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�+�H���`�B�i�v ���M�/ �+�Q�M�+�B�b�2�M�2�b�b�- �r�2 �B�M�i�`�Q�/�m�+�2 �i�?�2 �7�Q�H�H�Q�r�B�M�; �M�Q�i���i�B�Q�M�b�,

� �h�?�2 �b�m�#�b�+�`�B�T�i� i �`�2�7�2�`�b �i�Q �� �i�Q�T�Q�H�Q�;�B�+���H �2�H�2�K�2�M�i �Q�` �[�m���M�i�B�i�v �`�2�H���i�2�/ �i�Q �i�?�2
i �i�? �7���+�2 �Q�7 �i�?�2 �T�Q�H�v�?�2�/�`�Q�MP�X

� �h�?�2 �b�m�T�2�`�b�+�`�B�T�i�̂ �B�K�T�H�B�2�b ���M �B�M�i�2�`�b�2�+�i�B�Q�M �r�B�i�? �i�?�2 �+�H�B�T�T�B�M�; �`�2�;�B�Q�MQ�- �2�X�;�X�-
P̂ � P \ Q �Q�`̂F i � F i \ Q �X

� �h�?�2 �b�m�T�2�`�b�+�`�B�T�i~� �B�K�T�H�B�2�b ���M �B�M�i�2�`�b�2�+�i�B�Q�M �r�B�i�? �i�?�2 �T�Q�H�v�?�2�/�`�Q�MP�- �2�X�;�X�-~S � S \ P �X
�h�?�B�b �K�2���M�b �i�?���iP̂ � ~Q�X

���b �K�2�M�i�B�Q�M�2�/ �B�M�a�2�+�i�B�Q�M �R�- �r�2 ���`�2 �B�M�i�2�`�2�b�i�2�/ �B�M �+���H�+�m�H���i�B�M�; �i�?�2 �x�2�`�Q�i�? ���M�/ �}�`�b�i �K�Q�@
�K�2�M�i�b �Q�7P̂ = P \ Q �U�2�X�;�X�- �b�2�2�6�B�;�m�`�2 �R�2�V�- �B�X�2�X�- �B�i�b �p�Q�H�m�K�2 ���M�/ �p�Q�H�m�K�2�@�r�2�B�;�?�i�2�/ �+�2�M�@
�i�`�Q�B�/�- �;�B�p�2�M ���b

M P̂
0 =

Z

P̂
1 dx ; ���M�/ M P̂

1 =
Z

P̂
x dx :�U�k�X�9�V

�A�M �i�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�B�b �r�Q�`�F�- �r�2 �b�?���H�H �`�2�7�2�` �i�Q �i�?�2�b�2 �[�m���M�i�B�i�B�2�b ���b �ó�i�?�2 �}�`�b�i �K�Q�K�2�M�i�b�ô
�Q�` �ó�i�?�2 �K�Q�K�2�M�i�b�ô �Q�7P̂ �- �r�?�B�+�? �r�2 �;�`�Q�m�T �B�M�i�Q �i�?�2 �p�2�+�i�Q�`

M P̂ =

"
M P̂

0

M P̂
1

#

=
Z

P̂
� (x) dx ;�U�k�X�8�V

�r�?�2�`�2

�U�k�X�e�V � :
�

R3 ! R4

x 7!
�
1 x y z

� | :

�j�X �J�Q�K�2�M�i�b �/�2�`�B�p���i�B�Q�M�X�l�b�B�M�; �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K�- �1�[�X�U�k�X�8�V�+���M �#�2 �`�2�r�`�B�i�@
�i�2�M ���b

�U�j�X�R�V M P̂ =
Z

P̂
r � (� (x) 
 ez ) dx =

Z

@P̂
� (x)(n@P̂ � ez ) da ;
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�U���V �� �T�Q�H�v�?�2�/�`�Q�MP � R3 �X �A�M �i�?�B�b �2�t���K�T�H�2�-P
�B�b �� �`�2�;�m�H���` �/�Q�/�2�+���?�2�/�`�Q�M �r�B�i�?nF = 12 �7���+�2�b�X

�U�#�V �h�?�2 �7���+�2�b �Q�7@P = [ i F i ���M�/ �i�?�2�B�` �Q�m�i�r���`�/�@
�T�Q�B�M�i�B�M�; �M�Q�`�K���H �p�2�+�i�Q�`�b�-n i �-i 2 f 1; : : : ; nF g�X

�U�+�V �� �T���`���#�Q�H�Q�B�/ �b�m�`�7���+�2S �B�M�i�2�`�b�2�+�i�B�M�;P �X �h�?�2
�/�Q�K���B�MQ �B�b �i�?�2 �b�m�#�b�2�i �Q�7R3 �H�Q�+���i�2�/ �#�2�H�Q�rS�-
�r�B�i�? �`�2�b�T�2�+�i �i�Qez �X

�U�/�V �h�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �Q�7 �i�?�2 �T���`���#�Q�H�Q�B�/S �r�B�i�?
�i�?�2 �T�Q�H�v�?�2�/�`�Q�MP �- ~S = S \ P �X

�U�2�V �h�?�2 �+�H�B�T�T�2�/ �T�Q�H�v�?�2�/�`�Q�MP̂ = P \ Q �- �r�?�2�`�2
Q �B�b �i�?�2 �b�m�#�b�2�i �Q�7R3 �#�2�H�Q�rS�X

�U�7�V �h�?�2 �7���+�2�b �Q�7@̂P = [ i F̂ i [ ~S�X

�6�B�;�X �R�X�� �T�Q�H�v�?�2�/� �̀Q�MP � R3 �B�M�i�2�`�b�2�+�i�2�/ �#�v �i�?�2 �+�H�B�T�T�B�M�; � �̀2�;�B�Q�MQ � R3 �H�Q�+���i�2�/ �#�2�H�Q�r �� �T��� �̀��#�Q�H�Q�B�/
�b�m�`�7���+�2S�X
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�r�?�2�`�2da �B�b ���M �B�M�}�M�B�i�2�b�B�K���H �b�m�`�7���+�2 �2�H�2�K�2�M�i �Q�M@̂P = [ i F̂ i [ ~S�- �i�?�2 �#�Q�m�M�/���`�v �Q�7P̂ �-
n@P̂ �B�b �i�?�2 �M�Q�`�K���H �i�Q@̂P �T�Q�B�M�i�B�M�; �i�Q�r���`�/�b �i�?�2 �Q�m�i�b�B�/�2 �Q�7P̂ �- ���M�/� �B�b �/�2�}�M�2�/ ���b

�U�j�X�k�V � :

8
<

:

R3 ! R4

x 7!
Z z

0
� (x) dz

�
=

�
z xz yz 1

2 z2
� | � :

�1�[�X�U�j�X�R�V�+���M �#�2 �b�T�H�B�i �B�M�i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �b�m�K �Q�7 �B�M�i�2�;�`���H�b�-

�U�j�X�j�V M P̂ =
Z

~S
� (x)(n ~S � ez ) da +

n FX

i =1

Z

F̂ i

� (x)(n i � ez ) da ;

�r�?�2�`�2~S = S \ P �B�b �i�?�2 �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �T���`���#�Q�H�Q�B�/S �B�M�b�B�/�2 �i�?�2 �T�Q�H�v�?�2�/�`�Q�MP �U�2�X�;�X�-
�b�2�2�6�B�;�m�`�2 �R�/�V�-n ~S �B�b �i�?�2 �M�Q�`�K���H �i�Q~S �T�Q�B�M�i�B�M�; �Q�m�i�r���`�/�b �Q�7Q �U�B�X�2�X�-n ~S � ez � 0�V�-
���M�/F̂ i = F i \ Q �B�b �i�?�2 �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �7���+�2F i �B�M�b�B�/�2 �i�?�2 �+�H�B�T�T�B�M�; �`�2�;�B�Q�MQ �U�2�X�;�X�- �b�2�2
�6�B�;�m�`�2 �R�7�V�X �P�r�B�M�; �i�Q �i�?�2 �/�2�}�M�B�i�B�Q�M�b �Q�7Q ���M�/S�- ���b �;�B�p�2�M �B�M �1�[�b�X�U�k�X�R�V���M�/�U�k�X�k�V�- �i�?�2
�M�Q�`�K���H �i�QS �T�Q�B�M�i�B�M�; �Q�m�i�r���`�/�b �Q�7Q �`�2���/�b ���b

�U�j�X�9�V nS =
r �

kr � k
;

�v�B�2�H�/�B�M�;

�U�j�X�8�V M P̂ =
Z

~S
� (x)

�
r � (x) � ez

kr � (x)k

�
da +

n FX

i =1

Z

F̂ i

� (x)(n i � ez ) da :

�h�?�2 �b�m�`�7���+�2~S �+���M �#�2 �2�t�T�`�2�b�b�2�/ �B�M �i�?�2 �T���`���K�2�i�`�B�+ �7�Q�`�K

�U�j�X�e�V ~S =

8
<

:

2

4
x
y

� �x 2 � �y 2

3

5 ; (x; y) 2 ~S?

