential begins to build. This potential starts to decelerate elec-

trons and accelerate ions until the loss rates for both species

equalize and

τpe = τpi. (33)

Said differently, a potential develops to maintain quasineutral-

ity. The so-called Pastukhov potential φ that satisfies equa-

tion 33 may be numerically solved for via root finding. Doing

so at each z with Rm = Bm/B(z) using the reference plasma

parameters in tables I-II, we obtain the potential given in fig-

ure 4(a). The assumptions that lead to equation 31 are not

valid in the expander due to, for example, the large mean flow

velocities and weak collisionality therein; for this reason fig-

ure 4(a) only shows φ inside the mirror.

A key metric for mirrors is the potential drop between the

central plasma (z = 0) and the mirror throat (z = zm = 0.98m),

since a sufficiently large electric field is needed to elecrostat-

ically confine the electrons and reduce parallel electron heat

convection. In this Pastukhov estimate, the potential drop nor-

malized to the reference electron temperature is e∆φ/Te0 =
3.98 (3.72) for Ap = 1 (0.5), which is in the range of those

numerical and experimental results mentioned in section I.

Additionally, since this potential arises from the difference

in scattering rate between ions and electrons, if the electrons

scatter more frequently (increasing νee), a larger potential

drop will develop to contain them and maintain quasineutral-

ity. This phenomenon explains the trend in figure 4(b), for

which we computed the potential drop corresponding to a se-

ries of scaled electron collision frequencies. The increase in

e∆φ/Te0 with νee will partially explain some differences be-

tween Boltzmann and kinetic electron simulations presented

below.

A. Boltzmann electrons

The Boltzmann electron model evolves the ion distribu-

tion function fi(z,v‖,µ) according to equation 7 and the field

model in section II B 3. The initial condition consists of

a Maxwellian fi and has potential profile that drops from

φ(z = 0, t = 0) ≈ 3.2kV to φ(z = ±Lz/2, t = 0) = 0 because

no ion fluxes have crossed the sheath entrance at that time

yet. As we integrate the model in time, ions are lost from the

central region to the expander and sheath via pressure relax-

ations and collisional scattering. The ions in the expander are

also further accelerated by the mirror force pointing towards

the sheath, where they are lost by the sheath BCs that absorb

all arriving ions. The result is an ion density that decreases

away from the central region and increases the potential drop

from the center to the wall via equation 22. The potential

that develops works against the mirror force to accelerate ions

through the mirror throat and towards the sheath, thus enhanc-

ing the loss of ions. These losses are eventually balanced by

the plasma source near z = 0, at which point the simulation

reaches a steady state.
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Reaching this steady state of the ion profiles likely re-

quires time-integrating the system to O(ν−1
ii ) seconds. Our

goal, however, is only to integrate it long enough to see if it

reaches the Pastukhov estimate. We did so for nearly 4ν−1
ee

at first, requiring 73.52 hours on 288 cores when using the

288× 64× 192 grids mentioned in section III that were cho-

sen as a result of a resolution scan described in appendix C.

The spatio-temporal evolution of φ , for example, is shown in

figure 5. We see that the initial potential from ICs becomes

more peaked and continues to rise in amplitude as one ap-

proaches t = ν−1
ee = 18 µs. It is only coincidental that much of

the φ(z = 0) amplitude is built within one electron collision

period, as the Boltzmann electron model does not contain the

ν−1
ee time scale. The initial rapid rise in the potential is likely

associated with transient effects from ions originally in the

loss cone traversing the machine and escaping on the ion tran-

sit time (L/(2vti0)≈ 4 µs). On a longer time scale the ions in

the loss cone are replenished by pitch angle scattering of ions

that are initially in the trapped part of velocity space into the

loss cone. This will not fully come to equilibrium until an ion

collision period (ν−1
ii ≈ 35ms), but since we start with a high

density of ions in the trapped region, comparable to what is ex-

pected in the final steady state, this is probably a major source

of ions in the loss cone in these simulations after a few ion

transit times when the initial ions there have already escaped.

Our Maxwellian source also injects some ions directly into

the loss cone, but most of the source is into the trapped part

of phase space. The ambipolar potential hole also increases

as the potential rises, augmenting another mechanism for ions

to escape. By the time t ≈ (8/3)ν−1
ee = 48 µs is reached, the

central potential reaches eφ(z= 0)/Te0 = 11.28 and its growth

appears to slow down considerably.

Near this final state, at t = 32 µs ≈ 1.78ν−1
ee , the ion fluid

moments have developed to those in figure 6 (solid lines).

The ion density remains peaked near the reference density n0,

demonstrating confinement of the plasma; the density drops

by over 4 orders of magnitude from the center to the sheath

FIG. 5. (a) Electrostatic potential φ(z, t) in the case with Boltzmann

electrons (mirror throats indicated with white dashed lines), and (b)

central electrostatic potential for t = 0−48 µs = 0− (8/3)ν−1
ee .

entrance, a decrease much faster than B(z)/Bp. The ion mean

parallel flow speed in figure 6 exhibits a relative stagnation in

the confinement region and a rapid acceleration to u‖i = cse0

near the mirror throats. This increase in u‖i continues in

the expander due to combined contributions from the paral-

lel electric field, the mirror forces and conservation of mass

(e.g. as in a nozzle). In terms of the local sound speed,

cs =
√

(Te0 +3T‖i)/mi, the ions also become supersonic at

z = zm but are instead accelerated to u‖i/cs ≈ 2 − 3 by the

time they reach the sheath. This is reminiscent of the acceler-

ating solution obtained for low (source) injection velocities in

recent PIC simulations24. Lastly, figure 6 also demonstrates

the strong anisotropy of this scenario throughout the whole

device, especially near the throat where T⊥i is considerably

larger than T‖i (40 times larger in fact) as one would expect

from conservation of energy and µ .

The temperature can be sensitive to velocity-space features

of the distribution function, and one such feature explains why

this Boltzmann electron simulation was not continued past

νeet = 8/3. Figure 7 presents the ion distribution function

at z = {0,zm,Lz/2}, i.e. the center, throat and sheath entrance.

The first panel shows the archetypal mirror plot, except that

due to the strong magnetic field in this device and the fact that
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FIG. 6. (a) Ion guiding center density (ni), (b) mean drift speed (u‖i)

normalized to cse0 =
√

Te0/mi, and (c) parallel and (d) perpendicular

temperatures (T‖i, T⊥i) at t = 32 µs≈ 1.78ν−1
ee in Boltzmann electron

simulation without (solid) and with (dotted with circles) force soft-

ening. Vertical dotted lines indicate the mirror throat locations.
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it is shown in v‖−µ coordinates, the loss cone appears narrow

and parabolic. Nonetheless, the simulation’s fi(z = 0,v‖,µ)
follows the (dotted white) contour of the trapped boundary

given by

µBp

µBp +msv
2
‖/2+qsδφ

≥ 1

Rm

, (34)

including the contribution of the self-consistently generated

potential (δφ = φ(z = 0)− φ(z = zm)) that leads to the am-

bipolar hole near the origin. As one approaches and passes

through the mirror throat, only low-µ particles that were not

mirror confined can be found, and fi becomes very local-

ized near µ = 0. This makes it challenging to resolve fi

in these regions if we use uniform grids, as Gkeyll and

some other gyrokinetic codes do. In this case, the distri-

bution function is perhaps only marginally resolved at the

throat, where fi is only appreciable in a few cells along µ .

