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Abstract

Short-range order (SRO) in alloys refers to deviations from a perfectly random distribution of

atoms in lattice sites within a short distance. Conventionally, the degree of the deviations has been

quantified using an average SRO parameter, but such a coarse-grained description does not reflect

how the deviations occur at a finer level. Here we show the distribution of the local atomic SRO

parameter, which describes the occurring frequency of a local structural motif, carries the crucial

information for both structures and properties in Si-Ge-Sn alloy system. This is demonstrated

through the fact that distinct SRO structures can exhibit the same average SRO parameter but

very different distributions and disparate electronic structures. By deliberately creating special

structures that explicitly match the structural information at different levels, we show the distri-

bution of local atomic SRO parameters contain critical structural features that are missing in the

average SRO parameter but can substantially contribute to material’s properties. Our finding thus

calls for the need for considering the finer structural details to effectively describe alloys’ structures

and properties.

Short-range order (SRO), featured by an atomic distribution deviating from a random

solid solution within a short distance, has been demonstrated to play a decisive role in

impacting various material properties over a wide range of alloy systems [1–16]. The degree

of SRO can be quantified by the Warren-Cowley SRO parameter [17], which is defined as

αm
ij = 1−

pmij
cj
, (1)

where cj is the concentration of species j and pmij is the probability of finding atomic species

j in the mth coordination shell surrounding the atomic species i. The SRO parameter can

be applied as a bulk parameter to describe the overall enhancement (αm
ij < 0) or depletion

(0 < αm
ij < 1) of pair i-j at a specific shell m with respect to a random atomic distribution,

determined by averaging the number of atomic species j surrounding each atomic species i.

This can be directly measured by diffraction experiments through the Fourier transformation

between real-space radial distribution function and k-space structural factor. Indeed, the

SRO parameter has been commonly employed in such a way to quantify the overall degree

of SRO of alloys [9–13, 15, 16, 18].
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However, it remains as a question whether such a “mean-field” parameter αm
ij can suffi-

ciently describe the structural signature of alloys. Indeed, it has been earlier recognized that

such an average SRO parameter is unable to completely determine the actual local configu-

rations, for instance, by Clapp [19], who proposed the probability variation method to obtain

the probability distribution of local configurations that maximizes the configurational en-

tropy of alloy. In particular, multi-component alloys such as medium-entropy alloys (MEA)

and high-entropy alloys (HEA) are typically associated with enormous configurational space

and can thus exhibit complex forms of SRO. For example, our recent theoretical study [20]

showed that Si-Ge-Sn MEAs, a promising material for mid-infrared photonics [21–33], carry

two distinct forms of SROs. An important implication is that Si-Ge-Sn MEAs can be com-

posed of iso-compositional domains with various degrees of SROs, forming a distribution of

SROs in real space.

Another type of distribution of SRO is within the order parameter space, which describes

the frequency f(αm
ij ) for atoms adopting a specific local atomic SRO configuration αm

ij which

is defined as:

αm
ij = 1−

Nm
ij

Nm
0,ij

, (2)

where Nm
0,ij and Nm

ij are the numbers of i − j pairs around the reference atom i in the

mth coordination shell, for a random alloy and the specific configuration, respectively. For

example, in diamond cubic lattice, an atom i can have five possible numbers of i − j pairs

for its first nearest neighbor N1
ij, ranging from 0 to 4, corresponding to five possible local

atomic SRO parameter α1
ij.

The average SRO parameter αm
ij is related to αm

ij through the distribution f(αm
ij ) which

describes the occurring frequency of each local atomic SRO parameter:

αm
ij =

∑
f(αm

ij )αm
ij (3)

Clearly, the average SRO parameter αm
ij is incapable of differentiating the distinct distri-

butions that yield the same mean. One schematic example is illustrated in Fig. 1: By

definition, a binary random alloy with 50% solute has an average SRO parameter of zero

and its distribution exhibits a symmetric bell shape (Fig. 1a). Hypothetically, there can

exist other distributions, for example, a bimodal distribution of SRO parameter, as shown

in Fig. 1b, that can bear the same average but actually corresponds to non-random alloy
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structures. Although this is only a hypothetical example, it illustrates the need for account-

ing for the underlying distribution of SRO parameter to correctly describe alloy’s structures.

