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Abstract

One of the most challenging and consequential problems in climate modeling is to provide probabilistic projections
of sea level rise. A large part of the uncertainty of sea level projections is due to uncertainty in ice sheet dynamics.
At the moment, accurate quantification of the uncertainty is hindered by the cost of ice sheet computational models.
In this work, we develop a hybrid approach to approximate existing ice sheet computational models at a fraction
of their cost. Our approach consists of replacing the finite element model for the momentum equations for the ice
velocity, the most expensive part of an ice sheet model, with a Deep Operator Network, while retaining a classic finite
element discretization for the evolution of the ice thickness. We show that the resulting hybrid model is very accurate
and it is an order of magnitude faster than the traditional finite element model. Further, a distinctive feature of the
proposed model compared to other neural network approaches, is that it can handle high-dimensional parameter spaces
(parameter fields) such as the basal friction at the bed of the glacier, and can therefore be used for generating samples
for uncertainty quantification. We study the impact of hyper-parameters, number of unknowns and correlation length of
the parameter distribution on the training and accuracy of the Deep Operator Network on a synthetic ice sheet model.
We then target the evolution of the Humboldt glacier in Greenland and show that our hybrid model can provide accurate
statistics of the glacier mass loss and can be effectively used to accelerate the quantification of uncertainty.

Keywords: hybrid model, finite element, neural operator, ice-sheet dynamics, deep learning surrogate

1. Introduction

Ice sheet models are important components of climate models and are crucial for providing projections of sea-level
rise. In fact, sea-level rise is due in large part to added water to the ocean originating from mass loss of Greenland and
Antarctic ice sheets [1} 2} 13].

Quantifying the uncertainty on the projections of sea-level rise, due to uncertainties in the data and in the models,
is an extremely challenging task. The large dimensionality of the parameter space, and high computational cost of
ice sheet models make Bayesian inference and uncertainty quantification infeasible, despite the large computational
resources available. While there are efficient ways to perform Bayesian inference under certain approximations

[4 15]], previous attempts to quantify the uncertainty on sea level rise (e.g., [6, (7, [8]) perform drastic reductions of
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the dimensionality of the parameter space that are often dictated by feasibility reasons rather than by physical or
mathematical arguments.

Several efforts [9} [10, [11} (12} [13L [14} [15 [16} 17} [18] over the last decades focused on efficiently solving the
Stokes-like flow equations governing the ice flow, which still represents the most computationally expensive part of an
ice flow model. Flow equations need to be solved at each time step. While time steps can be as little as a week, typical
temporal periods of interest range from a few decades to centuries, to millennia. In this work we aim at replacing
the most expensive part of an ice sheet model, the Stokes-like flow equations, with a deep learning surrogate that
is an order of magnitudes faster than the finite element based implementation. A similar idea has been pursued by
Jouvet et al. [19], where a deep learning model was used to accelerate ice sheet modeling of paleo simulations. A key
requirement for our surrogate, that sets it apart from [[19], is that it depends on a high-dimensional parameter space, the
basal friction field that determines the sliding at the bed of the ice. This allows us to use the model for inference and for
uncertainty quantification. A very recent paper by Jouvet, [20], also considers spatial parameters in an inversion context
for alpine glaciers. Our surrogate model needs to be trained for each domain and mesh, whereas the models presented
in [19,20]], once trained, can be used on unseen domains. We note that in paleo simulations most of the uncertainty
comes from the climate forcing, whereas in the simulations in which we are interested here, that spans approximately
half a century, model error is a significant source of uncertainty [8]], which forces us to have very accurate models.
Another related problem, where deep learning models have been used to approximate the parameter-to-velocity map
in ice-sheet problems, is presented in [21]]. In that work, the authors first find a basis of the operator using principal
component analysis, and then use a residual neural network to compute the basis coefficients as a function of the
parameters. In contrast to our problem, in [21]] only a handful of parameters are considered.

We represent our deep learning surrogate with Deep Operator Networks (DeepONets) [22], which have proven
to work well in learning operators in a wide range of applications ranging from fracture mechanics to combustion
problems [23| 24, 25, 26, [277]]. In its vanilla formulation, a DeepONet contains two deep neural networks, referred to as
the branch network and the trunk network. The trunk network takes as input spatial coordinates whereas the branch
network takes as input the input fields evaluated at a fixed set of points. DeepONets approximate operators as a linear
combination of “basis functions” generated by the trunk network, with coefficients generated by the branch network.
The mathematical foundations of DeepONets are based on the universal approximation theorem [28| 29], and, under
mild assumptions, it has been proven that DeepONets can approximate with given accuracy any operator [22]. Our
DeepONet surrogate takes as input fields the ice thickness and the basal friction field and computes the depth-averaged
ice velocity field.