In the last panel, located at the sheath entrance, we see an

fi that slants towards higher v‖ and µ . This is a result of

an acceleration of particles due to the Yushmanov potential

(i.e. combined mirror and electrostatic potential). We can

estimate the v‖ to which particle just inside the loss cone at

(z,v‖,µ) = (0,2.5vti0,0.2374miv
2
ti0/(2Bp)), where fi is only

100 times smaller than near the origin, is accelerated to by

the time it reaches the sheath entrance from conservation of

energy:

v‖ = 2.5vti0 +

[
2

eδφ +µδB

mi

]1/2

= 4.09vti0, (35)

and δQ = Q(z = 0)−Q(z = Lz/2). But our velocity grid only

goes up to v‖max = 3.75vti0 causing these particles to run into

our v‖ boundary, producing an accumulation of fi (with a very

large ∂v‖ fi) near the boundary due to the zero-flux BCs in ve-

locity directions. This is the origin of the small bright spot

near (z,v‖,µ) = (Lz/2,3.75vti0,0.5776miv
2
ti0/(2Bp)) in fig-

ure 7(c). This is not a numerical instability itself, because the

maximum fi at the boundary grows only linearly in time, and

it can be delayed significantly by increasing v‖max (at some

computational cost). This artifact is not noticeable in most

of our simulations for the time duration that we ran them,

and is worse here because of the large potential drop in the

expander region for the Boltzmann electron case. But if the

FIG. 7. Ion distribution function in Boltzmann electron simulation

at t = 48 µs = 8ν−1
ee /3 at three locations along the field line: (a) the

center, (b) the mirror throat, (c) the sheath entrance in the expander.
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FIG. 8. Electrostatic potential at νeet ≈ 8/3 in Boltzmann electron

simulations with (dashed orange) and without (solid blue) force soft-

ening. Note that the φ(z) variation is not accurate for |z|> zm because

Boltzmann assumptions break down in the expanders.

simulation continued for very long times (νeet > 8/3 for this

Boltzmann electron case with these parameters), this numer-

ical artifact can get so large that it triggers an instability of

some sort, and the simulation quickly crashes. This problem

should be solved by a combination of improvements: a rig-

orous positivity-preserving scheme66, non-uniform velocity

grids to more easily extend v‖max, or perhaps most rigorously

by extending v‖max to infinity and using exponential weighted

basis functions there39. For the time being, we shall see in the

next subsection that our force softening technique also has a

beneficial effect in this regard.

Force softening benchmark

We carried out the same Boltzmann electron simulation

employing the force softening technique described in sec-

tion III B in order to overcome the CFL condition that makes

∆t small. This strategy allowed us to run the same simula-

tion up to t = 48 µs = 8ν−1
ee /3 in approximately 3.76 hours

(on 288 cores), denoting a 19.5X speedup. When we com-

pare the potential profile of these two simulations (figure 8)

we find that the two agree very well. The small disagreement

in the confined region is negligible considering that there are

other shortcomings of our model that likely have a larger im-

pact (e.g. collision model, neglect of beam ions, resolution,

Boltzmann assumption).

Other quantities also exhibit agreement between the base

Boltzmann electron simulation and that with force softening.

For example, the ion number density and parallel fluid speed

are very close in these two simulations, albeit a ≈ 9% dif-

ference in the expander u‖i (compare solid and dotted-circled

lines in figures 6(a)-(b)). Also, in figure 6, we appreciate that

force softening did not change the temperatures in the con-

fined plasma much. It does lead to higher T‖,⊥i in the ex-

pander, particularly near the throats where T⊥i is significantly

larger. Note that the perpendicular temperature in force soft-

ened simulations is calculated using the softened Hamiltonian,

that is T⊥s = n−1
s

∫
dwΠ(z,µ)µBB∗

‖ fs. These elevated tem-

peratures can be a result of force softening allowing higher en-
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FIG. 9. Ion distribution function in Boltzmann electron simulation

with force softening at t = 48 µs = 8ν−1
ee /3 at three locations along

the field line: (a) the center, (b) the mirror throat, (c) the sheath en-

trance in the expander.

ergy particles out to the expander than the experiment (or the

simulation without force softening) does, which have a larger

effect on the temperature than on the lower velocity moments.

The density near the throats and in the expander also get very

low, so the accuracy with which temperatures are computed

is compromised. Nonuniform grids (see section III C) will

help us qualify these properties more accurately in subsequent

studies.

Good qualitative agreement between simulations with

and without force softening is seen in the ion distribu-

tion function, shown in figure 9 at the same three loca-

tions as in figure 7. The most notable difference is that

the numerical anomaly previously present near (z,v‖,µ) =
(Lz/2,3.75vti0,0.5776miv

2
ti0/(2Bp)) is now absent. Now that

the distribution function is monotonically decaying near the

velocity boundary and that the simulation advances faster than

without force softening, we can time integrate for longer pe-

riods of time. Moreover, we performed the simulation to

t = 100 µs ≈ 5.56ν−1
ee with two other softening factors,

χ1(z,µ) =

{
1 µ ≤ µt(z),

µt(z)/µ µ > µt(z),

χ2(z,µ) =

{
1 µ ≤ µt(z),
1
2

[
1+ tanh

(
µt (z)−µ
µt (z)/20

)]
µ > µt(z),

(36)

in order to assess how sensitive the result may be to this

choice. We see in figure 10 that for the three softening factors

used, the resulting potential is almost the same in each case.

Additionally, note by comparing figures 8 and 10 that the pro-

files have changed little from νeet = 8/3 to νeet = 5.56; most

of the potential profile in Boltzmann electron simulations is

built within a few ion transit times.

