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REGRESSION-BASED PROJECTION FOR LEARNING1

MORI–ZWANZIG OPERATORS∗2

YEN TING LIN† , YIFENG TIAN† , DANNY PEREZ‡ , AND DANIEL LIVESCU§3

Abstract. We propose to adopt statistical regression as the projection operator to enable data-4
driven learning of the operators in the Mori–Zwanzig formalism. We present a principled method5
to extract the Markov and memory operators for any regression models. We show that the choice6
of linear regression results in a recently proposed data-driven learning algorithm based on Mori’s7
projection operator, which is a higher-order approximate Koopman learning method. We show that8
more expressive nonlinear regression models naturally fill in the gap between the highly idealized9
and computationally efficient Mori’s projection operator and the most optimal yet computation-10
ally infeasible Zwanzig’s projection operator. We performed numerical experiments and extracted11
the operators for an array of regression-based projections, including linear, polynomial, spline, and12
neural-network-based regressions, showing a progressive improvement as the complexity of the regres-13
sion model increased. Our proposition provides a general framework to extract memory-dependent14
corrections and can be readily applied to an array of data-driven learning methods for stationary15
dynamical systems in the literature.16

Key words. Mori–Zwanzig formalism, Koopman representation, nonlinear projection operators,17
data-driven learning, regression, neural networks18
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1. Introduction. More than half a century ago, Mori [33] and Zwanzig [55]20

developed a mathematically exact formalism for constructing reduced-order models21

for dynamical systems in non-equilibrium statistical mechanics. In this context, the22

typical degrees of the freedom of a system are of the order of Avogadros number. In23

contrast to tracking the dynamics of each degree of freedom, reduced-order models24

(also referred to as the coarse-grained models in the context of statistical physics)25

are developed to describe the dynamics of a relatively small number of variables of26

interest1. In the jargon of model coarse-graining, this set of dynamic variables is27

referred to as the “resolved” variables, and the rest degrees of freedom in the system28

is referred to as the “unresolved” ones. Reduced-order models are particularly useful29

in describing the emergent phenomena at the mesoscopic or macroscopic scales. They30

are also more computationally efficient to simulate (in comparison to simulating the31

full system), and thus play an essential role in bridging multiscale models.32

The key difficulty in constructing reduced-order models is the closure problem:33
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2 Y. T. LIN, Y. TIAN, AND D. LIVESCU

one must quantify the effect of the unresolved variables before self-contained evolu-34

tionary equations of the resolved variables can be prescribed. To solve the closure35

problem, Mori and Zwanzig adopted an elegant approach which uses functional pro-36

jections. Formally, a pre-specified projection operator is used to map any function37

which depends on both resolved and unresolved variables to a function that only de-38

pends on the resolved variables. As the latter does not depend on the unresolved39

information, one can then prescribe a set of evolutionary equations for the resolved40

variables. The dynamical system in terms of only the projected functions is of course41

only an approximation of the true dynamics. The Mori–Zwanzig (MZ) formalism42

further quantifies the error of the approximation and derives how the error would43

propagate into the future by the dynamics. The central result of the Mori–Zwanzig44

formalism is the Generalized Langevin Equation, which stipulates that the evolution-45

ary equations of the resolved variables do not only depend on their instantaneous46

values but also their past history. As a mathematically exact formula, the memory47

dependence, which depends critically on the choice of the resolved variables and the48

projection operator, quantifies the interactions between the resolved and unresolved49

degrees of freedom.50

Theoretically speaking, there are infinitely many choices of the projection oper-51

ators. In the literature, the commonly chosen projections include (1) Mori’s linear52

projection [33], (2) finite-rank projection operator [7], which is Mori’s projection with53

a set of orthonormal basis functions, (3) projection by assigning unresolved variables54

to zero [38, 39, 41, 40], and (4) Zwanzig’s nonlinear version of projection [55, 7]. It55

is generally difficult to derive analytic expressions for the Mori–Zwanzig formalism.56

Several recent studies [37, 34, 31, 29, 32, 25, 49] have established that with Mori’s57

linear projection operator, it is possible to adopt a data-driven approach to learn the58

Mori–Zwanzig operators using the time series of the resolved dynamics. In addition,59

it was shown [25] that these methods provide higher-order and memory-dependent60

corrections to existing data-driven learning of the approximate Koopman operators61

[43, 44, 45, 52].62

In spite of being a consistent theoretical framework to the approximate Koopman63

learning, Mori’s projection operator is greatly limited by its linear nature. That is,64

after the projection, all functions must be expressed as linear combinations of a set of65

a priori specified resolved variables. The quality of the prediction thus solely depends66

on the choice of the resolved variables. To the authors’ best knowledge, there is no67

principled way to select an optimal set of resolved variables for general dynamical68

systems. With a non-optimal choice, the difference between the projected dynamics69

and the true dynamics can be unsatisfactorily large [25]. The same problem also70

manifests itself in the approximate Koopman learning framework [52]. Furthermore,71

Mori’s projection operator is not compatible with many nonlinear closure schemes72

[11, 30]. Neither can we generalize the Mori’s restrictive linear projection operator73

to those data-driven learning methods based on modern machine learning (ML) [6,74

23, 54, 28, 51], with which one relies on the neural networks (NNs) to identify the75

nonlinear relationship between the input (what we know at the present) and the76

output (what we want to predict in the future).77

At the other end of the spectrum is the Zwanzig’s construct [55, 7] which uses78

conditional expectation as a projection operator. Although the conditional expecta-79

tion is the optimal choice of the projection operator [7], in practice, it is challenging80

to estimate the conditional expectations with a finite set of data, especially for high-81

dimensional systems that are not fully-resolved.82

To address the aforementioned difficulties, we propose two novel ideas that enable83
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REGRESSION-BASED PROJECTION FOR LEARNING MORI–ZWANZIG OPERATORS 3

data-driven learning for the Mori–Zwanzig operators. First, we propose a concept that84

any regression analysis can be treated as the projection operator in the Mori-Zwanzig85

formalism. Regression analysis is a statistical procedure to estimate the relationship86

between the dependent and independent variables. Such a relationship is determined87

by minimization of a prescribed error (risk) function, quantifying the discrepancy88

between model prediction and data. In our context of dynamical systems, the de-89

pendent variables would be those variables that we wish to predict in the future, and90

the independent variables would be those variables that we have already observed in91

the past. Secondly, we identify that the Generalized Fluctuation-Dissipation (GFD)92

relationship, a self-consistent condition that relates the Mori–Zwanzig memory ker-93

nels and the error of the memory-dependent dynamics, should be used to learn the94

memory kernels recursively. Building upon this concept, we have developed a system-95

atic approach for learning Mori-Zwanzig memory kernels, using snapshots of resolved96

variables. The resulting procedure is surprisingly simple, principled, and intuitive,97

despite a complicated operator-algebraic derivation. It is important to note that the98

memory kernels depend on the choice of the projection operator in the Mori-Zwanzig99

formalism. As such, our procedure delivers memory kernels that are specific to the100

choice of regression model. We will demonstrate that with a linear regression model,101

the learned memory kernels converge nicely to the outcome of our recently proposed102

data-driven learning for Mori’s projector [25]. Moreover, we will elaborate on how103

seemingly similar regression models can be associated with distinct projection oper-104

ators, and how differentiating such a nuance could pave the way to enable learning105

the Mori–Zwanzig memory kernels for reduced-order models with nonlinear closure106

schemes.107

Before the technical presentation, it may be beneficial to provide a high-level char-108

acterization that contrasts our proposition to other statistical and machine-learning109

models motivated by Mori–Zwanzig’s memory-dependent formulation. By doing so,110

we hope to provide a broader perspective on our work and the contributions it makes111

to the field. The key idea to differentiate our work to other models lies in the fact112

that Mori–Zwanzig’s formalism is memory-dependent, but not all memory-dependent113

formulation is Mori–Zwanzig. In our opinion, the memory kernels in Mori–Zwanzig114

formalism are special because they satisfy the self-consistent GFD. As such, it would115

be a logical fallacy to call any memory-dependent dynamics as a Mori–Zwanzig model116

without enforcing GFD in the model structure, or without checking the GFD af-117

ter learning. Unfortunately, many existing models fell into this logical fallacy. For118

example, [1] directly jumped from the Mori–Zwanzig formalism to the Recurrent119

Neural Network with Long Short Term Memory (RNN-LSTM), claiming that the120

Mori–Zwanzig memory can be learned by black-box RNN-LSTM without enforcing121

or checking the GFD. The same gap exists in [16] between the mathematical analysis122

based on Mori–Zwanzig formalism and the computational RNN-LSTM architecture.123

Although GFD was used as an argument to adopt finite-memory length truncation,124

it is not explicitly enforced or checked that the (trained) LSTM memory satisfies the125

GFD. With evidence presented [1] and [16], we cannot rule out that the RNN-LSTM126

learns other memory-dependent dynamics, for example, time delay embedding with127

which one augments the current state by the past history. Relevant data-driven de-128

lay embedded models include [15] which uses kernel methods and [24] which uses129

Wiener projection, which uses infinitely long past history. Both delay-embedding130

studies aim to bypass quantification of the Mori–Zwanzig memory kernel, as they131

argued that optimal delay embedding would result in vanishing Mori–Zwanzig memo-132

ries. A memory-dependent time-series analysis method termed NARMAX (nonlinear133
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4 Y. T. LIN, Y. TIAN, AND D. LIVESCU

autoregressive moving average model with exogenous inputs [8]) also argues that its134

memory-dependence formulation resembles the Mori–Zwanzig formalism without es-135

tablishing the GFD. However, it is later established in [24] that the memory-dependent136

formulation NARMAX is an approximation of the Wiener projection, which has zero137

Mori–Zwanzig memory. In contrast to these proposed methods, which postulate a138

memory-dependence in the statistical learning model without enforcing the GFD,139

our proposed approach has GFD built in. In fact, GFD is so critical that it turned140

out to the key equation to establish our proposed recursive procedure. To our best141

knowledge, such a procedure does not exist in the literature.142

To support the claim that our proposition can be applied to a wide range of143

data-driven models parametrized by regression, we will present numerical experi-144

ments on various nonlinear regression models, including polynomial and ridge re-145

gression, fully-connected neural networks (FCNN), and convolutional neural networks146

(CNN). It is not our intention to show that these simple regression models outper-147

form existing data-driven and regression-based models. Rather, we would like to use148

these simple examples to illustrate the mechanism of the proposed procedure, the149

learned Mori-Zwanzig (with enforced GFD) memories, and how including the mem-150

ory contribution can improve the predictions. We reemphasize that our proposition151

is not limited to these simple regression models. With the identification of a regres-152

sion analysis as the Mori–Zwanzig projection operator, our proposed procedure can153

be applied to a wide array of data-driven models parametrized by regression (e.g.,154

[6, 23, 54, 28, 51, 42]) for quantifying their Mori–Zwanzig memory kernels and for155

improving their predictions. Consequently, our proposition has the potential to sig-156

nificantly broaden the practical scope of the Mori-Zwanzig formalism.157

2. Background and terminology.158

2.1. Full dynamical systems. Following the notation in [25], we consider an159

autonomous and deterministic dynamical system in RD following a continuous-time160

evolutionary equation161

(2.1)
d

dt
ϕ(t) = R (ϕ (t)) ,162

where ϕ is the state in the phase space RD and R : RD → RD is the vector field of163

the system. We will assume that the system has a unique ϕ(t) ∀t ≥ 0. We will denote164

the solution of (2.1) with the initial condition ϕ0 ∈ RD by ϕ(t;ϕ0). We will use the165

standard notation and denote scalars by symbols in the normal font, and vectors by166

symbols in bold.167

2.2. Observables. In reduced-order modeling, we aim to prescribe the evolu-168

tionary equations for M < D real-valued functions of the state variable ϕ, gi : RD →169

R, i = 1 . . .M . We exclusively consider real-valued functions, but the theory can be170

straightforwardly generalized to complex-valued functions. We refer to these functions171

as the observables. In other context, such as material science or statistical mechanics,172

observables can also be referred to as descriptors, coarse-grained variables, or dynamic173

variables. We refer to an “observation” at time t as applying the set of observables to174

the system’s state ϕ(t;ϕ0), that is, a real-valued array {gi (ϕ (t;ϕ0))}Mi=1. We remark175

that one can define an observable πi to extract the ith component of the state ϕ176

at time t (that is, πi (ϕ (t;ϕ0))) = ϕi (t;ϕ0) [24]). In general, observables g must be177

square integrable functions of the full state ϕ against some distribution; see below sec-178

tion 2.5. We will use g (resp. g (ϕ)) to denote a vectorized observable [g1, g2, . . . gM ]T179

