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11 The logarithmic law of the wall does not capture the mean fow when a boundary layer is 
12 subjected to a strong pressure gradient. In such a boundary layer, the mean fow is afected 
13 by the spatio-temporal history of the imposed pressure gradient; and accounting for history 
14 efects remains a challenge. This work aims to develop a universal mean fow scaling for 

boundary layers subjected to arbitrary adverse or/and favorable pressure gradients. We derive 
16 from the Navier-Stokes equation a velocity transformation that accounts for the history efects 
17 and maps the mean fow to the canonical law of the wall. The transformation is tested against 
18 channel fows with a suddenly imposed adverse or favorable pressure gradient, boundary 
19 layer fows subjected to an adverse pressure gradient, and Couette-Poiseuille fows with a 

streamwise pressure gradient. It is found that the transformed velocity profles closely follow 
21 the equilibrium law of the wall. 

22 1. Introduction 
23 Boundary layers subjected to favorable pressure gradients (FPGs) or adverse pressure 
24 gradients (APGs) are common in fuid engineering. In the past 30 years, many have studied 

boundary layers with pressure gradients , including theory work (Perry et al. 1998; Wei 
26 et al. 2007; Nickels 2004; Wei et al. 2017; Subrahmanyam et al. 2022), experimental work 
27 (Aubertine & Eaton 2005; Harun et al. 2013; Parthasarathy & Saxton-Fox 2022; Volino 2020; 
28 Romero et al. 2022b), and computational work (Lee & Sung 2009; Inoue et al. 2013; Lee 
29 2017; Kitsios et al. 2017; Subrahmanyam et al. 2023), to name a few of the previous work. 

It was known that the mean fow responds to pressure gradients faster than the turbulence. It 
31 has also been found that there are history efects, and the law of the wall loses its predictive 
32 power. However, it is unclear how one can account for history efects in a mean fow scaling. 
33 Consequently, no good mean fow scaling exists for boundary layers with pressure gradients. 
34 This work aims to account for history efects in the mean fow scaling and establish a universal 

mean fow scaling for boundary layers subjected to arbitrary adverse and favorable pressure 
36 gradients. 
37 We begin our discussion by estimating the pressure gradients encountered in engineering 
38 fows. Consider, e.g., the boundary layer on the suction side of an airfoil, such as sterns on 
39 an underwater vehicle or a turbine blade. At large angles of attack, the pressure gradient 
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40 causes an appreciable change in the fuid velocity. An order-of-the-magnitude estimate of the 
41 pressure gradient is 

�� ��2 
42 = � 0 

, (1.1)
�� � 

43 where ��/�� is the pressure gradient along a streamline, �0 is the velocity of the incoming 
44 fuid, � is the chord length, and � is an order 0.1 factor. Defne 

� �� 
45 Π ≡ , (1.2)

��� �� 

46 where � is the boundary layer thickness, and �� = ���/�� is the wall-shear stress. We have 

� ���0
2 2��/� 

47 Π = = . (1.3)
��� � � � 

48 A rough estimate according to (Anderson 2011) is 

49 � � ∼ � (10−4 − 10−3), ��/� ∼ � (0.001 − 0.01), (1.4) 

50 which leads to 
51 Π ∼ � (1) to � (100). (1.5) 
52 Following this estimate, we limit ourselves to |Π | between 1 and 100. Flows subjected to a 
53 pressure gradient with Π < 1 will be in a quasi-equilibrium state and fows subjected to a 
54 pressure gradient with Π > 100 are rare. 
55 Consider the scaling of the mean velocity. The canonical law of the wall (LoW) provides a 
56 good working approximation of the mean fow in a zero-pressure-gradient (ZPG) boundary 
57 layer. Here, the LoW refers to the scaling of the mean fow in the constant stress layer (or the 
58 inner layer), where the inner scaled velocity follows a linear and a logarithmic scaling of the 
60 inner scaled distance from the wall for � ≲ 5�/�� and �/�� ≪ � ≪ �, respectively: 

�+ = �+ , for � ≲ 5�/�� , 
61 1 (1.6)

�+ = log(�+) + �, for �/�� ≪ � ≪ �, 
� 

62 the behavior of the mean fow in the bufer layer is also a function of �+ only but there is 
63 not an accepted explicit expression. Here �+ = �/�� , � is the mean velocity, �� is the 
64 friction velocity, �+ = ��� /�, � is the kinematic viscosity, � is the wall-normal coordinate, 
65 � is an outer length scale (e.g., boundary-layer thickness, half-channel height, pipe radius), 
66 � ≈ 0.4 is the von Karm´ an´ constant (keeping only one signifcant digit), and � ≈ 5 is a 
67 constant (Kim et al. 1987; Marusic et al. 2013; Smits et al. 2011; Monty et al. 2009; Morrill-
68 Winter et al. 2017). Equation (1.6) fails when the boundary layer is subjected to a strong 
69 pressure gradient (Spalart & Watmuf 1993; Nagib & Chauhan 2008; Monty et al. 2011). 
70 For illustrative purposes, consider the model problem sketched in fgure 1 (a), where a fully 
71 developed channel is subjected to a suddenly imposed APG. Figure 1(b) shows the velocity 
72 profles in inner units, at a few time instants after an APG Π = 100 is suddenly imposed on 
73 a ���,0 = ��,0�/� = 1000 channel. Beside that the velocity is above the log law, the region 
74 within which �+ = �+ also retreats, which is quite peculiar. We discuss the scaling of the 
75 mean fow in the viscous sublayer in Appendix A. Defne 

