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H I G H L I G H T S

We present a PINN approach for predict-
ing RFB performance.
A 2D physics-based RFB model is em-
ployed to constrain the training of
PINNs.
PINNs reveal the potential for accurate
prediction of complex RFB models.
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A B S T R A C T

In this paper, we present a physics-informed neural network (PINN) approach for predicting the performance
of an all-vanadium redox flow battery, with its physics constraints enforced by a two-dimensional (2D)
mathematical model. The 2D model, which includes 6 governing equations and 24 boundary conditions,
provides a detailed representation of the electrochemical reactions, mass transport and hydrodynamics
occurring inside the redox flow battery. To solve the 2D model with the PINN approach, a composite neural
network is employed to approximate species concentration and potentials; the input and output are normalized
according to prior knowledge of the battery system; the governing equations and boundary conditions are first
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scaled to an order of magnitude around 1, and then further balanced with a self-weighting method. Our
numerical results show that the PINN is able to predict cell voltage correctly, but the prediction of potentials
shows a constant-like shift. To fix the shift, the PINN is enhanced by further constrains derived from the
current collector boundary. Finally, we show that the enhanced PINN can be even further improved if a small
number of labeled data is available.
1. Introduction

Redox flow batteries (RFBs) have attracted increasing attention in
recent years due to their promising applications in large-scale energy
storage systems [1–3]. RFBs are characterized by their decoupled en-
ergy and power capacities, long cycle life, and high efficiency, which
make them ideal for integrating intermittent renewable energy sources
such as wind and solar power [4,5]. However, the widespread de-
ployment of RFBs is hindered by several challenges, including limited
energy density, complex reaction kinetics, and high system costs [6,7].
Accurate and efficient prediction models for RFB performance are
critical for addressing these challenges and enabling the optimization
of battery system design and operation. In this work, we focus on the
prediction of the performance for an all-vanadium redox flow battery
(VRFB) [8,9], which is one of the most popular and mature RFB
technologies [10].

In recent years, numerical models are playing an increasingly impor-
tant role in the understanding and prediction of VRFBs performance.
Physics-based VRFB models, frequently used in the field, come in a
variety of forms. They range from the zero-dimensional (0D) mod-
els [11–14], through the single-axis dynamics of one-dimensional (1D)
models [15,16], the plane-play of two-dimensional (2D) models [4,17–
22], to the comprehensive spatial interactions of three-dimensional
(3D) models [23–30]. The type of model chosen hinges on the number
of spatial dimensions in which species concentrations, current den-
sity, flow velocity and potential are set to fluctuate. The choice of a
model depends on the balance between accuracy and computational
cost. High-dimensional models deliver greater accuracy but demand
more computational resources, while simpler models are less resource-
intensive but may compromise on accuracy. Conventional numerical
models employ techniques like finite difference, finite element, or finite
volume methods to discretize the computational domain of the battery
cell. As models and simulations advance to higher dimensions, the in-
tricacy of discretization increases exponentially, presenting additional
computational obstacles and complexity.

Machine learning (ML) techniques [31] have emerged as a powerful
alternative to traditional modeling approaches, providing fast and ac-
curate predictions for various energy storage systems [32–34]. Among
ML techniques, data-driven neural networks (NNs) have demonstrated
promising performance in predicting the behavior of complex sys-
tems, even when an in-depth understanding of the underlying physical
processes is lacking. For applications in RFBs, neural networks are
usually employed to build surrogates, and have been applied to the
optimization of electrode structures [35], the optimization of perfor-
mance and cost [36], and the investigation about the influence of
pore-scale electrode structure on device-scale electrochemical reac-
tion uniformity [37]. However, data-driven neural networks often rely
solely on large amounts of experimental/simulation data, which can
be challenging to obtain for a wide range of operating conditions.
Additionally, their lack of interpretability can make it difficult to
gain insights into the underlying physical processes or to identify the
important parameters that governs the RFB performance.

Physics-informed machine learning or physics-informed neural net-
works (PINNs) in particular represents a significant advancement in
the field, as they combine the power of deep learning with the in-
corporation of physical constraints. Recent studies have underscored
the benefits of physics-informed machine learning (ML), particularly its
superiority over purely data-driven neural networks, as it incorporates
2

important physical laws. Most of the recent studies have focused on
lithium-ion batteries, where physics-informed machine learning has
been successfully applied to thermal process prediction [38–41], health
prognosis [42,43], and performance prediction [44,45]. As for VRFBs,
a PINN approach was developed in [46], which incorporated con-
straints from a 0D model, to infer the parameters of a VRFB model
as well as its voltage curves. The outcomes suggest that the inclu-
sion of physical constraints enables the PINN to deliver important
insights into the physical processes of VRFBs. [47] continued their work
and introduced an improved version of the PINN, which significantly
improved discharge voltage curve tail region accuracy. Those study
demonstrated that the PINN’s integration of physical laws allows for
more precise predictions and make the extrapolation of those neural
networks more robust. In another work [48], a multi-fidelity machine
learning approach based on Gaussian processes is developed for cell
voltage prediction of VRFBs, where a 0D model is employed as low-
fidelity constraints. The findings revealed that only a small amount
of data is necessary for accurate predictions, suggesting a practical
potential for scenarios where experimental data may be scarce or costly
to obtain.