(resp. observations, [g1 (ϕ) , g2 (ϕ) , . . . gM (ϕ)]T ).180
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2.3. Discrete-time snapshot data. Throughout this study, we assume that181

the full system has been simulated and observed at discrete times, and the observations182

form a data set for learning the Mori–Zwanzig operators. Specifically, we rely on183

samples drawn from a chosen initial distribution µ (see below section 2.5) to collect184

the statistics of the unresolved information. The full system is prepared at N ≫ 1185

independently and identically sampled ϕ
[i]
0 ∼ µ, i = 1 . . . N . The system is then186

simulated and the values of the observations are registered at uniformly distributed187

discrete times k∆, k = 0 . . .K − 1. We refer to these observations as the snapshots.188

Without loss of generality, we assume ∆ = 1 by choosing an appropriate unit of time,189

unless it is specified otherwise. The full discrete-time observations thus form an N ×190

M ×K data matrix D whose (i, j, k)-entry is gj

(
ϕ
(
k − 1;ϕ

[i]
0

))
. For those systems191

which have natural or physical invariant measure, it is desirable to bypass sampling192

from a pre-specified initial distribution and use the long-time statistics instead. In193

this case, we generate a single but long trajectory from a randomly selected initial194

condition ϕr
0. After the initial transient time tc, we makeK+N observations for every195

∆ = 1. We use these K + N observations to inform the statistics of the invariant196

measure. The assumptions underlying the sufficiency of using K+N observations are197

described below. The data matrix D in this case is defined as an N ×M ×K matrix198

whose (i, j, k)-entry is gj (ϕ (tc + i+ k − 1;ϕr
0)).199

2.4. Discrete-time dynamical systems. To match to the discrete-time snap-200

shot data, we re-write the evolutionary equation (2.1) into a discrete-time form:201

(2.2) ϕ (t+ 1) = F (ϕ(t)) ,202

where F : RD → RD is the flow map. We assume that the map exists and is unique203

for any finite time t ∈ Z≥0. Our formulation is readily applicable to those generically204

discrete-time dynamical systems, in which we begin with the discrete-time formulation205

Eq. (2.2) instead of Eq. (2.1).206

2.5. A chosen distribution and square integrable functions. We assume207

that the number of samples N is sufficiently large to capture the statistics of the208

time-dependent distribution induced by the deterministic dynamics from the initial209

distribution µ, i.e., the solution of the generalized Liouville equation [14] correspond-210

ing to Eq. (2.1) :211

(2.3)
∂

∂t
ρ (ϕ, t) = −

N∑
i=1

∂

∂ϕi
[Ri (ϕ) ρ (ϕ, t)] , with the initial data ρ (ϕ, 0) = µ (ϕ) ,212

where µ (ϕ) is the probability density function of the measure µ, assuming the measure213

µ is dominated by the Lebesgue measure in the state space RD so µ (dϕ) = µ (ϕ) dϕ.214

When using the single trajectory to sample the ergodic distribution, we assume that215

N is sufficiently large such that the collected N +K samples faithfully capture the216

statistics of the ergodic measure, i.e., the stationary solution ρ∗ of Eq. (2.3) satisfying217

(2.4) 0 =

N∑
i=1

∂

∂ϕi
[Ri (ϕ) ρ∗ (ϕ)] .218

In both cases, we assume that each of the observables, gi, is a square integrable219

function against the induced measure. That is, if one chooses to learn from a time-220

dependent distribution (Eq. (2.3)),
∫
RD ρ (ϕ, t) g

2
i (ϕ) dϕ <∞ for 0 ≤ t ≤ (K − 1)∆,221

or if one chooses to learn from a stationary distribution (Eq. (2.4)),
∫
RD ρ∗ (ϕ) g

2
i (ϕ)222

dϕ <∞.223
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6 Y. T. LIN, Y. TIAN, AND D. LIVESCU

2.6. The projection operator. Suppose all the M resolved observables are224

independent, we shall need another D −M independent unresolved observables to225

uniquely specify the system’s state. Denote these unresolved observables, which are226

also real-valued functions of the system’s state ϕ, by uj : R
D → R, j = 1 . . . D −M .227

Importantly, observations of these unresolved variables, uj (ϕ), are not accessible.228

Consider a real-valued function of the full state expressed in both the resolved and229

unresolved observations, h
(
{gi (ϕ)}Mi=1 , {uj (ϕ)}

D−M
j=1

)
. A projection operator P230

is an operator mapping h to another real-valued function (Ph) : RD → R which231

only depends on the resolved observations. Mori–Zwanzig formalism utilizes this232

projection operator and decomposes any function h
(
{gi (ϕ)}Mi=1 , {uj (ϕ)}

D−M
j=1

)
into233

(Ph)
(
{gi (ϕ)}Mi=1

)
+ h⊥

(
{gi (ϕ)}Mi=1 , {uj (ϕ)}

D−M
j=1

)
, where h⊥ := h − Ph. Note234

that the domain of (Ph) is still both the resolved and unresolved observations, except235

that the function does not explicitly depend on the unresolved uj (ϕ). A projection236

operator P must satisfy the property P2 = P, so that for any h, Pnh = Ph, n ∈ N.237

Such a property is critical in the derivation of the MZ formalism [56].238

2.7. Discrete-time Mori–Zwanzig formalism. Following the derivations in239

[9, 24, 25, 49], the discrete-time Mori–Zwanzig formalism prescribes the exact evolu-240

tionary equations of the observations, that for any initial condition ϕ0 ∈ RD:241

(2.5) gn+1 (ϕ0) = Ω(0) (gn (ϕ0)) +

n∑
ℓ=1

Ω(ℓ) (gn−ℓ (ϕ0)) +Wn (ϕ0) .242

Here, gn : RD → RM is an M × 1 vector function of the initial state ϕ0 such that243

(2.6) gn (ϕ0) ≜ g (ϕ (n;ϕ0)) ≡ g (Fn (ϕ0)) ,244

noting that g0 ≡ g. In other words, denote the finite-time (∆) Koopman operator245

[21] by K, gn := Kng. For clarity, we write each component of this vector function246

as gn,i := Kngi if needed. Note that g0,i = gi. Equation (2.5), referred to as247

the Generalized Langevin Equation (GLE), is the central result of the Mori–Zwanzig248

formalism. It states that the vectorized observation at time n + 1, g (ϕ (n+ 1;ϕ0)),249

can be decomposed into three parts: (1) a Markovian function Ω(0) : RM → RM250

mapping the observations at time n to an M × 1 vector, (2) a series of functions251

Ω(ℓ) : RM → RM , ℓ = 1, 2, . . ., mapping past observations with a lag ℓ to M × 1252

vectors, and (3) the orthogonal dynamics that consist of observables Wn : RD → RM ,253

n = 0, 1 . . ., mapping any initial state ϕ0 to an M × 1 vector. Interested reader can254

find a detailed discussion and physical interpretation of the GLE (2.5) in [25].255

Because the GLE (2.5) holds true for every initial condition ϕ0, we can drop the256

function evaluation at ϕ0 part and write succinctly an equation for the observables257

(2.7) gn+1 =

n∑
ℓ=0

Ω(ℓ)gn−ℓ +Wn.258

In writing so, we overload Ω(ℓ), which are functions in Eq. (2.5), to denote operators259

in Eq. (2.7). That is, in Eq. (2.7), Ω(ℓ) are functional operators mapping an M × 1260

vector function, each of whose component is an L2
(
RD, µ

)
-function, to anotherM×1261

vector function, each of whose component is an L2
(
RD, µ

)
-function again. We thus262

refer to Ω(ℓ) as the “MZ operators”. We will adopt the slightly abused notation that263
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the same symbol Ω(ℓ) is used to denote both the functions in equations of observations264

(such as Eq. (2.5)) and operators in equations of observables (such as Eq. (2.7)).265

The operators Ω(ℓ) and Wn depend on the choice of the projection operator P,266

the choice of the vectorized observable g, and the finite-time (∆) Koopman operator267

K [9, 24]:268

Ω(n) := PK [(1− P)K]n ,(2.8)269

Wn := [(1− P)K]n+1
g,(2.9)270271

with n ∈ Z≥0. Because PWn = 0 (from the fact P2 = P), Wn is often referred to as272

the orthogonal dynamics. From these definitions, it is straightforward to identify the273

following equation which relates the memory operators to the orthogonal dynamics274

(2.10) Ω(n)g ≡ PKWn−1,∀n ∈ N.275

The meaning of the above equation is more transparent when we apply the operators276

to any state ϕ0 ∈ RD:277

(2.11) Ω(n) (g (ϕ0)) ≡ PKWn−1 (ϕ0) ≡ P ((Wn−1 ◦ F) (ϕ0)) ,∀n ∈ N,278

in which we applied the definition of the Koopman operator K and used ◦ to denote279

function composition. The above equation is referred to as the generalized fluctuation-280

dissipation relation (GFD). Below, we will demonstrate the GFD enables data-driven281

learning of the operators Ω(ℓ)’s.282

2.8. Regression. Here, we provide a short description of the regression analysis.283

In regression analysis, the goal is to identify an optimal model f as a function of the284

independent variables x for predicting the dependent variables y. We first focus on285

a scalar variable y, which can be one of the many components of a vector y. The286

model f is defined as a family of functions f(x;θ) of the independent variables x,287

parametrized by an array of parameters θ. The assumption of the (homoscedastic)288

regression model is that, in the most general form, there exists a random variable ε289

such that the dependent variable Y can be expressed as290

(2.12) Y (x) = f (x;θ∗) + ε.291

Here, we use the standard capital notation to denote a random variable Y . Given a list292

of paired realizations
{
x[i], y[i]

}N
i=1

, the best-fit parameter θ∗ minimizes the differences293

between the model prediction f (x;θ) and the dependent variable Y . The best-fit294

parameter θ∗ is solved by minimizing a negative log-likelihood function that depends295

on the noise distribution. For example, for normally distributed ε, the negative log-296

likelihood function is proportional to the mean squared error (MSE), so the best-fit297

parameter is the minimizer298

(2.13) θ∗ := argmin
θ

1

N

N∑
i=1

(
y[i] − f

(
x[i];θ

))2
.299

When the dependent variables are vectors, that is, y is P > 1 dimensional, the cost300

function can be chosen as the sum of the MSE of M independent regressions:301

(2.14) θ∗ := argmin
θ

1

N

N∑
i=1

P∑
j=1

(
y
[i]
j − fj

(
x[i];θ

))2
.302
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8 Y. T. LIN, Y. TIAN, AND D. LIVESCU

The above equation comes with three assumptions about the noise model. First,303

in each component j of the P -dimensional y, the noise εj is normally distributed.304

Second, the noise εj are independently and identically distributed in each of the305

dimension. Third, the noise is homoscedastic, which means that the variance does306

not depend on the independent variable x. We remark that with a different noise307

model (e.g., correlated or heteroscedastic noise), the cost function can take a different308

form. Nevertheless, our method does not depend on the specific form of the cost309

function, i.e., it is not necessary to use MSE. Thus, in the analysis below, we express310

a general cost function by311

(2.15) C

(
θ;
{
x[i],y[i]

}N

i=1

)
,312

so the best-fit parameters θ∗ are obtained by solving a general optimization problem:313

(2.16) θ∗ := argmin
θ

C

(
θ;
{
x[i],y[i]