9
=

;
;

�r�B�i�?� ���M�/� �i�?�2 �+�Q�2�{�+�B�2�M�i�b �B�M�i�`�Q�/�m�+�2�/ �B�M �1�[�X�U�k�X�j�V�- ���M�/ �r�B�i�?~S? �i�?�2 �T�`�Q�D�2�+�@
�i�B�Q�M �Q�7~S �Q�M�i�Q �i�?�2xy�@�T�H���M�2�X �l�M�/�2�` �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���in i � ez 6= 0 �- �2���+�? �7���+�2F̂ i �-
i 2 f 1; : : : ; nF g�- �+���M ���H�b�Q �#�2 �2�t�T�`�2�b�b�2�/ �B�M �i�?�2 �T���`���K�2�i�`�B�+ �7�Q�`�K

�U�j�X�d�V F̂ i =

8
<

:

2

4
x
y

� i � � i x � � i y

3

5 ; (x; y) 2 F̂ ?
i

9
=

;
;

�r�B�i�?

� i =
n i � xF i

n i � ez
; �7�Q�` ���M�vxF i 2 F i ;�U�j�X�3�V

� i =
n i � ex

n i � ez
;�U�j�X�N�V

� i =
n i � ey

n i � ez
;�U�j�X�R�y�V

���M�/ �r�B�i�?̂F ?
i �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �Q�7F̂ i �Q�M�i�Q �i�?�2xy�@�T�H���M�2�X �h�?�2�b�2 �2�t�T�H�B�+�B�i �T���`���K�2�i�`�B�x���i�B�Q�M�b

�v�B�2�H�/

�U�j�X�R�R�V M P̂ =
Z

~S?
� S (x; y) da? +

n FX

i =1

�b�B�;�M(n i � ez )
Z

F̂ ?
i

� F i (x; y) da? ;
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�r�?�2�`�2� S ���M�/� F i ���`�2 �i�?�2 �7�m�M�+�i�B�Q�M �p�2�+�i�Q�`�b

�U�j�X�R�k�V� S (x; y) =

2

6
6
4

� �x 2 � �y 2

� �x 3 � �xy 2

� �yx 2 � �y 3

1
2

�
�x 2 + �y 2

� 2

3

7
7
5 ; � F i (x; y) =

2

6
6
4

� i � � i x � � i y
� i x � � i x2 � � i xy
� i y � � i xy � � i y2

1
2 (� i � � i x � � i y)2

3

7
7
5 ;

���M�/da? = d xdy �B�b ���M �B�M�}�M�B�i�2�b�B�K���H �b�m�`�7���+�2 �2�H�2�K�2�M�i �Q�M �i�?�2xy�@�T�H���M�2�X �L�Q�i�2 �i�?���i �B�M
�Q�`�/�2�` �i�Q �b�B�K�T�H�B�7�v �1�[�X�U�j�X�8�V�B�M�i�Q�U�j�X�R�R�V�- �r�2 �?���p�2 �m�b�2�/ �i�?�2 �7���+�i �i�?���ikr � (x)k �B�b �i�?�2
�/�2�i�2�`�K�B�M���M�i �Q�7 �i�?�2 �T���`���K�2�i�`�B�x���i�B�Q�M�U�j�X�e�V�Q�7~S�- ���M�/ �i�?���ijn i � ez j � 1 �B�b �i�?�2 �/�2�i�2�`�K�B�M���M�i
�Q�7 �i�?�2 �T���`���K�2�i�`�B�x���i�B�Q�M�U�j�X�d�V�Q�7̂F i �X �h�?�2 �T�`�Q�D�2�+�i�2�/ �B�M�i�2�;�`���i�B�Q�M �/�Q�K���B�M�b~S? ���M�/F̂ ?

i
�+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �+�Q�M�}�;�m�`���i�B�Q�M �Q�7�6�B�;�m�`�2 �R���`�2 �B�H�H�m�b�i�`���i�2�/ �B�M�6�B�;�m�`�2 �k�X

�1�[�X�U�j�X�R�R�V�+���M �#�2 �`�2�r�`�B�i�i�2�M ���b

M P̂ =
Z

~S?
r � (	 S (x; y) 
 ex ) da?�U�j�X�R�j�V

+
n FX

i =1

�b�B�;�M(n i � ez )
Z

F̂ ?
i

r � (	 F i (x; y) 
 ex ) da? ;

�r�?�2�`�2	 S ���M�/	 F i ���`�2 �/�2�}�M�2�/ ���b

�U�j�X�R�9�V 	 S :

8
<

:

R2 ! R4

(x; y) 7!
Z x

0
� S (x; y) dx

:

���M�/8i 2 f 1; : : : ; nF g�-

�U�j�X�R�8�V 	 F i :

8
<

:

R2 ! R4

(x; y) 7!
Z x

0
� F i (x; y) dx

:

�L�Q�i�2 �i�?���i �i�?�2 �+�?�Q�B�+�2 �K���/�2 �?�2�`�2 �Q�7 �B�M�i�2�;�`���i�B�M�;� S ���M�/� F i �r�B�i�? �`�2�b�T�2�+�i �i�Qx �B�b ���`�#�B�@
�i�`���`�v�- ���M�/ �i�?���i �r�2 �+�Q�m�H�/ �?���p�2 �2�[�m�B�p���H�2�M�i�H�v �B�M�i�2�;�`���i�2�/ �i�?�2�K �r�B�i�? �`�2�b�T�2�+�i �i�Qy�- �`�2�[�m�B�`�B�M�;
�i�Q �`�2�T�H���+�2ex �#�vey �B�M �1�[�X�U�j�X�R�j�V�X �l�b�B�M�; �i�?�2 �/�B�p�2�`�;�2�M�+�2 �i�?�2�Q�`�2�K �Q�M�+�2 ���;���B�M�- �i�?�B�b �;�B�p�2�b

�U�j�X�R�e�VM P̂ =
Z

@~S?
	 S (x; y) (n@~S? � ex ) dl +

n FX

i =1

Z

@F̂ ?
i

	 F i (x; y)(n@F̂ ?
i

� ex ) dl ;

�r�?�2�`�2dl �B�b ���M �B�M�}�M�B�i�2�b�B�K���H �H�B�M�2 �2�H�2�K�2�M�i �Q�M �i�?�2 �B�M�i�2�;�`���i�B�Q�M �/�Q�K���B�M�b@~S? ���M�/@̂F ?
i �-

�r�?�B�+�? ���`�2 �i�?�2 �#�Q�m�M�/���`�B�2�b �Q�7 �i�?�2 �T�`�Q�D�2�+�i�B�Q�M�b �Q�7 �i�?�2 �7���+�2�b �Q�7P̂ �Q�M�i�Q �i�?�2xy�@�T�H���M�2�X
���b �b�m�+�?�- �i�?�2�v �+�Q�M�b�B�b�i �Q�7 �+�H�Q�b�2�/ �+�m�`�p�2�b �B�M �i�?�2xy�@�T�H���M�2�- �i�?���i ���`�2 �b�m�+�+�2�b�b�B�Q�M�b �Q�7 �+�Q�M�B�+
�b�2�+�i�B�Q�M ���`�+�b ���M�/�f�Q�` �H�B�M�2 �b�2�;�K�2�M�i�b �U�2�X�;�X�- �b�2�2�6�B�;�m�`�2�b �k�#���M�/�k�+�V�X �L�Q�i�2 �i�?���i �i�?�2 �i�2�`�K
�ó�b�B�;�M(n i � ez )�ô �B�b �M�Q�r �B�K�T�H�B�+�B�i�H�v ���+�+�Q�m�M�i�2�/ �7�Q�`�- ���b �i�?�2 �+�H�Q�b�2�/ �+�m�`�p�2�b@̂F i �U���M�/ �i�?�2�`�2�7�Q�`�2
�i�?�2�B�` �T�`�Q�D�2�+�i�B�Q�M �Q�M�i�Q �i�?�2xy�@�T�H���M�2�-@̂F ?

i �V ���`�2 �Q�`�B�2�M�i�2�/ �b�Q ���b �i�Q �T�`�Q�/�m�+�2 �� �M�Q�`�K���H
�p�2�+�i�Q�` �T�Q�B�M�i�B�M�; �i�Q�r���`�/�b �i�?�2 �Q�m�i�b�B�/�2 �Q�7P̂ �X �A�i �b�?�Q�m�H�/ ���H�b�Q �#�2 �M�Q�i�2�/ �i�?���i �i�?�2 �B�M�i�2�;�`���i�B�Q�M
�/�Q�K���B�M�b@~S? ���M�/@̂F ?

i �/�Q �M�Q�i �M�2�+�2�b�b���`�B�H�v �+�Q�M�b�B�b�i �Q�7 �Q�M�2 �+�H�Q�b�2�/ �+�m�`�p�2 �2���+�? �� �i�?�2�v �K���v
�2���+�? �#�2 �i�?�2 �m�M�B�Q�M �Q�7 �b�2�p�2�`���H �M�Q�M�@�B�M�i�2�`�b�2�+�i�B�M�; �Q�`�B�2�M�i�2�/ �+�H�Q�b�2�/ �+�m�`�p�2�b�X

�G�2�i �m�b ���b�b�m�K�2 �i�?���i �� �T���`���K�2�i�`�B�x���i�B�Q�M

�U�j�X�R�d�Vx i;j (t) = x i;j (t)ex + yi;j (t)ey + zi;j (t)ez ; t 2 [0; 1]; j 2 f 1; : : : ; n@F̂ i
g;



�6�A�_�a�h �J�P�J�1�L�h�a �P�6 �� �S�P�G�u�>�1�.�_�P�L �*�G�A�S�S�1�. �"�u �� �S���_���"�P�G�P�A�. �d

�U���V �S�`�Q�D�2�+�i�B�Q�M �Q�7@̂P �U�r�?�2�`�2̂P �B�b �b�?�Q�r�M �B�M�6�B�;�@
�m�`�2 �R�2�V �Q�M�i�Q �i�?�2xy �@�T�H���M�2�X

F̂ ?
5

F̂ ?
6

F̂ ?
7

F̂ ?
10

F̂ ?
11F̂ ?