Another important thing to note about this potential pro-

file is that the potential drop between the plasma center and

the mirror throat is e∆φ/Te0 = 4.47. This indicates that there

is strong electrostatic confinement of the electrons and that

the potential drop is close to yet exceeds the Pastukhov es-

timate of e∆φ/Te0 = 3.72 in figure 4. One possible expla-

nation for the increased potential drop is that the Boltzmann

approximation essentially implies highly collisional electrons,

for which the Pastukhov calculation can yield potentials above

≃ e∆φ/Te0 = 4.47 (see figure 4(b)). It is also apparent that ac-

cording to this model, there is an additional, strong potential
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FIG. 10. Electrostatic potential at νeet ≈ 5.56 in Boltzmann elec-

tron simulations, using three types of softening factors (equations 30

and 36).

drop in the expander of e(φ(z = zm)−φ(z = ±Lz/2))/Te0 =
6.39 that further confines the electrons. As mentioned ear-

lier the Pastukhov calculation is not valid in the expander, so

this Boltzmann electron simulation is a first rough estimate

of what the potential profile may be in that region. At the

same time, we know that the isothermal, Boltzmann electron

assumption is invalid in the expander since we would expect

large temperature drops, relatively collisionless plasma (due

to the rapid drop in density), and non-Maxwellian distribu-

tions59 therein. Other recent semi-analytic estimates of this

potential structure actually produce little to no potential drop

in the expander25. More accurate estimations of the profile

may be attained by relaxing the isothermal, Boltzmann as-

sumption or using kinetic electrons.

B. Kinetic electrons

The kinetic electron model evolves the gyrokinetic equa-

tion 7 for both ions and electrons, and computes the elec-

trostatic potential using a Poisson equation with either a lin-

earized polarization (equation 19) or a nonlinear polarization

(equation 20); we present results for both field models in this

section.

Linear polarization

Kinetic electron simulations with a linear polarization were

performed with the 288 × 64 × 192 grid mentioned in sec-

tion III, which was deemed the most suitable according to

the resolution scan in appendix C. These simulations require

the choice of the parameter k⊥ in equation 19, and thus

one of our first tasks was to examine the effect this param-

eter has on the resulting potential. In principle, the low-

est possible value of k⊥ρs would be preferable in order to

approximate the k⊥ρs → 0 limit we are interested in, given

our choice of 1D models. Additionally, as we would ex-

pect from equation 19, smaller k⊥ρs would lead to larger po-

tentials, possibly as large as those seen in previous experi-

ments or the Pastukhov potential estimate at the beginning

of this section. Such an increase in φ with decreasing k⊥ρs
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FIG. 11. (a) Electrostatic potential profiles in kinetic electron simu-

lations with linearized polarization, and (b) the potential drop from

the center (z = 0) to the mirror throat (z = zm) normalized to Te0/e at

t = 8 µs as a function of k⊥ρs.

is precisely what we see in figure 11(a), showing the poten-

tial at t = 8 µs. Precisely how fast the potential increases

with (k⊥ρs)
−1 can be seen in figure 11(b), where we provide

the potential drop between the center and the mirror throats

(∆φ ) for each k⊥ρs. Extrapolating to k⊥ρs = 0 or examining

the points at k⊥ρs = {0.005, 0.01} on may conclude that the

asymptotic limit has been reached by k⊥ρs = 0.01, although

it is difficult to claim that with certainty at this point. We

would have liked to continue this study at lower k⊥ρs, but

as explained in section III A the ωH frequency increases with

(k⊥ρs)
−1 and therefore makes the simulations impractically

expensive for k⊥ρs < 0.005. One can also estimate that in

WHAM (with Bp = 0.86, Rm = 20) ρs = 5.17×10−3 m, and

the smallest perpendicular mode that fits in a 2alim-diameter

plasma is k⊥ ≈ π/(2alim) such that k⊥ρs = 0.06. If one further

considers that B(z)a(z)2 is a constant along z, with a(z) being

the minor radius of the plasma, k⊥ρs can be 0.015 (keeping

temperature constant) or smaller near the mirror throat.

Based on such k⊥ρs scan, we decided to time integrate the

kinetic electron simulation with k⊥ρs = 0.01 for a longer pe-

riod of time. As these simulations are run longer, the oscilla-

tions seen near the mirror throats in figure 11(a) vanish since

they result from the relaxation of initial profiles. By employ-

ing 288 cores for 1,019 hours, this kinetic electron simula-

tion was advanced to t = 32 µs ≈ 1.78ν−1
ee , at which point the

ion and electron distribution functions at the center, mirror

throat and sheath entrance looked as shown in figure 12(a-c).

Through comparison with figure 7 we see that the structure of

fi is similar to that in the Boltzmann electron simulations. The

ion distribution function obeys the expected trapped passing

boundary at z = 0, and has a slanted arrangement at the sheath

entrance caused by the decreasing Yushmanov potential. It is

notable, however, that in this case, we do not see an accumu-

lation of fi near the v‖ boundary as we did in the Boltzmann

electron case. That is because, as we show below, in the ex-

FIG. 12. Ion (top row) and electron (bottom row) distribution func-

tions in kinetic electron simulation with linearized polarization at

t = 32 µs ≈ 1.78ν−1
ee and three locations along the field line: (a,d)

the center, (b,e) the mirror throat, (c,f) the sheath entrance in the ex-

pander.

pander of the kinetic electron model the potential drop is very

small and leads to a much weaker electrostatic acceleration of

the ions.

A kinetic electron simulation also gives us insight into the

phase space structure of the electrons, and we provide a snap-

shot of it in figure 12(d-f). A first observation of this fe makes

it apparent that although electrons seem Maxwellian in the

confined plasma, consistent with the Boltzmann model, they

acquire non-Boltzmann features as one moves into the ex-

pander and approaches the sheath entrance. This is direct evi-

dence of the limitations of the Boltzmann model, and may also

help us derive better reduced electron models. The electron

distribution function in the mirror center (z = 0) also obeys

the expected trapped-passing boundary given in equation 34.

However, it can be difficult to discern in figure 12(d) for three

reasons. First, the electrostatic force pushes these boundaries

away from the origin so that some particles with µ = 0 (and

no mirror confinement) are still confined. Second, in v‖− µ
space, the loss cone is actually a parabola, making it harder

to discern the familiar cone. The HTS coils and the electro-

static potential also provide such good electron confinement

that the loss cones are very narrow and far from v‖ = 0. And

third, where the loss cones appear in this v‖− µ space, fe is

so small that it is difficult to appreciate its details (unless one

plots in other ways and sacrifices visualizing other features).

In the expander (figure 12(f)) we also see some signs of Yush-

manov acceleration (the branch of fe that extends towards

higher v‖ and µ). And in contrast to the ions, the electrons

have a population that propagates back towards the machine

(i.e. fe(v‖ < 0)) resulting from the reflection by the sheath po-

tential and is truncated at v‖ ≈ (2eφ(z = Lz/2)/me)
1/2

as we

would expect from our sheath BCs54.

The sheath potential at this time, eφ(z = ±Lz/2)/Te0 =
0.0552 is considerably smaller than the eφ(z =±Lz/2)/Te0 =
0.7924 produced by Boltzmann electrons (see figure 13(b)).