We use the trained DeepONet to build a fast hybrid ice-flow model, where the evolution of the ice thickness is
discretized with a classic finite element method, and, at each time step, the ice velocity field (as a function of the ice
thickness and the basal friction field) is computed by the DeepONet. A finite element implementation of the ice-flow
model is used as the “reference model” and also used to generate data to train the the DeepONet model. We demonstrate
our approach on two ice sheet problems: 1. a synthetic ice sheet problem for exploring different hyper-parameters of
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the DeepONet and for studying the impact of mesh resolution and correlation length on the DeeoONet training and
accuracy, and 2. a realistic simulation of the Humboldt glacier, which is one of the largest glaciers in Greenland and
one that is expected to greatly contribute to sea-level rise in this cef@@jryw/e show how our DeepONet surrogate

can approximate the ice velocity computed by the nite element model very accurately (relative error of 0.4%) and at a
fraction of the cost of the nite element model. The hybrid model produces accurate results for the ice thizkfiess (
relative error over a span of 100 years). We also show how the mass loss of the Humboldt glacier, computed using the
hybrid model, is an accurate representation of the nite element model and can be used for computing statistics of sea
level rise, yielding a 10 fold speed-up.

In Sectior{ 2 we present the mathematical equations that we use to compute the ice thickness and velocity and
the probability distribution of the basal friction parameter. In segtjon 3 we introduce the hybrid model, focusing in
particular on its DeepONet component. In Secfipn 4 we present the result of training the DeepOpNet for a synthetic
test case, studying how the resolution of the input data and the correlation length of the basal friction distrilagion a
the accuracy and training of the DeepONet. Finally in Se¢tjon 5 we target the Humboldt glacier and show how hybrid
model can be eectively used for computing the statistics of the glacier mass loss. We conclude in $éction 6 with a

summary.

2. lce Sheet Models

In this section, we brie y introduce the ice sheet models considered in this work, as depicted[ih Fig. 1.
Let x andy denote the horizontal coordinates arttie vertical coordinate, chosen such that the sea level corresponds

toz= 0. The ice domain, at timg can be approximated as a vertically extruded domade ned as
1) :=f(xy;9 st xy) 2 ; andl(xy;t) <z< (xy;t)g

where R? is the horizontal extension of the icey(t) := f(x;y;2) s.t.z= I(X;y;t); (x;y) 2 gdenotes the lower
surface of the ice at timg and 4(t) := f(X;y;2) s.t. z= s(x;y;1); (X;y) 2 gdenotes the upper surface of theﬂce
The thickness of the ice (X;y;t) = s(x;y;t)  (X;y;1). The bed topography, which we assume constant in time, is
given by  := f(X;y;2) s.t.z= b(x;y)g In general, the ice sheet can have ice shelves where the ice is oating. We
hence partition the lower surface of the icein the grounded party = |\, wherel(x;y;t) = b(x;y), and the
oating part ¢ under the ice shelf whetéx;y;t) = —WH(x; y;t); and , being the densities of ice and ocean water,
respectively. We partition the lateral boundary oin ,, denoting the ice sheet margin (either terrestrial or marine
margin), and, when we only consider a portion of the ice sheey,idenoting an internal (arti cial) boundary often

chosen in correspondence of the ice divides.

LFor simplicity here we assume thatloes not change in time. This implies that the ice sheet cannot extend bejpomit can become thicker

or thinner (to the point of disappearing in some regions).



Figure 1: Cartoon of an ice sheet in tke zplane.

The ice thicknessi(x;y;t) evolves according to

@H+r (uH)=fy (1)
—_ 1 Z s

whereu := ™ | udzis the depth-integrated velocity arid is an accumulation rate, accounting for accumulation
(e.g., due to snow precipitations) and melting at the upper surface and accunioiationg at the base of the ice sheet.
We need to constraiH to be non-negative, as there is no guaranteefhatypically coming from climate models, is
consistent with the ice thickness equation.