}N

i=1

)
.314

2.9. Regression-based projection operators. Using the notations defined315

above, we treat the observations at the time s ≥ 0 as the independent variables, and316

the evaluations of any real-valued function h : RD → R of the full state ϕ (t;ϕ0) at317

a later time t > s as the dependent variable. The samples of the dependent and the318

independent variables are generated from the fully-resolved simulation, whose initial319

condition ϕ
[i]
0 is sampled from the distribution µ. Note that the time-dependent full320

state ϕ
(
s;ϕ

[i]
0

)
and ϕ

(
t;ϕ

[i]
0

)
are neither resolved nor accessed, but the observ-321

ables gs

(
ϕ

[i]
0

)
:= g

(
ϕ
(
s;ϕ

[i]
0

))
and ht

(
ϕ

[i]
0

)
:= h

(
ϕ
(
t;ϕ

[i]
0

))
are measured and322

registered as we simulate the dynamics. We use the samples to regress ht

(
ϕ

[i]
0

)
on323

gs

(
ϕ

[i]
0

)
using a family of functions f

(
gs

(
ϕ

[i]
0

)
;θ
)

by minimizing a chosen cost324

function:325

(2.17) θ∗ := argmin
θ

C

(
θ;
{
gs

(
ϕ

[i]
0

)
, ht

(
ϕ

[i]
0

)}N

i=1

)
.326

The best-fit f (·;θ∗) : RM → R is now a function that depends on only the re-327

solved initial observations at time s, gs (ϕ0). It is clear that another regression of328

f(gs (ϕ0) ;θ∗) on the independent variables gs (ϕ0) result in f(·;θ∗) again. As such,329

regression is a projection of ht to f (gs (ϕ0) ;θ∗):330

(2.18) (Pht) (gs (ϕ0)) = f (gs (ϕ0) ;θ∗) .331

In summary, with the choice of using regression for projection, applying P to any332

function ht of the full-system state ϕ results in the best-fit parametric function f (·;θ∗)333

of the reduced-order observations gs (ϕ0). With a cost function such as Eq. (2.14), a334

straightforward generalization can be made to those vector functions ht : RD → RP ,335

that (Pht) (·) = f (·;θ∗), where f is a parametric family of RM → RP functions. We336

remark that the regression-based projection operator may no longer be the projection337

operators commonly adopted in existing Mori–Zwanzig models, e.g. Mori’s, finite-338

rank, and Zwanzig’s projection operators. In addition, the projection operator defined339

by the regression analysis may no longer be an orthogonal projection, with respect to340

the typical inner product defined in L2-spaces.341
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3. Theoretical Results.342

3.1. Learning Mori–Zwanzig operators with regression-based projec-343

tion using snapshot data. We now use the snapshot data matrix D to learn the344

MZ operators Ω(n) and orthogonal dynamics Wn, n ∈ Z≥0. As will be seen below,345

this can be achieved by iteratively performing a regression problem as a projection,346

quantifying the residuals as the orthogonal dynamics, and utilizing the GFD to define347

the next-order regression problem. We begin with setting n = 0, the GLE (2.5) with348

the expression Eq. (2.8) states349

g1 (ϕ0) = PK (g (ϕ0)) +W0 (ϕ0) = P [g1 (ϕ0)] +W0 (ϕ0) .(3.1)350351

for any initial state ϕ0. We used the definition of the Koopman operator K (g (ϕ0)) =352

g1 (ϕ0) := g (ϕ (1;ϕ0)), which are the observations made at one time step ahead of the353

initial condition ϕ0. These observations can be accessed in the snapshot data matrix:354

they are simply D (·, ·, 2). So can the g (ϕ0), which are D (·, ·, 1). The regression-355

based P now projects g1 to an optimal function of g (ϕ0), by regressing D (·, ·, 2) on356

D (·, ·, 1). For example, using the MSE cost function (2.14), we solve the following357

optimization problem for projection:358

C(0) (θ;D) :=
1

N

N∑
i=1

M∑
j=1

[
D (i, j, 2)− fj

(
{D (i, k, 1)}Mk=1 ;θ

)]2
,(3.2a)359

θ
(0)
∗ := argmin

θ
C(0) (θ;D) ,(3.2b)360

Ω(0) (·) = f
(
·;θ(0)

∗

)
,(3.2c)361

362

where f (·;θ) : RM → RM is a family of regressional functions defined by the user.363

Here, the superscript (0) is used to denote the cost function (C(0)) and the solution364

of the parameters (θ(0)) of the 0th order regression analysis. Once the best-fit model365

is solved, the orthogonal dynamics W0 is identified as the residual of the regression366

problem from Eq. (3.1). That is, for the ith sample initial condition ϕ
[i]
0 , the jth367

component of the orthogonal dynamics at time 0 is:368

(W0)j

(
ϕ

[i]
0

)
=
[
g1

(
ϕ

[i]
0

)
− P

(
g1

(
ϕ

[i]
0

))]
j

369

= D (i, j, 2)− fj

(
{D (i, k, 1)}Mk=1 ;θ

(0)
∗

)
.(3.3)370

371

We now use mathematical induction to show that we can extract Ω(n+1) and372

samples of Wn+1, given Ω(ℓ), ℓ = 0 . . . n and the snapshot data matrix D. We first373

use GLE (2.7) to express Wn in terms of Ω(ℓ) and gn−ℓ:374

Wn = gn+1 −
n∑

ℓ=0

Ω(ℓ) (gn−ℓ)(3.4)375

376

Then, we use the GFD, Eq. (2.11) to construct Ω(n+1):377

Ω(n+1) (g) = PKWn = P

[
Kgn+1 −K

n∑
ℓ=0

Ω(ℓ) (gn−ℓ)

]
378

= P

(
gn+2 −

n∑
ℓ=0

Ω(ℓ) (gn−ℓ+1)

)
.(3.5)379

380
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10 Y. T. LIN, Y. TIAN, AND D. LIVESCU

Algorithm 3.1 Extracting the regression-based Mori–Zwanzig operators. Input:
A set of observables g : RD → RM ; the data matrix D of the snapshots of the
observations (see Sec. 2.3); a family of regressional functions f (·; ) : RM → RM

parametrized by fitting parameters θ; the cost function of the regression analysis,

C
(
θ;
{
y[i],x[i]

}N
i=1

)
(see Sec. 2.8). Output: The Markov operatorΩ(0) : RM → RM ;

memory operators Ω(n) : RM → RM , n ∈ {1, 2, . . .K − 2}; orthogonal dynamics Wn,
n ∈ {1, 2, . . .K − 3}.

x
[i]
j ← D (i, j, 1)

y
[i]
j,0 ← D (i, j, 2)

θ
(0)
∗ ← argminθ C

(
θ;
{
y
[i]
0 ,x

[i]
}N

i=1

)
Ω(0) (·)← f

(
·;θ(0)

∗

)
for n in {1, . . .K − 2} do
y
[i]
j,n ← D (i, j, n+ 2)−

∑n−1
ℓ=0 fj

(
{D (i, k, n− ℓ+ 1)}Mk=1 ;θ

(ℓ)
∗

)
W

[i]
n−1 ← y

[i]
n

θ
(n)
∗ ← argminθ C

(
θ;
{
y
[i]
n ,x[i]

}N

i=1

)
Ω(n) (·)← f

(
·;θ(n)

∗

)
end for
Output Ω(n) and Wn

We evaluate the above function on an initial state ϕ0 and use the definition Eq. (2.6)381

to obtain382

Ω(n+1) (g (ϕ0)) = P

(
g (ϕ (n+ 2;ϕ0))−

n∑
ℓ=0

Ω(ℓ) (g (ϕ (n− ℓ+ 1;ϕ0)))

)
.(3.6)383

384

In the right-hand side of this expression, Ω(ℓ), ℓ = 0 . . . n, is the given best-fit para-385

metric functions f
(
·;θ(ℓ)

∗

)
. Note that for a particular initial sample ϕ[i], all the386

observations in the above equation are registered in the data matrix D:387

g
(
ϕ

[i]
0

)
= D (i, ·, 1) ,(3.7a)388

g
(
ϕ
(
n+ 2;ϕ

[i]
0

))
= D (i, ·, n+ 3) ,(3.7b)389

g
(
ϕ
(
n− ℓ+ 1;ϕ

[i]
0

))
= D (i, ·, n− ℓ+ 2) .(3.7c)390

391

Similar to Eq. (3.2), we now apply the projection operator P, which is a regression392
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on the corresponding variables:393

y
[i]
j,n+1 := D (i, j, n+ 3)−

n∑
ℓ=0

fj

(
{D (i, k, n− ℓ+ 2)}Mk=1 ;θ

(ℓ)
∗

)
,(3.8a)394

C(n+1) (θ;D) :=
1

N

N∑
i=1

M∑
j=1

[
y
[i]
j,n+1 − fj

(
{D (i, k, 1)}Mk=1 ;θ

)]2
,(3.8b)395

θ
(n+1)
∗ := argmin

θ
C(n+1) (θ;D) ,(3.8c)396

Ω(n+1) ≡ f
(
·;θ(n+1)

∗

)
.(3.8d)397

398

Again, the superscript (n + 1) here to denotes the cost function (C(n+1)), best-fit399

parameters θ
(n+1)
∗ , and best-fit parametric functions f

(
·;θ(n+1)

∗

)
of this (n + 1)-400

th order regression analysis. By induction, the above procedure iteratively extracts401

Ω(n) (·) = f
(
·;θ(n)

∗

)
, n = 0 . . .K − 2 (in total, K − 1 operators), using the snapshot402

data matrix D. Note that the family of regressional functions f is kept the same for403

all ℓ to ensure a consistent projection operator P. Notably, both the orthogonality404

PWn = 0 and the GFD Ω(n+1) (g) = PKWn are built in by construction. We405

summarize the procedure in Algorithm 3.1.406

The above procedure iteratively learns the operators Ω(ℓ) in the GLE (2.7). The407

GLE is a particular form of memory-dependent dynamics, which is specific to the408

choices of the observables g and projection operator P. There are other forms of409

memory-dependent dynamics which do not rely on an a priori selected projection410

operator, for example, the Hankel-DMD method [4]. Numerical comparison of these411

methods and a detailed discussion will be provided below in Secs. 4.2 and 5.412

3.2. Making predictions and modeling orthogonal dynamics. Our goal413

is to iteratively use GLE (2.5) to make multi-step predictions for the resolved observ-414

ables, once the operators Ω(ℓ)’s are learned. For prediction, it is convenient to shift415

the time index and write the “present time” as t = 0, assuming the system initiated416

from ϕ−T at t = −T in the past (T ∈ Z≥0). We assume that the present and a finite417

number of past times, g−ℓ (ϕ−T ), ℓ = 0, 1, . . . H − 1 ≤ T , are given. We will make418

predictions for the resolved variables at a future horizon t = k ≥ 1, gk (ϕ−T ). To419

achieve this, we first use a truncated GLE to predict g1:420

(3.9) g1 (ϕ−T ) =

H−1∑
ℓ=0

Ω(ℓ) (g−ℓ (ϕ−T )) +WT (ϕ−T ) .421

This is a truncated GLE because only a finite length of the history is provided; terms422

Ω(ℓ) (g−ℓ (ϕ−T )), ℓ = H . . . T are neglected. We show below with numerical evidence423

that this truncation is justifiable. Once g1 (ϕ−T ) is obtained, we accumulate the424

predicted g1 (ϕ−T ) into the series of observations, g−ℓ (ϕ−T ), ℓ = −1, 0, 1 . . . H − 1,425

and use this accumulated series to make prediction of g2 (ϕ−T ) using the truncated426

GLE (3.9) again:427

(3.10) g2 (ϕ−T ) =

H−1∑
ℓ=0

Ω(ℓ) (g1−ℓ (ϕ−T )) +WT+1 (ϕ−T ) .428
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12 Y. T. LIN, Y. TIAN, AND D. LIVESCU

The procedure continues until the desired horizon m ≥ 1 is reached. Note that this429

procedure only needs the first H operators Ω(ℓ), ℓ = 0 . . . H − 1. Clearly, the orthog-430

onal dynamics Wn, n = T . . . T +m − 1, are needed in the procedure. Recall that431

the orthogonal dynamics encode the information in the unresolved space (Eq. (2.9)),432

so they cannot be obtained by data-driven approaches. We must then rely on mod-433

eling. However, modeling the orthogonal dynamics is challenging: it is equivalent to434

modeling all the D −M unresolved degrees of freedom. In addition, the modeling is435

specific to the full dynamical system, the choice of the resolved observables, and the436

choice of the projection operator.437

A best-case scenario is that the resolved observables are reasonably selected, and438

an expressive enough regression model is chosen. With a sufficiently long history439

length H, this leads to negligible orthogonal dynamics, i.e., the residuals of the re-440

gression analysis are small enough to be negligible. In the numerical experiments441

below, we assume this best-case scenario and proceed with a trivial zero-noise model442