12

ex

ey

F̂ ?
1

F̂ ?
2

F̂ ?
8

F̂ ?
9

n i � ez < 0

n i � ez > 0

@~S?

�U�#�V �S�`�Q�D�2�+�i�2�/ �+�H�B�T�T�2�/ �7���+�2�b �B�M �i�?�2xy �@�T�H���M�2�X

F̂ ?
11

�

x ?
11 ; 6 ( t )

�

x ?
11 ; 1 ( t )

�
x ?

11 ; 2 ( t )

�

x ?
11 ; 3 ( t )

�
x ?

11 ; 5 ( t )

�

x ?
11 ; 4 ( t )

ex

ey

�U�+�V �S�`�Q�D�2�+�i�2�/ �+�H�B�T�T�2�/ �7���+�2F̂ ?
11 ���M�/ �i�?�2

�b�T�H�B�i�i�B�M�; �Q�7 �B�i�b �#�Q�m�M�/���`�v �B�M�i�Qn@F̂ 11
= 6

�T���`���K�2�i�`�B�x�2�/ ���`�+�b�X

�

�

�

�

�

�

�x ?
11 ; 4 ( t )

ex

ey

�U�/�V �P�`�B�2�M�i�2�/ �+�H�Q�b�2�/ �+�m�`�p�2 �Q�M �r�?�B�+�?M P̂ 1
11

�B�b �B�M�i�2�;�`���i�2�/�X

�P�`�B�;�B�M

0

�

�

�

�x ?
11 ; 4 (1 � t )

ex

ey

�U�2�V �P�`�B�2�M�i�2�/ �+�H�Q�b�2�/ �+�m�`�p�2 �Q�M �r�?�B�+�?
M P̂ 2

11;4 �B�b �B�M�i�2�;�`���i�2�/�X

�

�

�x ?
11 ; 4 (1 � t )

�

x ?
11 ; 4 ( t )

ex

ey

�U�7�V �P�`�B�2�M�i�2�/ �+�H�Q�b�2�/ �+�m�`�p�2 �Q�M �r�?�B�+�?M P̂ 3
11

�B�b �B�M�i�2�;�`���i�2�/�X

�6�B�;�X �k�X�A�H�H�m�b�i� �̀��i�B�Q�M �Q�7 �i�?�2 �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �B�M�i�2�;� �̀��i�B�Q�M �/�Q�K���B�M�b �m�b�2�/ �7�Q�` �B�M�i�2�;� �̀��i�B�M�; �i�?�2 �}�`�b�i�-
�b�2�+�Q�M�/�- ���M�/ �i�?�B� �̀/ �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q �i�?�2 �K�Q�K�2�M�i�b�X



�3 �6�X �1�o�_���_�.�- �_�X �*�>�A�P�.�A�- ���X �>���L�- �"�X �o���L �q���*�>�1�J�- �P�X �.�1�a�C���_�.�A�L�a

�B�b �F�M�Q�r�M �7�Q�` �2���+�? �Q�7 �i�?�2n@F̂ i
���`�+�b �Q�7@̂F i �- �r�?�2�`�2 �i�?�2 �7�m�M�+�i�B�Q�M�bx i;j �-yi;j �- ���M�/zi;j �#�2�H�Q�M�;

�i�QC1([0; 1])�X �J�Q�`�2�Q�p�2�`�- �H�2�i �m�b �M�Q�i�2 �i�?���i �2���+�? �T���`���K�2�i�`�B�x�2�/ �+�Q�M�B�+ �b�2�+�i�B�Q�M ���`�+ �#�2�H�Q�M�;�B�M�;
�i�Q@~S �B�b �M�2�+�2�b�b���`�B�H�v �T�`�2�b�2�M�i �B�M �Q�M�2 ���M�/ �Q�M�H�v �Q�M�2 �Q�7 �i�?�2 �+�H�B�T�T�2�/ �7���+�2 �#�Q�m�M�/���`�B�2�b@̂F i �-
�r�?�2�`�2 �B�i �B�b �i�`���p�2�`�b�2�/ �B�M �i�?�2 �Q�T�T�Q�b�B�i�2 �/�B�`�2�+�i�B�Q�M �7�Q�` �B�M�i�2�;�`���i�B�M�;	 F i �X �1�[�X�U�j�X�R�e�V�+���M �i�?�2�M
�#�2 �r�`�B�i�i�2�M ���b

M P̂ =
nFX

i =1

n @F̂ iX

j =1

Z 1

0

�
	 F i (x i;j (t); yi;j (t)) � 1@~S

i;j 	 S (x i;j (t); yi;j (t))
�

y0
i;j (t) dt ;�U�j�X�R�3�V

�r�?�2�`�2

1@~S
i;j =

�
1 �B�7 �i�?�2j �i�? ���`�+ �Q�7@̂F i ���H�b�Q �#�2�H�Q�M�;�b �i�Q@~S
0 �Q�i�?�2�`�r�B�b�2

:�U�j�X�R�N�V

�L�Q�i�2 �i�?���i �B�M �1�[�X�U�j�X�R�3�V���M�/ �B�M �i�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�B�b �K���M�m�b�+�`�B�T�i�- �i�?�2 �b�m�T�2�`�b�+�`�B�T�i� 0

�B�M�/�B�+���i�2�b �i�?���i �� �7�m�M�+�i�B�Q�M �?���b �#�2�2�M �/�B�z�2�`�2�M�i�B���i�2�/ �r�B�i�? �`�2�b�T�2�+�i �i�Q �B�i�b �m�M�B�[�m�2 �p���`�B���#�H�2�X
�� �+�H�Q�b�2�/�@�7�Q�`�K �2�t�T�`�2�b�b�B�Q�M �+���M �#�2 �/�2�`�B�p�2�/ �7�Q�` �i�?�2 �B�M�i�2�;�`���H �B�M �1�[�X�U�j�X�R�3�V�- �?�Q�r�2�p�2�`�- �B�i�b
�m�b�2 �7�Q�` �M�m�K�2�`�B�+���H�H�v �+���H�+�m�H���i�B�M�; �i�?�2 �K�Q�K�2�M�i�b �B�b �m�M�/�2�b�B�`���#�H�2 �7�Q�` �i�r�Q �K���B�M �`�2���b�Q�M�b�,

�R�X�i�?�2 �2�t�T�`�2�b�b�B�Q�M �+�Q�M�i���B�M�b �K���M�v �i�2�`�K�b�- �`�2�M�/�2�`�B�M�; �B�i�b �M�m�K�2�`�B�+���H �+���H�+�m�H���i�B�Q�M �2�t�@
�T�2�M�b�B�p�2�c

�k�X�i�?�2 �2�t�T�`�2�b�b�B�Q�M �/�2�T�2�M�/�b �Q�M� i �- � i �- ���M�/� i �- �r�?�B�+�? ���H�H �i�2�M�/ �i�Q�r���`�/�b �B�M�}�M�B�i�v ���b
n i � ez �i�2�M�/�b �i�Q�r���`�/�b �x�2�`�Q�- �H�2���/�B�M�; �i�Q �H���`�;�2 �`�Q�m�M�/�@�Q�z �2�`�`�Q�`�b �B�M �i�?�2 �+�Q�M�i�2�t�i �Q�7
�~�Q���i�B�M�;�@�T�Q�B�M�i ���`�B�i�?�K�2�i�B�+�b�X

�A�M�b�i�2���/�- �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �� �i�r�B�M �T���`���K�2�i�`�B�x���i�B�Q�M �Q�7 �i�?�2 ���`�+�b �Q�7@@̂P ���M�/ �i�?�2 �D�m�@
�/�B�+�B�Q�m�b �b�T�H�B�i�i�B�M�; �Q�7 �i�?�2 �B�M�i�2�;�`���H �B�M �1�[�X�U�j�X�R�3�V�+���M �#�Q�i�? �`�2�/�m�+�2 �i�?�2 �+�Q�K�T�H�2�t�B�i�v �Q�7 �B�i�b
�+�H�Q�b�2�/�@�7�Q�`�K �2�t�T�`�2�b�b�B�Q�M ���M�/ �`�2�K�Q�p�2 �B�i�b �/�B�`�2�+�i �/�2�T�2�M�/�2�M�+�v �Q�M �i�?�2 �T�Q�i�2�M�i�B���H�H�v �b�B�M�;�m�H���`
�+�Q�2�{�+�B�2�M�i�b� i �-� i �- ���M�/� i �X �G�2�i �m�b �i�?�2�M �B�M�i�`�Q�/�m�+�2 �i�?�2 �T���`���K�2�i�`�B�x���i�B�Q�M