Ice sheets behave as a shear thinning uid and can be modeled with the nonlinear Stokes egjijatiothjs work
we use simpli cations of Stokes equations that are less expensive to solve and that are obtained with scaling arguments
based on the fact that glaciers and in particular ice sheets are typically shallow. We consider two such simpli cations:
the mono-layer higher-order approximation (MOLHO) and the shallow shelf approximation (SSA). The MOLHO
model B2] is suitable for both frozen and thawed beds, whereas the simpler SSA n38d8#] works well only
for grounded ice with signi cant sliding at the bed or for ice shelves where the ice is oating over the water. In the

following we detail the Stokes model and its approximations.

2.1. Stokes model

We denote withu, v andw the x, y andz components of the ice velocity, respectively, and the ice velocity vector is

denoted by := (u;v; w). Denoting the pressure with and the ice density with, the Stokes equation reads

r =g 2
r u=0 3)

with stress tensor =2 D  pl, and strain rate tens@;;(u) = % % + % . The non-linear viscosity is given by

NI =

A(T) 9Dg(u)" * (4)
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with q 1. In this work we takey = % a typical choiceA s the ice ow factor that depends on the ice temperature
T. The e ective strain rat®¢(u) is given byDe(u) = p%jD(u)j, wherej jdenotes the Frobenius norm. The Stokes

equation is accompanied by the following boundary conditions:
8

=

n=20 on s stress free, atmospheric pressure neglected
n= wgmin(zOn on , boundary condition atthe ice margin
U= uyg on 4 Dirichlet condition at internal boundary

un=0;( nk= uc on g impenetrability+ sliding condition

n= ,gzn on ; back pressure from ocean under ice shelves

Here (x;y) is the sliding (or friction) coe cient, , is the density of the ocean water amthe unit outward-pointing

normal to the boundary. The boundary condition at the margin includes the ocean back-pressure term, when the margin
is partially submergedz(< 0). For terrestrial margirg > 0, hence the term becomes a stress-free condition. The

friction term can also depend am depending on the choice of the sliding law.

2.2. Mono-layer higher-order (MOLHO)
The MOLHO model B2] is based on the Blatter-Pattyn approximati@sj[that can be derived neglecting the terms

Wy andwy in the strain-rate tensd@ and, using the continuity equation, replacimgwith  (ux + v):

Uy %(Uy + Vy) %Uz
D= B (uy+ W) Vy u, ¥ (5)
%Uz %Vz (ux+w)

This leads (see [36]) to the following elliptic equations in the horizontal veloaity)(

r 2D)= grs (6)

with
5 Ezwvy L+ w) %uzi.

(1

Uyt V) Ut 2w By,
Here the gradient is two-dimensional:= [@; @]". The viscosity is given by (4) with the eective strain rate
r

1 1 1
- 2 1 \2 2 2 2
De= Ug+Vy+uxwy+ L—l(uy + vy )2 + Zuz + sz.

The boundary conditions reads
Dn=0 on ¢ stress free, atmospheric pressure neglected

Dn= n on ., boundary condition at at ice margin

= Ug on ¢ Dirichlet condition at internal boundary

u

2Dn= u on 4 sliding condition

2Dn=0 on ; freeslipunderice shelves
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where = g(s 2)n+ g min(z 0)n, which can be approximated with its depth-averaged vglae%gH( r2 ),
r being the the submerged ratic max 1 ;0 ; ux is the component of the velocitytangential to the bed.
MOLHO consists of solving the Galerkin weak form of the Blatter-Pattyn model, with the ansatz that the velocity

can be expressed as :

u(xy;2 = up(Xy) pt+u(xy) v st i with =1, and ()=1 %”:

Functions , and  are also used to de ne the test functions of the weak formulation. The problem is then formulated
as a system of two two-dimensional partial eiential equations (PDESs) for, andu, (for a detailed derivation

see [32].) Note that the depth-averaged velocity is given byuy, + % Uy.