This is partly because the latter results from ambipolar sheath
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FIG. 13. (a) Electrostatic potential φ(z, t) in simulation with ki-

netic electrons and linearized polarization (mirror throats indicated

with white dashed lines), and (b) electrostatic potential profile at

t = 32 µs ≈ 1.78ν−1
ee . Note that the φ(z) variation in the Boltzmann

electron case is not accurate for |z|> zm because Boltzmann assump-

tions break down in the expanders.

fluxes and the Boltzmann approximation, while the former

is established by the separation of ion and electron guiding

center charge density in the Poisson equation. The difference

between Boltzmann and kinetic electron particle dynamics in

the expander, which sets the potential therein, is also partly

due to the short electron transit time that precludes thermal-

ization in the kinetic electron case (see section II B 3). That is,

the Boltzmann electron expander has thermalized electrons by

design, while the kinetic electron model has non-Maxwellian

electrons that escaped the confined region and traverse the ex-

pander before they have time to thermalize.

In addition to these differences between Boltzmann and

kinetic electron models, comparison of these cases should

also keep in mind that they may approach steady state at

different rates, and that neither has yet reached such point.

This limitation is apparent in figure 13(a), which shows that

by the end of the kinetic electron simulation (νeet ≈ 1.83)

the electrostatic potential continues to rise. When we ana-

lyze the potential profiles away from the sheath, we see that

the potential drop between the center and the mirror throats

(e∆φ/Te0 ≈ 2.57) is lower than that obtained with Boltzmann

electrons (e∆φ/Te0 ≈ 3.94). Furthermore, there is a large po-

tential drop in the expander seen with Boltzmann electrons

that is absent with kinetic electrons. Differences like these are

to be expected, though, given that the isothermal and Boltz-

mann electron assumptions are invalid in the expander and

near the mirror throat, as discussed in section II B 3. We sim-

ply employ the Boltzmann model an intermediate tool that

may be honed in future work.

It is also interesting to examine the velocity moments of

this kinetic electron model, provided in figure 14. Although

given at a slightly different time, these ion moments are sim-

ilar to those in the Boltzmann electron simulation (figure 6).
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FIG. 14. Number density (a), mean flow speed (b), parallel (c)

and perpendicular (d) temperature of the ion (solid blue) and elec-

tron (dashed orange) distribution functions at t = 32 µs ≈ 1.78ν−1
ee

in kinetic electron simulation with linearized polarization.

The main difference is the lower mean flow speed ions are

accelerated to in the expander of the kinetic electron simula-

tion, u‖i ≈ ±4cse0 vs. u‖i ≈ ±5.5cse0 with Boltzmann elec-

trons. Ion densities and temperatures are nearly the same in

both cases. Additionally, we can also see the resulting elec-

tron moments now. The first two of these moments, ne and

u‖e, resemble their ion counterparts. A notable distinction

is the oscillatory behavior in u‖e near the mirror throats; we

think this is purely numerical as we have seen them vanish

and get replaced by smooth profiles following the average of

these oscillations when using a piecewise quadratic (p = 2)

basis (not shown here). The electron temperatures, however,

are much lower and similar to each other, indicating much

higher levels of isotropy than it is found for the ions. This is

to be expected based on the large νee/νii ratio, the fact that we

have evolved the system for 1 < νeet ≪ νiit, that the electron

collision period is much longer than the electron bounce pe-

riod (∼ ν−1
ee vte0/Lm ≈ 118), and previous theory and simula-

tion yielding essentially Maxwellian electrons in the confined

plasma17.

Nonlinear polarization and force softening

The linear polarization model did not allow time integration

for longer periods because, even if one used force softening,
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FIG. 15. Ion (top row) and electron (bottom row) distribution func-

tions in kinetic electron simulation with nonlinear polarization at

t = 32 µs ≈ 1.78ν−1
ee and three locations along the field line: (a,d)

the center, (b,e) the mirror throat, (c,f) the sheath entrance in the ex-

pander.

the ωH mode frequency was very large for k⊥ρs = 0.01 and

made the time step very small. Our second alternative to ex-

plore potential formation with kinetic electrons is to use the

nonlinear polarization model (equation 20) with force soften-

ing. At first, we attempted to use the same 288× 64× 192

grid employed for previous Boltzmann and kinetic electron

simulations, reaching t = 32 µs ≈ 1.78ν−1
ee with 288 cores in

107.72 hours (a >9X improvement in performance). However,

shortly after this phase the simulation became unstable, possi-

bly due to insufficient resolution near the mirror throat and in

the expander. We therefore carried out a second kinetic elec-

tron simulation with nonlinear polarization and force soften-

ing but using a 288×96×192 grid, i.e. Nv‖ was increased by

50%. This section focuses on this second, higher resolution

simulation.

The kinetic electron simulation with nonlinear polariza-

tion reached t = 32 µs ≈ 1.78ν−1
ee in approximately 213 hours

on 288 cores. At this time the distribution functions at the

center, mirror throat and sheath entrance looked very similar

to those in the simulation with linearized polarization (com-

pare figures 12 and 15). The distributions at the center of

the device exhibit the expected loss paraboloids (dotted white

lines in figures 15(a,d)), and in the sheath entrance fe is trun-

cated at the cutoff velocity corresponding to the sheath po-

tential. Although hard to appreciate, this cutoff is at a lower

v‖ in figure 12(f) than in figure 15(f), suggesting that the

sheath potential is higher in the nonlinear polarization sim-

ulation. More noticeable differences are seen in the velocity

moments, at least between kinetic electron simulations with

linear (figure 14) and nonlinear polarization (figure 16). There

is slightly more separation between the guiding center densi-

ties in the nonlinear polarization case than in the linear polar-

ization, although the logarithmic scales obscure it; such sepa-

ration foretells a taller potential profile, as shown below. The

ion parallel mean speed raises to the same amplitude in both

simulations near or past the mirror throat, but in both cases,

it is inferior to its value in the Boltzmann electron case (fig-
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FIG. 16. Number density (a), mean flow speed (b), parallel (c)

and perpendicular (d) temperature of the ion (solid blue) and elec-

tron (dashed orange) distribution functions at t = 32 µs ≈ 1.78ν−1
ee

in kinetic electron simulation with nonlinear polarization and force

softening.

ure 7). On the other hand, u‖e saw a considerable increase

in the nonlinear polarization model. Focusing on the temper-

atures next, we observe that although some differences ap-

pear in the tails of T‖i (solid blue in figure 16(c)), the profile

is nearly identical to that obtained in the Boltzmann electron

simulation with force softening (dotted line with circles in fig-

ure 6(c)). Likewise, the T⊥i profile in figure 16(d) is different

in that it is augmented in the near-expander compared to the

linearized polarization case (figure 14(d)), but the former is

likely affected by force softening since such profiles follow

the same trends as those in dotted-circle blue lines in figure 6.