� �� �∗ �� 
76 Δ�+ ≡ , and � ≡ , (1.7)

��3 �� ��2 �� � � 

77 which are common non-dimensional measures of the APG with � being the Clauser pressure 
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Figure 1: (a) Schematic of the model problem. A fully developed channel is subjected to a 
suddenly imposed APG and decelerates as a result. (b) Mean velocity profles at a few 

time instants. The fow is initially at a Reynolds number ��� = 1000. An APG Π = +100 
is imposed at � = 0. Shown here are velocity profles at ���,0/� = 0.005 (blue), 0.035 

(red), and 0.065 (yellow). The profles are normalized with the density �, the viscosity � 
and the instantaneous wall shear stress �� (�). The dashed lines correspond to (1.6), but 
we allow � and � in (1.6) to vary. Best fts yield � = 0.35, 0.23, 0.079, � = 5.8, 5.48, 9.2 

at ���,0/� = 0.005, 0.035, and 0.065, respectively. 

78 gradient coefcient, �∗ being the displacement height, and � being the fuid density. The 
79 displacement height in a channel fow is defned as ∫ � � � 
80 � ∗ = 1 − 

� 
��, (1.8) 

0 �� 

81 where � is the half channel height, and �� is the mean streamwise velocity at the center line. 
82 Here, the Clauser parameter is the ratio of the two quantities which cause the momentum 
83 thickness to increase in a spatially developing boundary layer (in the momentum integral 
84 equation). We will report both Δ�+ (Knopp et al. 2021; Lozano-Duran´ et al. 2020; Johnstone 
85 et al. 2010; Nickels 2004) and � in the following for completeness. For this model problem, 
86 Δ�+ = 0.1, � = 11.6 at the initial state. 
87 We see clear history efects in fgure 1 (b): the same force leads to diferent velocity profles 
88 at diferent time instances. This is quite expected: since � = �� and �� = �Δ� , the change 
89 in the fuid velocity is not solely determined by the instantaneous force but by the force 
90 acting on the fuid parcel for a period of time. Such history efects were also noted in Perry 
91 et al. (2002), Bobke et al. (2017), Volino (2020), Romero et al. (2022b), among others. We 
92 see from fgure 1 (b) that the law of the wall in (1.6) with � = 0.4 and � = 5 do not ft the 
93 data, not even the lower part of the velocity profles, which is in contrast to Galbraith et al. 
94 (1977); Perry (1966); Spalart & Watmuf (1993). By varying the two “constants” in the log 
95 law, (1.6) fts the mean fow in the inner layer (Lee & Sung 2009; Knopp et al. 2021; Nagib 
96 & Chauhan 2008), as indicated by the black dash lines in fgure 1. Here, the inner layer is the 
97 layer where the outer length scale does not play a role. In most studies, this layer is considered 
98 as � ≲ 0.15�. However, tuning � and � to ft data reduces the modeling task into a ftting 
99 exercise. The same can be said about the half power law(Knopp et al. 2021; Stratford 1959; 

100 Perry & Schofeld 1973) and other laws (Ding et al. 2019; Perry 1966; Perry et al. 1966; 
101 Subrahmanyam et al. 2022), where one must also adjust the “constants” to ft data. Although 
102 the LoW also contains constants, i.e., � and �, that must be calibrated against data, the fact 
103 that one does not need to adjust these two constants as a function of the Reynolds number 
104 makes the LoW “universal”. 
105 This work aims to establish a universal mean velocity scaling for wall-bounded fows 
106 subjected to arbitrary streamwise pressure gradients. Here, universality is with respect to the 
107 pressure gradient and its history. Mean fow scalings are usually explicit algebraic relations 
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108 with the normalized velocity on the left-hand side and the dependent variables on the right-
109 hand side (Volino 2020; Romero et al. 2022a). If we were to follow this path, we would 

be looking for a scaling for � as a function of the inner and outer length scales and the 
111 history of the pressure gradients, which is a daunting task. Instead, we will pursue the idea 
112 of velocity transformation. This idea has received much attention in the high-Mach-number-
113 fow literature (Huang & Coleman 1994; Trettel & Larsson 2016; Grifn et al. 2021; Volpiani 
114 et al. 2020). The goal of these transformations is to fnd �� and �� ∫ ∫� � 1 1 

� ∗ = ��, � ∗ = ��. (1.9) 
0 �� 0 �� 

116 such that the transformed velocity �∗ follows the LoW and is a function of �∗ irrespective of 
117 the density variation in the fow (Van Driest 1951; Modesti et al. 2019; Modesti & Pirozzoli 
118 2019). We have a similar goal, but instead of equilibrium boundary layers, we study non-
119 equilibrium boundary layers subjected to streamwise pressure gradients. The objective is to 

fnd a transformation such that the transformed velocity �∗ follows the LoW and is a function 
121 of �∗ only, irrespective of the pressure gradient. 
122 The rest of the paper is organized as follows. We derive the transformation in §2. Details of 
123 the validation DNS data are presented in §3, followed by test results in §4. Last, we conclude 
124 in §5. 