2.3. Shallow Shelf Approximation (SSA)

The shallow shelf approximatio®§] is a simpli cation of the Blatter-Pattyn model, assuming that the velocity is

uniform inz, sou = u. It follows thatu, = 0 andv, = 0, giving:

u Liuy+vy) 0
) " 2 . Bautvw S(uytv) O
D= B (uy+ vy vy o § D=§ ; €
0 0 (U + W) Sy +Vvy) U+2w O
xt Wy

q
andDe = U2+ V7 + UxVy + 7(uy + v,)2. The problem simpli es to a two-dimensional PDE in

r 2HD@ + U= gHrs in

with — = % (T) 5 De(G)% 1 whereA s the depth-averaged ow factor and with boundary conditions:

8 _
g2 D@n= n on , boundary condition atice margin
S

= Ug on 4 Dirichlet condition at internal boundary

cl

Recall that = %gH( r?2 ), r being the the submerged ratiec max 1 #:0 . With abuse of notation, herey,

and 4 are intended to be subsets@.

2.4. Distribution of basal friction eld

The basal friction eld is one of the main factors that control the ice velocity. It cannot be measured directly and
it is typically estimated by solving a PDE-constrained optimization problem, 84.38], to assimilate observations
of the surface ice velocity. As a result, the basal friction eld i®ated by both uncertainties in the observations and in
the model. We adopt a simpli ed log-normal distribution fowith a squared exponential covariance. We write the

basal friction eld as = exp( ), where is normally distributed as
|
i X

212 ©)

F log( );k ; and k(xi;x,) = aexp
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The mearlog( ) of the Gaussian processcan be obtained by assimilating the observed veloci8@s &s done in

Section 5 for the Humboldt problem . We choose values of the correlation leagthof the varianca that produce
reasonable results. While an in-depth validation of covariance parameters is beyond the scope of this work, we explore
the dependence of the accuracy of the DeepONet model as a function of the correlation length, as discussed in Section
4.

E ective dimensionality of the basal friction parameter spaééhile the dimension of the basal friction eld is in nite
in the continuum and given by the number of mesh points when discretizedgitéiee dimension can be much lower
depending on the eective rank of the process covariance. Distribuii@ycan be expressed using the Karhunereus

expansion (see e.g., [39]):
X
)=+ P () 2
i=1
where is the sample space, N (0;1) are uncorrelated random variables, anénd' ; are the eigenvalues and
eigenfunctions of the covariance kernel, respectively. We compute the approximatiand”; of the eigenvalues and

eigenfunctions using the Nysim method [39], that is, solving the eigenvalue problem:

w ~ ~

Wi Ki(Xn;Xj) "ip = i Tiny forn=1;::0N
=1

wherefxigjil are the centroids of the elements we use to discretize the domafw@g are their areas. Note that,

in order for the eigenvectofy to approximate the eigenfunctiohg that is,”i., ' i(Xn), we choose them such that

P . . Py . Py - .
N Wn"in"in= ij. WedeneN asthe smallestinteger such thdl, " > 0:99° Y, ", where the eigenvalues
areorderedsuchthdy ~; ::: “n>0.Inwords,N isthe minimum number of eigenfunctions that are enough

to describe 99% of the process energy. Heilteis used to indicate the ective dimensionality of the parameter

space in Sections 4 and 5.

3. Computational Models

In this section we introduce the nite element ice ow model and the hybrid ice ow model. We rst perform a

semi-implicit time discretization of the ice thickness equation (1):

8
ZHM™L = HY  tr OH™L o+ tFD
8

(10)
a G(; HM

whereH" is the approximation ofl at timet" = t°+n t, for a given time-stept, andF}, = Fy(t") is the corresponding
discrete approximation of the accumulation rgie Here,G( ; ) is the velocity operator that maps the basal friction
eld and the ice thickness into the depth-averaged velocity vector, based either on the SSA (Sec. 2.3) model or the
MOLHO (Sec. 2.2) model. In this work we discretize the thickness equéti@ywith nite elements, using streamline
upwind stabilization. Similarly, we provide a classic Galerkin nite element discretization of the nonlinear og&rator
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The nite element discretization is implementedRENICS[40]. We use continuous piece-wise linear nite elements
for both the thickness and the velocity elds, and solve the discretized problemPETISd41] SNES nonlinear
solvers. We refer to this nite element implementation(d) as the nite element ice ow modethat we use as our a
reference model.

The focus of the paper is on avoiding the high computational cost of constructing a nite element approximation of
the nonlinear operatd@s, and using, instead, a DeepONet approximatio6,ofvhich, in combination with the nite
element discretization of the rst equation (#0), constitutes théybrid ice ow model The DeepONet implementation
and training are performed usidgX[42]. At each time step, thEENICS nite element code calls thEAXDeepONet
code to compute an approximation®f ; H") at the mesh nodes, de ning the Lagrangian nite element discretization

of the velocityu™. In the next sections we describe in detail the DeepONet architecture and its training.