�U�j�X�k�y�V�x i;j (t) = �x i;j (t)ex + �yi;j (t)ey + �zi;j (t)ez ; t 2 [0; 1]; j 2 f 1; : : : ; n@F̂ i
g;

�r�?�B�+�? �H�B�M�F�bx i;j (0) �i�Qx i;j (1) �#�v �� �b�i�`���B�;�?�i �H�B�M�2�X �6�Q�` �i�?�2 �b���F�2 �Q�7 �+�Q�M�+�B�b�2�M�2�b�b�- �r�2 �b�?���H�H
�`�2�7�2�` �i�Q �i�?�2�b�2 �i�r�Q �T�Q�B�M�i�b ���bx i;j (0) = x i;j; 0 ���M�/x i;j (1) = x i;j; 1 �B�M �i�?�2 �`�2�K���B�M�/�2�` �Q�7
�i�?�B�b �r�Q�`�F�X �h�?�B�b �i�r�B�M �T���`���K�2�i�`�B�x���i�B�Q�M �Q�7 �2���+�? ���`�+ �B�b �b�B�K�T�H�v �;�B�p�2�M ���b

�U�j�X�k�R�V �x i;j (t) = (1 � t)x i;j; 0 + tx i;j; 1; t 2 [0; 1]; j 2 f 1; : : : ; n@F̂ i
g:

�A�7 �i�?�2j �i�? ���`�+ �Q�7@̂F i �/�Q�2�b �M�Q�i �#�2�H�Q�M�; �i�Q~S�- �i�?�2�Mx i;j � �x i;j �-yi;j � �yi;j ���M�/zi;j � �zi;j �X
�q�2 �+���M �i�?�2�M �`�2�@�Q�`�;���M�B�x�2 �1�[�X�U�j�X�R�3�V���b

M P̂ =
nFX

i =1

n @F̂ iX

j =1

� Z 1

0
	 F i (�x i;j (t); �yi;j (t))�y0

i;j (t) dt

�U�j�X�k�k�V

� 1@~S
i;j

Z 1

0
	 S (�x i;j (t); �yi;j (t))�y0

i;j (t) dt

� 1@~S
i;j

Z 1

0

�
	 F i (�x i;j (t); �yi;j (t)) � 	 S (�x i;j (t); �yi;j (t))

�
�y0

i;j (t)

+
�

	 S (x i;j (t); yi;j (t)) � 	 F i (x i;j (t); yi;j (t))
�

y0
i;j (t) dt

�
;



�6�A�_�a�h �J�P�J�1�L�h�a �P�6 �� �S�P�G�u�>�1�.�_�P�L �*�G�A�S�S�1�. �"�u �� �S���_���"�P�G�P�A�. �N

�h�?�2 �K�Q�K�2�M�i�b �+���M �i�?�m�b �#�2 �/�2�b�+�`�B�#�2�/ ���b �i�?�2 �b�m�K �Q�7 �i�?�`�2�2 �/�B�b�i�B�M�+�i �+�Q�M�i�`�B�#�m�i�B�Q�M�b�- �B�X�2�X�-

�U�j�X�k�j�V M P̂ = M P̂ 1 + M P̂ 2 + M P̂ 3 =
nFX

i =1

M P̂ 1
i +

nFX

i =1

M P̂ 2
i +

nFX

i =1

M P̂ 3
i ;

�r�?�2�`�2

M P̂ 1
i =

Z 1

0

n @F̂ iX

j =1

	 F i (�x i;j (t); �yi;j (t))�y0
i;j (t) dt ;�U�j�X�k�9�V

M P̂ 2
i =

Z 1

0

n @F̂ iX

j =1

� 1@~S
i;j 	 S (�x i;j (t); �yi;j (t))�y0

i;j (t) dt ;�U�j�X�k�8�V

M P̂ 3
i =

Z 1

0

n @F̂ iX

j =1

1@~S
i;j

�
(	 S (�x i;j (t); �yi;j (t)) � 	 F i (�x i;j (t); �yi;j (t))) �y0

i;j (t)�U�j�X�k�e�V

+ ( 	 F i (x i;j (t); yi;j (t)) � 	 S (x i;j (t); yi;j (t))) y0
i;j (t)

�
dt :

�h�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�bM P̂ 1 ���M�/M P̂ 2 �`�2�[�m�B�`�2 �i�?�2 �B�M�i�2�;�`���i�B�Q�M �Q�7 �i�?�2 �T���`���#�Q�H�Q�B�/ ���M�/
�T�H���M�2 �T�`�B�K�B�i�B�p�2�b �Q�p�2�` �b�i�`���B�;�?�i �H�B�M�2�b �Q�M�H�v �U�2�X�;�X�- �b�2�2�6�B�;�m�`�2�b �k�/���M�/�k�2�V�- �?�2�M�+�2 ���`�2
�b�i�`���B�;�?�i�7�Q�`�r���`�/ �i�Q �/�2�`�B�p�2�X �h�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�MM P̂ 3 �- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �`�2�[�m�B�`�2�b �i�?�2
�T���`���K�2�i�`�B�x���i�B�Q�M �Q�7 �i�?�2 �+�Q�M�B�+ �b�2�+�i�B�Q�M ���`�+�b �B�M@~S �U�2�X�;�X�- �b�2�2�6�B�;�m�`�2 �k�7�V�X �A�i �b�?�Q�m�H�/ ���H�b�Q
�#�2 �M�Q�i�2�/ �i�?���i �2���+�? ���`�+ �Q�7 �i�?�2 �+�H�B�T�T�2�/ �7���+�2�b@̂F i �+�Q�M�i�`�B�#�m�i�2�b �i�QM P̂ 1 �- �r�?�2�`�2���b �Q�M�H�v
�i�?�2 �+�Q�M�B�+ �b�2�+�i�B�Q�M ���`�+�b �B�M �i�?�Q�b�2 �7���+�2�b �U�Q�`�B�;�B�M���i�B�M�; �7�`�Q�K �i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �Q�7@P �r�B�i�?S�V
�+�Q�M�i�`�B�#�m�i�2 �i�QM P̂ 2 ���M�/M P̂ 3 �- �Q�r�B�M�; �i�Q �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �i�?�2 �+�Q�2�{�+�B�2�M�i1@~S

i;j �X

�j�X�R�X �6�B�`�b�i �i�2�`�K�,M P̂ 1 �X�G�2�i �m�b �#�2 �`�2�K�B�M�/�2�/ �i�?���i �i�?�2 �#�Q�m�M�/���`�v �Q�7 �2���+�? �+�H�B�T�T�2�/
�7���+�2�-@̂F i �- �B�b �� �b�m�+�+�2�b�b�B�Q�M �Q�7n@F̂ i

�+�Q�M�B�+ �b�2�+�i�B�Q�M ���`�+�b ���M�/�f�Q�` �b�i�`���B�;�?�i �H�B�M�2 �b�2�;�K�2�M�i�b �i�?���i
�2���+�? �H�B�M�F �� �b�i���`�i �T�Q�B�M�ix i;j; 0 �i�Q ���M �2�M�/ �T�Q�B�M�ix i;j; 1�X �L�Q�r �`�2�+���H�H �i�?���i �r�2 ���B�K �i�Q �/�2�`�B�p�2
�2�t�T�`�2�b�b�B�Q�M�b �i�?���i ���`�2 �7�`�2�2 �Q�7 �i�?�2 �+�Q�2�z�B�+�2�M�i�b� i �-� i �- ���M�/� i �- �b�Q ���b �i�Q ���p�Q�B�/ �`�Q�m�M�/�@�Q�z �2�`�`�Q�`�b
�B�M �i�?�2 �M�m�K�2�`�B�+���H �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �K�Q�K�2�M�i�b�X �h�Q �/�Q �b�Q�- �r�2 ���b�b�B�;�M �i�Q �2���+�? �7���+�2F̂ i ��
�`�2�7�2�`�2�M�+�2 �T�Q�B�M�ix i; �`�2�7�r�?�Q�b�2 �Q�M�H�v �`�2�[�m�B�`�2�K�2�M�i �B�b �i�Q �#�2�H�Q�M�; �i�Q �i�?�2 �T�H���M�2 �+�Q�M�i���B�M�B�M�;F̂ i �-
�2�X�;�X�-x i; �`�2�7= x i; 1;0�X �6�Q�` �2���+�? ���`�+ �Q�7 �2���+�? �+�H�B�T�T�2�/ �7���+�2�- �`���i�?�2�` �i�?���M �B�M�i�2�;�`���i�B�M�; �Q�M
�i�?�2 �b�i�`���B�;�?�i �H�B�M�2 �H�B�M�F�B�M�;x i;j; 0 �i�Qx i;j; 1�- �r�2 �B�M�i�2�;�`���i�2 �B�M�b�i�2���/ �Q�M �i�?�2 �Q�`�B�2�M�i�2�/ �i�`�B���M�;�H�2
T (1)

i;j = ( x i;j; 0; x i;j; 1; x i; �`�2�7)�X �a�B�M�+�2@̂F i �B�b �i�?�2 �m�M�B�Q�M �Q�7 �+�H�Q�b�2�/ �+�m�`�p�2�b�- �i�?�2 �b�i���`�i �T�Q�B�M�i �Q�7
�2���+�? �Q�7 �B�i�b �+�Q�M�b�i�B�i�m�i�B�M�; ���`�+�b �B�b �M�2�+�2�b�b���`�B�H�v �i�?�2 �2�M�/ �T�Q�B�M�i �Q�7 ���M�Q�i�?�2�` ���`�+�- ���M�/ �i�?�2 �b�m�K
�Q�7 ���H�H �i�?�2�b�2 �i�`�B���M�;�H�2 �B�M�i�2�;�`���H�b �B�b �2�[�m���H �i�Q �i�?�2 �b�m�K �Q�7 �i�?�2 �b�i�`���B�;�?�i ���`�+ �B�M�i�2�;�`���H�b�X �A�M �Q�i�?�2�`
�i�2�`�K�b�- �b�m�#�b�i�B�i�m�i�B�M�; �1�[�X�U�j�X�k�R�V�B�M�i�Q �1�[�X�U�j�X�k�9�V�- �i�?�2 �H���i�i�2�` �+���M �#�2 �`�2�r�`�B�i�i�2�M ���b