Wn = 0, n ≥ T , despite that finite residuals are observed in the experiments. Pre-443

diction with Wn = 0, n ≥ T can be conceived as the conditional mean with respect444

to the distribution of under-resolved dynamics (Wn, n ≥ T ). We remark that Price445

et al. [40] also attacked the same problem using an operator algebraic expansion (of446

time t) to approximate the memory kernel, which is different from our purely data-447

driven approach. In addition, the GFD (2.11) is guaranteed in our method, but not448

guaranteed in the t-expansion approximates.449

We also tested the standard way of fitting the residual Wn as independent and450

multivariate Gaussian distribution (independent between different time indices, and451

multivariate in the M observables). The results are qualitatively similar but more452

noisy, because the prediction are based on randomly generated samples of the distri-453

bution. As the results with the Gaussian noise model are similar but less “clean”, we454

will not present them in this article.455

3.3. Linear and nonlinear regression-based projections. We now elabo-456

rate a critical idea that distinguishes the subtle differences between two regression-457

based projections that appear nearly identical. We will refer to the first technique458

as “linear regression-based projection” and the second as “nonlinear regression-based459

projection”, as we currently lack more precise terminology. Although the regression460

analysis for these two methods are highly similar, drastic differences exist in the pro-461

cedures utilized to apply the trained models for making predictions: the resulting462

reduced-order models are always linear dynamical systems with the first technique,463

but can be nonlinear dynamical systems with the second approach. Consequently, the464

learned models can even produce qualitatively distinct long-time behaviors, as will be465

seen in the next Section.466

To illustrate this idea, we employ a one-dimensional toy model: ϕ̇ = −ϕ2 + ϕ467

for some initial distribution ϕ(0) ∼ µ(dϕ). We chose µ = 0.5 + Beta(2, 2) for this468

example. We generate N = 105 trajectories in the time window t ∈ [0, 3] and record469

snapshots every ∆ = 0.05 (each trajectory contains K = 61 snapshots, including the470

initial condition). Ten randomly selected trajectories are visualized in Fig. 1(1). We471

will use the generated trajectories to perform two regression analyses, which we will472

later use for long-term predictions by the truncated GLE (2.5). For simplicity, we473

will only use the Markov term for making the predictions. This can be achieved by474

setting Wn = 0 for n ∈ Z≥ 0 = 0 during the prediction phase. Therefore, we will use475

the following equation recursively to make a multi-step prediction:476

(3.11) gm+1(ϕ0) = Ω(0) (gm(ϕ0)) ≡ [(PK)m g] (ϕ0) .477
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Fig. 1. Learning the toy model ϕ̇ = −ϕ2 + ϕ. (a) Ten trajectories of the dynamics form
randomly (∼ 0.5 + Beta(2, 2)) generated initial conditions. (b) The error of the prediction of the
two regression-based projection operators.

We would like to emphasize that the concept highlighted in this section is generaliz-478

able to systems that include Mori–Zwanzig memory. We focus on only the Markov479

transitions for the clarity of presentation.480

The first projection is in line with the approximate Koopman learning [44, 52]481

and data-driving learning of MZ operators with Mori’s projection [25]. We will refer482

to this method as the linear regression-based projection. With this method, one first483

specifies a set of basis functions; we consider polynomial functions up to the quadratic484

order, g(ϕ) = [g1(ϕ), g2(ϕ), g3(ϕ)]
T
with g1(ϕ) := 1, g2(ϕ) =: ϕ, and g3(ϕ) =: ϕ2. The485

data matrix D, whose entries are Di,j,k =
[
ϕ
(
k − 1;ϕ

[i]
0

)]j−1

, is thus 105 × 3 × 61.486

With this method, a regression on the three nonlinear basis functions is used as the487

projection operator. The linear regression model aims to identify the approximate488

Koopman operator κ ∈ R3×3 that minimizes the mean squared error:489

(3.12) κ
(0)
∗ := argminκ

1

N

N∑
i=1

3∑
j=1

60∑
k=1

(
Di,j,k+1 −

3∑
ℓ=1

κj,ℓDi,ℓ,k

)2

.490

where κj,ℓ is the (j, ℓ)-component of κ. The cost function involves all three functional491

bases, and there are 3× 3 parameters in the regression analysis. Note that the three492

functional bases are treated as independent variables, although knowing g2(ϕ) := ϕ493

informs the others, for arbitrary ϕ. Our numerical experiment showed that494

(3.13) κ
(0)
∗ =

 +1.000 +0.000 −0.000
+0.002 +1.044 −0.046
−0.082 +0.265 +0.816

495

With the learned κ∗, we now make an n-step prediction into the future, provided a496

current state ϕ0. The nonlinear function evaluation of the initial state are g0 (ϕ0) =497 [
ϕ00, ϕ

1
0, ϕ

2
0

]T
; here, the subscript of g represents the nonlinear functional bases are at498

time step 0. Because PKg = κ
(0)
∗ · g in this regression model, it is straightforward to499

propagate the functional bases m-steps, m ≥ 1, into the future to make predictions:500

(3.14) g(pred)
m (ϕ0) =

((
κ
(0)
∗

)m
· g0

)
(ϕ0) .501

That is, directly applyingm times the linear transformation κ∗ to the initial functional502

bases. Note that this method provides a closed dynamical system of the resolved503
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14 Y. T. LIN, Y. TIAN, AND D. LIVESCU

observables (g0, g1, and g2). Furthermore, the evolutionary equation of the resolved504

observables is linear. Thus, we can conceive the method as a linear closure scheme.505

Such a procedure for making multi-step predictions is natural and commonly adopted506

in the Koopman framework [52, 3, 53, 28]. The procedure has a drawback: because507

the prediction of the evolution of the functional bases is linear, the nonlinear moment508

information is not preserved. For example, the predicted second moment of the system509

after m > 0 steps is not necessarily the squared predicted first moment:510

[
g(pred)
m (ϕ0)

]
3
=

3∑
ℓ=1

((
κ
(0)
∗

)m)
3,ℓ
gℓ (ϕ0)︸ ︷︷ ︸

Predicted second moment

(3.15)511

̸=

[
3∑

ℓ=1

((
κ
(0)
∗

)m)
2,ℓ
gℓ (ϕ0)

]2
︸ ︷︷ ︸
Squared predicted first moment

=
[
g(pred)
m (ϕ0)

]2
2
.512

513

The above equation Eq. (3.14) only uses the learned Markov kernel for making514

prediction. When we use T Mori–Zwanzig memory terms to make prediction (see515

Sec. 3.2):516

g
(pred)
n+1 (ϕ−T ) =

T∑
ℓ=0

κ
(ℓ)
∗ · g̃n−ℓ (ϕ−T ) , n = 0, 1, . . .(3.16a)517

g̃k =

{
gk, if k = −T,−T + 1, . . .− 1, 0, (Given history)

g
(pred)
k , else.

(3.16b)518

519

That is, the predicted values are recursively used as imputation when making the520

more than one step of predictions. Because of the linear nature of the projection521

operator, predictions based on Eqs. (3.16) are linear in {gk}0k=−T . Below, we shall522

refer to those predictions based on (3.14) as linear projection without memory and523

(3.16) as linear projection with memory.524

The second method, which we term as the nonlinear regression-based projection,525

is more commonly adopted in modeling. The idea is to use a regression model on526

a set of independent observables we care about. For those observables which can be527

determined by (possibly nonlinear) transformation of the independent observables, the528

explicit form of the transformations are used in the regression model. After learning,529

one predicts the evolution of the independent observables, using those explicit forms530

of transformation. With our toy example, there is only one independent observable531

g = [g(ϕ)]
T
= [ϕ]

T
. As such, the data matrix D, with entries Di,1,k = ϕ

(
k − 1;ϕ

[i]
0

)
,532

is 105 × 1 × 61. To match the order of the first method, we consider a second-order533

polynomial regression as the projection operator. The family of parametric functions534

is fθ (ϕ) = fα,β,γ (ϕ) := α + βϕ + γϕ2 with three fitting parameters θ = (α, β, γ).535

Note that the constant 1 and the ϕ2 are expressed explicitly as transformation of ϕ.536

We aim to identify the optimal parameters minimizing the mean squared error of the537

one-step prediction538

(3.17) θ∗ := argminθ
1

N

N∑
i=1

60∑
k=1

[Di,1,k+1 − fθ (Di,1,k; θ)]
2
.539
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The above optimization problem, Eq. (3.17), is a sub-problem of Eq. (3.12). As such,540

the solution of Eq. (3.17) is identically the second row of the solution (Eq. (3.13)):541

α∗ = κ∗1,1 ≈ 0.002, β∗ = κ∗1,2 ≈ 1.044, and γ∗ = κ∗1,3 ≈ −0.046. Despite an identical542

optimization solution, the prediction based on this nonlinear regression model is dis-543

tinct from the first method (Eq. (3.14)) becauseΩ(0) (g) = PKg = α
(0)
∗ +β

(0)
∗ g+γ

(0)
∗ g2544

now:545

(3.18) g(pred)
m (ϕ0) = f

θ
(0)
∗

(
. . .
(
f
θ
(0)
∗

(g0 (ϕ0))
))

︸ ︷︷ ︸
m function compositions

.546

Such an recursive composition of a nonlinear mapping is more in line with most mod-547

eling for nonlinear dynamical systems: we assume a structure of the vector field, and548

after fitting the free parameters, the best-fit model is treated as a nonlinear dynam-549

ical system (v. a linear system of an augmented set of nonlinear functional bases,550

Eq. (3.14)). Nonlinear systems-identification methods, such as Sparse Identification551

of Nonlinear Dynamics (SINDy, [6, 18, 13]), also follow the recursive Eq. (3.18) in pre-552

diction phase. Note that this method also provides a closed dynamical system of the553

resolved observables, but in this case there is only one resolved observable, g (ϕ) = ϕ,554

yielding a nonlinear evolutionary equation of ϕ. Below, we refer to this method as a555

nonlinear closure scheme.556

Analogous to Eq. (3.14), Eq. (3.18) only uses the learned Markov model for mak-557

ing prediction. To make prediction with T Mori–Zwanzig memory terms:558

g
(pred)
n+1 (ϕ−T ) =

T∑
ℓ=0

f
θ
(ℓ)
∗

(g̃n−ℓ (ϕ−T )) , n = 0, 1, . . .(3.19a)559

g̃k =

{
gk, if k = −T,−T + 1, . . .− 1, 0, (Given history)

g
(pred)
k , else.