The primary limitation of physics-informed machine learning is the
necessity for a well-defined physics-based model of the problem in
focus. Analogous to conventional numerical models, the accuracy and
computational cost of physics-informed machine learning increase with
the fidelity of the employed physics-based model. Although significant
advancements have been made in the field of physics-informed machine
learning, its application to VRFBs has primarily been confined to 0D
models, due to their superior computational efficiency. However, the
accuracy and adaptability of these 0D models are compromised due to
the limitations imposed by the lumped-parameter assumption and sim-
plification of the battery geometry. In this study, we utilize a PINN to
tackle the complexity inherent in a 2D physics-based device-scale VRFB
model. This 2D model effectively encapsulates the intricate dynamics
between electrochemical reactions and mass transport within the VRFB
system. Within this approach, the two-dimensional model is integrated
as physical constraints, which are subsequently resolved via the proce-
dure of neural network training. Importantly, this process circumvents
the typical requirement for spatial discretization characteristic of con-
ventional numerical methods. Additionally, this methodology provides
the advantage of incorporating further prior knowledge, such as the
bounds of solution, additional physical laws, or labeled data. Once the
neural network has been trained, this approach provides a robust and
efficient means for predicting the performance of VRFBs. This applica-
tion of PINNs paves the way for a more comprehensive understanding
and optimization of VRFBs by leveraging the promise of deep learning.
In addition, prominent energy storage technologies like lithium-ion,
lithium-sulfur, and solid-state batteries have in-depth, physics-based
numerical models [49–55] developed by various researchers to il-
luminate their complex systems and dynamics. Following the same
procedures proposed in this work, the PINN method introduced in this
research can be adapted to these energy storage systems to predict their
performance.

2. Methods

2.1. Mathematical model

The schematic of a single-cell all-vanadium redox flow battery is

shown in Fig. 1. The cell contains porous electrode with electrolyte for
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Fig. 1. Schematic (left) and mathematical model (right) of a single-cell all-vanadium redox flow battery. Here 𝑐0 is the total vanadium concentration of the positive/negative side.
both the negative and positive sides. The two electrodes are separated
by a proton exchange membrane (PEM) that allows protons to pass
through while preventing the vanadium species from mixing. During
charging, V3+ in the negative electrolyte is converted to V2+ and VO2+

in the positive electrolyte is converted to VO+
2 . This process involves the

transfer of protons across the PEM, converting electrical energy into
chemical energy stored in the vanadium species. During discharging,
the flow direction of electrons and protons is reversed, generating
electrical energy.

In order to build a manageable mathematical model, several as-
sumptions are adopted for simplification. Here, we only consider the
components of membrane, negative/positive electrodes and
electrolytes. As shown in the right part of Fig. 1, the positive and
negative sides are assumed to be 2D rectangular domains (height 𝐻 and
length 𝐿) with negligible variations in the width direction. The two-
dimensional domain approximation only sacrifices a small part of the
accuracy when the electrolyte flow rate is reasonably high, as pointed
out in [4]. The membrane is simplified as a zero-thickness interface
connecting the negative and positive electrodes. The cycling of the
electrolyte species and the reservoir are modeled by specifying the inlet
species concentration according to the state of charge (SOC) and the
inlet electrolyte velocity. During the charging and discharging stages,
the current density remains constant as −𝑖𝑎𝑣𝑔 and 𝑖𝑎𝑣𝑔 , respectively.
The term 𝑖𝑎𝑣𝑔 is the average current density over the current collectors,
which is defined as

𝑖𝑎𝑣𝑔 = 𝐼
𝐻𝑊

(1)

where 𝐼 is the total current and 𝑊 is the cell width. The fluid flow of
the negative and positive electrolytes is assumed to be uniform with a
constant flow velocity 𝑣.

2.1.1. Equations for the electrodes
The kinetics for VFRB are highly complex, including not only the

electrochemical reactions of vanadium species but also several potential
side effects in extreme conditions (such as hydrogen evolution and
oxygen evolution). We only consider the main reaction kinetics as
follows:

Negative side: V3+ + 𝑒−
Charge

←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←⇀↽←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←
Discharge

V2+ (2)

Positive side: VO2+ + H2O − 𝑒−
Charge

←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←⇀↽←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←
Discharge

VO+
2 + 2H+ (3)

The transport of chemical species inside the negative and positive
electrode pore channels is described by the Nernst–Planck equation
𝜕 (𝜖𝑐 ) + ∇ ⋅ 𝑁⃗ = −𝑆 , (4)
3

𝜕𝑡 𝑗 𝑗 𝑗
where 𝑐𝑗 is the concentration of species 𝑗, 𝜖 is porosity, and 𝑆𝑗 is the
source term for species 𝑗 (defined in Table 1). Note that we use the
subscripts 𝑗 = 2, 3, 4 and 5 to denote species V2+,V3+,VO2+, and VO+

2 ,
respectively. The concentration flux 𝑁⃗𝑖 is defined as

𝑁⃗𝑗 = 𝑣𝑐𝑗 −𝐷𝑗∇𝑐𝑗 −
𝑧𝑗𝐷𝑗𝑐𝑗
𝑅𝑇

𝐹∇𝜙𝑙 , (5)

which comprises of hydrodynamic convection, diffusion and electro-
static force. 𝐷𝑗 and 𝑧𝑗 are the diffusion coefficient and valence of the
species 𝑗, 𝜙𝑙 is the electrolyte potential, 𝑅 is the universal gas constant,
𝑇 is the temperature, and 𝐹 is the Faraday constant. The concentration
of species {H+,H2O,HSO−

4 } is either defined as a constant or calculated
as a functions of 𝑆𝑂𝐶, as shown in Table 2. The concentration of SO2−

4
is calculated with the condition of electroneutrality, namely
∑

𝑖∈±

𝑧𝑖𝑐𝑖 = 0 (6)

where − = {V2+,V3+,H+,H2O,HSO−
4 , SO2−

4 } is the species collection
for the negative electrolyte and + = {VO2+,VO+

2 ,H
+,H2O,HSO−

4 ,
SO2−

4 } is the species collection for the positive electrolyte. The pa-
rameter values used in the 2D mathematical model are also given in
Table 2.