The difference in guiding center densities mentioned above

is only responsible for a slight increase in the height of the

potential profile, as shown by solid blue and green dotted

lines in figure 17. At this time, the linear and nonlinear po-

larization simulations produce nearly identical profiles. In

that same figure, we also compare the φ profiles with that

obtained by the Boltzmann electron simulation. The po-

tential drop between the center and the throat is somewhat

similar in the Boltzmann electron and nonlinear polarization

simulations, 3.87Te0/e and 3.09Te0/e (or 3.12Te(z = 0)/e),

respectively. The largest difference is in the value of the

sheath potential and the potential drop seen in the expander

(|z| > zm = 0.98m). The absence of a potential drop in the

expander is unlike what is seen in some GDT experiments,
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FIG. 17. (a) Electrostatic potential φ(z, t) in simulation with kinetic

electrons, nonlinear polarization and force softening (mirror throats

indicated with white dashed lines), and (b) electrostatic potential pro-

file at t = 32 µs ≈ 1.78ν−1
ee , with the profiles from Boltzmann elec-

tron and linearized polarization kinetic electron simulations given

for comparison. Note that the φ(z) variation in the Boltzmann elec-

tron case is not accurate for |z|> zm because Boltzmann assumptions

break down in the expanders.

where φ(z= zm)−φ(z= Lz/2) carries most of the drop across

the device depending on the expansion ratio of the magnetic

field therein (Kw = Bm/B(Lz/2))20. The Boltzmann electron

model may be more accurate for the more collisional GDT,

but is not suitable for the large Kw and collisionless regimes

in WHAM59, as discussed in section II B 3. Therefore the

lack of a potential drop in the expander of kinetic electron

simulations is not necessarily incorrect, although at this time

(t = 32 µs = 1.78ν−1
ee ) the profiles have not stopped evolving,

as can be appreciated from figure 17(a). And even in the re-

cent work that estimated WHAM’s φ(z) using semi-analytical

methods25, no potential drop was seen in the expander.

C. Ambipolar potential development

One of the beneifts of the Boltzmann electron model and

kinetic electron models with force softening is the ability to

run them for a much longer time due to their lower computa-

tional cost. This allows better assessments of what the steady

state profiles look like and better approximations of an equi-

librium that could be used for 3D turbulence calculations in

the future. We thus time-integrated these two models up to

t = 100 µs ≈ 5.56ν−1
ee . As noted in the previous section, the

resolution along v‖ had to be increased in the nonlinear polar-

ization simulation, bringing the cost of this longer simulation

to 749.8 hours on 288 cores. And to make a fairer compari-

son, we ran a second Boltzmann electron simulation with the

same 288× 96× 192 resolution as the nonlinear polarization

simulation for 14.73 hours on 288 cores (a little less than a

factor of
√

mi/me ≈ 60 difference).
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FIG. 18. (a) Guiding center density (ns), (b) mean drift speed (u‖s)

normalized to cse0 =
√

Te0/mi, and (c) parallel and (d) perpendicu-

lar temperatures (T‖s, T⊥s) in kinetic electron simulation with nonlin-

ear polarization (solid blue, dashed orange), and Boltzmann electron

simulation (dotted blue with circles) at t = 100 µs ≈ 5.56ν−1
ee , both

with force softening. Dotted vertical lines indicate mirror throats.

These two simulations developed similar ion guiding cen-

ter density and parallel temperature profiles (solid blue and

dotted-circled blue in figures 18(a,c)), aside from a larger drop

in the expander ni of the Boltzmann electron simulation. Ad-

ditional quantitative differences are found in the speed ions

accelerate to within the expander, and in T⊥i near the mirror

throats which as explained below may be affected by force

softening. One of the most contrasting results is the large

T⊥e/T‖e ratio near the mirror throats given that, owing to

their frequent collisions, we would expect the electron fs to

be close to isotropic. Near the center of the plasma, this ra-

tio, 1.35/1.82 ≈ 0.74, is not far from unity, but at the mirror

throat, it rises to 3.76/0.9 ≈ 4.18. It is possible, although it

remains to be shown, that since the structure of fe in z− µ
is different to fi the force softening function χ that does not

incorporate the effect of the electrostatic potential is causing

some of this modification of T⊥e near the mirror throat. Future

numerical experiments are planned to explore this possibility.

Another noticeable feature of the electron temperatures

in figure 18(c,d) is that the scalar temperature, Te = (T‖e +
2T⊥e)/3, has risen considerably over the Te0 = 940eV refer-

ence temperature. And this phenomenon has an impact on

a vital metric of this study, quantifying whether the ambipo-

lar potential developed is strong enough to confine the elec-
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FIG. 19. Spatio-temporal evolution of the electrostatic potential in

Boltzmann electron simulation (top), and kinetic electron simulation

with nonlinear polarization (middle). The potential drop between

the mirror center and throats (∆φ ) normalized by the central elec-

tron temperature (Te(z = 0)) is shown as a function of time (bottom).

The ∆φ estimated from the Pastukhov loss rates are indicated with

horizontal grey dash-dot lines.

trons. Figure 19 shows the evolution of the φ profiles for the

Boltzmann and nonlinear polarization simulations. The bot-

tom panel provides the potential drop between the center and

the throats normalized to the local electron temperature. The

first thing to notice is that the Boltzmann electron model sur-

passes the semi-analytic estimate of e∆φ/Te0 = 3.98 obtained

at the beginning of section IV. As discussed previously, Boltz-

mann electrons imply high collisionality and can thus lead

to larger potential drops, hence why the solid blue line sur-

passes the grey dash-dot Ap = 1 line in figure 19(c). On the

other hand, the nonlinear polarization simulation (dashed or-

ange line) also attained a ∆φ comparable to the 3.72Te0/e esti-

mate obtained earlier (with Ap = 0.5) by t ≈ 50 µs≈ 2.78ν−1
ee .

However, we see this curve downturn later and dip below this

semi-analytic estimate. Although it is still within the expected

range of several Te/e, this dip is because the electron temper-

ature in the nonlinear polarization simulation continues to in-

crease at this time. If we instead had normalized e∆φ to Te0 in

figure 19, we would have seen the orange dashed curve follow

a similar trend as the blue curve for the Boltzmann electron

simulation. We also include the potential drop in the linear

polarization kinetic electron simulation in dotted green, which

was not time-integrated as long due to its increased computa-

tional cost but seems to follow a similar trend to the nonlinear

polarization model.

The tentative conclusion here is that both the Boltzmann

electron and the kinetic electron models develop a potential

profile with sufficient height to confine the electrons, with two

caveats. First, as discussed in section IV A, the build up of

the Boltzmann electron potential appears to happen on the ion

transit time scale and is thus associated with the escape of par-

ticles that where initially places in the loss cone, and that are

injected into the loss cone by the source. Even though it is

caused by a different mechanism, this potential is compara-

ble to the Pastukhov estimate. Furthermore, since the early

rise in e∆φ/Te(z = 0) has a similar qualitative aspect in the

kinetic electron simulation it is possible that the φ(z) profile

there is built by a similar phenomenon. As mentioned in sec-

tion III C, reproducing the Pastukhov mechanism will require

much longer simulations with computational improvements

that we intend to leverage in subsequent work. The second

caveat is that the kinetic electron simulation continues to heat,

an aspect that will be investigated in detail in future work.