In this work, we show examples in Si-Ge-Sn MEAs where different alloy structures can yield

the same average SRO parameters and can only be differentiated through their distributions.

We further demonstrate that the distribution of local atomic SRO parameter carries crucial

structural features that contribute substantially to the electronic structures of Si-Ge-Sn alloy

systems.

Random alloy

Atomic local SRO order parameter 𝜶

𝒇(𝜶)

𝜶" = 𝟎

Atomic local SRO order parameter 𝜶

Non-random alloya
𝜶" = 𝟎

𝒇(𝜶)

b

FIG. 1. Schematic diagrams of distributions of SRO parameter α for (a) a random alloy and (b)

a hypothetical non-random alloy with 50 % solute. α denotes the average of α and f(α) denotes

the occurring frequency of α.

Our previous MC/DFT study [20] identifies the spontaneous occurrence of two energy

basins, corresponding to two types of SROs in Si0.5Ge0.25Sn0.25: a regular-SRO (R-SRO)

occurring in the high energy basin and an enhanced-SRO (E-SRO) in the low energy basin,

both of which are significantly lower in energy than a random alloy (Fig. 2a). The three

structures show distinct SRO signatures [20], but intriguingly, nearly identical average first-

nearest-neighbor (1NN) Si-Sn SRO parameter α1
SiSn. As shown by Fig. 2b, a random solution

displays a skewed, discrete bell-shaped distribution f(α1
SiSn). In comparison, the distribution

of R-SRO is found to still maintain the bell shape but showing a reduced peak width and

enhanced peak height due to SRO. For E-SRO, the distribution becomes a non-bell shape by

displaying a valley sandwiched between the two peaks on both sides. These distinctions in
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the SRO distribution clearly show the significant differences in the arrangement of Si-Sn 1NN

among the random, R-SRO and E-SRO, yet such differences are unable to be differentiated

by the average Si-Sn SRO parameter α1
SiSn. Further calculation shows random, R-SRO, and

E-SRO structures carry distinct band structures and the band gap is found to increase with

the sequence of random, R-RSO, and E-SRO (Fig. 2c). This suggests the average SRO

parameter as the sole metric cannot unravel the key differences in both SRO structure and

electronic structure of Si0.5Ge0.25Sn0.25.

The result naturally prompts the next question as to how much variation in material

properties can be attributed to the difference in the distribution of SRO parameters. To

address this question, we develop a method to create special structures matching a target

structural input, based on the simulated annealing algorithm for structural optimization. As

detailed in Appendix: Methods, by setting the objective function to be the average devia-

tion from either the target average SRO parameter αm
ij or the distribution of SRO parameter

f(αm
ij ), we can obtain the corresponding special structures that can represent the key struc-

tural feature of the targeted average SRO parameter or the distribution, respectively, by

minimization through simulated annealing. The similar idea was previously employed to

obtain the special quasi-random structures to represent a random alloy [36, 37].

Employing the developed approach, we first examine binary GeSn alloy. Our previous

theoretical study predicted a strong SRO in GeSn alloy [38] which was experimentally con-

firmed through Extended X-ray Absorption Fine Structure [39]. At about 25% Sn content,

the SRO in GeSn was found to reach the maximum degree, yielding an average 1NN Ge-Sn

SRO parameter α1
GeSn around −0.25. The calculated local atomic SRO parameter distri-

butions (Fig. 3a and Fig. 3b) provide the details of the deviation from a random alloy.

The SRO is subsequently found to yield both a significant decrease in energy (Fig. 3c) and

a substantial increase in electronic band gap (Fig. 3d). Specifically, a random sampling

of Ge0.75Sn0.25 leads to an average direct band gap of −0.03 eV, consistent with the previ-

ous theoretical prediction based on random solution model that suggests a transition from

negative to positive direct band gap occurs around 25 % Sn [40]. In contrast, when tak-

ing SRO into account, the ensemble-averaged direct band gap obtained by MC sampling is

found to increase to 0.15 eV (Fig. 3d), yielding a much better agreement with experimental

measurement [41]. Employing the developed special structure method, we first generate the

optimized structures matching the average 1NN SRO parameters only. As shown in Fig.
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FIG. 2. Distinct structures and properties due to different types of SRO in Si0.5Ge0.25Sn0.25. (a)