3.1. DeepONet approximation

As brie y discussed in the introduction, the main idea of DeepONet is to learn, in general nonlinear, operators
mapping between in nite-dimensional function spaces via deep neural netwiZkslpspired by the universal
approximation theorem for operato28], DeepONet's architecture consists of two neural networks: one is used to
encode the input function sampled at xed sensor pointar{ch ne} whereas the other inputs the location coordinates
to evaluate the output functiotrgnk ne). It has been shown that this architecture of two sub-networks can substantially
improve generalization compared to fully connected neural netw@gés | this study, a DeepONet denoted By is

used as a surrogate for the nonlinear oper&tor Eq. (10),
G (s HN(®) G (; H)X); (11)

where represents the collection of trainable parameters in DeepONet, and the approximated velocity components are

xXe
GQ GX(; HY(x) = bm(; H™)tm(X);

m=1

p (12)
G;) GY(; HM(x) = bm( s HM)tm(X);

mep+l

whereb, andt,, denote the outputs of the branch net and the trunk net, respectively. The details of the DeepONet
model is shown in the schematic of Fig. 2. In this setting, the input functions, i.e., the frictind thicknes$i" at the
momentt", evaluated at nite locations (sensorX)= fXi; Xy; ::;;Xng are mapped as embedded cagents through

the branch net, while the trunk net learns a collection of space-dependent basis functions that are linearly combined
with the branch coecients to approximate the velocity components. Note that the learned op@ratod") is a
continuous function with respect to coordinaxesvhich are the inputs to the trunk net. For brevity, we denote the

DeepONet approximated velocity a8N.



Figure 2: Schematic representation of DeepONet. The branch net takes as inputs the fufictiandH"(x) = H(ty; x) evaluated aN xed sensor
pointsX = ind\il and returns the feature embedding vedtd@ R?P as output. The trunk net takes the continuous coordina¥ as input

and outputs another embedding vedt@ R?P. The embedding vectotsandt are combined by dot product to generate the solution operator,
G (; H")(x). The trainable parametersassociated with the branch net and the trunk net are optimized by minimizing the loss function de ned as a

weighted mean square error (see Eqg. 13). In this study, wé seX for simplicity.

3.2. DeepONet training
The trainable parameters, i.e,,associated with the DeepONet model are obtained by minimizing the loss function
XX X

w) juecth ) G (i HY (13)
i=1 j=1 x2Y

LO) =R N
wherew(x) are spatially dependent weightd, is the number of friction eldsf ig'il used for di erent training
simulations Nt is the number of time steps within each simulation to sample the velocity and thickieds, ;) is

the target velocity solution, ar@ ( ;; H/)(x) is the predicted value obtained from DeepONet. Both target solution
u(x;tl; i) = G( ;;H)(x) and DeepONet predictioB ( i; H)(x) are evaluated at the set of locations The input
functions ; andH’ of the branch network are discretized at the xed set of sensor pXiritee Fig. 2). In this work it

is convenient to choos¢ to be the set of the grid nodes used in the nite element discretization and to takx.

The penalizing weighte/(x) in Eg. (13) can be spatially dependent. In this work we consider two cases: uniform
weights (v(x) = 1), and self-adaptive weights. Self-adaptive weights can lead to better generalization in presence of
localized features. In this work we adopt the approacid8)44] to estimate the weights during the training process.

We setw(x) = m( (X)), where :=f (X)gpy are the trainable self-adaptive weight parameters dependent on locations
X, andm( ) is a mask function de ned on [Q ] to accelerate convergencé3. The mask function needs to be

di erentiable, nonnegative, and monotonically increasing. The polynomialm(@3k 9 for d = 1;2; :::is adopted

in this study.

The key feature of self-adaptive DeepONet training is that thellgss ) is simultaneously minimized with respect



to the network parametersbut maximized with respect to the self-adaptive parametgirs.,
minmaxL ( ; ): (14)

If one uses the gradient descent method, the updated equations of the two sets of paramigteasian are:

vl — v r L( V; V)'
(15)
v+l — vy r L(V; V);
where and are the learning rates for updatin@nd , respectively. The employment of self-adaptive weights can
signi cantly improve the prediction accuracy at the localized features in the solution by penalizing more the terms
associated to larger lossek3[ 45]. In principle, the weights could also depend on time or other characteristics of the
problem. However, in our application the solution presents localized features mainly in the spatial domain, so, in order

to reduce the number of trainable parameters, we only consider spatial-dependent weights.