V. SUMMARY

In this work we strove to understand the computational

challenges of studying high-field mirrors with large mirror ra-

tios using a continuum gyrokinetic model, and to determine

if the model used produces the ambipolar potential (φ ) neces-

sary to confine the electrons (i.e. comparable to a Pastukhov

potential estimate). High accuracy estimations of φ require

longer simulations (of O(ν−1
ii ) seconds) for which bounce-

averaged Fokker-Planck or implicit methods are better suited,

so that particle loss rates reach steady state in the presence

of a self-consistent potential. Our main interest is to eventu-

ally simulate low-frequency turbulence (along with possible

stabilization mechanisms) that saturates on much shorter time

scales. In this vein, we employed the long wavelength gyroki-

netic solver in the Gkeyll code since it is capable of future

higher dimensional, turbulence simulations. Three different

approaches to computing the potential were used: isothermal

Boltzmann electrons with ambipolar sheaths, kinetic electrons

with a linearized polarization, and kinetic electrons with a

nonlinear polarization. This work is unique in that, compared

to other efforts, it uses realistic WHAM parameters, simulates

the entire plasma, including the expanders, incorporates the

effects of collisions and contains kinetic electron simulations

(including a sheath model).

This manuscript also presents a novel Hamiltonian-

structure-preserving force softening strategy to mitigate the

small time step associated with the strong mirror force pro-

duced by HTS coils. This technique accelerated Boltzmann

electron simulations by a factor of 19.5 and had the added

benefit of removing a numerical accumulation of fi resulting

from the finite velocity space extents. It was shown that the re-

sulting ambipolar potential with and without force softening

was the same, buttressing justification for its use. However,

other metrics like the perpendicular temperature exhibit mod-

ifications that may be attributed to the use of force softening.

Future work will explore these modifications further; one im-

provement, for example, is to include an estimate of the poten-

tial profile (e.g. obtained through other codes or semianalytic
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methods) in the design of the softening function χ .

Other computational challenges encountered in applying

the Gkeyll continuum gyrokinetic solver to the HTS mirror

environment include the long integration times to build the

equilibrium potential, the high-resolution grids needed to re-

solve colossal changes in the distribution function across the

entire machine, and the small time step that the ωH mode also

imposes. In future 1D and higher dimensional simulations,

we will start from an equilibrium obtained via faster means,

either Gkeyll Boltzmann electron simulations, semi-analytic

methods25, or bounce-averaged Fokker-Planck codes. In that

case, 1D simulations can verify that the system stays close to

such an equilibrium, and higher dimensional simulations will

integrate for much shorter time periods (e.g. the interchange

time scale ∼ 1 µs). Additional algorithmic improvements are

also being implemented in Gkeyll, such as nonuniform grids

and additional parallelism, which we estimate can speed up

the code by a factor of 10-15. Lastly, there are semi-implicit

algorithms that could be explored to overcome the ωH restric-

tion on ∆t.

All in all, the Boltzmann electron and nonlinear polariza-

tion kinetic electron simulations with force softening were

performed out to t = 100 µs ≈ 5.56ν−1
ee . It was shown that

they developed an electrostatic potential comparable to the

analytic Pastukhov estimate13–15. This means that the gy-

rokinetic model used does evolve towards an equilibrium that

confines the electrons and that, in the future, when we pursue

turbulence studies about an externally computed equilibrium,

the system will not deviate from such equilibrium. Note, how-

ever, that initial rapid buildup of the potential is due to slowing

down electron losses (in either the Boltzmann or the kinetic

electron case) to match the escaping ions that were originally

in the loss cone in the initial condition. After several ion tran-

sit times, the potential continues to rise in order to balance

ions that are lost by pitch angle scattering from the trapped

part of phase space into the loss cone and some ions directly

injected into the loss cone by the Maxwellian, though fully

getting to steady state would require simulations that last for

an ion collision period. Another caveat is that the nonlinear

polarization kinetic electron simulation exhibited late-stage

electron heating, causing e∆φ/Te(z = 0) to decrease some;

exploring the origin of this heating is planned for our immedi-

ate future work. Additionally, as an extra check on these two

simulations, we also pursued kinetic electron simulations with

a linearized polarization and no force softening. However, this

simulation required a much smaller ∆t and was only advanced

for a third of the time of the other two. Thus far, the lin-

earized polarization model appears to track the nonlinear po-

larization model, providing some confidence in the nonlinear

polarization result. Finally, we remind the reader that beyond

the computational and field model improvements discussed,

the physics model may need considerable enhancements to

achieve predictive capabilities. For example, an essential in-

gredient of WHAM dynamics is the presence of sloshing ions

due to their modification of the pressure and potential profiles

and their effect on plasma instabilities. The current collision

model (Dougherty) may also need improvement in order to

more closely approximate the physics captured by the LRO.

These are left for future work.
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Appendix A: Energy conservation of 1D gyrokinetic models

The kinetic electron models in section II B conserve the to-

tal energy47

Wtot =WH −L f = ∑
s

∫
d3
z JB∗

‖ fsHs −L f , (A1)

where d3
z = dzdw and L f is the field part of the Lagrangian.

This part, and the Hamiltonian H, needs to be suitably de-

fined depending on which field model is used, as shown be-

low. Note that in both cases L f does not include the familiar

term proportional to ε0 |E|2 /(8π) because we order that as

small in the Poisson equation and use quasineutrality instead.

1. Linear polarization

When using the gyrokinetic model consisting of equa-

tions 7-8, 19, we employ the lower order Hamiltonian H =
msv

2
‖/2+µB+qsφ . However to obtain a field equation for φ

and have a conserved total energy, one must employ the field

Lagrangian L f = ∑s

∫
dzJ[msn0/(2B2

p)] |∇⊥φ |2, such that the

total conserved energy is

Wtot =WH −
∫

dzJ
ε⊥
2

|∇⊥φ |2 , (A2)

where the linear polarization model uses ε⊥ = ∑s msn0/B2
p

and replaces ∇⊥φ → −k⊥φ in the last term. The time evo-

lution of WH given by

dWH

dt
=
∫

dzJ ∑
s

(∫
dw B∗

‖
∂ fs

∂ t
Hs +qsns

∂φ

∂ t

)
. (A3)
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The contribution from the first term can be obtained by mul-

tiplying the gyrokinetic equation 7 by H and integrating over

all phase space (disregarding collisions since they conserve

energy45)

∑
s

∫
d3
z JB∗

‖
∂ fs

∂ t
Hs

= ∑
s

∫
d3
z

[
− ∂

∂ z

(
v‖ fs

)
+

1

ms

∂Hs

∂ z

∂ fs

∂v‖
+ JB∗

‖Ss

]
Hs.