Based on the scaling analysis in [17], the temporal derivative term
in Eq. (4) can be neglected. This results in a quasi-steady state, with the
time-dependence being accounted for solely through the inlet boundary
condition. As pointed out in [19,56], the contribution of the electro-
static force to the concentration distribution of the species is negligible.
Thus we remove the electrostatic force term from Eq. (5). Using the
reaction for the negative electrode in Eq. (2), it is deduced that the
decrease of V2+ concentration is equal to the increase of V3+ concen-
tration, and thus the sum of them is a constant. Therefore, we only
solve for the V2+ concentration, namely 𝑐2, for the negative electrode
to save on the computational cost. Similarly, we only solve for the
VO2+ concentration, namely 𝑐4, for the positive electrode. In summary,
the governing equation for species concentrations to be solved for the
negative and positive electrolytes are recast as follows:

Negative side: 𝑣 ⋅ ∇𝑐2 −𝐷2∇2𝑐2 = −𝑆2 (7)

Positive side: 𝑣 ⋅ ∇𝑐4 −𝐷4∇2𝑐4 = −𝑆4 (8)

2.1.2. Electrochemical reactions
The total current density 𝑗±,𝑡𝑜𝑡 in Eq. (4) is calculated by the over-

potential and species concentration, which is modeled by the Butler–
Volmer equation

𝑗−,𝑡𝑜𝑡 = 𝐹𝑎𝑘−𝑐
𝛼−,𝑐 𝑐𝛼−,𝑎

[

exp
(𝛼−,𝑎𝐹𝜂−

)

− exp
(

−
𝛼−,𝑐𝐹𝜂−

)]

(9)
2 3 𝑅𝑇 𝑅𝑇
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Table 1
Source terms defined in Eq. (4). Here 𝑗−,𝑡𝑜𝑡 and 𝑗+,𝑡𝑜𝑡 are the total
current density transferred from solid phase to electrolyte for the
negative and positive electrodes, respectively.
Electrode Source term Value

Negative 𝑆2 for V2+ 𝑗−,𝑡𝑜𝑡∕𝐹
𝑆3 for V3+ −𝑗−,𝑡𝑜𝑡∕𝐹

Positive 𝑆4 for VO2+ 𝑗+,𝑡𝑜𝑡∕𝐹
𝑆5 for VO+

2 −𝑗+,𝑡𝑜𝑡∕𝐹

𝑗+,𝑡𝑜𝑡 = 𝐹𝑎𝑘+𝑐
𝛼+,𝑐
4 𝑐𝛼+,𝑎5

[

exp
(𝛼+,𝑎𝐹𝜂+

𝑅𝑇

)

− exp
(

−
𝛼+,𝑐𝐹𝜂+
𝑅𝑇

)]

(10)

where 𝑎 is the electrode specific area, 𝛼±,𝑐 is the transfer coefficient
nd 𝑘± is the standard reaction rate constant. Note that we use the
uantity with subscript ‘‘+/–’’ to denote the positive/negative cell side,
espectively, if not stated otherwise. The overpotential 𝜂± is denoted by

𝜂± = 𝜙±,𝑠 − 𝜙±,𝑙 − 𝐸± (11)

where 𝐸± is the open circular voltage (OCV) modeled by the Nernst
equation as follows:

𝐸− = 𝐸0
− + 𝑅𝑇

𝐹
ln(

𝑐3
𝑐2

) (12)

+ = 𝐸0
+ + 𝑅𝑇

𝐹
ln(

𝑐5𝑐2𝐻+

𝑐4𝑐𝐻2𝑂
) (13)

The term 𝐸0
± is the standard OCV for the positive/negative electrode

reactions, respectively. The terms 𝜙±,𝑠 and 𝜙±,𝑙 are the electric potential
of electrode and electrolyte, respectively. They are determined based on
the conservation of charge, namely the charge entering the electrolyte
is equal to the charge leaving the solid phase,

∇ ⋅ 𝑖⃗±,𝑙 = −∇ ⋅ 𝑖⃗±,𝑠 = 𝑗±,𝑡𝑜𝑡 (14)

Substituting the definition of the current density, we have the govern-
ing equations for the electrolyte and electrode potentials:

∇ ⋅ 𝑖⃗±,𝑙 = −𝜎eff
±,𝑙∇

2𝜙±,𝑙 = 𝑗±,𝑡𝑜𝑡 (15)

∇ ⋅ 𝑖⃗±,𝑠 = −𝜎eff
±,𝑠∇

2𝜙±,𝑠 = −𝑗±,𝑡𝑜𝑡 (16)

The terms 𝜎eff
±,𝑙 and 𝜎eff

±,𝑠 are the effective electrolyte and electrode
conductivity, which are defined as:

𝜎eff
±,𝑠 = (1 − 𝜖)1.5 × 𝜎𝑠 (17)

𝜎eff
±,𝑙 = 𝜖1.5 × 𝑘eff

± (18)

where 𝜎𝑠 is the electrode conductivity. 𝑘eff
± is a function of species

concentration and is defined as

𝑘eff
± = 𝐹 2

𝑅𝑇
∑

𝑖∈±

𝑧2𝑖𝐷𝑖𝑐𝑖 (19)

2.1.3. Equations for the membrane
As shown in the right part of Fig. 1, the membrane is modeled

as a zero-thickness interface. The negative and positive electrodes are
coupled through the conservation of current density, namely

𝜎eff
−,𝑙

𝜕𝜙−,𝑙

𝜕𝑥
= 𝜎eff

+,𝑙
𝜕𝜙+,𝑙

𝜕𝑥
= 𝜎𝑚

𝜙+,𝑙 − 𝜙−,𝑙

𝑑𝑚
(20)

where 𝑑𝑚 is the actual thickness of the membrane and 𝜎𝑚 denotes the
conductivity of the membrane.