M P̂ 1
i =

Z 1

0

n @F̂ iX

j =1

	 F i ((1 � t)x i;j; 0 + tx i;j; 1 ; (1 � t)yi;j; 0 + ty i;j; 1)( yi;j; 1 � yi;j; 0) dt ;

�U�j�X�k�d�V

=
Z 1

0

n @F̂ iX

j =1

0

@
	 F i ((1 � t)x i;j; 0 + tx i;j; 1 ; (1 � t)yi;j; 0 + ty i;j; 1)( yi;j; 1 � yi;j; 0)
+ 	 F i ((1 � t)x i;j; 1 + tx i; ref ; (1 � t)yi;j; 1 + ty i; ref )( yi; ref � yi;j; 1)

+ 	 F i ((1 � t)x i; ref + tx i;j; 0 ; (1 � t)yi; ref + ty i;j; 0)( yi;j; 0 � yi; ref )

1

A dt :

�J���F�B�M�; �m�b�2 �Q�7 �1�[�b�X�U�j�X�R�k�V���M�/�U�j�X�R�8�V�- ���M�/ �Q�7 �i�?�2 �7���+�i �i�?���i

zi; �`�2�7= � i � � i x i; �`�2�7� � i yi; �`�2�7�U�j�X�k�3�V

zi;j = � i � � i x i;j � � i yi;j ; 8j 2 f 1; : : : ; n@F̂ i
g�U�j�X�k�N�V



�R�y �6�X �1�o�_���_�.�- �_�X �*�>�A�P�.�A�- ���X �>���L�- �"�X �o���L �q���*�>�1�J�- �P�X �.�1�a�C���_�.�A�L�a

�B�i �7�Q�H�H�Q�r�b �i�?���i

M P̂ 1
i =

n @F̂ iX

j =1

A (x i;j; 0; x i;j; 1; x i; �`�2�7) B (1) (x i;j; 0; x i;j; 1; x i; �`�2�7) ;�U�j�X�j�y�V

�r�?�2�`�2A �B�b �i�?�2 �Q�T�2�`���i�Q�` �7�Q�` �+���H�+�m�H���i�B�M�; �i�?�2 �b�B�;�M�2�/ �T�`�Q�D�2�+�i�2�/ ���`�2�� �Q�7 �� �i�`�B���M�;�H�2 �7�`�Q�K
�i�?�2 �F�M�Q�r�H�2�/�;�2 �Q�7 �B�i�b �i�?�`�2�2 �+�Q�`�M�2�`�b�- �B�X�2�X�-

�U�j�X�j�R�VA :
�

R3 � R3 � R3 ! R
(xa ; xb; x c) 7! 1

2 (xa(yb � yc) + xb(yc � ya) + xc(ya � yb))
;

���M�/B (1) : R3 � R3 � R3 ! R4 �`�2���/�b ���b

�U�j�X�j�k�VB (1) (xa ; xb; x c) =
1
12

2

6
6
4

4 (za + zb + zc)
(za + zb + zc) (xa + xb + xc) + xaza + xbzb + xczc

(za + zb + zc) (ya + yb + yc) + yaza + ybzb + yczc

z2
a + z2

b + z2
c + zbzc + zazb + zazc

3

7
7
5 :

�j�X�k�X �a�2�+�Q�M�/ �i�2�`�K�,M P̂ 2 �X�6�Q�` �+�Q�K�T�m�i�B�M�;M P̂ 2 �- �b�B�K�B�H���`�H�v ���b �B�M�a�m�#�b�2�+�i�B�Q�M �j�X�R�-
�r�2 �+�?�Q�Q�b�2 �� �`�2�7�2�`�2�M�+�2 �T�Q�B�M�ixS �#�2�H�Q�M�;�B�M�; �i�QS�X ���M �Q�#�p�B�Q�m�b �+�?�Q�B�+�2 �7�Q�` �i�?�B�b �`�2�7�2�`�2�M�+�2
�T�Q�B�M�i �B�b �i�?�2 �Q�`�B�;�B�M �Q�7 �Q�m�` �+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K�- �B�X�2�X�-xS = 0�X �6�Q�` �2���+�? �+�Q�M�B�+ �b�2�+�i�B�Q�M ���`�+
�Q�7 �2���+�? �+�H�B�T�T�2�/ �7���+�2�- �`���i�?�2�` �i�?���M �B�M�i�2�;�`���i�B�M�; �Q�M �i�?�2 �b�i�`���B�;�?�i �H�B�M�2 �H�B�M�F�B�M�;x i;j; 0 �i�Qx i;j; 1�-
�r�2 �B�M�i�2�;�`���i�2 �B�M�b�i�2���/ �Q�M �i�?�2 �Q�`�B�2�M�i�2�/ �i�`�B���M�;�H�2T (2)

i;j = ( x i;j; 0; x i;j; 1; xS )�X �6�Q�` �2���+�?i �i�?
�7���+�2 �Q�7P�- �i�?�B�b �v�B�2�H�/�b �i�?�2 �K�Q�K�2�M�i �+�Q�M�i�`�B�#�m�i�B�Q�M

M P̂ 2
i; 4 =

Z 1

0

n @F̂ iX

j =1

� 1@~S
i;j

0

@
	 S ((1 � t)x i;j; 0 + tx i;j; 1 ; (1 � t)yi;j; 0 + ty i;j; 1)( yi;j; 1 � yi;j; 0)
+ 	 S ((1 � t)x i;j; 1 + tx S ; (1 � t)yi;j; 1 + tyS )( yS � yi;j; 1)

+ 	 S ((1 � t)xS + tx i;j; 0 ; (1 � t)yS + ty i;j; 0)( yi;j; 0 � yS )

1

A dt ;

�U�j�X�j�j�V

�l�b�B�M�; �1�[�b�X�U�j�X�R�k�V���M�/�U�j�X�R�9�V�- �b�m�#�b�i�B�i�m�i�B�M�;xS = 0�- ���M�/ �K���F�B�M�; �m�b�2 �Q�7 �i�?�2 �7���+�i �i�?���i

1@~S
i;j 6= 0 ,

�
zi;j; 0 = � �x 2

i;j; 0 � �y 2
i;j; 0

zi;j; 1 = � �x 2
i;j; 1 � �y 2

i;j; 1
; 8j 2 f 1; : : : ; n@F̂ i

g�U�j�X�j�9�V

�B�i �7�Q�H�H�Q�r�b �i�?���i

M P̂ 2
i; 4 =

n @F̂ iX

j =1

1@~S
i;j A (x i;j; 0; x i;j; 1; 0) B (2) (x i;j; 0; x i;j; 1) ;�U�j�X�j�8�V

�r�?�2�`�2A �B�b �i�?�2 �b�B�;�M�2�/ �T�`�Q�D�2�+�i�2�/ �i�`�B���M�;�H�2 ���`�2�� �Q�T�2�`���i�Q�` �/�2�}�M�2�/ �B�M �1�[�X�U�j�X�j�R�V���M�/ �i�?�2
�Q�T�2�`���i�Q�`B (2) : R3 � R3 ! R4 �`�2���/�b ���b
�U�j�X�j�e�V

B (2) (xa ; xb) =
1
90

2

6
6
4

15 (�x a xb + �y a yb � za � zb)
6� (ya � yb)( xbya � xa yb) + 9( xa + xb)( za + zb)
6� (xa � xb)( ybxa � ya xb) + 9( ya + yb)( za + zb)

2�� (xbya � xa yb)2 + 3( za + zb)( �x a xb + �y a yb � za � zb) + 3 za zb

3

7
7
5 :

�L�Q�i�2 �i�?���iM P̂ 2
i; 4 6= M P̂ 2

i �- �Q�r�B�M�; �i�Q �Q�m�` �+�?�Q�B�+�2 �Q�7 �B�M�i�2�;�`���i�B�M�; �Q�p�2�` �i�`�B���M�;�H�2�b �`���i�?�2�` �i�?���M
�i�?�2 �B�M�/�B�p�B�/�m���H ���`�+�b�- �?�Q�r�2�p�2�` �i�?�2�B�` �b�m�K �Q�p�2�` ���H�H �7���+�2�b �B�b �2�[�m���H�- �v�B�2�H�/�B�M�;