The overlay of six independent MC/DFT trajectories and one random sampling identify three

energy levels corresponding to three types of ordering: random (black dashed line), R-SRO (blue

dashed line) and E-SRO (red dashed line). (b) The distinct distributions of 1NN Si-Sn (Sn around

Si) atomic local SRO parameter of random (black), R-SRO (blue) and E-SRO (red) albeit nearly

identical average SRO parameters. (c) Calculated electronic band structures for random, R-SRO,

and E-SRO in Si0.5Ge0.25Sn0.25 by the spectral weight approach [34, 35]. The corresponding Bloch

spectral weight is color coded in the legend on the right.

3c & d, the calculated energies and direct band gaps for these special structures are indeed

found to move towards those of SRO configurations obtained by MC sampling but still ex-

hibit a large difference. This indicates the average SRO parameters capture some structural

information of SRO but are not sufficient to enable reproducing the key properties. In com-
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parison, the generated special structures matching the distributions of SRO parameters are

found to further improve the description of both energy (Fig. 3c) and direct band gap (Fig.

3d), clearly indicating that the distribution of SRO parameters carries important structural

information that contributes to the properties of GeSn.

We then consider another interesting material system, binary SiSn alloy, where our recent

study also has predicted a significant SRO behavior [42]. Similar to GeSn, the SRO in SiSn

alloy leads to a substantial decrease in energy (23 meV/atom, Fig. 4c) and a significant

increase in direct band gap (0.4 eV, Fig. 4d), but unlike GeSn, the calculated average 1NN

Si-Sn SRO parameter is found to be around −0.064, which is virtually identical to that

(zero) of a random solid solution. Clearly, using the average 1NN SRO parameter as the

sole metric, one would barely even discern the existence of SRO in SiSn. Instead, a closer

examination of the distributions of 1NN SRO parameters (Fig. 4a and Fig. 4b) clearly shows

the distinction between SRO and random configurations. Specifically, the SRO in Si0.75Sn0.25

alloy is featured by a population of α1
SiSn = 0 significantly higher than that of a random alloy.

For a Sn composition of 25 %, an α1
SiSn = 0 corresponds to the local structural motif with a

Si atom having exactly one Sn atom as its nearest neighbor. The enhanced distribution at

α1
SiSn = 0 means the SRO in Si0.75Sn0.25 favors such local Si-Sn arrangement. Interestingly,

the preference of this local structural motif is found to be balanced by the decrease in the

populations of the other four possible local arrangements of Si-Sn, subsequently yielding

an overall Si-Sn first coordination number virtually identical to that of a random alloy.

Again this reinforces the conclusion drawn from the aforementioned Si-Ge-Sn MEAs that

SRO behavior should be determined based on the underlying distribution rather than its

mean. Not surprisingly, the special structures generated by matching the average 1NN SRO

parameters lead to energies (Fig. 4c) and direct band gaps (Fig. 4d) similar to those in

random configurations. In contrast, the structures matching the distribution of 1NN SRO

parameters are found to improve the description of both properties, showing a decrease in

total energy (Fig. 4c) and a significant increase in direct band gaps (Fig. 4d), moving

towards the target properties. We note there still exist sizable differences in both energy

and band gap obtained between the special structures matching the 1NN SRO distribution

and MC sampling. However such differences are not unexpected because the structural

constraint in the optimization of our study only concerns the first coordination shell. In this

regard, our previous study [42] showed the SRO behavior in SiSn alloy is also reflected by
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FIG. 3. (a) and (b) show the distributions of 1NN Ge-Sn SRO parameter for random solid solution

(black) solely depending on the composition and SRO configurations (red) obtained through MC

sampling in Ge0.75Sn0.25. (c) Total energies and (d) direct band gaps of special structures matching

the average (blue) or distributions (green) of 1NN SRO parameters compared with those of random

(black) and SRO (red) configurations in Ge0.75Sn0.25, respectively. The total energies of random and

SRO alloys are obtained through random sampling containing∼ 1,000 steps and MC/DFT sampling