3.3. Data preparatior& training details

To generate sucient training data, we perform simulations of the nite elementice ow madé)) based on
either SSA or MOLHO and considering basal friction samples;(x), i = 1;::;;N , taken from distributior{9). For
each sample;j, we compute the thickness and depth-integrated velocity using the nite element ow model and store
theirvaluesin"gf‘:T1 andfﬁiigfjl attimest!, j = 1;2; :::;Nr and grid pointsq 2 X.
In training the DeepONet, the input functiongx) andH"(x), as well as the DeepONet operadrare evaluated
at pointsX = fxg; Xo; ::;;Xn0 as described in Fig. 2. Therefore, a DeepONet training dataset is expressed as a triplet of

the form,
Qune N

Ane N AN
TG R
k=1 U

n
K- q®
[H e Ve

(16)
where

[ ©5H®T =50 0D 0m); HY ) H0); s H )l

YO X = fxg: X0 hXNG (17)

UM = [0 (y2): T (v2); 2250 (ym, )]
Here, the superscriftis de ned ask = (i  1)Nt + jwithi=1;::;;N andj = 1;:::;Ny, denoting the index of input
parameters associated with time steps and friction samples.

We generate the basal friction elds from the Gaussian process described in Section 2.4. The rst 20 igzl_Els,

are used for testing purposes, whereas the followngelds, f igz:oglN are used for training the DeepONet model. For
each i, we use the nite element model to compute the ice-sheet evolution over a period of 150 years, where only the
rst 100 years of the nite element solution is ultilized to train the DeepONet, i.e., the solution at timds2; :::;100
(N7 = 100 in (13)).
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For the following tests in Section 4 and 5, we use the Adam optimizer as the default training scheme. Unless
otherwise stated, the DeepOnet model is trained using 300,000 epochs with a learning t8té.1RelL U is selected
as the activation function, and the batch size is 200. The architecture of both the branch net and the trunk net is a fully
connected neural network consisting of 4 hidden layers and 300 neurons per layer (denote2Da3. &0 mitigate
possible over tting in training, we also introduce &hregularization in13) with a small penalty coecient5 10 5.
However, we note that we did not observe any signs of conventional over tting during our numerical tests, and the

additional regularization has a negligible impact on the DeepONet accuracy.

4. Synthetic Ice-Sheet Problem

In this section we apply our approach to a synthetic ice-sheet problem based on a well-known benchmark in ice
sheet modeling, the MISMIP problem§]. We use this problem to explore how hyper-parameteecathe training of
the DeepONet and the accuracy of the hybrid model.

The problem geometry is de ned by a marine ice stream that is partially oating. The ice domain is 640 km long
and 80 km wide (= [0; 640km] [0; 80km]). The bed topography is provided iA€g]. We consider an initial

thickness (note that this is dérent from the one in [46]):

3.1 400km x~
H(X,y) =100m E + Etanh W

We prescribe the normal velocity at the upstream boundary@km) and lateral boundarieg € 0 km andy = 80 km)
to be zero, and free-slip conditions in the direction tangential to these boundaries. We prescribe stress-free conditions
at the outlet boundary(= 640 km). No boundary conditions are prescribed for the thickness equation, as there are
no in ow boundaries. We use a constant mean basal friction etd 5000 Pa yim and a scaling facta = 0:2 in
(9). As described in Section 3.2, for each sampfeom (9), we run the nite elementice ow model for 100 years,
using a constant forcingy = 0:3 m/ yr, and compute the ice thicknelds We then use the thickness data to train the
DeepONet.

For ease of analysis, the mean squared error (MSE) and relative squared error (RSE), given as follows, are used to
evaluate the DeepONet performance:
N u P

. 3 _
U WJ5 erse= —
C N iz

€ = —
MSE

whereu; andu, denote the prediction and reference values, respectivelyNaadhe number of data.