(3.19b)560

561

Similar to Eq. (3.16), predicted values are recursively used as imputation when making562

the more than one step of predictions. With the linear nature of the projection563

operator, predictions based on Eqs. (3.16) are no longer linear in {gk}0k=−T . Below,564

we shall refer to those predictions based on (3.18) as nonlinear projection without565

memory and (3.19) as nonlinear projection with memory.566

To illustrate the difference between these two closure schemes, we used the learned567

κ
(0)
∗ and

(
α
(0)
∗ , β

(0)
∗ , γ

(0)
∗

)
to predict the dynamics of the toy model every ∆ = 0.05 up568

to t = 3.0, using linear projection without memory (Eqs. (3.14)) and nonlinear pro-569

jection without memory ((3.18)). In this demonstration, we set the initial condition570

of the test trajectory at ϕ(0) = 1.4. The error of the prediction to the true dynamics571

is illustrated in Fig. 1(b), which shows that the nonlinear closure scheme performed572

better than the linear one. In the next section, we will see that predictions based on573

the linear closure scheme could even lose important qualitative features of the fully574

resolved dynamics.575

The nonlinear projection is a better formulation for accommodating data-driven576

models with neural networks (NNs), even in the context of approximate Koopman577

learning [44, 52] and data-driving learning of MZ operators with Mori’s projection578

[25]. For these problems, the set of observables have to be specified a priori. Because579

the identification of the optimal basis functions remains an open problem, several re-580

cently proposed methods leverage NNs for learning better observables [23, 54, 28, 51].581
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However, NNs are nonlinear functions of their parameters, so the joint learning prob-582

lem (i.e., simultaneously learning the functional basis and the approximate Koopman583

operator), often with additional nonlinear regularizers, is not a linear regression prob-584

lem. Consequently, we cannot categorize the NN-based approach as a simple Mori’s585

projection, for which our proposed algorithms [25] can extract the MZ memory ker-586

nels. A projection defined by the nonlinear projection is the most natural and accurate587

mathematical framework to describe these NN-based learning methods. By identify-588

ing “training a NN” as a projection, the algorithm described in Sec. 3.1 prescribes a589

principled way to extract the memory kernels of these NN-based learning methods.590

3.4. A special case: linear regression. We now show that the special choice591

of linear projection results in the discrete-time algorithm we proposed in [25]. For592

any observation g (ϕ0), linear regression postulates that the parametric form of f is593

a linear superposition of the independent variables:594

(3.20) f (g (ϕ0) ;κ) := κ · g (ϕ0) .595

Generally, we include the constant function that maps any ϕ to 1 in the vectorized596

observable g to accounts for the biased term in linear regression analysis. Here, the597

parameters θ is the list of entries of the M ×M matrix κ. The best fit of a linear598

regression is analytically tractable. Define the N ×M data matrix X at time k − 1599

whose entries are Xi,j (k − 1) := D (i, j, k). The solution of Eqs. (3.2) is600

κ
(0)
∗ = C (1) ·C−1 (0) ,(3.21)601602

where C (k) := XT (k) · X(0) is the empirical k-lag correlation matrix of the ob-603

servations. Equation (3.21) is precisely the extracted Markov term in [25], and the604

approximate Koopman operator [44, 45, 52]. As for the higher orders, Eq. (3.8a) can605

be expressed as606

(3.22) yn+1 := X (n+ 2)−
n∑

ℓ=0

κ
(ℓ)
∗ ·X (n− ℓ+ 1) ,607

leading to the solution of the minimization problem Eqs. (3.8b)-(3.8d):608

(3.23) β
(n+1)
∗ =

[
C (n+ 2)−

n∑
ℓ=0

κ
(ℓ)
∗ ·C (n− ℓ+ 1)

]
·C−1 (0) ,609

which is exactly the formula derived from the GLE with Mori’s projection operator610

[25]. Thus, the linear regression-based projection with memory is equivalent to Mori’s611

and the finite-rank projection. In addition, the Markov transition kernel with the612

linear regression-based projection is the approximate Koopman operator learned by613

EDMD [52, 25]. As such, linear projection without memory is equivalent to the614

approximate Koopman analysis such as DMD [44] and EDMD [52], and the linear615

projection with memory is equivalent to our proposed data-driven learning with Mori’s616

projection [25].617

4. Numerical Experiments.618

4.1. An illustrative example: the Van der Pol oscillator. We now use619

the Van der Pol oscillator as an example to illustrate the regression-based learning of620
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Fig. 2. The Van der Pol oscillator. (a) The phase portraits of the full system, the stable limit
cycle (SLC), and the initial samples of the data matrix D (·, 1, 1); (b) Snapshot samples along two
trajectories, D (1, 1, ·) and D (26, 1, ·); (c-g) Linear regression with a single observable, f (x; θ) := θx;
(h-l) Nonlinear polynomial regression with a single observable, f (x;θ) :=

∑5
i=0 θix

i; (m-o) Predic-

tion by (m) linear projection with memory (Eq. (3.16)) on g (ϕ) ≜ [1, φ]T ; (n) linear projection

with memory (Eq. (3.16)) on g (ϕ) ≜
[
1, φ, . . . φ5

]T
; and (o) nonlinear projection with memory

(Eq. (3.16)) on g (ϕ) ≜
[
1, φ, . . . φ5

]T
;.

Mori–Zwanzig operators in action. The Van der Pol oscillator is a two-dimensional621
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nonlinear system, which follows622

d

dt
φ(t) = µ

(
φ− φ3

3

)
− ψ,(4.1a)623

d

dt
ψ(t) =

1

µ
φ.(4.1b)624

625

We chose µ = 1 in this illustrative example. The Van der Pol oscillator has a globally626

stable limit cycle, which is a one-dimensional manifold embedded in the ϕ = (φ,ψ)-627

state space, as shown in Fig. 2(a). For illustrative purpose, we considered a single628

observable g (ϕ) ≜ φ as the resolved dynamic variable. We used the lsoda integrator629

in scipy.integrate.solve ivp to numerically simulate the two-dimensional system630

from an arbitrarily chosen initial state ϕ0 = (0, 1) and a relaxation time tc = 100631

for the system to relax to the limit cycle, whose period is roughly 6.663. We chose632

50 initial conditions evenly sampled over one period; these initial conditions are also633

visualized in Fig. 2(a). Then, we collected snapshot data set D by measuring φ (t)634

from t = 0 to t = 20 every ∆ = 0.5 from each of the initial conditions; two of635

the trajectories as shown in Fig. 2(b). We used the mean-square error as the cost636

function for the regression models below. In Figure 2(c)-(g), we show how Mori’s637

projection operator (i.e., linear projection) is applied to the snapshot data set D. In638

Figure 2(c), the paired samples are simply x = D (·, 1, 1) and y = D (·, 1, 2). That639

is, the x’s are the observed φ at the time t = 0, and the y(0)’s are the observed φ640

one step ahead at the time t = ∆. Because the system is not fully resolved, there641

can be two possible y’s for most of the measured x on the stable limit cycle (see642

Fig. 2(a)). Approximate Koopman and Mori’s projector on a single observable is643

equivalent to a linear regression using f(x; θ) = θx to fit the data. The best-fit line is644

the projected model, θ
(0)
∗ x. The slope of the best-fit model, θ

(0)
∗ , is the approximate645

Koopman operator [44, 45, 52] and equivalently the 1 × 1 Markov transition matrix646

in the context of data-driven Mori–Zwanzig formalism [25]. After the first regression647

is made, the learned model θ
(0)
∗ is used to predict the system from t = ∆ to 2∆, and648

the residual D (·, 1, 3)−θ(0)∗ D (·, 1, 2) is assigned to y(1). The next linear regression on649

the independent variable, which remains as x = D (·, 1, 1), is performed (Fig. 2(d)),650

and the slope of the best-fit line is the first discrete-time 1 × 1 memory kernel [25].651

The process repeats, and in Figs. 2(e-g), we showed the 5th, 10th, and the 30th linear652

regression. In Figs. (h-l), we used fifth-order nonlinear polynomial regression instead.653

As expected, the more expressive polynomial regression led to smaller errors than654

that of the linear regression.655

Figures (m-o) shows the predictions of the learned models. First, we simulated656

the full system (4.1) from a different initial condition ϕ0 = (1, 0) until t = tc = 100 for657

relaxing the system to the stable limit cycle. Then, we measure φ(t+tc;ϕ0) every ∆ =658

0.5 until t = 260 as the ground truth of the dynamics. We considered three learned659

models that are more expressive than a single linear observable (ϕ), including and660

referred to as (1) linear projection with memory (order 1): two polynomial functions661

as the observables, g (ϕ) ≜ [1, φ]
T
, predicted by Eq. (3.16); (2) linear projection662

with memory (order 5): six lowest-order polynomial functions as the observables,663

g (ϕ) ≜
[
1, φ, φ2, . . . φ5

]T
), predicted by Eq. (3.16); (3) nonlinear projection with664

memory (order 5): six lowest-order polynomial functions as the observables, g (ϕ) ≜665 [
1, φ, φ2, . . . φ5

]T
), predicted by Eq. (3.19). Given the snapshots in t ∈ (100, 120),666

we used Eqs. (3.16) or Eqs. (3.19) to predict the dynamics at t ≥ 120. Figures667
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2(m) and (n) shows that the error due to the negligence of the orthogonal dynamics668

accumulates and eventually destabilize the prediction in Mori’s projection formalism.669

In contrast, Figure 2(o) shows that the nonlinear regression-based projection operator670

can reasonably approximate the true dynamics for a longer predictive horizon, using671

only the resolved snapshots.672

We remark that this example was deliberately constructed as a minimal example.673

Our intention is to use a simple system and its transparent visualizations (Fig. 2) to674

illustrate the iterative learning of the Mori–Zwanzig operators in action.675

4.1.1. Lorenz (1963) system. Our second example is the Lorenz ((1963))676

model [26], which is a three-dimensional system677

d

dt
φ (t) = σ (ψ − φ) ,(4.2a)678

d

dt
ψ (t) = φ (ρ− χ)− ψ(4.2b)679

d

dt
χ (t) = φψ − βχ.(4.2c)680

681

We adopted the original model parameter values which E. Lorenz chose, (σ, ρ, β) =682

(10, 28, 8/3). Note that the full phase-space state ϕ is [φ,ψ, χ]. We again considered683

the “reduced-order model” as the φ(t) alone. A long trajectory with an arbitrarily684

selected initial condition ϕtr
0 = (0.01, 1, 10) was generated using scipy.integrate.685

solve ivp for data-driven learning. We discarded the initial transient before t = tc =686

1000, and collect 106 snapshots of φ every ∆ = 0.01 until t = tc +104, as the samples687

on the strange attractor. A test trajectory was generated from a different initial688

condition ϕte
0 = (0, 1, 2), and also with tc = 1000. Again, we used the mean-square689

error as the cost function for the regression models.690

We considered five projection operators and compared their performances, or-691

dered by the complexity (expressiveness) of the statistical model below. First, we692

again considered the order-1 linear projection operator, i.e., linear regression on the693

vectorized observable defined by g (ϕ) = [1, φ]
T
. We will refer to this as the Mori694

(order-1). Without the memory effects, such a projection operator corresponds to695

the DMD analysis [44, 45]. Next, we considered the order-5 linear projection opera-696

tor but on five polynomial basis function, that is, linear regression on the vectorized697

observable which maps the full state ϕ to
[
1, φ, φ2 . . . φ5

]T
. We will refer to this as698

the Mori (order-5). Without the memory, such a projection operator corresponds to699

an EDMD analysis [52]. The third projection operator we considered is an order-5700

nonlinear projection defined as the fifth-order polynomial regression on φ. We will701

refer to this as the polynomial regression (order-5). Next, we considered a nonlinear702

projection operator defined by a cubic (degree = 3) spline regression with ten knots703

(including boundary knots), evenly distributed between 1.5 times of the minimum and704

maximum of the collected φ samples. After the spline features are generated, we per-705

formed a ridge regression with the L2-regularization parameter set at λ = 10. Finally,706

we considered a simple neural network as the nonlinear projection operator. The ar-707

chitecture of the neural networks is two fully-connected feed-forward layers, each of708

which contains five artificial neurons, and a third linear layer with only one neuron. In709

this study, we always chose the hyperbolic tangent function as the activation function710

of the artificial neurons.711

We used the measured snapshots to learn the operators Ω(ℓ)’s for each of the se-712

lected projection operators. Figure 3(a) shows the magnitude of the summary residual,713
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Fig. 3. The Lorenz (1963) system. (a) The squared L2-norm of the validation residual as the
memory length increases. (b) The squared L2-norm contribution at different memory length. The
threshold is set at 10−7 for determining the memory length. Note that in these visualizations, Mori
(5) and Nonlinear (5) are identical. The memory length is in the physical time unit, i.e., memory
length 1 corresponds to 100 discrete-time steps (∆ = 0.01).

defined as the averaged mean-squared error (MSE) of the best ℓth regression model714

on the test trajectory. Recall that ℓ is the index of the memory terms (cf. Eq. (2.5)).715

Thus, we plotted the summary residual as a function of the physical time of the716

memory length (ℓ∆) in Fig. 3(a). In addition, for linear projections, the full opti-717

mization problem is the sum of the MSE of all the observables, in contrast to only718

the MSE of φ in those nonlinear projections. To make a consistent comparison, we719

only quantified and reported the MSE of the component φ for linear projections in720

the figure. It is observed that with the increased complexity of the regression model,721

the residual with memory contribution can decrease significantly, from order-1 linear722

projection (≈ 2 × 10−1) to the expressive neural network (≈ 2 × 10−2). Note that723

without the memory contribution (ℓ = 0), the magnitudes of the summary residual are724

indistinguishable; the significant improvement comes only with a finite-time memory725

contribution, ≈ 2.0. This observation justified the advantage of the Mori–Zwanzig’s726

memory-dependent formulation, especially for more expressive models.727

To investigate the contribution of the memory effects, we plotted the L2-norm728

of the memory contribution in Eq. (2.5) (Ω(ℓ) (ϕ (k∆+ tc;ϕ
te
0 )), k = 0, 1, . . .K +N)729

averaged over the collected snapshots of the test trajectory. That is, we chose each730

snapshot along the long trajectory as a sample of the initial condition, and computed731

the memory contribution ℓ steps into the future. For order-1 linear projection opera-732

tors, we only quantified the memory contributions to φ, i.e.,
[
Ω(ℓ) · ϕ (k∆+ tc;ϕ

te
0 )
]
2

733

(note that the first component is the constant function 1). Figure 3(b) shows the734

memory contribution with various projection operators. We observed that memory735

contributions decayed as the memory index ℓ increased, regardless of the regression736

method. This observation suggests that a finite length (H) of the memory is suffi-737

cient, as the contribution of past history after a certain timescale would be small and738

negligible. As a result, in the following analysis, we chose a finite memory contribu-739

tion by thresholding the squared L2-norm of the memory contribution at 10−7. The740

corresponding memory lengths are: H = 235 snapshots for order-1 linear projection;741

H = 469 snapshots for order-5 linear projection; H = 469 snapshots for the order-5742

polynomial regression; H = 469 snapshots for the spline regression; H = 469 snap-743

shots for neural network. We note that the number of discrete-time memories is much744

higher than what would have been needed for time-embedding techniques, such as745

Takens delay embedding [48]. This provides the numerical evidence that the Mori–746
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Fig. 4. The Lorenz (1963) system. The predicted trajectories for the learned models based on
(a) Mori (1) projection operator, (b) Mori (5) projection operator, (c) a projection by fifth-order
polynomial regression on φ, (d) a projection by ridge and spline regression, and (e) a projection by
a neural network (NN).