2.1.4. Boundary conditions
The species concentration at the inlet is defined according to 𝑆𝑂𝐶,

amely

2 = 𝑐𝑖𝑛2 = 𝑐0 × 𝑆𝑂𝐶 (21)

𝑐4 = 𝑐𝑖𝑛4 = 𝑐0 × (1 − 𝑆𝑂𝐶) (22)
4

t

where 𝑐0 is the total vanadium concentration of the positive/negative
side. The right side of the positive electrode is enforced with a fixed
current density, namely

𝜎eff
+,𝑠

𝜕𝜙+,𝑠

𝜕𝑥
= ±𝑖𝑎𝑣𝑔 𝑥 = 𝐿 (23)

The electric potential at the negative collector is set as zero, namely

𝜙−,𝑠 = 0 𝑥 = −𝐿 (24)

The electric current density passing through the membrane from the
electrode is zero, namely

𝜎eff
−,𝑠

𝜕𝜙−,𝑠

𝜕𝑥
= 𝜎eff

+,𝑠
𝜕𝜙+,𝑠

𝜕𝑥
= 0 𝑥 = 0 (25)

ll the remaining boundary conditions conform to Neumann type,
amely

𝜕𝑐2
𝜕𝑥

= 0 𝑥 = −𝐿 (26)

𝜎eff
−,𝑙

𝜕𝜙−,𝑙

𝜕𝑥
= 0 𝑥 = −𝐿 (27)

𝜕𝑐4
𝜕𝑥

= 0 𝑥 = 𝐿 (28)

𝜎eff
+,𝑙

𝜕𝜙+,𝑙

𝜕𝑥
= 0 𝑥 = 𝐿 (29)

𝜕𝜙±,𝑙

𝜕𝑦
=

𝜕𝜙±,𝑠

𝜕𝑦
= 0 𝑦 = 0 (30)

𝜕𝜙±,𝑙

𝜕𝑦
=

𝜕𝜙±,𝑠

𝜕𝑦
= 0 𝑦 = 𝐻 (31)

𝜕𝑐2
𝜕𝑦

=
𝜕𝑐4
𝜕𝑦

= 0 𝑦 = 𝐻 (32)

.1.5. Summary
For the sake of clarity, the governing equations for the 2D mathe-

atical model, comprising of Eqs. (7), (8), (15) and (16), are summa-
ized as

⃗ ⋅ ∇𝑐2 −𝐷2∇2𝑐2 = −𝑗−,𝑡𝑜𝑡∕𝐹 (33)

−𝜎eff
−,𝑙∇

2𝜙−,𝑙 = 𝑗−,𝑡𝑜𝑡 (𝑥, 𝑦, 𝑆𝑂𝐶) ∈ 𝛺− ×  (34)

−𝜎eff
−,𝑠∇

2𝜙−,𝑠 = −𝑗−,𝑡𝑜𝑡 (35)

⃗ ⋅ ∇𝑐4 −𝐷4∇2𝑐4 = −𝑗+,𝑡𝑜𝑡∕𝐹 (36)

−𝜎eff
+,𝑙∇

2𝜙+,𝑙 = 𝑗+,𝑡𝑜𝑡 (𝑥, 𝑦, 𝑆𝑂𝐶) ∈ 𝛺+ ×  (37)

−𝜎eff
+,𝑠∇

2𝜙+,𝑠 = −𝑗+,𝑡𝑜𝑡 (38)

here 𝛺− = [−𝐿, 0] × [0,𝐻], 𝛺+ = [0, 𝐿] × [0,𝐻] and  =
𝑆𝑂𝐶min, 𝑆𝑂𝐶max]. For the present problem, we set the range of 𝑆𝑂𝐶 as
𝑆𝑂𝐶min, 𝑆𝑂𝐶max] = [0.1, 0.8]. The variables to be solved are
𝑐2, 𝜙−,𝑙 , 𝜙−,𝑠, 𝑐4, 𝜙+,𝑙 , 𝜙+,𝑠}. Eq. (20) for the membrane can be deemed
s a special kind of boundary condition. Therefore, the present model
as 7 boundaries, containing 24 boundary conditions.

.2. Physics-informed machine learning

.2.1. Network architecture
For the aforementioned 2D mathematical model, the unknowns on

he negative cell side (𝑐2, 𝜙−,𝑙 , 𝜙−,𝑠) and the unknowns on the positive
ell side (𝑐4, 𝜙+,𝑙 , 𝜙+,𝑠) are strongly coupled, so they need to be solved
ogether. The discontinuity of the electrolyte/electrode potential across
he membrane interface poses a challenge when trying to approximate
t with a single neural network output across the entire domain. There-
ore, we build a composite network containing two sub-networks to
pproximate the unknowns on the negative and positive sides, respec-

ively. As shown in Fig. 2, the input of both sub-networks is (𝑥, 𝑦, 𝑆𝑂𝐶),
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Table 2
Default values for 2D mathematical model for vanadium redox flow battery.
Symbol Quantity Value Unit

𝐻,𝐿,𝑊 Cell height, thickness, width 50, 3.28, 20 10−3 m
𝑎 Electrode specific area 57622 m2/m3

𝑑𝑚 Membrane thickness 5.08 × 10−5 m
𝐼 Total current 2 A
𝐷2 , 𝐷4 , 𝐷+

𝐻 , Diffusion coefficient 2.4, 3.9, 93.12,
10−10 m2/s

𝐷SO2−
4
, 𝐷HSO−

4
10.65, 13.3

𝑣 Flow velocity (0, 5.08 × 10−3) m/s
𝑇 Cell temperature 293.15 K
𝜎𝑠 , 𝜎𝑚 Electrode, membrane conductivity 500, 30 S/m
𝐸0