2. Velocity transformation 
126 In this section, we derive the velocity transformation from the Navier-Stokes equation and 
127 discuss its properties. 

128 2.1. Assumptions 
129 The derivation assumes the following. First, the fow is incompressible. Second, the mean fow 

is two-dimensional. This holds when the pressure gradients are in the streamwise direction. 
131 Third, the boundary layer is thin with respect to its rate of growth. That is, the velocity gradient 
132 in the wall-normal direction is much larger than that in the streamwise direction (which is only 
133 approximately true for boundary layers but is exactly true for channel fow). This assumption 
134 limits the discussion to attached fows, i.e., before incipient separation. Fourth, the fow is 

assumed to be initially in an equilibrium state. That is, the mean fow initially conforms to 
136 the law of the wall. Fifth, it is assumed that a universal velocity transformation exists. Defne 

��∗ 
137 � ≡ (1 + �� 

+). (2.1)
��∗ 

138 Here, �+ = �� /�, � is the kinematic viscosity, �� = − ⟨��⟩ /(��/��) is the eddy viscosity, � 
139 and − ⟨��⟩ is the Reynolds shear stress. By universality, � is a function of �∗ only in the 

inner layer. Like any assumption in any theory, (2.1) facilitates mathematical derivations, 
141 and its validity must be verifed empirically. 
142 Since the transformed velocity �∗ is a function of the transformed wall-normal coordinate 
143 �∗ only, it follows from this universality assumption that �+ is also a function of only �∗ � 
144 only in the inner layer. In addition, because � = 1 in the inner layer of ZPG boundary-layer 

fows (due to the constant stress layer), the universality assumption implies that � ≡ 1 in all 
146 fows—in the layer where the outer length scale does not play a role. Note that we do not 
147 need to assume a constant stress layer. The function � , in general, is a function of �/�. 
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 �

148 2.2. Governing equation 
149 The Reynolds averaged streamwise momentum equation reads 

�� �� �� 1 �� ���� ���� 
150 + � + � = − + + , (2.2)

�� �� �� � �� �� �� 

151 where � � 
�� �� �� 

152 ��� = 2� − ⟨� ′ � ′⟩ , ��� = � + − ⟨� ′ � ′⟩ . (2.3)
�� �� �� 

153 The equation assumes incompressibility and two-dimensional mean fow. Hence, the �/�� 
154 terms are dropped. Here, the upper case letters denote mean quantities; the lower case letters 
155 denote instantaneous quantities, ′ denotes fuctuations, �, �, and � are the streamwise, wall-
156 normal, and spanwise directions, �, � , � or �, �, � are the velocity in the three Cartesian 
157 directions, � is the stress, ⟨·⟩ denotes ensemble averaging. Invoking the thin boundary layer 
158 assumption leads to 

�� �� ���� ���� 
159 ≪ , ≪ . (2.4)

�� �� �� �� 
160 It follows from equations (2.2), (2.3), and (2.4) that 

�� �� �� 1 �� ���� 
161 + � + � = − + , (2.5)

�� �� �� � �� �� 

162 where 

163 ��� = � 
�� − ⟨� ′ � ′⟩ . (2.6)
�� 

164 We take the � derivative of both sides of (2.5) � � 
� � � �� �� �� �� �� 1 �2� �2��� 

165 + � + � + + = − + . (2.7)
�� �� �� �� �� �� �� �� � ���� ��2 

166 We seek to simplify (2.7). First, incompressiblity requires 
�� �� 

167 + = 0. (2.8)
�� �� 

168 Second, the � momentum equation reads: 

1 �� � �2 
169 + = 0. (2.9)

� �� �� 

170 By applying �/�� on both sides of (2.9), we have 

1 �2� �2 �2 �2��� 
171 = ≪ , (2.10)

� ���� ���� ��2 

172 due to the thin boundary layer assumption. Substituting (2.8) and (2.10) into (2.7) leads to 

� �� �2��� 
173 = . (2.11)

�� �� ��2 

174 Invoking the eddy viscosity �� , the shear stress term is 
�� � � 

175 ��� = � 1 + �+ . (2.12)� 
�� 
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176 Here, �� is unspecifed. Hence, invoking �� introduces no modeling error. Plugging Eq. (1.9) 
177 and (2.1) into Eq. (2.12), we have 

� �� 
178 � = 1. (2.13)

�� � �� 

179 2.3. Transformation 
180 Equation (1.9) and (2.13) lead to ∫ � � � ��∗ 
181 � ∗ = ��. (2.14) 