(see Appendix: Methods) consisting of∼ 6,500 steps (excluding the first 500 steps for equilibration),

respectively. The mean total energies for the generated special structures are averaged over 1,000

special structures that match either the average SRO parameter (purple) or the distributions of

local atomic SRO parameters (green). The band gaps are obtained by averaging 50 configurations

randomly selected from the corresponding ensembles of special structures. The error bars represent

the standard errors of the mean.
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FIG. 4. (a) and (b)show the distributions of 1NN Si-Sn SRO parameter for random solid solution

(black) solely depending on the composition and SRO configurations (red) obtained through MC

sampling in Si0.75Sn0.25. (c) Total energies and (d) direct band gaps of special structures matching

the average (blue) or distributions (green) of 1NN SRO parameters compared with those of random

(black) and SRO (red) configurations in Si0.75Sn0.25, respectively. The total energies and direct

band gaps are obtained through the same procedure as described for Ge0.75Sn0.25 (Fig. 3 c&d),

except that four independent MC/DFT trajectories each of which contains around 10,000 to 40,000

steps, and random sampling of ∼ 4,500 steps are used to sample the SRO and random alloys,

respectively.

the strong ordering occurring in the second coordination shell. The inclusion of these further

structural details is expected to continue shrinking the gap between special structures and

MC sampling.

In summary, the explicit examples in Si-Ge-Sn, GeSn, and SiSn alloys clearly demon-
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strate that the average SRO parameter alone is insufficient to fully unveil the structural

signature of alloys. These examples show alloys can exhibit identical average SRO param-

eters while displaying significantly distinct distributions of local atomic SRO parameters,

resulting in remarkable differences in electronic band structures. The finding highlights the

role of atomic site distribution in alloys. In fact, for alloy systems, only two types of distri-

butions are rigorously defined: completely ordered and completely random, both of which

are bound with strong structural constraints. Being completely ordered is certainly not rare,

for example, in compound, but being completely random may not be as common as assumed

either, because correlations among alloying elements can easily yield a deviation from the

truly random distribution. In this regard, the deviation can manifest itself through two dif-

ferent ways: It can lead to a change in the average local structure, for example, an average

coordination number or average SRO parameter distinguished from those of a random alloy.

Indeed, such a change has been the key structural signature of SRO to focus on by many

studies [9–13, 15, 16, 18]. Alternatively, the deviation from random can also proceed by

forming a distinct distribution of local structures while keeping the average local structure

intact. The corresponding SRO structure in this manner may be misinterpreted as random

alloy if the average SRO parameter is used as the only structural metric. Although this may

seem to be a less common scenario, the identified cases in this study do show its relevance

in Si-Ge-Sn alloy systems.

Furthermore, our study underscores the significance of fine structural details in Si-Ge-

Sn alloys in the broader context of the general structure-property relationship. Our prior

studies [20, 38, 42] have already demonstrated the nominal alloy composition, which is a

coarse-grained structural descriptor, is insufficient to univocally determine alloy’s proper-

ties, because the finer-level structural details through SRO can substantially change alloys’

electronic structures. Expanding on this, the current work shows the structural details at

an even finer level, as reflected by the distribution of atomic SRO parameter, are still vi-

tal for the underlying electronic structures. This highlights the complexity in developing

a robust structure-property relationship in these particular alloy systems. It is important

to note that while this complexity may not be unboundedly generalized to other alloys or

properties, certain types of properties that are sensitive to local atomic structures, e.g.,

electronic[20, 38, 42], topological, vibrational[43] and transport[6], may be likely to exhibit

similar complexity. We also note that experimental characterization of structural details
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at such a fine level is challenging, as it requires accurate determination of both chemical

environment and position of each atom. In principle, this could be achieved by atom probe

tomography (APT) which offers 3D reconstruction of atomic sites in alloy. However, the

limited detection efficiency and spatial resolution of APT make it unsuitable to interpret

the raw data directly for SRO characterization[44]. In this regard, effort in overcoming the

limit of APT through a post-processing reconstruction of structural information [44] can be

a promising approach for characterizing SRO and its distribution.
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APPENDIX: METHODS

MC/DFT Sampling

To obtain the ensemble-averaged alloy structures and properties, the Metropolis Monte

Carlo (MC) method [45] is employed to sample the configurational space. For each trial

move, a new configuration j is created by randomly selecting and permuting a pair of solute

and solvent atoms in configuration i. The acceptance probability of the new configuration

j is determined by min{1, exp(−(Ej − Ei)/kBT )}, where Ei and Ej are the total energies

of configuration i and j, respectively, kB is the Bolzmann constant, and T is temperature

(300 K in this study). The new configuration j then undergoes a full relaxation to obtain

its energy Ej.