+ , 𝐸
0
− Standard potential 1.004, −0.255 V

𝑘+ , 𝑘− Standard reaction rate constant 1.1, 3.0 10−6 m∕s
𝛼±,𝑐 , 𝛼±,𝑎 Transfer coefficient 0.5 1
𝑐0+,𝐻+ Initial 𝐻+ concentration 7000 + 3000 × 𝑆𝑂𝐶 mol/m3

𝑐0−,𝐻+ Initial 𝐻+ concentration 5500 mol/m3

𝑐0±,HSO−
4

Initial HSO−
4 concentration 2500 mol/m3

𝑐0+,H2O
Initial positive side H2O concentration 30000 − 1500 × 𝑆𝑂𝐶 mol/m3

𝑐0−,H2O
Initial negative side H2O concentration 46100 mol/m3

𝜖 Electrode porosity 0.92317 1
𝑐0 Initial vanadium concentration 1500 mol/m3
r

d
i
0

𝜂

Fig. 2. The neural network architecture and the forward propagation process for
uilding the loss function.

he output of the first network is (𝑐2, 𝜙−,𝑙 , 𝜙−,𝑠), and the output of the
second sub-network is (𝑐4, 𝜙+,𝑙 , 𝜙+,𝑠). As for the architecture of each sub-
network, we choose to use the modified feedforward neural network
(FNN) [57], which outperforms the traditional FNN. The modified FNN
consists of an input layer, 𝐿 hidden layers with each layer containing 𝑛𝑙
neurons and an output layer. The forward propagation of the modified
FNN is defined as follows:
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐔 = 𝑓𝑎𝑐𝑡(𝐖𝑈𝐱 + 𝐛𝑈 )
𝐕 = 𝑓𝑎𝑐𝑡(𝐖𝑉 𝐱 + 𝐛𝑉 )
𝐲1 = 𝑓𝑎𝑐𝑡(𝐖1𝐱 + 𝐛1)
𝐙𝑙 = 𝑓𝑎𝑐𝑡(𝐖𝑙𝐲𝑙−1 + 𝐛𝑙), 2 ≤ 𝑙 ≤ 𝐿

𝐲𝑙 = (1 − 𝐙𝑙)⊙ 𝐔 + 𝐙𝑙 ⊙ 𝐕, 2 ≤ 𝑙 ≤ 𝐿

𝐲 = 𝐲𝐿+1 = 𝐖𝐿+1𝐲𝐿 + 𝐛𝐿+1

, (39)

where 𝐱 ∈ R𝑛0 is the input, ⊙ denotes a point-wise multiplication, 𝑓𝑎𝑐𝑡 is
a point-wise activation function. 𝐲𝑙 ∈ R𝑛𝑙 is the output of the 𝑙th layer.
𝐖𝑙 ∈ R𝑛𝑙 × R𝑛𝑙−1 and 𝐖𝑈 ∈ R𝑛1 × R𝑛0 , and 𝐖𝑉 ∈ R𝑛1 × R𝑛0 are the

eights. 𝐛𝑙 ∈ R𝑛𝑙 , 𝐛𝑈 ∈ R𝑛1 and 𝐛𝑉 ∈ R𝑛1 are the biases.

.2.2. Normalization
The training performance of neural networks is usually affected

y the magnitude scale of the input/output [58], thus normalization
efore the training process can help. The minimum and maximum
ound of the input 𝐱 = (𝑥, 𝑦, 𝑆𝑂𝐶) is predefined, and thus can be used
o scale the input 𝐱 to [−1, 1]3 with a simple linear transformation. For
he output of the first sub-network, we have prior knowledge that the
utput component 𝑐2 should lie in the range [𝑐𝑖𝑛2 , 𝑐

0] for the charging
𝑖𝑛
5

tage and [0, 𝑐2 ] for the discharging stage. For this purpose, we build a
Table 3
The self-defined ranges for the normalization of potentials.

Stage Symbol (min, max) Symbol (min, max)

charging 𝜙−,𝑙 (0.25, 0.60) 𝜙−,𝑠 (0, 0.30)
𝜙+,𝑙 (0.30, 0.60) 𝜙+,𝑠 (1.40, 2.20)

discharging 𝜙−,𝑙 (−0.20, 0.25) 𝜙−,𝑠 (−0.1, 0)
𝜙+,𝑙 (−0.25, 0.20) 𝜙+,𝑠 (0.30, 1.50)

smooth transformation as follows:

𝑐2 = 𝑐0
[

𝑆𝑂𝐶 + 𝑐ℎ𝑎𝑟𝑔𝑒
2

+
𝑆𝑂𝐶 − 𝑐ℎ𝑎𝑟𝑔𝑒

2
sin

(

𝑐2𝜋
2

)]

(40)

where 𝑐ℎ𝑎𝑟𝑔𝑒 = 1∕0 denotes the charging/discharging stage. Note that
𝑐2 is the raw value of 𝑐2 output by the first sub-network. Analogously,
the output component 𝑐4 of the second sub-network is transformed as:

𝑐4 = 𝑐0
[

2 − 𝑆𝑂𝐶 − 𝑐ℎ𝑎𝑟𝑔𝑒
2

+
𝑆𝑂𝐶 − 𝑐ℎ𝑎𝑟𝑔𝑒

2
sin

(

𝑐4𝜋
2

)]

(41)

The output components 𝜙±,𝑙 or 𝜙±,𝑠 are normalized with the self-defined
anges (given in Table 3) as follows:

𝜙±,𝑙 =
𝜙min
±,𝑙 + 𝜙max

±,𝑙

2
+

𝜙min
±,𝑙 − 𝜙max

±,𝑙

2
𝜙±,𝑙 (42)

𝜙±,𝑠 =
𝜙min
±,𝑠 + 𝜙max

±,𝑠

2
+

𝜙min
±,𝑠 − 𝜙max

±,𝑠

2
𝜙±,𝑠 (43)

Note that these ranges should be selected carefully according to battery
properties.