0 ��� �� 

182 Equation (2.14) is a velocity transformation, but it requires knowledge of �∗ . In the following, 
183 we derive a transformation that maps �+ to �∗ . 
184 Integrating (2.11) in time, we have � � ∫ � �� �� �2��� 
185 = + ��, (2.15)

�� �� 0 0 ��2 

186 where the subscript 0 denotes quantities evaluated at the initial state. Note that the integration 
187 is lagrangian. Invoking the assumed initial state, the mean fow abides by the LoW, and 
188 therefore, � � � � 

�� �2 1 �2 
�,0 1� 189 = = , (2.16)

�� 0 � � (�+) 0 � � (�0 
+)

190 where 
191 � (�+ 

0 ) = 1 + ��+ �1 − exp(−�+ 
0/�) 

�2 
, (2.17)0 

192 is a damping function (Van Driest 1956; Kawai & Larsson 2012; Yang & Lv 2018), � = 17 
193 is a constant, �+ = ���,0/�, and ��,0 is the friction velocity at the initial state. The use of0 
194 the van Driest damping function is to give the equilibrium ��/�� a closed expression. The 
195 derivation itself does not necessarily need such an approximation. An alternative defnition 
196 for � is 

�2 
�,0 1 

197 � (�+ 
0) = , (2.18)

� (��/��)0 
198 where we have left (��/��)0 as is. Invoking (2.13) and the assumption that �∗ follows the 
199 LoW, the left hand side of (2.15) is 

�� ��� 1 
200 = . (2.19)

�� � � � (�∗) 
201 Substituting (2.19) into (2.15) and rearranging, we have 

1 ��� 
202 � (� ∗) = � � ∫ . (2.20)

� �� �2��� � � 
+ �� 

�� 0 0 ��2 

203 Here, � is given in (2.17), � ≡ 1 for � ≪ �, its value in the outer layer can be measured 
204 at the initial state (as a function of �/�), and the derivative (��/��)0 is known from the 
205 equilibrium LoW. Equations (2.20) and (2.14) are the transformations we are looking for. 

206 2.4. Further simplifcation 
207 We re-arrange (2.20) and (2.14) to put them into the standard as defned in (1.9). First, we 
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208 defne 
��/�� − (��/��)0209 � ≡ . (2.21)(��/��)0 

210 It follows from (2.15), (2.16), and (2.21) that 

�� (�+ 
0) 

∫ � �2��� 
211 � = ��. (2.22)

�2 0 ��2 
�,0 

212 Equation (2.22) and (2.20) together give � �
1 + �� �

+ 

213 � ∗ = �−1 � (�+ 
0) . (2.23)

1 + � � 

214 Here, �−1 denotes the inverse function of �, �+ = ��� /���,� , and �� is � evaluated at 
215 the wall. Notice that �+ is ill-defned at separation, and therefore our scaling is valid up to 
216 incipient separation. The term (1 + ��)/(1 + �) in (2.23) accounts for the history efects. 
217 Equation (2.23) gives ∫ � � � �

� � (�∗) � � �+ 1 �� � ′ (�+ 
0) ��

+ 

218 � ∗ = − + 0 
��. (2.24)′ 

0 � (�∗) �+ �� � 1 + � �� � (�0 
+) �� 

219 Equations (2.24) and (2.14) give ∫ � � � �
� � � � (�∗) � � �+ 1 �� � ′ (�+ 

0 ) ��
+ 

220 � ∗ = − + 0 
��. (2.25)′ 

0 ��� � (�∗) �+ �� � 1 + � �� � (�+ 
0) �� 

221 Equations (2.24) and (2.25) are the velocity transformation. 

222 2.5. Discussion 
224 The transformations are collected below ∫ � � � �

� ′ 
� (�∗) � � �+ 1 �� � (�0 

+) ��+ 

� ∗ = − + 0 
��, 

0 � ′ (�∗) �+ �� � 1 + � �� � (�+ 
0) �� 

225 ∫ � � � � � (2.26)
� � � (�∗) � � �+ 1 �� � ′ (�+ 

0 ) ��
+ 
0

� ∗ = − + ��. ′ 
0 ��� � (�∗) �+ �� � 1 + � �� � (�0 

+) �� 

226 We have the following remarks. Firstly, the transformation accounts for history efects through 
227 the time integral �. It is interesting to note that the integral is not weighted and therefore 
228 the fow does not “forget”. In other words, an event at � = 0 and an event at a later time 
229 instant contribute equally to the transformation. Secondly, the transformation is valid in the 
230 outer layer as well. The function � is 1 in the inner layer and varies as a function of �/� 
231 outside. By measuring � from the initial condition as a function of �/�, the transformation 
232 should collapse all velocity profles. Hence, the transformation avoids the constant stress 
233 layer assumption, at least formally. Thirdly, the transformation is presented as a descriptive 
234 tool for now. The transformation shows how history should be accounted for in mean fow 
235 scalings. It shows that pressure gradients do not afect the mean fow directly. Instead, they 
236 afect the shear stress, ��� , which then afects the mean fow. Closures for ��� and �+ are� 
237 needed for the transformation, a topic we do not discuss here. Fourthly, the transformation 
238 involves a function inverse and therefore is not explicit. 
239 In the following, we simplify and re-write the transformation for the log layer in a ZPG 
240 boundary layer, for Couette-Poiseuille fow, for a channel with a suddenly imposed streamwise 
241 pressure gradient, and for spatially developing boundary layers with streamwise pressure 
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242 gradients. First, for the log and the viscous layers, we have 