�U�j�X�j�d�V M P̂ 2 =
nFX

i =1

M P̂ 2
i; 4 :
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�

�1�H�H�B�T�b�2�f�?�v�T�2�`�#�Q�H�� �b�2�K�B�@�K���D�Q�` ���t�B�b

�6�B�;�X �j�X�a�2�K�B�@�K���D�Q�` ���t�B�b �Q�7 �i�?�2 �+�Q�M�B�+ �b�2�+�i�B�Q�M �;�2�M�2� �̀��i�2�/ �#�v �i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �Q�7 �i�?�2 �T��� �̀��#�Q�H�Q�B�/S�-
���b �/�2�}�M�2�/ �B�M �1�[�X�U�k�X�k�V�- �r�?�2�M� = j� j = 1 �- �r�B�i�? �i�?�2 �T�H���M�2 �B�K�T�H�B�+�B�i�2�H�v �/�2�}�M�2�/ �#�vn � x = � n � ez �- �r�B�i�?
n =

�
cos(� ) 0 sin( � )

� | �- ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 ���M�;�H�2� �X �h�?�2 �b�2�K�B�@�K���D�Q�` ���t�B�b �Q�7 �i�?�2 �+�Q�M�B�+ �b�2�+�i�B�Q�M
�i�2�M�/�b �i�Q �B�M�}�M�B�i�v �r�?�2�M� ���T�T� �̀Q���+�?�2�b �� �K�m�H�i�B�T�H�2 �Q�7� �- �K�2���M�B�M�; �i�?���i �� �T��� �̀��K�2�i�`�B�x���i�B�Q�M �Q�7 ���M�v ��� �̀+ �Q�7
�i�?�B�b �+�Q�M�B�+ �b�2�+�i�B�Q�M �r�B�i�? �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �7�m�M�+�i�B�Q�M�b �#�2�+�Q�K�2�b �b�B�M�;�m�H���` �B�7n � ez ! 0�X

�j�X�j�X �h�?�B�`�/ �i�2�`�K�,M P̂ 3 �X�h�Q �/�2�`�B�p�2 �� �+�H�Q�b�2�/�@�7�Q�`�K �2�t�T�`�2�b�b�B�Q�M �7�Q�`M P̂ 3 �- �� �T���@
�`���K�2�i�`�B�x���i�B�Q�M �Q�7 �i�?�2 �+�Q�M�B�+ �b�2�+�i�B�Q�M ���`�+�b �B�M@~S �K�m�b�i �#�2 �T�`�Q�p�B�/�2�/�X �6�Q�` �i�?�2 �2�H�H�B�T�i�B�+ ���M�/
�?�v�T�2�`�#�Q�H�B�+ �+���b�2�b�- �i�`���/�B�i�B�Q�M���H �T���`���K�2�i�`�B�x���i�B�Q�M�b �m�b�B�M�; �i�`�B�;�Q�M�Q�K�2�i�`�B�+ �7�m�M�+�i�B�Q�M�b ���`�2 �Q�#�p�B�@
�Q�m�b �+�?�Q�B�+�2�b�- �?�Q�r�2�p�2�` �i�?�2�v �+���M �v�B�2�H�/ �b�B�;�M�B�}�+���M�i �`�Q�m�M�/�@�Q�z �2�`�`�Q�`�b �/�m�2 �i�Q �p�2�`�v �H���`�;�2 �p���H�m�2�b
�Q�7 �i�?�2�B�` �+�Q�M�b�i�B�i�m�i�B�p�2 �T���`���K�2�i�2�`�b �U�2�X�;�X�- �i�?�2 �b�2�K�B�@�K���D�Q�` ���M�/ �b�2�K�B�@�K�B�M�Q�` ���t�2�b�V�X �h�?�B�b �B�b
�B�H�H�m�b�i�`���i�2�/ �B�M�6�B�;�m�`�2 �j�r�?�2�`�2 �i�?�2 �b�2�K�B�@�K���D�Q�` ���t�B�b �Q�7 �i�?�2 �+�Q�M�B�+ �b�2�+�i�B�Q�M �;�2�M�2�`���i�2�/ �#�v
�i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �Q�7 �� �T���`���#�Q�H�Q�B�/ �r�B�i�? �� �T�H���M�2 �B�b �T�H�Q�i�i�2�/ ���b �i�?�B�b �T�H���M�2 �B�b �`�Q�i���i�2�/ ���#�Q�m�i
�i�?�2ey �#���b�B�b �p�2�+�i�Q�`�X �h�Q ���p�Q�B�/ �b�B�M�;�m�H���` ���`�+ �T���`���K�2�i�`�B�x���i�B�Q�M�b�- �r�2 �2�t�T�`�2�b�b �2���+�? �+�Q�M�B�+
�b�2�+�i�B�Q�M ���`�+ ���b �� �`���i�B�Q�M���H �"�û�x�B�2�` �+�m�`�p�2 �(�R�8�)�X �h�?�B�b �T�`�Q�p�B�/�2�b �� �;�2�M�2�`���H �T���`���K�2�i�`�B�x���i�B�Q�M
�i�?���i �B�b �p���H�B�/ �Q�p�2�` ���H�H �+�Q�M�B�+ �b�2�+�i�B�Q�M �+���b�2�b �U�B�X�2�X�- �2�H�H�B�T�i�B�+�- �?�v�T�2�`�#�Q�H�B�+�- ���M�/ �T���`���#�Q�H�B�+�V ���M�/
���H�H�Q�r�b �� �b�2���K�H�2�b�b ���M�/ �b�K�Q�Q�i�? �i�`���M�b�B�i�B�Q�M �#�2�i�r�2�2�M �+���b�2�b�X �� �+�Q�M�B�+ �b�2�+�i�B�Q�M ���`�+ �H�B�M�F�B�M�;
�� �b�i���`�i �T�Q�B�M�ix i;j; 0 �i�Q ���M �2�M�/ �T�Q�B�M�ix i;j; 1 �+���M �#�2 �2�t���+�i�H�v �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �`���i�B�Q�M���H
�[�m���/�`���i�B�+ �"�û�x�B�2�` �+�m�`�p�2 �T���`���K�2�i�`�B�+���H�H�v �/�2�}�M�2�/ ���b

�U�j�X�j�3�V x i;j (t) =
B0(t) x i;j; 0 + wi;j B1(t) x?

i;j + B2(t) x i;j; 1

B0(t) + wi;j B1(t) + B2(t)
; t 2 [0; 1] ;

�r�?�2�`�2

B0(t) = (1 � t)2 ;�U�j�X�j�N�V

B1(t) = 2(1 � t)t ;�U�j�X�9�y�V

B2(t) = t2 ;�U�j�X�9�R�V

���`�2 �i�?�2 �"�2�`�M�b�i�2�B�M �T�Q�H�v�M�Q�K�B���H�b �Q�7 �/�2�;�`�2�22�- ���M�/wi;j �B�b �� �r�2�B�;�?�i ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2
�+�Q�M�i�`�Q�H �T�Q�B�M�ix?

i;j �X �h�?�B�b �+�Q�M�i�`�Q�H �T�Q�B�M�i �B�b �H�Q�+���i�2�/ ���i �i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �Q�7 �i�?�2 �i���M�;�2�M�i�b �i�Q



�R�k �6�X �1�o�_���_�.�- �_�X �*�>�A�P�.�A�- ���X �>���L�- �"�X �o���L �q���*�>�1�J�- �P�X �.�1�a�C���_�.�A�L�a

�i�?�2 �+�Q�M�B�+ �b�2�+�i�B�Q�M ���i �i�?�2 �b�i���`�i ���M�/ �2�M�/ �T�Q�B�M�i�b�X �A�M �i�?�2 �+���b�2 �Q�7 �i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �Q�7 �� �T�H���M���`
�7���+�2F i �r�B�i�? �� �T���`���#�Q�H�Q�B�/ �b�m�`�7���+�2S�- �i�?�2�b�2 �i���M�;�2�M�i�b ���`�2 �Q�#�i���B�M�2�/ �#�v �i�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M
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���+�F�M�Q�r�H�2�/�;�K�2�M�i�b�X�h�?�B�b �T�`�Q�D�2�+�i �?���b �`�2�+�2�B�p�2�/ �7�m�M�/�B�M�; �7�`�Q�K �i�?�2 �1�m�`�Q�T�2���M �l�M�B�Q�M�ö�b
�>�Q�`�B�x�Q�M �k�y�k�y �`�2�b�2���`�+�? ���M�/ �B�M�M�Q�p���i�B�Q�M �T�`�Q�;�`���K�K�2 �m�M�/�2�` �i�?�2 �J���`�B�2 �a�F�ˆ�Q�/�Q�r�b�F���@�*�m�`�B�2
�;�`���M�i ���;�`�2�2�K�2�M�i �L�Q �R�y�R�y�k�e�y�R�d�X �_�Q�#�2�`�i �*�?�B�Q�/�B �r���b �b�T�Q�M�b�Q�`�2�/ �#�v �i�?�2 �P�{�+�2 �Q�7
�L���p���H �_�2�b�2���`�+�? �U�P�L�_�V ���b �T���`�i �Q�7 �i�?�2 �J�m�H�i�B�/�B�b�+�B�T�H�B�M���`�v �l�M�B�p�2�`�b�B�i�v �_�2�b�2���`�+�? �A�M�B�i�B���i�B�p�2�b
�U�J�l�_�A�V �S�`�Q�;�`���K�- �m�M�/�2�` �;�`���M�i �M�m�K�#�2�` �L�y�y�y�R�9�@�R�e�@�R�@�k�e�R�d�X �h�?�2 �p�B�2�r�b ���M�/ �+�Q�M�+�H�m�b�B�Q�M�b
�+�Q�M�i���B�M�2�/ �?�2�`�2�B�M ���`�2 �i�?�Q�b�2 �Q�7 �i�?�2 ���m�i�?�Q�`�b �Q�M�H�v ���M�/ �b�?�Q�m�H�/ �M�Q�i �#�2 �B�M�i�2�`�T�`�2�i�2�/ ���b �`�2�T�@
�`�2�b�2�M�i�B�M�; �i�?�Q�b�2 �Q�7 �P�L�_�- �i�?�2 �l�X�a�X �L���p�v �Q�` �i�?�2 �l�X�a�X �:�Q�p�2�`�M�K�2�M�i�X