In addition, the governing equations (33)–(38) and boundary con-
ditions (20)–(32) are at different orders of magnitude. This can sig-
nificantly hinder the solving capability of PINNs. Here, we nondimen-
sionalize each of the governing equations or boundary conditions by
dividing it with a constant coefficient, which is listed in Table 4.

During the training process, the calculation of the total current
density through Eqs. (9) and (10) involves the exponential of the over-
potential 𝜂±. This may induce an extremely large value of total current
ensity, thus leading to a gradient exploding problem. To overcome this
ssue, we explicitly restrict the value of 𝜂± within the range of [−0.1,
.1] by the formulation:

± = max
(

min
(

𝜂±, 0.1
)

,−0.1
)

(44)
where 𝜂± is the raw value of 𝜂± estimated by the sub-network outputs.
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Table 4
The normalization coefficients for the governing equations and boundary conditions.
Here, 𝛽 = 1 − 𝑆𝑂𝐶 for the charging stage and 𝛽 = 𝑆𝑂𝐶 for the discharging stage.

Equations Coefficient Equations Coefficient

(33), (36) 𝛽𝑐0‖𝑣‖2∕𝐻 (34), (35), (37), (38) 𝛽𝐹𝑐0‖𝑣‖2∕𝐻
(20), (23), (25) 𝑖𝑎𝑣𝑔 (21), (22) 𝑐0

(24) 1 (26), (28) 𝑐0∕𝐿
(27), (29) 𝑖𝑎𝑣𝑔 (30), (31) 1∕𝐻
(32) 𝑐0∕𝐻

2.2.3. Loss function
For the present problem, the loss function is defined as

(𝜽) =
𝑁𝑜𝑝
∑

𝑗=1

⎛

⎜

⎜

⎝

1
𝑁𝑅,𝑗

𝑁𝑅,𝑗
∑

𝑖=1

‖

‖

‖

𝑗 (𝐲(𝐱𝑖𝑅,𝑗 ))
‖

‖

‖

2⎞
⎟

⎟

⎠

+ 1
𝑁𝐷

𝑁𝐷
∑

𝑖=1

‖

‖

‖

𝐲
(

𝐱𝑖𝐷
)

− 𝐲𝑖,∗‖‖
‖

2
, (45)

where 𝑁𝑜𝑝 = 6 + 24 = 30, 𝑗 denotes the differential/boundary
operators defined by the governing Eqs. (33)–(38) or boundary con-
ditions (20)–(32), respectively. 𝑁𝑅,𝑗 denotes the size of the residual
data set 𝑅,𝑗 = {𝐱𝑖𝑅,𝑗}

𝑁𝑅,𝑗
𝑖=1 for the 𝑗th differential/boundary operator.

𝑁𝐷 denotes the size of the labeled data set 𝐷 = {(𝐱𝑖𝐷, 𝐲
𝑖,∗
𝐷 )}𝑁𝐷

𝑖=1 (if any
are available).

2.2.4. Training with self-adaptive weights
The 2D mathematical model is comprised of 6 differential equa-

tions and 24 boundary conditions. Although we have normalized these
equations roughly to the order of 1 by applying a coefficient to each
equation, it is still necessary to further balance these terms with adap-
tive weights. We adopt a recently proposed self-adaptive weighting
method [59] during the training process.

By assigning a weight to each individual training point, the loss
function in Eq. (45) is recast as

(𝜽,𝐰) =
𝑁𝑜𝑝
∑

𝑗=1

⎛

⎜

⎜

⎝

1
𝑁𝑅,𝑗

𝑁𝑅,𝑗
∑

𝑖=1
𝑀(𝑤𝑖

𝑅,𝑗 )
‖

‖

‖

𝑗 (𝐲(𝐱𝑖𝑅,𝑗 ))
‖

‖

‖

2⎞
⎟

⎟

⎠

+ 1
𝑁𝐷

𝑁𝐷
∑

𝑖=1
𝑀(𝑤𝑖

𝐷)
‖

‖

‖

𝐲(𝐱𝑖𝐷) − 𝐲𝑖,∗𝐷
‖

‖

‖

2

(46)

here 𝐰 are the collection of the trainable weights and 𝑀 is a mask
unction. In this paper, we choose the mask function 𝑀(𝑥) = 𝑥2, which
s also used in [59]. The loss function in Eq. (46) is minimized with
espect to the parameters 𝜽, but maximized with respect to the weights
, namely

in
𝜽

max
𝐰

(𝜽,𝐰). (47)

ollowing a gradient ascent/descent approach, the parameters and
eights are updated concurrently, namely

𝜽𝑘+1 = 𝜽𝑘 − 𝜂𝑘∇𝜽(𝜽𝑘,𝐰𝑘)
𝑘+1 = 𝐰𝑘 + 𝜌𝑘∇𝐰(𝜽𝑘,𝐰𝑘)

(48)

here 𝑘 is the iteration number, while 𝜂𝑘 and 𝜌𝑘 are the learning rates
or the parameters and self-adaptive weights, respectively. The gradient
ith respect to the self-adaptive weights is calculated as follows