243 ��� = Const. (2.27) 

244 It follows that � = 0 and �+/ � = 1. Hence, for fows in the constant stress layer, the velocity 
245 transformation reduces to �∗ = �+ and �∗ = �+. Second, we consider the Couette-Poiseuille 
246 fow. Figure 2 (a) shows a schematic of the fow. The fow is subjected to an APG near one 
247 wall and an FPG near the other. The stress ��� is a linear function of �. The function � can 
248 be measured from the Couette fow, and � = 1. It follows that � = 0 and therefore, (2.23) 
249 becomes 
250 � (� ∗) = �+� (�+). (2.28) 
251 The velocity transformation becomes ∫ � � ′ � 

� � � (�∗) 1 ��+ � (�+) ��+ 

252 � ∗ = + ��. (2.29) 
0 ��� � ′ (�∗) �+ �� � (�+) �� 

253 Third, for channel fow with a suddenly imposed streamwise pressure gradient, the mean 
254 advection is 0, and therefore the Lagrangian integration degenerates to an Eulerian one, i.e., 
255 �� = ��. It follows that (2.22) becomes ∫ � �� (�+ 

0) �2��� 
256 � = ��, � > 0. (2.30)

�2 0 ��2 
�,0 

257 Furthermore, measuring � from the initial condition, we have � = 1 − �/�. Fourth, for a 
258 spatially developing turbulent boundary layer with streamwise pressure gradients, Lagrangian 
259 integration is along the streamline, and (2.22) becomes 

�� (�+ 
0) 

∫ � �2��� �� 
260 � = , � > 0, (2.31)

�2 0 ��2 |U|
�,0 

261 where �� is along a streamline, and |U| is the velocity magnitude. Equation (2.31) is singular 
262 at the wall because of the no-slip condition. However, this singularity is removable. We 
263 know that the velocity follows �+ = �+ sufciently close to the wall irrespective of any 
264 non-equilibrium efects. Since �∗ is a universal function of �∗ , we must have �∗ = �∗ 

265 sufciently close to the wall as well. This directly gives �∗ = �+ at the wall, thereby removing 
266 the singularity at the wall. 

267 3. Computational setup 
268 To test the velocity transformation, we conduct DNSs of channel fows subjected to a suddenly 
269 imposed adverse or favorable pressure gradient. The fow is sketched in fgure 1(a). It is a fully 
270 developed 2D turbulent channel. At � = 0, a constant pressure gradient ��/�� is suddenly 
271 imposed, subsequently held constant for the duration of the simulation. The mean fow 
272 evolves with time as a result. 
273 Table 1 shows the DNS details. The nomenclature is as follows: R[���,0/100]F/A[|Π |], 
274 where F is for FPG, and A is for APG. For APGs, Π is 1, 10, or 100, corresponding to a 
275 weak APG, a moderate APG, and a strong APG. For FPGs, Π = −10 or -100, corresponds 
276 to a moderate or a strong FPG. FPGs are not very challenging (or interesting) because 
277 the canonical LoW works reasonably well for fows with FPGs (Townsend 1956; Mellor 
278 & Gibson 1966), although FPGs have interesting efects on the eddies in the fow (Volino 
279 2020). The initial Reynolds number is ���,0 = 544 or 1000. The Reynolds number increases 
280 when an FPG is applied and decreases when an APG is applied. The size of the channel is 
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Case ���,0 Π0 � Δ�+ × 103 � � × �� × �� �� × �� × �� Δ�+ × Δ�+ × Δ+ N� 

R5A1 544 1 [0.13,3.88] [1.84, 187] 4� × 2 × 2� 576 × 243 × 540 11.8 × (0.048, 7.23) × 6.32 3 
R5A10 544 10 [1.31,20.1] [18.4, 488] 4� × 2 × 2� 576 × 243 × 540 11.8 × (0.048, 7.23) × 6.32 4 

R5A100 544 100 [19.9,49.5] [184, 1245] 4� × 2 × 2� 576 × 243 × 540 11.8 × (0.048, 7.23) × 6.32 12 
R5F10 544 -10 [-2.49,-0.94] [-11.9, -7.6] 4� × 2 × 2� 1024 × 512 × 1024 13.4 × (0.13, 6.72) × 6.70 1 

R5F100 544 -100 [-24.9,-1.93] [-119, -16.1] 4� × 2 × 2� 1024 × 512 × 1024 12.6 × (0.12, 6.32) × 6.29 1 
R10A10 1000 10 [1.17,8.17] [10.1, 91.9] 8� × 2 × 3� 2048 × 512 × 1536 12.3 × (0.12, 6.15) × 6.13 2 