(A4)

Integrating the second term by parts leads us to

∑
s

∫
d3
z JB∗

‖
∂ fs

∂ t
Hs = ∑

s

∫
d3
z

[
− ∂

∂ z

(
v‖ fs

)
+ JB∗

‖Ss

]
Hs

+∑
s

2π

m2
s

∫
dzdµ

∂Hs

∂ z
fsHs

∣∣∣
v‖max

v‖min

−∑
s

∫
d3
z

∂Hs

∂ z

fs

ms

∂Hs

∂v‖
.

(A5)

The second term on the right side vanishes due to zero-flux

BCs along v‖, and the expression can be consolidated into

∑
s

∫
d3
z JB∗

‖
∂ fs

∂ t
Hs = ∑

s

∫
d3
z

[
−v‖

∂

∂ z
( fsHs)+ JB∗

‖SsHs

]

=−∑
s

∫
dw v‖ fsHs

∣∣∣
Lz/2

−Lz/2
+∑

s

∫
d3
z JB∗

‖SsHs.

(A6)

With the use of equations A3 and A6, the time derivative of

equation A2 yields the following total energy time rate of

change

dWtot

dt
=−∑

s

∫
dw v‖ fsHs

∣∣∣
Lz/2

−Lz/2
+∑

s

∫
d3
z JB∗

‖SsHs

+
∫

dzJ ∑
s

qsns

∂φ

∂ t
−
∫

dzJε⊥k⊥φ
∂

∂ t
k⊥φ .

(A7)

Now replace ∑s qsns using the field equation 19 causing the

last two terms to cancel each other, and obtain

dWtot

dt
=−∑

s

∫
dw v‖ fsHs

∣∣∣
Lz/2

−Lz/2
+∑

s

∫
d3
z JB∗

‖SsHs.

(A8)

Therefore, any change in the total energy of the system is only

caused by the energy fluxes through the sheath entrance (first

term in equation A8) or by the sources (second term in equa-

tion A8).

2. Nonlinear polarization

The energy theorem for the model with a nonlinear polar-

ization density proceeds in a similar way, except that in this

case L f = 0 and we must use the higer-order Hamiltonian

H = msv
2
‖/2 + µB + qsφ − ms (k⊥φ/Bp)

2 /2. Therefore the

time rate of change of the total energy is therefore

dWH

dt
=
∫

dzJ ∑
s

[∫
dwB∗

‖
∂ fs

∂ t
Hs +ns

(
qs −ms

k2
⊥φ

B2
p

)
∂φ

∂ t

]
.

(A9)

Similar arguments as in the previous subsection reduce the

first term on the right to the right side of equation A6, such

that our total energy rate of change in this case is

dWtot

dt
=−∑

s

∫
dw v‖ fsHs

∣∣∣
Lz/2

−Lz/2
+∑

s

∫
d3
z JB∗

‖SsHs

+
∫

dzJ ∑
s

ns

(
qs −ms

k2
⊥φ

B2
p

)
∂φ

∂ t
.

(A10)

Using the field equation 20 to replace ∑s qsns in the term on

the right causes the round bracket to vanish, and we arrive

at equation A8 again, i.e. energy change is only caused by

boundary fluxes or sources.

Appendix B: Electrostatic shear Alfvén or ωH modes

1. Linear polarization

In the electrostatic limit the equations in our model contain

a high frequency wave mode that is usually named the electro-

static shear Alfvén or ωH mode. In order to get an estimate of

its frequency, we consider the electrostatic, collisionless slab

limit of equation 7 without sources and gradients in B. That

is:

∂ fs

∂ t
+

∂

∂ z

(
v‖ fs

)
− ∂

∂v‖

(
qs

ms

∂φ

∂ z
fs

)
= 0. (B1)

By linearizing this equation about an instantaneous

Maxwellian equilibrium ( fs0) with zero electrostatic po-

tential (φ0 = 0), we obtain an equation for the perturbation

fs1:

∂ fs1

∂ t
+

∂

∂ z

(
v‖ fs1

)
− ∂

∂v‖

(
qs

ms

∂φ1

∂ z
fs0

)
= 0. (B2)

We assumed that the spatial variation in the Maxwellian fs0

with density ns0(z, t) and temperature Ts0 is very weak com-

pared to the strong inhomogeneity induced by this mode, i.e.

k‖ns0(z, t)/ |∂zns0(z, t)| ≫ 1, where k‖ is a mode wave number

along the field line. The v‖ derivative is trivially calculated

given the Maxwellian form of fs0, yielding

∂ fs1

∂ t
+

∂

∂ z

(
v‖ fs1

)
+

qs

ms

∂φ1

∂ z

v‖
v2

ts0

fs0 = 0. (B3)

We can now employ the ansatz fs1 = f̂s1 exp
(
−iωt + ik‖z

)

and φ1 = φ̂1 exp
(
−iωt + ik‖z

)
, to simplify equation B3 to

− iω fs1 + ik‖v‖ fs1 +
qs

ms

ik‖φ1

v‖
v2

ts0

fs0 = 0. (B4)

In order to make further progress the relationship between

fs1 and φ1 must be exploited. We assume electrons and ions

are in quasineutral equilibrium. In that case, the field equation

with a linearized polarization simply states that

k2
⊥∑

s

n0ms

B2
p

φ1 = ∑
s

qsns1. (B5)
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We further assume (one may check a posteriori) that the ions

are too heavy and slow to respond to this fast electrostatic

wave so that we can assume that they are static. Thus only the

electron evolution need be considered with equations B4-B5,

which may be combined to yield

(∫
dwB∗

‖
q2

e

mev2
te0

k‖v‖
ω − k‖v‖

fe0 − k2
⊥

n0mi

B2
p

)
φ1 = 0. (B6)

For this electrostatic wave to exist the term inside the brack-

ets must vanish. Furthermore, we may perform the µ inte-

gral since the dependence on this variable is only through the

Maxwellian equilibrium fe0:

q2
e

mev2
te0

∫
dv‖

k‖v‖
ω − k‖v‖

fe0‖− k2
⊥

n0mi

B2
p

= 0, (B7)

and fe0‖ is a Maxwellian in v‖ with ne0(z, t) and Te0 density

and temperature, respectively. We can write this in terms of

the plasma dispersion function

k2
⊥

mi

B2
p

+
q2

e

mev2
te0

ne0(z, t)

n0

[
1+

ω√
2vte0k‖

Z

(
ω√

2vte0k‖

)]
= 0.