The total energy calculation is based on density functional theory (DFT) implemented

in Vienna ab initio simulation package (VASP) [46] based on the projector augmented wave

method [47–49]. Local density approximation (LDA) [50] is employed for the exchange-

correlation functional, which has been shown to yield the best agreement with experiment

on pure Ge and Sn for geometry optimization [51–54]. A simulation cell containing 64
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atoms is obtained by replicating a conventional diamond cubic (DC) cell including eight

atoms twice along each dimension. Our previous investigations have shown this system size

is sufficient to describe the SRO structures in Si-Ge-Sn alloy systems [20, 38]. A 2 × 2 × 2

Monkhorst-Pack k-points grid [55] and a plane-wave cutoff energy of 300 eV are applied for

structural relaxation (including cell volume, cell shape and atomic positions) for each MC

step, combined with the convergence criteria of 10−4 eV and 10−3 eV for electronic and ionic

relaxations, respectively.

Simulated annealing

The simulated annealing algorithm is adopted to optimize structures based on SRO pa-

rameters, thus the optimization process is essentially equivalent to generating special quasi-

random structures (SQS) [36, 37], except that here the objective functions are defined to

target at SRO parameters.

To optimize the structures based on the average SRO parameters, the objective function

Q computes the average deviation (in percentage) to the targeted average SRO parameters

obtained through MC/DFT sampling, which is defined as:

Q =
1

NpairsNshells

Nshells∑
i=1

Npairs∑
j=1

∣∣∣∣∣ ∆αij

αtarget
ij

∣∣∣∣∣× 100%, (4)

where Npairs is the total number of independent pairs, for instance, Npairs = 1 for a binary

alloy, Npairs = 3 for a ternary alloy. Nshells is the total number of shells considered, for

instance, Nshells = 1 considers the first shell, and Nshells = 2 considers both the first and

second shells. ∆αij computes the deviation in average SRO parameter αij from the targeted

average SRO parameter αtarget
ij .

To optimize the structures based on the distributions of SRO parameters, the objective

function Q computes the total deviation to the targeted distributions obtained through

MC/DFT sampling, which is defined as:

Q =
Nshells∑
i=1

Npairs∑
j=1

M∑
k=1

|∆γijk| , (5)

where M is the total number of possible values of SRO parameters, which equals to 1 + the

total number of nearest neighbors at a given shell. Since diamond cubic structure has total
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four first-nearest neighbors and twelve second-nearest neighbors, M = 5 for the 1st shell,

and M = 13 for the 2nd shell. |∆γijk| measures the deviation in the occurring frequency for

a specific local SRO parameter k at the shell i for pair j. Thus Q is the total deviation with

respect to the targeted distribution.

The objective function is then adopted by a simulated annealing process based on the

Metropolis algorithm, with the acceptance probability for a new configuration j generated

from a trial move in configuration i being min{1, exp(−(Qj −Qi)/T )}. T is a user-specified

fictitious temperature which is used to control the convergence of simulated annealing. Gen-

erally, a lower T can enhance the speed of structural optimization towards the target, while

a higher T can be beneficial in preventing the optimization process from getting stuck in

a local minimum. Based on the definition of the objective function Q, when Q = 0, the

structures are fully optimized with either its average SRO or the distributions of local atomic

SRO parameters identical to the target.

Band structure calculations

The modified Becke-Johnson (mBJ) exchange potential [54] is employed for band struc-

ture calculations performed in VASP code, which has been demonstrated to compute the

correct bandgaps of Si, Ge and α−Sn with the c-mBJ parameter set to be 1.2 and with a

substantial reduction in computational cost with respect to the hybrid functionals or GW

methods [51, 52, 54]. The spectral weight approach is used [34, 35] to unfold the band

structures computed based on 64-atom cell back into the first Brillouin Zone of diamond

cubic structure using the code fold2bloch [35]. Relativistic effects (spin-orbit coupling) are

included in the band structure calculation, which has been demonstrated to be crucial for

reproducing the band structures of Ge and α−Sn [51, 52].
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