R10A100 1000 100 [11.6,44.1] [100, 573] 8� × 2 × 3� 2048 × 512 × 1536 12.3 × (0.12, 6.15) × 6.13 3 

Table 1: DNS details of channel fows subjected to a suddenly imposed adverse (Π > 0) or 
favorable (Π < 0) pressure gradient. ���,0 is the initial Reynolds number. Π is positive 
for APG and negative for FPG. � � , �� , and �� are the domain size in the streamwise, 

wall-normal, and spanwise directions. Here, normalization is by the half-channel height. 
�� , �� , and �� are the number of grid points in the three Cartesian directions. Δ�+, Δ�+, 

and Δ�+ are the grid spacings in the three directions. For Δ�+, we list the resolution at the 
wall and the channel center. Here, we list the grid resolution at the beginning or the end of 
the DNSs. For Π > 0, a fner grid must be employed at the beginning than at the end, and 
we list the grid resolution at the beginning of the DNS and vice versa. � is the number of 

ensembles used to compute the fow statistics. 

x

y

z

Uw

Uw

PG

x

U∞

δ

(a) (b)

Figure 2: (a) A sketch of Couette-Poiseuille fow. The fow is subjected to an FPG near 
the top plate and an APG near the bottom plate (Coleman & Spalart (2015); Johnstone 

et al. (2010)); (b) A sketch of a boundary layer subjected to APGs. The pressure gradient 
is imposed by varying the freestream velocity. The reader is directed to Bobke et al. 

(2017) for more details. 

281 (4� × 2× 2�)� for the R5 (���,0 = 544) cases and (8� × 2× 3�)� for the R10 (���,0 = 1000) 
282 cases. The domain sizes for the R5 and R10 cases are diferent because the initial felds 
283 were generated by diferent authors. Nonetheless, both domains are larger than that of the 

minimal channel (Lozano-Dur´ enez 2014). The grid resolution is comparable to that 284 an & Jim´ 
285 in Mathur et al. (2018) and Yang et al. (2021) and is such that the fow is well-resolved 
286 from the beginning to the end. We employ statistically un-correlated initial fow felds and 
287 repeat the simulations multiple times to get converged statistics following Lozano-Durán 
288 et al. (2020), Chung (2005), and He & Seddighi (2015). The code we use is the same as the 
289 one in Lee & Moser (2015). Details of the code can be found in Graham et al. (2016) and 
290 Lee & Moser (2015) and are not detailed here for brevity. 
291 We will also use the boundary-layer data in Bobke et al. (2017), and the Couette-Poiseuille 
292 data in Coleman & Spalart (2015) and Johnstone et al. (2010). The fows are sketched in 
293 fgure 2. Flow parameters that are relevant to this analysis are tabulated in Table 2. Further 
294 details are not shown here for brevity. 
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Case Flow type Ref. ��� Π � Δ�+ × 103 

CGSR5A CP Coleman et al. (2015) 589 +1.59 - 2.7 
CGSR12F CP Coleman et al. (2015) 1210 -0.39 - -0.32 
JCSR3A CP Johnstone et al. (2010) 336 +1.24 - 3.7 
JCSR6F CP Johnstone et al. (2010) 627 -0.36 - -0.57 

m13 APG-BL Bobke et al. (2017) [190; 896] [3.80; 5.51] [0.86, 1.49] [5.0, 21.3] 
m16 APG-BL Bobke et al. (2017) [189; 934] [5.82; 8.67] [1.55,2.55] [10.9, 27.7] 
m18 APG-BL Bobke et al. (2017) [192; 973] [7.29; 12.5] [2.15,4.07] [16.0, 33.6] 
b1 APG-BL Bobke et al. (2017) [190; 862] ≈ 4.11 ≈ 1 [5.1, 14.3] 
b2 APG-BL Bobke et al. (2017) [189; 910] ≈ 7.55 ≈ 2 [10.6, 20.8] 

¨ZPG ZPG-BL Schlatter & Orlü (2010) [252; 1271] 0 0 0 

Table 2: Details of the Couette-Poiseuille fows and the boundary-layer fows. CP is short 
for Couette Poiseuille. The nomenclature is [Initial of authors][��� /100][PG]. ��� is the 

friction Reynolds number. Further details of the fows can be found in Coleman et al. 
(2015) and Johnstone et al. (2010) and are not repeated here for brevity. The velocity in a 
Couette-Poiseuille fow increases monotonically from one wall to the other. It is therefore 

not straightforward to defne the heights of the boundary layers near the two walls. 
Consequently, defning � is not straightforward for Couette-Poiseulle fow. Here, BL is 

short for boundary layer. The nomenclature of the BL cases is the same as in Bobke et al. 
(2017). The range of ��� and Π are shown in the table. Note that for b1 and b2 cases, Π is 

approximately a constant, while for m13, m16 and m18 cases, it is varying. We also 
include the ZPG-BL data in Schlatter & Orlü (2010) for comparison purposes. ¨ 