���T�T�2�M�/�B�t ���X �h�?�B�`�/ �+�Q�M�i�`�B�#�m�i�B�Q�M �i�Q �i�?�2 �K�Q�K�2�M�i�b�X�h�?�2 �i�?�B�`�/ �+�Q�M�i�`�B�#�m�i�B�Q�M �i�Q
�i�?�2 �K�Q�K�2�M�i�b �Q�7 �7���+�2F i �-M P̂ 3

i �- �B�b �Q�#�i���B�M�2�/ �#�v �+���H�+�m�H���i�B�M�; �i�?�2 �B�M�i�2�;�`���H �Q�M �i�?�2 �`�B�;�?�i�@
�?���M�/ �b�B�/�2 �Q�7 �1�[�X�U�j�X�k�e�V�m�b�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M�b �B�M �1�[�b�X�U�j�X�R�k�V�-�U�j�X�R�9�V�- ���M�/�U�j�X�R�8�V�- ���b �r�2�H�H
���b �i�?�2 �7���+�i�b �i�?���i8j 2 f 1; : : : ; n@F̂ i

g�-

zi;j = � i � � i x i;j � � i yi;j ;�U���X�R�V

1@~S
i;j 6= 0 ,

�
zi;j; 0 = � �x 2

i;j; 0 � �y 2
i;j; 0

zi;j; 1 = � �x 2
i;j; 1 � �y 2

i;j; 1
;�U���X�k�V

���M�/ �i�?���i �i�?�2 �+�Q�M�i�`�Q�H �T�Q�B�M�ix?
i;j �#�2�H�Q�M�;�b �i�Q �i�?�2 �T�H���M�2 �+�Q�M�i���B�M�B�M�; �i�?�2 �7���+�2F i �?�2�M�+�2

z?
i;j = � i � � i x?

i;j � � i y?
i;j :�U���X�j�V

���7�i�2�` �b�m�#�b�i�B�i�m�i�B�Q�M �Q�7 �i�?�2�b�2 �2�t�T�`�2�b�b�B�Q�M�b �B�M �1�[�X�U�j�X�k�e�V���M�/ �b�Q�K�2 �b�B�K�T�H�B�}�+���i�B�Q�M�-M P̂ 3
i

�+���M �#�2 �b�?�Q�r�M �i�Q �`�2���/ ���b �B�M �1�[�X�U�j�X�9�e�V�- �r�B�i�?

�U���X�9�V B (3) (w; xa ; xb; x c) = diag ( E(w)) ( C(xa ; xb; x c)KD (w)) ;

�r�?�2�`�2�,C �B�b ��4 � 12 �K���i�`�B�t �r�?�Q�b�2 �M�Q�M�@�x�2�`�Q �+�Q�2�{�+�B�2�M�i�b �+�Q�M�i�`�B�#�m�i�B�M�; �i�QM P̂
0 ���`�2 �;�B�p�2�M

���b

C1;1 = �
�
x2

a + 2xaxb + x2
b

�
+ �

�
y2

a + 2yayb + y2
b

�
� 2za � 2zb ;�U���X�8�V

C1;2 = �
�
x2

a + 2xaxb + x2
b + 4xaxc + 4xbxc + 4x2

c

�
�U���X�e�V

+ �
�
y2

a + 2yayb + y2
b + 4yayc + 4ybyc + 4y2

c

�

� 4za � 4zb � 8zc ;

C1;3 = �x 2
c + �y 2

c � zc ;�U���X�d�V

�r�?�Q�b�2 �M�Q�M�@�x�2�`�Q �+�Q�2�{�+�B�2�M�i�b �+�Q�M�i�`�B�#�m�i�B�M�; �i�Qex � M P̂
1 ���`�2 �;�B�p�2�M ���b

C2;4 = �
�
� 12xayayb + 12xayb

2 + 12xbya
2 � 12xbyayb

�
�U���X�3�V



�k�k �6�X �1�o�_���_�.�- �_�X �*�>�A�P�.�A�- ���X �>���L�- �"�X �o���L �q���*�>�1�J�- �P�X �.�1�a�C���_�.�A�L�a

� 6xaza + 6xazb + 6xbza � 6xbzb ;

C2;5 = �
�
� 12xaxc

2 + 60xaxcxb � 12xc
2xb

�
�U���X�N�V

+ �
�
28xayayc � 8xayayb � 4xayc

2 + 20xaycyb + 8xayb
2

� 28xcya
2 � 8xcyayc + 20xcyayb � 8xcycyb � 28xcyb

2

+8xbya
2 + 20xbyayc � 8xbyayb � 4xbyc

2 + 28xbycyb
�

+ 10xaza + 20xazc + 14xazb � 22xcza � 8xczc

� 22xczb + 14xbza + 20xbzc + 10xbzb ;

C2;6 = �
�
� 36xaxc

2 + 12xaxcxb + 12xc
3 � 36xc

2xb
�

�U���X�R�y�V

+ �
�
� 12xayc

2 + 4xaycyb � 24xcyayc + 4xcya

yb + 12xcyc
2 � 24xcycyb + 4xbyayc � 12xbyc

2�

� 10xazc + 2xazb � 10xcza � 12xczc � 10xczb

+ 2xbza � 10xbzc ;

C2;7 = 2 �x c
3 + 2 �x cyc

2 + 2xczc ;�U���X�R�R�V

�r�?�Q�b�2 �M�Q�M�@�x�2�`�Q �+�Q�2�{�+�B�2�M�i�b �+�Q�M�i�`�B�#�m�i�B�M�; �i�Qey � M P̂
1 ���`�2 �;�B�p�2�M ���b

C3;4 = �
�
12xa

2yb � 12xaxbya � 12xaxbyb + 12xb
2ya

�
�U���X�R�k�V

� 6yaza + 6yazb + 6ybza � 6ybzb

C3;5 = �
�
� 28xa

2yc + 8xa
2yb + 28xaxcya � 8xaxcyc + 20xaxcyb�U���X�R�j�V

� 8xaxbya + 20xaxbyc � 8xaxbyb � 4xc
2ya � 4xc

2yb

+20xcxbya � 8xcxbyc + 28xcxbyb + 8xb
2ya � 28xb

2yc
�

+ �
�
� 12yayc

2 + 60yaycyb � 12yc
2yb

�

+ 10yaza + 20yazc + 14yazb � 22ycza � 8yczc

� 22yczb + 14ybza + 20ybzc + 10ybzb ;

C3;6 = �
�
� 24xaxcyc + 4xaxcyb + 4xaxbyc � 12xc

2ya�U���X�R�9�V

+12xc
2yc � 12xc

2yb + 4xcxbya � 24xcxbyc
�

+ �
�
� 36yayc

2 + 12yaycyb + 12yc
3 � 36yc

2yb
�

� 10yazc + 2yazb � 10ycza � 12yczc � 10yczb

+ 2ybza � 10ybzc ;

C3;7 = 2 �x c
2yc + 2 �y c

3 + 2yczc ;�U���X�R�8�V

���M�/ �r�?�Q�b�2 �M�Q�M�@�x�2�`�Q �+�Q�2�{�+�B�2�M�i�b �+�Q�M�i�`�B�#�m�i�B�M�; �i�Qez � M P̂
1 ���`�2 �;�B�p�2�M ���b

C4;8 = + ��
�
� 42ya

2xa
2 � 10yb

2xa
2 � 28yaybxa

2 � 28xbya
2xa�U���X�R�e�V

� 28xbyb
2xa � 40xbyaybxa � 10xb

2ya
2 � 42xb

2yb
2 � 28xb

2yayb
�

+ � 2 �
� 21xa

4 � 28xbxa
3 � 30xb

2xa
2 � 28xb

3xa � 21xb
4�

+ � 2 �
� 21ya

4 � 28ybya
3 � 30yb

2ya
2 � 28yb

3ya � 21yb
4�

40za
2 + 40zb

2 + 48zazb ;

C4;9 = ��
�
� 7yc

2xa
2 � 10yb

2xa
2 + 63yaycxa

2 � 21yaybxa
2 + 35ycybxa

2�U���X�R�d�V

+ 63xcya
2xa � 21xbya

2xa � 10xbyc
2xa + 35xcyb

2xa



�6�A�_�a�h �J�P�J�1�L�h�a �P�6 �� �S�P�G�u�>�1�.�_�P�L �*�G�A�S�S�1�. �"�u �� �S���_���"�P�G�P�A�. �k�j