Zwanzig memory is not the same memory contribution in Takens delay embedding747

technique, a point that we will elaborate in Sec. 5.748

After the memory kernels (Ω(ℓ)) are learned, we turned our attention to the749

prediction of the learned models. We took the past history of the reduced-order750

variable φ(1000 ≤ t ≤ 1050) and use Eq. (3.9) to make predictions for t > 1050,751

assuming the orthogonal dynamics Wn = 0. For comparison, we also made prediction752

from memory-less models, that is, settingΩ(ℓ≥1) = 0. Note that the order-1 and order-753

5 linear without memory corresponds to DMD [44] and EDMD [52] respectively.754

Figure 4 shows the predicted trajectories by the learned models, using 3.16 for lin-755

ear projections and 3.19 for nonlinear projections . For all the methods, we found that756

the memory-less models failed to capture the characteristics of the resolved dynamics757

other than the long-time mean. For order-1 and order-5 linear projections, a similar758
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Fig. 5. Long-time statistics of the MZ model predictions of the Lorenz (1963) model.

behavior of relaxation to the mean was observed. This should not be a surprise: as759

detailed in our recent work [25], linear projections without the unresolved orthogo-760

nal dynamics is functionally identical to using the two-time correlation functions as761

the propagators for prediction. The two-time correlation function Ci,j(t) decays to762

0 because the chaotic dynamics de-correlates at a large lag t ≫ 1. Consequently,763

linear projections also made predictions that converge to the mean behavior in the764

long-time limit. They were able to predict the mean because a constant function 1,765

which can capture the constant bias, was included in the set of observables. Notably,766

linear projections with the memory kernels learned to predict a transient oscillation767

which crudely characterized the short-time dynamics of the Lorenz (1963) model. The768

drawback of the steady long-time prediction was significantly improved when we used769

nonlinear projection. The fifth-order polynomial regression showed a much better770

prediction in a short horizon, and an oscillation between the two wings of the Lorenz771

butterfly. Notably, the oscillation is not chaotic as it is in the fully resolved sys-772

tem. The prediction based on the spline regression, which is an intermediate model773

between the nonlinear polynomial regression and the NN-based regression models,774

began to exhibit chaotic behaviors in the long-time limit. Finally, the prediction of775

the one-dimensional reduced-order model based on an NN was qualitative similar to776

the chaotic dynamics of the fully-resolved Lorenz (1963) model.777

To quantify the performance of the predictions, we first collected the long-time778

statistics by evolving Eq. (3.9) for 150,000 steps. We plotted the distributions of the779

collected trajectories based on the learned models in Fig. 5; such empirical distribu-780

tions would be the stationary distribution if the process is ergodic. Clearly, linear781

projections showed an almost δ-like distribution at φ = 0 because their predictions782

converged to the mean in a finite timescale. All the predictions based on nonlinear783

projections reasonably approximated the empirical distribution of φ. We observed784

that the neural network out-performed the spline regression, which out-performed785

the plain fifth-order polynomial regression.786

We further quantified the prediction error by the following metrics. First, we787

computed the squared L2-error of the prediction to the actual dynamics of φ(t). The788

initial condition and the histories were uniformly sampled along a long trajectory of789

the actual dynamics. We collected 25,000 samples and compute the mean-squared790

error as a function of the predictive horizon in Fig. 6(a). Within a short horizon,791

predictions by the nonlinear projections are better than linear projections. The er-792

rors of the nonlinear projections eventually grew larger at a finite predictive horizon793

(t ≈ 0.3). We remark that, this should not be considered as a drawback but an ad-794

vantage: beyond this timescale, linear projection predicted the mean of the chaotic795

dynamics, but nonlinear projection predicted oscillatory solutions. In terms of the796
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Fig. 6. Error of the reduced-order models on the Lorenz (1963) system. (a) The mean squared
error of the prediction as a function of the predictive horizon; (b) the Kullback–Leibler divergence
of the empirical distribution from the model predicted distribution as a function of the predictive
horizon.
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Fig. 7. The Lorenz (1963) system. (a-e) The deviation of 50 predicted trajectories using the
learned models.

mean squared error, predicting only the mean would have a smaller error. As such,797

we also computed the Kullback–Leibler divergence from the predictive distribution798

(approximated by the histogram of the samples from of the reduced-order models) to799

the ground truth distribution (approximated by the histogram of the samples from800

the actual dynamics), as shown in Fig. 6(b). With this metric, we observed that801

the reduced-order models based on the nonlinear projection operators captured the802

time-dependent distribution of φ much better than the reduced-order models based803

on linear projection operators.804

We conclude this section by discussing the potential pitfalls of regression-based805

nonlinear projection operator. Mainly, the stability of the learned models is not al-806

ways guaranteed. We observed that the learned reduced model, provided some initial807

histories, can blow up in finite time. In Fig. 7, we plotted the deviation of the predic-808

tion from the actual dynamics. For each of the reduced-order models, we plotted 50809

deviations, whose initial condition and histories sampled on a long ground-truth tra-810

jectory. We observed that the prediction the plain fifth-order polynomial regression811

could explode in finite time. The spline regression, which predicts constants outside812

the boundary knots seemed to alleviate the problem. However, when the prediction813

goes beyond the data distribution, the spline regression can also be “trapped” lo-814

cally and induce high-frequency oscillations. Interestingly, we did not observe these815

pathologies in the neural network.816

4.2. Kuramoto–Sivashinsky Equation. Our third example is the Kuramto–817

Sivashinsky (KS) equation, which was developed in the 1970s for modeling instability818

of flame propagation [22, 47, 46]. Specifically, in this study, we considered the one-819
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dimensional KS (partial differential) equation820

0 =
∂

∂t
u (x, t) +

∂2

∂x2
u (x, t) +

∂4

∂x4
u (x, t) + u (x, t)

∂

∂x
u (x, t) ,(4.3a)821

822

for all time t ≥ 0 on a bounded domain x ∈ [0, L], given initial data u (x, 0) =823

u0 (x). A periodic boundary condition was imposed, u (t, 0) = u (t, L) ∀t. We824

chose L = 16π and uniformly discretized the space into N = 128 points. We825

used the pseudo-spectral forth-order exponential time-derivative Runge–Kutta (ET-826

DRK4) algorithm [19] with 2/3-dealiasing [24] to solve the spatially discretized sys-827

tem. The time step for the explicit ETDRK4 algorithm was set as 10−3, and we828

collect the snapshots every 103 steps (so ∆ = 1). For the training data, we followed829

[19] and set utr0 (x) = cos(2πx/L) [1 + sin(2πx/L)], and for the test data, ute0 (x) =830

sin(2πx/L) [1 + cos(2πx/L)]. Both the training and the validation sets were simu-831

lated to t = tc + 105, and we discarded the transient trajectories before tc = 5× 102.832

For a reference, the Lyapunov time of the system is ≈ 12.56 [12]. We still chose833

mean-square error as the cost function for the regression models.834

We considered a four-fold reduced-order model by only observing the variable u835

every four discretized spatial grids. That is, u (t, x4i)i, where i = 0, 1, . . . 31 is the grid836

index. We augmented the reduced-order data set by two operations. (1.) Shifting : we837

used samples collected on different sub-grids: u (t, x4i+j), j = 0, 1, 2, 3 and (2.) Re-838

ordering : we imposed the C1 symmetry of the system, i.e., u
(
t, xmod(4(i+k)+j,32)

)
,839

k = 0, 1, . . . 31.840

We also adopted and integrated the delay-embedding technique into some of the841

regression-based models. With the delay embedding, the input of the regression analy-842

sis is augmented to include a finite number, E ∈ Z≥0, of the current and past snapshots843

[4, 28]. As remarked in the discussion in our previous study [25], the history depen-844

dence in the delay-embedding technique is not the memory effect in the Mori–Zwanzig845

formalism. We will provide a more detailed discussion in the Discussion section. For846

the rest of this article, we refer to the former as “delay-embedding” and the latter847

as “(MZ) memory effect” “(MZ) memory correction”, or simply “memory” in the848

figures. Our major aim of the analysis is to compare the performance of the models849

with delay-embedding and without MZ memory correction to those models with MZ850

memory correction but without delay-embedding.851

We considered the following regression-based models and compared their per-852

formance. The first model is the linear Mori projection operator. Our preliminary853

analysis showed that a direct application of either data-driven Koopman [44] or Mori’s854

[25] on the snapshot observations {u (·, x4i)}31i=0 performed poorly [data not reported].855

Thus, we adopted the delay-embedding technique [4, 28] to augment the basis func-856

tions for learning the MZ kernels based on Mori’s projection operator (i.e., linear857

projection with memory). The model will be referred to as “Mori+DEm” model.858

Specifically, we use the past E snapshots to augment the input vector (which lives859

in R32E). For Mori’s projection operator, we chose a long embedding E = 10. We860

remark that the lowest-order result of the Mori’s projection operator (i.e., without the861

higher-order memory corrections, Ω(ℓ), ℓ ≥ 1, in Eq. (2.5))) is functionally identical to862

the Hankel-DMD [4], which is a method solely based on delay embedding. The second863

regression-based model was chosen to be a fully-connected neural network (FCNN).864

The architecture of the NN was two fully-connected layers, each of which contains 32865

artificial neurons and a third linear layer with 32 outputs. The third regression-based866

projection operator was a convolutional neural network (CNN). CNNs are transla-867

tionally invariant; such inductive bias is considered as beneficial for systems like KS868
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Fig. 8. Regression-based Mori-Zwanzig learning of Kuramoto–Sivashinsky equation. (a)
“Ground-truth” reduced-order observation. (b, d, f, h, j) Predicted trajectories using reduced-order
simulation and four regression based Mori–Zwanzig models and (c, e, g, i, k) error of the predicted
trajectories. The x- and y-axis of panels (b-k) are identical to those in the panel (a).

equation, which are invariant under translations. The architecture of the CNN was869

two one-dimensional convolutional layers with five channels and kernel size of 11.870

The circular padding was implemented to impose the periodic boundary condition.871

As the fourth projection operator, we adopted the delay-embedding technique and872

used E = 4 past snapshots as the input for a CNN model, which will be referred as873

“CNN+DEm” model. In practice, the past E snapshots were stacked in the chan-874

nel dimension of the input tensor of CNN. The architectures of the delay-embedded875

CNN model is identical to the one without the delay-embedding. This model will be876

referred to as the “CNN+DEm” model.877

We used the snapshots collected along the long trajectory with the initial condi-878

tion utr0 to learn the MZ kernels Ω(ℓ) for each regression-based projection operators.879

For linear projection operators and for FCNN, we applied both the shifting and re-880

ordering data augmentation to impose the symmetries. For CNN’s, we applied only881

the shifting data augmentation. We sampled from the generated test trajectory to882

perform error analyses of the learned regression-based MZ kernels.883

As a baseline reference for comparison, we performed reduced-order simulations.884

In these simulations, the reduced-order snapshots ({ut,x4i
}31i=0) were treated as the885

full state of the KS-equation discretized on 32 spatially discretized grids (v. 128 of the886

ground-truth data-generation process). Each of the snapshots was evolved forward in887

time directly by the ETDRK4 integrator.888

In Figure 8, we visualized the predictive trajectories and errors from the learned889

models, each with ℓ ≤ 10 MZ memory kernels. We chose H = 10 and used the890

truncated GLE (3.9) for making the predictions, again with the assumption Wn = 0.891

Figures 8 (b, c) show the spatio-temporal evolution of the reduced-order simulation.892

Qualitatively speaking, we observed that the reduced trajectory deviated from the893
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Fig. 9. Mori–Zwanzig learning of Kuramoto–Sivashinsky system with regression-based projec-
tion operator. (a) The mean squared error of the learned models as a function of memory length. (b)
The mean squared prediction error over different prediction horizon. The Lyapunov time for chosen
domain size L = 16π is approximately 12.56. (c) The Kullback–Leibler divergence of the marginal
(u (t, x4i) ∀i = 0 . . . 31) ground-truth distribution from the predicted distribution as a function of
prediction horizon. (d) The power spectrum of different models at a prediction horizon 100.