Table 1 shows that DeepONet converges well with respect to théNsinéthe training dataset and that using more
training data enhances generalization capacity. The table also shows the impact of the correlation length magnitude on
the approximation accuracy. We consider three correlation lengths correspondingitendie ective dimensionalities
of the parameter spacét = 14 forl = 80km,N = 39 forl = 40km andN = 121 forl = 20km. As expected,
in order to maintain the same level of accuracy, larger training datasets are required for smaller correlation lengths.
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Figure 3: The loss plots of DeepONet training for the MISMIP testcase with SSA model undeeni correlation lengths: (&F 80 km; (b)l = 40
km; (c) = 20 km. The simulation data associated witfgi%, is used as the training data whfleg?’, is used as testing data. At the nal epoch

(300,000), the training MSEs are@0 10 6, 1:03 10 %, and 333 10 5, respectively.

Table 1: MISMIP test case with the SSA and MOLHO models. The mean square errors are evaluated on the same testingﬁ_ﬂ@tgi&eﬁn the

DeepONet model are trained by dirent training dataset sizes under various correlation lemgths

SSA MOLHO
Training dataset] | = 80 km | = 40 km | =20 km | = 80 km | =40 km | = 20 km
f ingzol 737 10° 209 104 292 10“4 | 7:31 105 177 10* 304 10°%
f @:0201 484 10° 1:32 104 254 10“4 | 472 105 147 104 211 10°
f g% 362 105 105 104 228 10*| 409 105 097 104 197 10*

Another important piece of information from the table is that DeepONets can approximate with a similar accuracy both
the lower- delity SSA model and higher- delity MOLHO model.

Taking the case with i93£201 as an example, the curves of training and testing losses are plotted in Fig. 3. The result
shows that the DeepONet models converge stably for all thresrelint correlation lengths, and the prediction accuracy
on testing cases reaches a plateau after 50000 epochs. We observe that the generaliZzatoragegpnearly the same
for the data with dierent correlation lengths when the size of the training dataset is xed.

The trained DeepONet modél ( ; Hi)(x) is able to predict the velocity eldNN(x) at any timeti for the given
friction eld and thickness eldH!. The DeepONet predictions at= 99 yr for an exemplary training case
corresponding to correlation lengths 20; 40; 80 km are presented in Fig. 4. The results in Fig. 4(g)-(i) show that
more localized features appear in the velocity solution with a smaller correlation length, e.g., thelcag® dm.

The RSEs between the predicted and reference velocity eltls &9 yrare 361 10 4,257 10 3,and 796 103
for the correlation lengthis= 80; 40, and 20 km, respectively, indicating the excellent learning capacity of DeepONet
on the training velocity elds.

To examine the generalization performance, we test the trained DeepONet on an unseen tegtwihd € 20

2The di erence between a model's performance on training data and its performance on unseen testing data drawn from the same distribution.
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km at two di erent time instances, as shown in Fig. 5. The relative squared ertorsl@ andt = 94 yr are 567 10 2
and 488 10 2, respectively. We observe that the DeepONet accuracy does not depend signi cantly on thattime

which the input thickness is evaluated.

Figure 4: The DeepONet predictiontat 99 yr for an exemplary training caseyt) corresponding to correlation lengths 20; 40; 80 km. (a) - (c):
logyo( ); (d) - (f): the thickness$d; (g)-(i): The magnitude of the predicted velocjg'Nj. The relative squared errors ar€8 10 4,257 10 3
and 796 10 3 for the correlation lengthls= 80; 40, and 20 km, respectively. The simulation data associated‘w,'i;ﬁffzo1 is used as the training

data.

Lastly, we investigate the @ct of mesh resolution on the DeepONet performance. In particular we are interested in
investigating the capacity of the DeepONet to model the problem atreit resolutions and how the mesh resolution
a ects the training time. We use the same 300 DeepONet architecture as before, but we change the size of the input
layer to accommodate input data of drent resolutions. Table 2 presents the relative squared errors of the DeepONet
model against the training datasetgf®, and testing datasét;c?% under di erent mesh resolutions of 369, 60 15,
and 100 25. Overall, the accuracy of DeepONet remains comparable for the various mesh resolutions, which shows
how the chosen DeepONet architecture is fairly insensitive to the mesh resolution. The training time for DeepONet
under di erent mesh resolutions is also provided in Table 2, indicating a linear relation between the training time and

the size of meshes (i.e., the size of the dataset) given the training hyperparameters remain unchanged.