295 4. Results 
296 4.1. Channel fow results 
297 First, we present the channel fow results. Figures 3 and 4 show the mean velocity profles in 
298 the APG cases. Figure 3 shows the R5 results, and fgure 4 shows the R10 results. The results 
299 at other time instants are similar and are not shown here for brevity. In R5A1, a weak APG is 
300 applied, and the fow is at a quasi-equilibrium state. As a result, both �+ and �∗ follow the 
301 LoW. In R5A10 and R10A10, a moderate APG is applied, and we see noticeable deviations 
302 in �+ from the LoW after the adverse pressure gradient has acted on the fow for some time 
303 at � = � (10). On the other hand, the transformed velocity �∗ follows the LoW closely at all 
304 time instants. In R5A100 and R10A100, a strong APG is applied. The viscous units fail to 
305 collapse the velocity profles, and only �∗ follows the LoW. 
306 Figure 5 shows the mean velocity profles in the two FPG cases. FPGs give rise to noticeable 
307 deviations from the LoW in R5F100 when the velocity and the wall-normal coordinate are 
308 normalized using the viscous units. Nonetheless, the transformed velocity profles collapse 
309 and follow the LoW. 
310 Per the universality assumption, the viscous scaled eddy viscosity is a universal function 
311 of the transformed wall-normal coordinate �∗ . In section 2, we noted “like any assumption 
312 in any theory, (2.1) facilitates mathematical derivations, and its validity must be verifed 
313 empirically.” In the following, we test (2.1) against empirical data. Figures 6 and 7 show the 
314 eddy viscosity in the APG cases. Figure 6 shows the R5 results, and fgure 7 shows the R10 
315 results. The fow in R5A1 is at a quasi-equilibrium state, �+ and �∗ are not very diferent, and 
316 �+ collapse well when plotted as a function of both �+ and �∗ . In R5A10, R5A100, R10A10, � 
317 and R10A100, the pressure gradients are strong, and the conventional viscous scaling does 
318 not collapse data and only the transformed wall-normal coordinate collapse data. Figure 8 
319 shows the normalized eddy viscosity of the FPG cases. The results are similar to the APG 
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Figure 3: Mean velocity profles at a few time instants. (a, b, c) �+ as a function of �+. 
Here, normalization is by the wall-shear stress at time �. (d, e, f) �∗ as a function of �∗ . 

Here, �∗(�∗) is the transformed velocity. (a, d) R5A1. (b, e) R5A10. (c, f) R5A100. Here, 
time � is normalized with �/��,0. CH is the velocity profle in a fully developed 

��� = 544 channel. 

Figure 4: Mean velocity profles at a few time instants. (a, b) �+ as a function of �+. Here, 
normalization is by the wall-shear stress at time �. (c, d) �∗ as a function of �∗ . Here, 
�∗(�∗) is the transformed velocity. (a, c) R10A10. (b, d) R10A100. CH is the velocity 

profle in a fully developed ��� = 1000 channel. 

320 cases: the viscous scaling does not collapse data, whereas the transformed coordinate does. 
321 These results verify the universality assumption. 
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Figure 5: Mean velocity profles at a few time instants. (a, b) �+ as a function of �+. Here, 
normalization is by the wall-shear stress at time �. (c, d) �∗ as a function of �∗ . Here, 

�∗(�∗) is the transformed velocity. (a, c) R5F10. (b, d) R5F100. CH is the velocity profle 
in a fully developed ��� = 544 channel. 

Figure 6: Eddy viscosity at various time instants. (a, b, c) �+ as a function of �+. (d, e, f) � 
�+ as a function of �∗ . (a, d) R5A1. (b, e) R5A10. (c, f) R5A100. � 

322 4.2. Couette Poiseuille and boundary-layer fows 
323 Next, we show the Couette-Poiseuille fow results. Figure 9 shows the mean velocity profles 
324 before and after the transformation. The fows are subjected to fairly weak pressure gradients. 
325 As a result, the viscous scaled velocity profles do not deviate far from the LoW, and the 
326 velocity transformation leads to a slightly better collapse of the velocity profles. 
327 Last, fgure 10 shows the boundary layer results. The transformation collapses all profles, 
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Figure 7: Same as fgure 6 but for the R10 cases. (a, c) R10A10. (b, d) R10A100. 

Figure 8: Same as fgure 6 but for the R5F cases. (a, c) R5F10. (b, d) R5F100. 

Figure 9: Mean velocity profles in Couette-Poiseuille fows (a) before and (b) after the 
transformation. 
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345

350

Figure 10: Mean velocity profles in boundary-layer fows at multiple streamwise 
locations: (a, d) ��� = 300; (b, e) ��� = 500; (c, f) ��� = 700. “ZPG” is the velocity 

profle in a zero-pressure-gradient boundary layer at ��� = 1272. 

328 and the transformed velocity profles follow the LoW. However, the collapse is less convincing 
329 compared to the results in fgures 3 to 4. We think this is a lack of statistical convergence— 

compared to channel fow, where one can average among many ensembles and in the 
331 two homogeneous directions, the boundary-layer is amenable to averaging in time and 
332 the spanwise direction. A lack of statistical convergence incurs errors in the derivative 
333 calculations, which in turn afect the quality of the data collapse– an aspect that needs further 
334 attention. 