(B8)

Expanding the plasma dispersion function to first order in

ω/(
√

2vte0k‖)≫ 1, we obtain

ω = ωH =
vte0k‖
k⊥ρs0

√
ne0(z, t)

n0
. (B9)

2. Nonlinear polarization

In this case we make a similar analysis as in the previous

section, with the modification that we allow incorporate the

instantaneous spatial variation of the density profiles into the

polarization density:

k2
⊥∑

s

ns0(z, t)ms

B2
p

φ1 = ∑
s

qsns1. (B10)

Again we highlight that the spatial and temporal variation im-

plied by the arguments of ns0(z, t) is much weaker than that

of the ωH mode, allowing us to perform a strictly local lin-

ear analysis about the ns0(z, t) background density. The rest

of the derivation proceeds as before, leading to the dispersion

relation

k2
⊥

mi

B2
p

+
q2

e

mev2
te0

ne0(z, t)

ni0(z, t)

[
1+

ω√
2vte0k‖

Z

(
ω√

2vte0k‖

)]
= 0,

(B11)

whose high frequency limit is

ω = ωH =
vte0k‖
k⊥ρs0

√
ne0(z, t)

ni0(z, t)
. (B12)
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FIG. 20. Electrostatic potential profile at t = 10.5 µs in Boltzmann

electron simulations with Nz = 288 and several Nv‖ ×Nµ resolutions.

Appendix C: Resolution scan

In order to arrive at the lowest possible resolution that

would produce acceptable results we tried several resolutions

during the course of this work. We note that when we first at-

tempted kinetic electron simulations, the simulations were not

stable if Nz < 256. Catastrophic oscillations appeared near

the mirror throats when we used fewer than 256 cells. This

is presumably due to large gradients in fs that occur with a

high mirror ratio, leading to regions of fs < 0. Gkeyll can

tolerate some fs negativity but, if it gets too strong, unphysi-

cal instabilities can arise and cause the simulation to diverge.

A positivity-preserving algorithm, mentioned in section III C,

would help prevent such instabilities and allow the use of

coarser grids to produce useful results. It is possible that

such instabilities were exacerbated by incorrect velocity res-

olutions used initially (more on this below), and that once a

more appropriate Nv‖ ×Nµ was selected a lower Nz could be

used. We have not yet explored that possibility, but will in

the future. For this manuscript the number of cells along z

was later increased to 288 because the simulations were car-

ried out in nodes with 96 2.9 GHz Intel Cascade Lake cores,

so this allowed us to parallelize across 3 nodes in a balanced

manner with a minor increase in computational cost.

After establishing the position-space resolution, we per-

formed a limited scan of the velocity space resolution. These

simulations were only run for a few microseconds (see figure

captions) given their considerable cost, especially at higher

resolution. Four Boltzmann electron simulations with the res-

olutions Nv‖ × Nµ = {64 × 192,128 × 192,256 × 192,64 ×
320} were performed up to 10.5 µs. As can be seen from fig-

ure 20 the electrostatic potential profile did not change for any

of these resolutions. The velocity moments of the ion distri-

bution (ni, u‖i, T‖i and T⊥i) also were relatively unaffected by

the various resolutions employed here (figure 21). We should

note that these are ion profiles whose steady state is likely not

reached at this point, but we had to make an assessment of

the resolution requirements with the simulation time that our

resources allowed.

Future Boltzmann electron simulations could possibly be

run longer (incorporating computational improvements men-



Continuum gyrokinetics of high-field mirrors 22

0

1

2

n i
 (m

−3
)

1e19
64x192
128x192
256x192
64x320

−4
−2

0
2
4

u
∥i

/c
se

0

0

2

4

6

8

T
∥i

 (k
eV

)

−2 −1 0 1 2
Length along field line, z (m)

0

5

10

T
⟂
i (

ke
V)

FIG. 21. Ion number density (ni), mean parallel speed (u‖i) nor-

malized to cse0 =
√

Te0/mi, and parallel and perpendicular tempera-

tures (T‖i, T⊥i) at t = 10.5 µs in Boltzmann electron simulations with

Nz = 288 and several Nv‖ ×Nµ resolutions.

tioned in section III C) or with lower resolution. For now we

have opted to carry on with Nz ×Nv‖ ×Nµ = 288× 64× 192

as our baseline, especially given some of the findings when

scanning resolution with kinetic electrons. Our kinetic elec-

tron resolution scan used the linearized polarization model

with k⊥ρs = 0.01 (and no force softening), and were run until

t = 6 µs. Note that this is a more demanding k⊥ρs choice than

the k⊥ρs = 0.06 estimated for WHAM with Bp = 0.86 (see

section IV B) due to the ωH mode; nonlinear polarization with

a higher k⊥ρs could be used in the future to carry out these

convergence tests and other simulations much more quickly.

Once again we kept the z resolution fixed at 288 cells, and

proceeded to vary Nv‖ ×Nµ . This scan produced the electro-

static potential profiles in figure 22; it shows that regardless

of Nv‖ = 64−384, if the µ resolution is kept low (32 cells) a

considerably higher central potential is produced. Only when

Nµ ≥ 64 do we see φ(z= 0) begin to asymptote, but approach-

ing convergence in the expander seems to further necessitate

Nµ ≥ 128. An justification of such high resolution µ grids

was offered in section III, and ideas to improve on this with

variable µ grids were discussed in section III C.

The ion velocity moments were also examined for each of

these simulations (figure 23). We first notice that unlike the

Boltzmann electron simulations there is more variability with
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FIG. 22. Electrostatic potential profile at t = 6 µs in linearized

polarization kinetic electron simulations with Nz = 288 and several

Nv‖ ×Nµ resolutions.
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FIG. 23. Ion number density (ni), mean parallel speed (u‖i) normal-

ized to cse0 =
√

Te0/mi, and parallel and perpendicular temperatures

(T‖i, T⊥i) at t = 6 µs in linearized polarization kinetic electron simu-

lations with Nz = 288 and several Nv‖ ×Nµ resolutions.

resolution here, although it is possible that is simply caused

by these snapshots being taken earlier in time. As with the

potential profiles, we see that some features take a noticeable

leap when going from Nµ = 32 to Nµ = 64; see for exam-

ple the ion parallel speed in figure 23(b). An additional but

smaller change is obtained when µ resolution is further in-

creased to 128 cells. Similar trends are seen in the electron

velocity moments (figure 24), which led us to conclude that a
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FIG. 24. Electron number density (ne), mean parallel speed (u‖e)

normalized to cse0 =
√

Te0/mi, and parallel and perpendicular tem-

peratures (T‖e, T⊥e) at t = 6 µs in linearized polarization kinetic elec-

tron simulations with Nz = 288 and several Nv‖ ×Nµ resolutions.

288×64×192 grid was the most suitable for this study. Note

that the velocity grids do not have to be the same for both

species, and in the future it is possible that the cost can be

further reduced by using a coarser mesh for ions.
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