𝐰(𝜽,𝐰) =
{

{

𝑀 ′(𝑤𝑖
𝑅,𝑗 )

‖

‖

‖

𝑗 (𝐲(𝐱𝑖𝑅,𝑗 ))
‖

‖

‖

2
}𝑁𝑅,𝑗

𝑖=1

}𝑁𝑜𝑝

𝑗=1

∪
{

𝑀 ′(𝑤𝑖
𝐷)

‖

‖

‖

𝐲(𝐱𝑖𝐷) − 𝐲𝑖,∗𝐷
‖

‖

‖

2
}𝑁𝐷

𝑖=1
,

(49)

here 𝑀 ′ stands for the derivative of the mask function 𝑀 with respect
o its argument. Note that the above gradients can be calculated directly
ithout automatic differentiation.
6

.2.5. Training details
Each sub-network is constructed with 6 hidden layers and each

idden layer contains 50 neurons. The activation function used in these
etworks is the Swish function given by 𝑓𝑎𝑐𝑡(𝑥) = 𝑥 ⋅ sigmoid(𝑥) [60].
o initialize the network, we use the Xavier initialization method [61]
or the weights and set the biases to 0. The self-adaptive weights
re initially set to 1. The training of the network takes place in two
tages. First, the Adam optimizer [62] is used for 36,000 iterations.
his is followed by 4,000 iterations using the L-BFGS optimizer [63].
uring the Adam optimization stage, the initial learning rate 𝜂 for the
arameters 𝜽 is set at 0.001 and the learning rate decreases by 1% every
00 iterations. At this stage, the self-adaptive weights are also updated
ith a fixed learning rate 𝜌 = 0.1. During the second stage of training
ith the L-BFGS optimizer, the self-adaptive weights remain constant
nd are not updated. The training process for the corresponding neural
etworks is carried out using PyTorch [64], and runs on a GPU cluster,
tilizing 32-bit single-precision data type and operating with a single
PU (NVIDIA® Tesla P100).

The charging and discharging stages are trained independently with
he same network setup. For training of each stage, 10000 residual
oints are randomly chosen for each half-cell side, 1800 boundary
oints are randomly chosen for each vertical boundary, 200 boundary
oints are randomly chosen for each horizontal boundary.

. Results and discussion

To validate the prediction accuracy of the PINN approach, we also
olved the 2D mathematical model with COMSOL® based on finite
lement method [65]. The solutions at the outlet 𝑦 = 𝐻 predicted from
OMSOL and PINN are shown in Fig. 3. Comparison of predictions from
OMSOL and PINN shows a constant-like potential shift for each 𝑆𝑂𝐶
alue. The shift magnitude of the electrolyte potential is very similar
o that of the electrode potential. This arises due to the nature of the
D mathematical model, where the electrolyte potential only appears
n derivative form or as a difference with the electrode potential. The
lectrode potential shift primarily originates from the underestimated
erivative of the electrode potential at the negative current collector,
mplying the underestimation of current density at the negative current
ollector.

Fig. 4 illustrates the predicted current density at the negative cur-
ent collector from both the PINN and COMSOL. It is evident that the
INN underestimates the current density at the end of both the charging
tage (𝑆𝑂𝐶 = 0.8) and the discharging stage (𝑆𝑂𝐶 = 0.1). To further
nderstand this phenomenon, we will examine the discharging stage.
t the end of the discharging stage, the species V2+ at the outlet is
early depleted, which substantially weakens the negative reaction in
q. (2). As a result, the current density at the outlet falls far below the
verage value. To maintain a consistent average value over the negative
ollector, the current density at the inlet is correspondingly higher. This
harp change in current density from the inlet to the outlet presents a
onsiderable challenge for the PINN training process.

.1. Predictions with additional prior knowledge

The PINN’s underestimation of current density violates the conser-
ation of current, that is, the total current over negative collector and
embrane is equal to that at positive collector. Since the governing

quations defined in Section 2.1 are well defined, the conservation of
urrent is implicitly constrained by the governing equations. However,
INN is unable to resolve the sharp changes of current density. To
emedy this situation, we explicitly constrain the PINN to conserve the
otal current:

𝐻

0
𝜎eff
−,𝑠

𝜕𝜙−,𝑠(−𝐿, 𝑦, 𝑆𝑂𝐶)
𝜕𝑥

𝑑𝑦 = ∫

𝐻

0
𝜎eff
−,𝑙

𝜕𝜙−,𝑙(0, 𝑦, 𝑆𝑂𝐶)
𝜕𝑥

𝑑𝑦 = ±𝑖𝑎𝑣𝑔𝐻

(50)
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t
u

Fig. 3. Predictions at the outlet 𝑦 = 𝐻 for the charging stage (left) and discharging stage (right) of PINN (soild lines) and COMSOL (dashed lines) for the total current 𝐼 = 2A.
Fig. 4. Predictions of current density from the PINN (top), EPINN (middle) and EPINN with data (bottom) for the charging (left) and discharging (right) stages. Solid lines represent
the output of the PINNs, while dashed lines indicate COMSOL’s results. These predictions are carried out for the total current 𝐼 = 2A.
We enforce Eq. (50) by introducing another term in the loss func-
ion. To evaluate, we generate 101 uniformly-distributed SOC val-
es, and the corresponding integral over 𝑦 is approximated by the

quadrature integral over 101 uniformly-distributed points for each SOC
value. We refer to the PINN trained with the additional constraint
as ‘‘enhanced PINN’’ or ‘‘EPINN’’. The current density at the negative
collector is shown in Fig. 4. It is shown that the discrepancy be-
tween current density predicted by EPINN and COMSOL is significantly
reduced. Meanwhile, as shown in Fig. 5, the constant-like shift of
7

potentials is also reduced substantially, and the small deviation of
species concentration shown in Fig. 3 is also fixed.