� 21xbyb
2xa � 28xcyaycxa + 70xbyaycxa + 70xcyaybxa

� 40xbyaybxa � 20xcycybxa + 70xbycybxa � 7xc
2ya

2

� 10xb
2ya

2 + 35xcxbya
2 � 7xb

2yc
2 � 7xc

2yb
2 + 63xcxbyb

2

+ 35xb
2yayc � 20xcxbyayc � 10xc

2yayb � 21xb
2yayb

+70xcxbyayb + 63xb
2ycyb � 28xcxbycyb

�

+ � 2 �
63xcxa

3 � 21xbxa
3 � 21xc

2xa
2 � 30xb

2xa
2 + 105xcxbxa

2

� 21xb
3xa + 105xcxb

2xa � 30xc
2xbxa + 63xcxb

3 � 21xc
2xb

2�

+ � 2 �
63ycya

3 � 21ybya
3 � 21yc

2ya
2 � 30yb

2ya
2 + 105ycybya

2

� 21yb
3ya + 105ycyb

2ya � 30yc
2ybya + 63ycyb

3 � 21yc
2yb

2�

� 30za
2 + 12zc

2 � 30zb
2 � 60zazc � 24zazb � 60zczb ;

C4;10 = ��
�
� 56yc

2xa
2 � 2yb

2xa
2 + 28ycybxa

2 + 84xcyc
2xa�U���X�R�3�V

� 92xbyc
2xa + 28xcyb

2xa � 224xcyaycxa + 56xbyaycxa

+ 56xcyaybxa � 8xbyaybxa � 184xcycybxa

+ 56xbycybxa � 56xc
2ya

2 � 2xb
2ya

2 + 28xcxbya
2

� 12xc
2yc

2 � 56xb
2yc

2 + 84xcxbyc
2 � 56xc

2yb
2

+ 84xc
2yayc + 28xb

2yayc � 184xcxbyayc

� 92xc
2yayb + 56xcxbyayb + 84xc

2ycyb � 224xcxbycyb
�

+ � 2 �
� 6xc

4 + 84xaxc
3 + 84xbxc

3 � 168xa
2xc

2 � 168xb
2xc

2

� 276xaxbxc
2 + 84xaxb

2xc + 84xa
2xbxc � 6xa

2xb
2�

+ � 2 �
� 6yc

4 + 84yayc
3 + 84ybyc

3 � 168ya
2yc

2 � 168yb
2yc

2

� 276yaybyc
2 + 84yayb

2yc + 84ya
2ybyc � 6ya

2yb
2�

+ 15za
2 + 24zc

2 + 15zb
2 + 120zazc � 6zazb + 120zczb ;

C4;11 = ��
�
� 12yc

2xc
2 + 14yaycxc

2 � 2yaybxc
2�U���X�R�N�V

+ 14ycybxc
2 + 14xayc

2xc + 14xbyc
2xc

� 4xbyaycxc � 4xaycybxc � 2xaxbyc
2�

+ � 2 �
� 6xc

4 + 14xaxc
3 + 14xbxc

3 � 6xaxbxc
2�

+ � 2 �
� 6yc

4 + 14yayc
3 + 14ybyc

3 � 6yaybyc
2�

� 7zc
2 � 5zazc + zazb � 5zczb ;

C4;12 = � 2��y c
2xc

2 � � 2xc
4 � � 2yc

4 + zc
2 ;�U���X�k�y�V



�k�9 �6�X �1�o�_���_�.�- �_�X �*�>�A�P�.�A�- ���X �>���L�- �"�X �o���L �q���*�>�1�J�- �P�X �.�1�a�C���_�.�A�L�a

K �B�b �i�?�212� 10 �K���i�`�B�t �;�B�p�2�M ���b

�U���X�k�R�VK =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 3
8

31
48 � 7

8 � 1
16 0 1

24 0 0 0 0

0 � 1
6

5
8 � 3

16 0 1
24 0 0 0 0

0 2
3 � 3 11

6 � 2 0 0 0 0 0

� 1
32

93
2240 0 � 163

3360 0 5
168 0 � 1

140 0 0

0 1
70 � 1

16
29

1120 0 � 19
1680 0 1

420 0 0

0 � 1
210 0 1

21 � 1
8

13
560 0 � 1

280 0 0

0 1
35 0 � 16

105 0 56
105 � 1 1

14 0 0

� 1
128

193
16128 0 � 149

8064 0 19
1120 0 41

5040 0 1
630

0 4
945 � 1

48
65

6048 0 � 1
144 0 11

3780 0 � 1
1890

0 � 1
1890 0 13

1890 � 1
48

11
2016 0 � 5

3024 0 1
3780

0 1
315 0 � 1

45 0 4
35 � 1

4
17

504 0 � 1
252

0 � 1
63 0 29

315 0 � 26
105 0 194

315 � 1 1
18

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

;

D �B�b �i�?�2 �p�2�+�i�Q�` �;�B�p�2�M ���b

D (w) =
h
0 w2 0 w4 0 w6 0 w8 0 w10

i |
�U���X�k�k�V

+ �( w)
h
w 0 w3 0 w5 0 w7 0 w9 0

i |
;

���M�/E �B�b �i�?�2 �p�2�+�i�Q�` �;�B�p�2�M ���b

�U���X�k�j�V E(w) =
h
�( w)3 �( w)4 �( w)4 �( w)5

i |
;

�r�B�i�?

�( w) =

8
>>>><

>>>>:

���`�+�i���M
�

1 � w
p

1 � w2

�
1

p
1 � w2

0 < w < 1

���`�+�i���M�?
�

w � 1
p

w2 � 1

�
1

p
w2 � 1

1 � w

;�U���X�k�9�V

�( w) =
1

(w � 1)(w + 1)
:�U���X�k�8�V

�A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/ �i�?���i �i�?�2 �M���B�p�2 �B�K�T�H�2�K�2�M�i���i�B�Q�M �Q�7 �i�?�2�b�2 �2�t�T�`�2�b�b�B�Q�M�b �K���v �H�2���/ �i�Q
�b�B�;�M�B�}�+���M�i �`�Q�m�M�/�@�Q�z �2�`�`�Q�`�b �r�?�2�Mw �B�b �B�M �i�?�2 �p�B�+�B�M�B�i�v �Q�71�X �h�Q ���p�Q�B�/ �b�m�+�? �T�`�Q�#�H�2�K�b�-
�r�2 �`�2�b�Q�`�i �i�Q �i�?�2 �h���v�H�Q�` �b�2�`�B�2�b �2�t�T���M�b�B�Q�M �Q�7B (3) ���`�Q�m�M�/w = 1 �7�Q�` �B�i�b �M�m�K�2�`�B�+���H
�2�b�i�B�K���i�B�Q�M�X �l�b�B�M�;64�@�#�B�i �~�Q���i�B�M�;�@�T�Q�B�M�i ���`�B�i�?�K�2�i�B�+�b�- �r�2 �?���p�2 �7�Q�m�M�/ �i�?���i �i�?�2 �h���v�H�Q�`
�b�2�`�B�2�b �2�t�T���M�b�B�Q�M �Q�7B (3) �i�Q �Q�`�/�2�`40 �7�Q�ẁ 2 [0:35; 1:7] �B�b �b�m�{�+�B�2�M�i �7�Q�` �T�`�Q�/�m�+�B�M�; �M�2���`
�K���+�?�B�M�2�@�x�2�`�Q �2�b�i�B�K���i�2�b�X �h�?�B�b �B�K�T�H�2�K�2�M�i���i�B�Q�M �?���b �#�2�2�M �m�b�2�/ �7�Q�` �T�`�Q�/�m�+�B�M�; �i�?�2 �`�2�b�m�H�i�b
�T�`�2�b�2�M�i�2�/ �B�M�a�2�+�i�B�Q�M �d�X

�_�1�6�1�_�1�L�*�1�a

�(�R�)�h�?�2 �:�L�l �*�Q�K�T�B�H�2�` �*�Q�H�H�2�+�i�B�Q�M �R�y�X�j�-�?�i�i�T�b�,�f�f�;�+�+�X�;�M�m�X�Q�`�;�f�Q�M�H�B�M�2�/�Q�+�b�f�;�+�+�@�R�y�X�j�X�y�U���+�+�2�b�b�2�/ �k�y�k�k�@
�R�k�@�y�N�V�X

�(�k�)���X ���#�2�/�B���M�- �C�X �S��� �̀p�B�x�B���M�- ���X �.�=�b�i�2�`�- �>�X �E�?���/�2�K�v�x���/�2�?�- ���M�/ �1�X �_���M�F�- �S�2�`�7�Q�`�K���M�+�2
�Q�7 �/�B�z�2� �̀2�M�i �B�M�i�2�;� �̀��i�B�Q�M �b�+�?�2�K�2�b �B�M �7���+�B�M�; �/�B�b�+�Q�M�i�B�M�m�B�i�B�2�b �B�M �i�?�2 �6�B�M�B�i�2 �*�2�H�H �J�2�i�?�@
�Q�/�- �A�M�i�2�`�M���i�B�Q�M���H �C�Q�m�`�M���H �Q�7 �*�Q�K�T�m�i���i�B�Q�M���H �J�2�i�?�Q�/�b�- �R�y �U�k�y�R�j�V�- �T�X �R�j�8�y�y�y�k�-�?�i�i�T�b�,�f�f
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