“ground-truth” at a prediction horizon ≈ 20, but it is capable of reproducing dynam-894

ical features that are visually indistinguishable. Mori’s projected model with E = 10895

delay-embedding (Figs. 8 (d, e)) quickly converged to the mean of the dynamics, as896

we expected. The FCNN model deviated from the “ground-truth” trajectory sooner897

than the reduced simulation did, but it also reproduced similar dynamical features;898

see Figs. 8 (f, g). Predictions from both CNN models deviated later than the reduced899

simulation did (Figs. 8 (h-k)). The E = 4 delayed-embedded CNN (Figs. 8 (j, k)) did900

not significantly improve the plain CNN (Figs. 8 (h, i)).901

Quantitative error analysis of the regression models were performed with 15,000902

trajectories uniformly sampled on the generated test trajectory. Figure 9(a) shows the903

normalized residual of the one-step prediction, defined as the mean squared error of904

the ℓth-order MZ model, normalized by that of the Markovian model (i.e., only Ω(0)).905

The absolute error values are presented in the inset of Fig. 9(a). For all the regression906

models, including the MZ memory reduced the prediction error. We observed that907

the MZ memory effects can be captured with less than 10 memory kernels, justifying908
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Fig. 10. Projection-based Mori–Zwanzig learning of Kuramoto–Sivashinsky system. (a)
”Ground-truth“ spectrum of the coarse-grained trajectory. (b, d, f, h, j) Predicted spectrum us-
ing reduced-order simulation and four regression based Mori–Zwanzig models and (c, e, g, i, k)
error of the predicted spectrum.

our choice of H = 10 for the predictive model. The plain CNN model without delay-909

embedding showed the highest percentage improvement by including the MZ memory.910

The delay-embedded CNN model had a slightly smaller percentage improvement in911

comparison to that of the plain CNN model, despite it has smaller absolute magnitude912

of mean squared error. The smaller absolute error of the E = 4 delay-embedded913

model is expected, as it is a more expressive model due to its larger input space,914

allowing coupling the delayed observables. Surprisingly, the plain CNN with H =915

4 MZ contribution has a smaller absolute error than the E = 4 delay-embedded916

CNN (inset of Fig. 9(a)); see the Discussion Section for a detailed discussion. The917

FCNN model exhibited a much larger magnitude of error, and a smaller improvement918

from MZ memory contributions. Finally, as we expected, the linear Mori projection919

operator with delay-embedding had a very poor performance in one-step prediction.920

We next focused on predictions at a further horizon. We set the furthest predic-921

tion horizon at t = 100, which is approximately 8 Lyapunov time. In Figure 9 (b),922

we compared the mean squared error as a function of the predictive horizon. It was923

observed that including the MZ memory improved the multi-step predictions. Similar924

to the Lorenz ’63 system, at short prediction horizon (≲ 20), models with nonlinear925

projection operator performed much better than the linear Mori’s model. Among the926

nonlinear models, the FCNN model had worse predictions than the reduced simula-927

tion, and both the CNN models out-performed the reduced simulation. Comparing928

both CNN models, the delay-embedded CNN models performed better than the plain929

CNN at one-step prediction, as established in Fig. 9 (a). However, the CNN model930

overtook the time-embedding CNN model and became the best model—in the metric931

of the mean squared error—among all the considered models before the prediction932

horizon exceeded 55. As illustrated with the Lorenz (1963) model, the mean squared933

error is a less meaningful metric for the long-horizon predictions. As a second metric934
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Fig. 11. Projection-based Mori-Zwanzig learning of Kuramoto-Sivashinsky system. (a-e) PDFs
of long-time predicted trajectories(horizon = 10,000) for five regression-based MZ models.

to quantify model performances, we used the Kullback–Leibler (KL) divergence from935

the regression-model predicted marginal distribution (u on a single grid) to that of936

the ground-truth (test trajectory) distribution. Because of the translational symme-937

try, we accumulated all the measured u (t, x4i) , i = 0 . . . 31, at different horizons for938

computing the empirical one-dimensional distributions of u. Figure 9 (c) shows the939

computed Kullback–Leibler divergence from the predicted distributions at different940

prediction horizon. Finally, we compared the power spectra of based at the predic-941

tion horizon 100; Figure 10 also shows the spectrograms of the models with a single942

sampled initial condition. With these metrics, we concluded that the CNN models,943

with the MZ memory, performed much better than all other models and the reduced944

simulations over a long prediction horizon. Again, the presented evidence illustrated945

the advantage of nonlinear projection at predicting statistical properties of the dy-946

namical system at a longer prediction horizon, despite the fact that sample-wise, the947

predicted trajectories deviate from the ground-truth trajectories.948

The long-time marginal distribution of the regression-based models and the re-949

duced simulation is shown in Figure 11. The empirical distributions were computed950

by accumulating measured u on each grid along long predicted trajectories (15,000951

steps). The initial conditions of all the models, as well as the reduced simulation, were952

all set as ute0 . Mori’s projection with delay-embedding showed almost δ-like distribu-953

tion at the mean as expected, while the nonlinear models were capable of reproducing954

the stationary marginal distribution similar to the “ground-truth”. Among the non-955

linear models, the distributions from both CNN models almost perfectly aligned with956

that of the test trajectory, while the FCNN model missed some finer details around957

the mean.958

5. Discussion and Conclusion. The central proposition of this article is to959

adopt the regression analysis to define the projection operator in the Mori–Zwanzig960

formalism to enable data-driven learning of the operators. Given a set of sampled961

pairs of dependent and independent variables, a regression analysis identifies an op-962

timal parametric function of the independent variables, such that the residuals are963

minimized in some norm, prescribed by the noise model. In the context of dynamical964

systems, the dependent variables are the future observations, and the independent965

variables are the present ones. When the system is not fully resolved, the future ob-966

servations can not always be uniquely determined by the present ones due to missing967

information of the unresolved degrees of freedom. Consequently, future observations968

can be multi-valued functions of the present ones in under-resolved systems. A re-969

gression projects such multi-valued functions to single-valued functions, constrained970

by the data. It is a projection operator because an additional regression analysis on971
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the samples drawn from the best-fit model results in the best-fit model, satisfying the972

definition of a projection operator P̂: P̂2 = P̂.973

To identify regression analysis as a projection operator is not a novel idea; it is974

an established concept in statistics. For example, see [10] for linear regression as an975

orthogonal projection, and [36] for regularized regression in terms of the Reproducing976

Kernel Hilbert Space. The notion of the decomposing the samples of the dependent977

variables into a regressional and an orthogonal component [2] even went back to978

Kolmogorov in the 1940s [20]. The major conceptional contribution of this manuscript979

is the proposition to adopt a regression analysis as the projection operator in the Mori–980

Zwanzig formalism. This is a novel concept which, to our best knowledge, does not981

exist in current literature. Then, we used the Generalized Fluctuation-Dissipation982

(GFD) relationship, a key self-consistent condition in the Mori–Zwanzig formalism,983

to recursively extract the memory kernels. Our novel approach enforces the GFD,984

which is neither enforced nor checked in existing methods [1, 15] motivated by the985

Mori–Zwanzig formalism. In doing so, we are able to directly extract the MZ memory986

operators computationally, without modeling them with additional assumptions.987

We showed that the special choice of adopting linear regression models results in988

our previously proposed data-driven learning algorithm for the MZ formalism with989

Mori’s projection operator [25]. Thus, the proposed regression-based projection op-990

erator is a generalization of our previous proposition. Our proposed procedure to991

extract the MZ memory kernels is readily applicable to a large set of data-driven992

learning methods for dynamical systems in the literature because they can be cast993

into the form of Eqs. (2.15)-(2.18). For example, approximate Koopman methods994

with neural-network-based learning of the functional bases with ridge and sparsity-995

induced regularizations [23, 54, 28, 51], and Sparse Identification of Nonlinear Dy-996

namics [6, 18]. We remark that these data-driven learning methods often implicitly997

assume that the system is fully resolved without missing information. Should it be the998

case and should the regression model be expressive enough, our procedure would lead999

to a perfect Markov model Ω(0) that leaves zero residuals. Our interest, as well as the1000

setup of the Mori–Zwanzig formalism, is on partially resolved dynamical systems. In1001

general, when a system is not fully resolved and when there exists interaction between1002

the resolved and unresolved dynamics, MZ memory kernels and orthogonal dynamics1003

naturally emerge.1004

Regression-based MZ methods can fill in the gap between the existing Mori’s and1005

Zwanzig’s projection operators, which can be respectively considered as the simplest1006

and the most optimal projection operator [7]. Our proposition significantly broadens1007

the applicability of the Mori–Zwanzig formalism, because the complexity of the re-1008

gression model can be gradationally adjusted between these two extremes. Ranked1009

by the complexity of the regression analysis, we examined and presented the linear1010

projection with [25] and without memory [44, 52], and various regression techniques1011

such as polynomial regression, spline regression with ridge regularization, and the1012

more modern and expressive neural network architectures such as FCNN and CNN1013

for performing nonlinear projection, with or without memory. With a finite snapshot1014

data set, it may not be computational feasible to learn the operators with the most1015

optimal Zwanzig’s projection operator, because it requires estimating the conditional1016

expectation functions (e.g, f(X) := E [Y |X]). A finite set of data may not be suf-1017

ficient to cover all possible condition X, let alone the large amount of samples of Y1018

needed for estimating the expectation value. Instead, regression analysis identifies1019

the best fit among a family of functions to approximate the conditional expectation1020

function. When the family of functions is expressive enough to include the conditional1021
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expectation function, our regression-based MZ would converge to the Zwanzig’s pro-1022

jection operator in the infinite-data limit. As neural networks are universal function1023

approximators [35], we hypothesize that the MZ formalism with the optimal Zwanzig1024

projection operator can be reasonably realized by a neural-network-based regression.1025

Indeed, in our numerical experiments, we observed the superiority of those regression1026

models based on neural networks.1027

Mathematically, the presented method learns the operators Ω(ℓ), which maps1028

square integrable functions to square integrable functions, in Eq. (2.7). Computation-1029

ally, this is made possible by using the regressional functions to model the functions1030

Ω(ℓ) in Eq. (2.5), given snapshots of the observations g (ϕ(t)), where the state is sam-1031

pled from the induced distribution ϕ (t) = ϕ (t;ϕ0), ϕ0 ∼ µ. It should be noted that1032

(machine) learning of functional operators is not a new idea. For example, Li et al. [27]1033

recently laid out a general ML architecture (DeepONet) for learning nonlinear func-1034

tional operators, relying on a universal approximation theorem proved in the 1990s1035

[50]. Another example is the approximate Koopman learning methods [44, 45, 52],1036

with which one aims to learn the (approximate) Koopman operator, linearly map-1037

ping functions to functions. With these methods, samples of function evaluations1038

must be provided for supervised learning of the operators. Where the functions are1039

evaluated—where the “sensors” are in the language of [27]—requires human inputs.1040