5. Conclusions 
336 We derived a velocity transformation that maps the mean velocity profles in boundary layers 
337 with pressure gradients to the canonical law of the wall before incipient separation. The 
338 NS equation alone does not give the transformation. Like the semi-local transformation that 
339 relies on the assumption that �+ is a universal function of �∗ , our transformation relies on� �� 

(2.1), a direct consequence of which is that �+ is a universal function of �∗ . In addition to � 
341 (2.1), we assume two-dimensional attached mean fows at low speeds and the knowledge of 
342 the mean fow at the equilibrium condition. 
343 The derived transformation contains mean fow information and shear-stress information 
344 only. History efects are accounted for via a Lagrangian integral of the total shear stress 

originating from the initial equilibrium state. The transformation suggests that it is the total 
346 shear stress that plays into the hysteresis in the mean fow. Furthermore, since the integration 
347 weights all historical events equally, the fow does not forget unless the efects of one event 
348 are canceled by another. 
349 The validity of the transformation is tested in channel fows subjected to suddenly imposed 

pressure gradients, Couette-Poiseuille fows, and spatially-developing turbulent boundary 
351 layers with moderate adverse pressure gradients. We show that while the inner-unit scaled 
352 velocity profles deviate from the LoW, the transformed profles follow the LoW closely, 
353 irrespective of the streamwise pressure gradients. Further validation of the scaling will be 
354 pursued in future studies. 
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355 Last, we comment on the practicality of the present transformation. The LoW is the 
356 cornerstone of many wall-bounded turbulence models. However, since the LoW is valid for 
357 equilibrium boundary layers only, the reliance on the LoW is a major source of uncertainty 
358 in turbulence modeling. As a result, there has always been a need for universal mean fow 
359 scalings for non-equilibrium boundary layers. This work will help address that need. While 
360 this paper presented the velocity transformation as a descriptive tool, future work will explore 
361 its potential for predictive modeling. Consider, e.g., RANS modeling. At a given iteration, 
362 one would have a velocity feld, which allows one to compute the eddy viscosity and the 
363 total shear stress to get to the next iteration. When computing the eddy viscosity in the wall 
364 layer, one often needs a damping function. The available damping functions are functions of 
365 �+ (or constructed assuming it is a function of �+), which is based on the law of the wall and 
366 therefore is not always accurate. Our scaling can be used to augment the damping function. 
367 The resulting damping function would depend on the Lagrangian history of the total shear 
368 stress, but the information is solved for and is available in the simulation. We will leave such 
369 practical applications to future studies. 
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392 Appendix A. Mean fow scaling in the viscous sublayer 
393 We discuss the scaling of the mean fow in the viscous sublayer. First, expanding the mean 
394 velocity according to Taylor series in the wall layer gives 

�� 1 �2� 
� = � + �2 + �(�3). (A 1) 

�� 2 ��2 
� � 
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Figure 11: The mean velocity profle in the viscous sublayer of (a) R5A100 and (b) 
R10A100. The markers show the grid point locations. 

396 The defnition of �� gives 
�� �� (�)

397 = . (A 2) 
�� � � 

398 Evaluating the NS equation at the wall gives: 

�2� �� 
399 = . (A 3) 

��2 �� � 

400 Here, �� = ��/��. Second, substitute (A 2) and (A 3) into (A 1), we have 
�� � 

401 �+ = �+ + 3/2 �
+2 + �(�3), (A 4) 

2��� √ 
402 where �+ = �/�� (�), �+ = �� (�)�/�, �� (�) = �� (�)/�, and � is the kinematic viscosity. 
403 The second term is subjected to the efect of pressure gradients. This explains the deviation 
404 of the mean fow from the canonical linear scaling in the viscous sublayer. 
405 For an equilibrium channel, �� �/(2��� ��� ) = −0.5/(��� ), and the second term in 
406 the Taylor expansion is −0.001�+2, which amounts to -0.025 at �+ = 5. For a boundary 
407 layer subjected to a strong adverse pressure gradient, e.g., case R5A100, �� �/(2��� ���) = 
408 50/��� ≈ 0.1, and the second term in the Taylor expansion is 0.1�+2, which amounts to 2.5 
409 at �+ = 5. 
410 Figure 11 shows the mean velocity profles in the viscous sublayer layer. The profles are 
411 normalized via the wall stress, viscosity, and fuid density. For brevity, we present results in 
412 the two cases with the strongest adverse pressure gradients. The time instants are such that 
413 the efects of the imposed adverse pressure gradients have already manifested. We have the 
414 following two observations. Firstly, the mean velocity profles follow the linear scaling up 
415 to about �+ ≈ 0.4 and 0.7 in (a) and (b), respectively, and this region contains 6 and 9 grid 
416 points in (a) and (b). Secondly, the quadratic scaling (A4) is a more powerful scaling than 
417 the linear scaling. 
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