To make the predictions even more precise, we assume that a small
amount of data is available, and we feed these data into the training of
EPINN to investigate the influence on the prediction accuracy. To gen-
erate the data, we extract electrolyte potentials at 40 randomly sampled
points from the membrane and negative collector, respectively. The
predictions of the EPINN with data are shown in Fig. 6. It is shown that
the constant-like shift is eliminated and prediction of solutions are in
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Fig. 5. Predictions at the outlet 𝑦 = 𝐻 for the charging stage (left) and discharging stage (right) of the enhanced PINN (soild lines) and COMSOL (dashed lines) for the total
current 𝐼 = 2A.
Fig. 6. Predictions at the outlet 𝑦 = 𝐻 for the charging stage (left) and discharging stage (right) of the enhanced PINN with data (solid lines) and COMSOL (dashed lines) for the
otal current 𝐼 = 2A.
xcellent agreement with those form COMSOL. This indicates that the
erformance of the EPINN improves in the presence of a small amount
f data.

.2. Overall accuracy

In Fig. 7, the cell voltage curves are plotted for the total current
= 1, 2, 3A. Despite the presence of a potential shift for the total current
= 2A, the cell voltage predicted by the PINN aligns well with that of
OMSOL, showcasing a tiny relative error. This can be attributed to
he fact that the cell voltage is calculated as the difference between
he electrode potentials at the positive and negative collectors. As a
esult, the constant-like shift does not significantly affect the overall
8

accuracy. Even so, we can still observe an obvious accuracy improve-
ment of the cell voltage prediction through EPINN and EPINN with
data by reducing the constant-like shift. In addition, it is shown that
the relative error of the PINN, EPINN and EPINN with data increases
with a larger magnitude of the total current. For 𝐼 = 3A, significant
deviations are also observed at the end of charging and discharging
stages. This suggests that an increase in the total current will intensifie
the sharpness of the change in current density at the negative current
collector.

The computational cost of COMSOL simulations and the training
of PINNs are given in Table 5. Relative to the PINN, the inclusion of
additional terms in the loss function of the EPINN and EPINN with
data incurs only small amounts of extra training time. Despite the
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Fig. 7. Predictions of cell voltage for the total current 𝐼 = 1A (a), 2 A (b) and 3 A (c). The error in the legend denotes the relative 𝐿2 error.
fact that these computations are executed on distinct devices, it is still
reasonably valid to infer that the computational time associated with
the training of PINNs markedly exceeds that of COMSOL simulations.
Yet, an inherent advantage of PINNs resides in the decoupling of their
training and evaluation procedures. After the termination of the train-
ing process, PINNs can instantaneously predict solutions at arbitrary
points within the computation domain. In contrast, COMSOL’s capacity
for prediction is confined to a finite set of points, necessitating inde-
pendent implementation for each 𝑆𝑂𝐶. To derive solutions beyond this
ixed set, the deployment of a supplementary interpolation procedure is
equired. In addition, it is noted that the velocity of training for PINNs
an be substantially augmented via established methodologies, such as
he deployment of parallel computation employing multiple GPUs. In
ubsequent versions of the PINN approach, specific parameters from the
D mathematical model in Section 2.1, such as the flow velocity and the
otal current, can also be integrated as additional inputs to the neural
etwork. Once the network is trained, it will be capable of evaluating
olutions at any spatial points and for various 𝑆𝑂𝐶 values, under a

wide array of working conditions defined by these parameters.

4. Conclusions

To investigate the application of physics-informed machine learn-
ing in the redox flow battery, we develop a physics-informed neural
network approach for the predictions of unit cell vanadium redox flow
battery based on a two-dimensional mathematical model. First, we
simplify the three-dimensional physical model to a two-dimensional
model based on several assumptions. Then we design a neural network
9

Table 5
Computational time cost and device setup for PINNs and COMSOL simulation. The cost
of prediction is evaluated on 151 × 201 spatial points at 𝑆𝑂𝐶 = 0.1, 0.2,… , 0.8.

Time (sec.) Device

Training of PINN 43503

NVIDIA Tesla P100 GPU (single)Training of EPINN 45755
Training of EPINN with data 48815
Prediction with trained PINNs 0.48

Prediction with COMSOL 216 Xeon Silver 4208 CPU, 16 cores

consisting of two sub-networks to approximate the input–output map-
ping. To improve PINN’s solving capability, we apply normalization to
the input and output, nondimensionlise the governing equations and
boundary conditions, and constrain the intermediate solutions (over-
potentials). To further balance the different terms in the loss function,
a self-adaptive weighing method is applied to the training process. The
developed PINN is tested for a vanadium cell. First, the PINN with
well-defined governing laws is able to predict the cell voltage correctly,
but has difficulty in predicting the sharp change of current density at
the end of charging and discharging stages. Second, an enhanced PINN
(EPINN), further constraining the PINN with the conservation of cur-
rent, outperforms the simple PINN in predicting both solution details
and cell voltage. Third, if a small amount of experiment/simulation
data is available, the prediction accuracy of the enhanced PINN can
be further improved. Fourth, although the training time cost of PINNs
far exceeds COMSOL simulation time cost, the prediction with trained

PINNs is much more efficient than COMSOL prediction.



Journal of Power Sources 584 (2023) 233548W. Chen et al.
The present work provides a feasible PINN approach for the pre-
diction of performance of a redox flow battery based on a complex
mathematical model. The PINN approach has the potential for more
complex scenarios, such as multi-query predictions. Moreover, the
PINN approach is expected to be further improved by integrating
adaptive refinement approaches, or multi-fidelity approaches.
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