With regard to our aim of learning dynamical systems, analogously, we also need to1041

specify the initial distribution µ. What is different from the general DeepONet [27]1042

is that we can rely on the dynamics to naturally propagate the specified initial distri-1043

bution to a future time ϕ (t;ϕ0), with which the samples of the observations can be1044

generated for supervised learning—in our case, a general regression problem.1045

We have been framing the above discussions in terms of data-driven learning1046

methods. In fact, our original desire for developing data-driven MZ methods with1047

nonlinear projection operators emerged from modeling reduced-order dynamical sys-1048

tems. Devising closure schemes is not only necessary but also critical in these modeling1049

endeavors, especially for multiscale models. Based on our knowledge, there are very1050

few closure schemes which resemble the linear projection operators (i.e., approximate1051

Koopman [44, 52] and Mori [25]), with which one predicts the evolution of a set of1052

observables by linear superposition of the same set of observables. More often, one1053

adopts the nonlinear projection scheme defined in Sec. 3.3, and iteratively apply the1054

learned nonlinear map (i.e. Eq. (3.18)) to make multi-step predictions. By formally1055

defining a regression (or more generally, data-driven parametrization) as the projec-1056

tion operator in the Mori–Zwanzig formalism, Algorithm 3.1 provides a principled way1057

to extract the Mori–Zwanzig memory for a wide class of data-driven modeling and1058

systems identification problems. Unless the residuals are all zero, the extracted mem-1059

ory contributions must be considered to account for the error due to the unresolved1060

dynamics. Including the MZ memory in prediction reduces the error in prediction, as1061

we observed in multiple examples provided in Sec. 4.1062

In this article, we are primarily interested in the quality of multi-step predictions1063

of the learned models. We showed that despite linear regression models out-performed1064

nonlinear ones at the far horizon, it is only because the linear models predicted the1065

mean of the dynamics. Because linear models fully ignore higher-order statistical1066

properties of the dynamical systems, we are not confident that such “coarse-grained1067

dynamical systems” are the proper way forward for making predictions. Although1068

such a problem for linear projection operators does not exist when a set of observables1069

linearly spanned an invariant Koopman space, it is extremely difficult to identify the1070

invariant Koopman space in practice. It is our perspective that developing methods1071
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based on nonlinear projections (see Sec. 3.3) is the way forward for predictive coarse-1072

grained models. We do remark that methods based on linear projection operators are1073

ideal for estimating the Koopman eigenvalues and eigenfunctions, and the globally1074

convex learning problem is easier, provided a set of linearly independent observables.1075

We should also remark that nonlinear regression is not always advantageous in making1076

predictions. As we witnessed in the Lorenz (1963) model, despite a learned nonlinear1077

regression model could improve predictive accuracy within a finite horizon, sometimes1078

these nonlinear closure methods loose long-term stability (Fig. 6). Such a pathology is1079

model- and horizon-dependent, and interestingly, not observed when we used neural-1080

network-based regression. Enforcing numerical stability in the process of learning1081

merits further investigation and may be a fruitful direction in the future.1082

With the Kuramoto–Sivashinsky model, we also compared the delay-embedding1083

and the memory effect of the Mori–Zwanzig formalism. Our motivation was to provide1084

clarification on a pervasive confusion between these two memory-dependent theories.1085

Such a confusion emerged from a false presumption that all memory-dependent theo-1086

ries are equivalent. Here, we elaborate the differences between these two approaches.1087

Because the memory effect in Mori–Zwanzig formalism is due to the interaction1088

between the resolved and unresolved dynamics, the memory kernels and the orthogo-1089

nal dynamics must satisfy the stringent Generalized Fluctuation Dissipation relation1090

(Eq. (2.11)), which depends on the choice of the resolved observables and the projec-1091

tion operator. Guided by the GFD (2.11), learning MZ operators can be decomposed1092

into H smaller regression (optimization) problem in M dimensions. Notably, the MZ1093

memory contribution is always a linear sum of memory kernels evaluated at each past1094

snapshot (Eq. (2.5)). The formalism excludes coupling between the observations made1095

at different times, for example, gn1
× gn2

, with n1 ̸= n2. This is because the projec-1096

tion operator P is applied at each time by construction. The functional space that P1097

is projected into is those regressional functions f (·; θ), which always only depend on1098

M reduced-order observables evaluated at a specific time.1099

On the contrary, for delay-embedding, the domain of the functions is augmented1100

to include E past snapshots of M reduced-order observables. The learning is a global1101

regression (optimization) problem in an M × E-dimensional functional space. The1102

motivation of delay-embedding is that the past history may contain useful informa-1103

tion for inferring the unresolved dynamics. Because such an augmented functional1104

space (M × E) is larger than the fixed (M) operational space in the Mori–Zwanzig1105

formalism, delay-embedding can be considered as a more expressive regression model.1106

Let us denote the past E snapshots of the observables g0,−1...−E+1 by a flattened1107

vector g0:−E+1 (ϕ−T ) ∈ RME . Formally, delay embedding can be considered as a re-1108

gression to identify the optimal function fθ∗ (g0:−E+1 (ϕ−T )) that best approximates1109

g1 (ϕ0). As such, coupled terms could exist, should the family of regressional func-1110

tions admits, within the delay-embedding paradigm. Hankel-DMD [4] is the special1111

delay-embedding case that the learning is formulated as a linear regression problem,1112

i.e., the regression functions take the form f (g0:−E+1 (ϕ0) ;β) := β · gt−E+1:t (ϕ0),1113

where β is an (ME)×(ME) matrix (v. in linear regression-based MZ, β(ℓ) isM×M ,1114

ℓ = 0 . . . H − 1 with the same memory length). Although its structure resembles1115

Mori–Zwanzig’s Generalized Langevin Equation, it is not necessary—and generally1116

not the case—that the best-fit parameters of the Hankel-DMD satisfy the Generalized1117

Fluctuation-Dissipation relation 2.11. Notably, an extreme of the delay embedding1118

technique is the Wiener projection, which has an infinitely long delay embedding.1119

For stationary processes, Wiener projection leads to no Mori–Zwanzig memory [24].1120

A similar notion was also concluded in [15], in which the authors argue that ker-1121
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nel methods could be used to learn the delay embedding with sufficient information1122

that fully resolves the dynamics, resulting in zero Mori–Zwanzig memory contribu-1123

tion. Our proposition complements these approaches which attempt to eliminate the1124

Mori–Zwanzig memory kernels: given any projection operator, our proposed proce-1125

dure extracts the Mori-Zwanzig memory kernels.1126

Because the structure of the Generalized Langevin Equation is contained in the1127

family of delay-embedded regressional functions, the error of the former should have1128

been lower-bounded by that of the latter. However, with the Kuramoto–Sivashinsky1129

equation, we showed that the Mori–Zwanzig formalism with H = 4 truncated memory1130

contribution out-performed the more expressive delay-embedded CNN with E = 4.1131

We hypothesized that it was because the architecture of the delay-embedded CNN1132

was not as expressive as the CNN with MZ memory. As the latter contained four1133

separate CNNs, each of which learned an operator Ω(ℓ), the delay-embedded CNN1134

had a fixed architecture (the past history augmented the channel dimension of the1135

input and not the complexity of the regression model). To examine whether a more1136

expressive delay-embedded CNN could learn better, we deliberately developed delay-1137

embedded CNNs whose number of parameters are identical to H times the number of1138

parameters CNNs for learning MZ operators. For H = E = 4, we still observed that1139

the MZ out-performed the delay-embedding model (1-step MSE of the CNN+MZ:1140

1.563 × 10−5; 1-step MSE of the CNN+DEm: 2.038 × 10−5). For H = E = 10, the1141

delay-embedding model performed better in predicting the first step than the MZ1142

did (1-step MSE of the CNN+MZ: 1.478 × 10−5; 1-step MSE of the CNN+DEm:1143

1.085 × 10−5). However, for multi-step predictions, MZ out-performed the delay-1144

embedding after a few (O(10)) steps, see Fig. 12. These observations highlight the1145

practical difficulty of learning the larger delay-embedded models: they require more1146

data, potentially need a longer history, and for nonlinear problems, the training could1147

be trapped in some local minimum. The precise reason why the delay-embedded1148

models are worse in predicting multiple steps into the future merits a future, more1149

carefully designed investigation.1150

Furthermore, we demonstrated that Mori–Zwanzig formalism and delay embed-1151

ding are not mutually exclusive. On the Kuramoto–Sivashinsky model, we illustrated1152

a delay-embedded CNN combined with the MZ formalism. In this combined approach,1153

the input of the Markov operator was a flattened observable g0:−E+1, and the input1154

of the ℓth-order (ℓ ≥ 1) memory operator was a vector function of the flattened ob-1155

servable shifted by ℓ time step, g−ℓ:−E−ℓ+1. We showed in Fig. 9(a) and (b) that the1156

inclusion of the MZ memory operators can further improve the performance of the1157

delay-embedded CNN.1158

We view regression-based Mori–Zwanzig formalism as a promising direction to1159

enable data-driven learning for partially observed dynamical systems. We have iden-1160

tified a few directions which merit further investigation. Theoretically, we would like1161

to generalize the formalism for stochastic systems, including generic stochastic pro-1162

cesses, Hidden Markov Models, and random dynamical systems. As an application,1163

we are working on the application of the NN-based Mori–Zwanzig models on isotropic1164

turbulence data [49]. Another interesting idea we would like to explore is making1165

formal connections to time-series analysis. As recently pointed out, Dynamic Mode1166

Decomposition can be considered as a Vector Autoregression (VAR-1) model in time-1167

series analysis [5]. It is clear that the Hankel-DMD can be mapped to a VAR-p model1168

in time-series analysis. It was shown that the Wiener projection can be mapped to the1169

nonlinear autoregressive moving average model with exogenous inputs (NARMAX)1170

in time-series analysis, after a rational approximation in the Laplace domain [24].1171
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Fig. 12. Mori–Zwanzig learning of Kuramoto–Sivashinsky system with various CNN-based
regression model. The mean squared error of the prediction as a function of the prediction horizon.
The CNN-based MZ models with different MZ memory lengths (H = 4 and H = 10) are compared
with corresponding delay-embedded models with identical set of embedding lengths (E = 4 and E =
10). The CNN architectures for this numerical experiment are specially designed such that: (1) the
total number of parameters of both CNN-based MZ model and CNN-based delay-embedded model
are the same and (2) the same information, i.e. the length of the past history, is used for making
prediction for both models (H=E).

These existing evidence prompted an interesting research question: what is the time-1172

series analysis method which corresponds to the MZ formalism, which imposes a very1173

stringent GFD condition on the residuals and the memory? Next, we discussed the1174

difference between the memory-embedding techniques such as Hankel-DMD and the1175

MZ formalism. These two formalisms can be considered as two extremes of memory-1176

dependent dynamics: The former considers an extremely large functional space which1177

couples a whole segment of the past trajectory, and the latter restricts its functional1178

space to the regressional functions at an instantaneous time. In modern machine1179

learning for time series, Recurrent Neural Networks with Long Short-Term Memory1180

(RNN-LSTM) [17] and its variants are also equipped with memory kernels, learned1181

by a neural network. The architecture has been claimed to learn Mori–Zwanzig mem-1182

ory kernels [1, 16]. We argue that because the critical GFD is neither enforced nor1183

checked, it is unclear that RNN-LSTM is learning MZ memory, or some other form of1184

memory-dependent predictors. It will be an interesting direction to perform a care-1185

ful analysis, dissecting the RNN-LSTM to identify what type of memory-dependent1186

predictor RNN-LSTM is. Finally, in this manuscript, we did not attempt to model1187

the orthogonal dynamics, which is needed for making accurate predictions. Our test1188

showed that the common choice of white (independent in time) Gaussian noise is un-1189

satisfactory (data not shown). A certain color-noise must be needed. This is because1190

the orthogonal dynamics, which encode unresolved dynamics, are also correlated in1191

time. Despite that our numerical extraction of the orthogonal dynamics provides the1192

data stream for learning, how one can use these extracted data to model orthogonal1193

dynamics in a principled and system-agnostic way remains an open and challenging1194

problem.1195
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