5. Hybrid Modeling of Humboldt Glacier

In this section we consider the Humboldt glacier, one of the largest glaciers in Greenland. In Fig. 6, we report the
Humboldt bed topography, ice surface elevation and ice thickness obtained from observations, 3éfdotalftails
on how these elds are collected and processed. These elds will be use to determine the problem geometry and the
initial ice thicknessH®. The mean value of the basal friction in9) is obtained with a PDE-constrained optimization
approach 37] where the mismatch between the computed and observed surface velocities are minimized. Fig. 7 shows

" together with a couple of samples of the basal friction from (9).
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Figure 5: The DeepONet prediction for an exemplary test cagenith the correlation length= 20 km: (a)log;o( ); (b) and (c) are the maps of
reference velocity magnitudej att = 18 andt = 94 yr, respectively; (d) and (e) are the point-wise errors of the velocity magnitude between the
reference and DeepONet predictigas UNNjatt = 18 andt = 94 yr, respectively, where the corresponding relative squared errorssare 50 2

and 488 10 2.

Similarly to the MISMIP case, we samplgrom (9) using a varianca = 0:2 and a correlation length= 50 km,

which, in terms of dimensionality of the parameter space, correspords $024. For each sample ofwe run the ice
nite element ow model for 100 yr, using a climate forcing generated according tdRéqaresentative Concentration

Pathway 2.6see B(Q] for the problem de nition and the data used including the mean basal fric_bioﬁhe collected

thickness and velocity simulation data are used to train the DeepONet model.

5.1. DeepONet Training

We rst evaluate the performance of DeepONet for elient ice approximation models (MOLHO and SSA). Figs.

8a-c present the plots of training and testing errors corresponding to threedi DeepONet cases, i.e., training with

Table 2: MISMIP testcase with the SSA model underedient mesh resolutions. The relative squared errors of the DeepONet model against the
training dataseft ig3:°201 and testing datasétigz:ol under various correlation lengthsThe second column of the table reports the clock time to train
the DeepONet. The number of epochs used in the training phase increases with the mesh resolution, however, the same number of epochs were used

for the di erent correlation lengths, hence the the clock time is independent of the correlation length.

training error testing error
Mesh resolution| Time | =80 km | =40 km | =20 km | = 80 km | =40 km | =20 km
36 9 113hrs| 297 104 090 10° 528 10°%| 802 10%® 270 102 619 10?2
60 15 280hrs| 303 104 114 10° 548 10° | 570 10% 1:99 102 425 102
100 25 724hrs| 455 104 156 10° 544 10° | 402 10% 2182 102 460 10°2
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Figure 6: Observations for Humboldt glacier for the initial year 2007. Left: bed topography [m] &#@mJenter: ice surface elevation [m], Right:
thickness [m]. Additional details on the collection and processing of these data can be found in [30].

Figure 7: Mean value of the basal frictio_r(left) and two samples of the basal friction using (9).Units: [Pami.

1) simulation data obtained from the SSA ice model, 2) simulation data obtained from the MOLHO ice model, and 3)
simulation data obtained from the MOLHO ice model together with the self-adaptive scheme descfii®q1%). At
the last epoch (30000), the relative squared errors of these three DeepONet models on the testing dat4 al®F,
3:59 103 and 216 10 3, respectively. The comparison of results in Figs. 8a and b shows that training DeepONet
with MOLHO simulation data yields higher prediction accuracy than the low-order SSA data, which is consistent with
our observation for the MISMIP testcase. In the following, we will only consider the MOLHO model, given that it
better describes the ice sheet dynamics compared to the SSA model, and it can be well approximated by our DeepONet
model. We also observe in Fig. 8c that the employment of the self-adaptive weighting scheme signi cantly improves
the training and testing performance in the Humboldt glacier testcase, reducing the testing error by 40%.

We further study the impact of using self-adaptive weights in Figs. 9 and 10, where we show the prediction errors
atdi erent samples for dierent choices of adaptive weighting schemes. In Fig. 9 we report the results §amaple
taken from the training dataset, whereas in Fig. 10 we consider a sample from the testing dataset. In both cases, the
DeepONet model trained with the self-adaptive weighting schememith= * yields the best performance, which
is consistent with the results in Fig. 8. The self-adaptive weighting scheme especially helps mitigate the prediction
errors in the interior of the domain and the region at the outlet (i.e., northwest) region. Given the improved prediction,
in the following sections we will present the DeepONet models trained with the self-adaptive weighting scheme with

m()= *
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