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Abstract

One of the most challenging and consequential problems in climate modeling is to provide probabilistic projections

of sea level rise. A large part of the uncertainty of sea level projections is due to uncertainty in ice sheet dynamics.

At the moment, accurate quantification of the uncertainty is hindered by the cost of ice sheet computational models.

In this work, we develop a hybrid approach to approximate existing ice sheet computational models at a fraction

of their cost. Our approach consists of replacing the finite element model for the momentum equations for the ice

velocity, the most expensive part of an ice sheet model, with a Deep Operator Network, while retaining a classic finite

element discretization for the evolution of the ice thickness. We show that the resulting hybrid model is very accurate

and it is an order of magnitude faster than the traditional finite element model. Further, a distinctive feature of the

proposed model compared to other neural network approaches, is that it can handle high-dimensional parameter spaces

(parameter fields) such as the basal friction at the bed of the glacier, and can therefore be used for generating samples

for uncertainty quantification. We study the impact of hyper-parameters, number of unknowns and correlation length of

the parameter distribution on the training and accuracy of the Deep Operator Network on a synthetic ice sheet model.

We then target the evolution of the Humboldt glacier in Greenland and show that our hybrid model can provide accurate

statistics of the glacier mass loss and can be effectively used to accelerate the quantification of uncertainty.

Keywords: hybrid model, finite element, neural operator, ice-sheet dynamics, deep learning surrogate

1. Introduction

Ice sheet models are important components of climate models and are crucial for providing projections of sea-level

rise. In fact, sea-level rise is due in large part to added water to the ocean originating from mass loss of Greenland and

Antarctic ice sheets [1, 2, 3].

Quantifying the uncertainty on the projections of sea-level rise, due to uncertainties in the data and in the models,

is an extremely challenging task. The large dimensionality of the parameter space, and high computational cost of

ice sheet models make Bayesian inference and uncertainty quantification infeasible, despite the large computational

resources available. While there are efficient ways to perform Bayesian inference under certain approximations

[4, 5], previous attempts to quantify the uncertainty on sea level rise (e.g., [6, 7, 8]) perform drastic reductions of
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the dimensionality of the parameter space that are often dictated by feasibility reasons rather than by physical or

mathematical arguments.

Several efforts [9, 10, 11, 12, 13, 14, 15, 16, 17, 18] over the last decades focused on efficiently solving the

Stokes-like flow equations governing the ice flow, which still represents the most computationally expensive part of an

ice flow model. Flow equations need to be solved at each time step. While time steps can be as little as a week, typical

temporal periods of interest range from a few decades to centuries, to millennia. In this work we aim at replacing

the most expensive part of an ice sheet model, the Stokes-like flow equations, with a deep learning surrogate that

is an order of magnitudes faster than the finite element based implementation. A similar idea has been pursued by

Jouvet et al. [19], where a deep learning model was used to accelerate ice sheet modeling of paleo simulations. A key

requirement for our surrogate, that sets it apart from [19], is that it depends on a high-dimensional parameter space, the

basal friction field that determines the sliding at the bed of the ice. This allows us to use the model for inference and for

uncertainty quantification. A very recent paper by Jouvet, [20], also considers spatial parameters in an inversion context

for alpine glaciers. Our surrogate model needs to be trained for each domain and mesh, whereas the models presented

in [19, 20], once trained, can be used on unseen domains. We note that in paleo simulations most of the uncertainty

comes from the climate forcing, whereas in the simulations in which we are interested here, that spans approximately

half a century, model error is a significant source of uncertainty [8], which forces us to have very accurate models.

Another related problem, where deep learning models have been used to approximate the parameter-to-velocity map

in ice-sheet problems, is presented in [21]. In that work, the authors first find a basis of the operator using principal

component analysis, and then use a residual neural network to compute the basis coefficients as a function of the

parameters. In contrast to our problem, in [21] only a handful of parameters are considered.

We represent our deep learning surrogate with Deep Operator Networks (DeepONets) [22], which have proven

to work well in learning operators in a wide range of applications ranging from fracture mechanics to combustion

problems [23, 24, 25, 26, 27]. In its vanilla formulation, a DeepONet contains two deep neural networks, referred to as

the branch network and the trunk network. The trunk network takes as input spatial coordinates whereas the branch

network takes as input the input fields evaluated at a fixed set of points. DeepONets approximate operators as a linear

combination of “basis functions” generated by the trunk network, with coefficients generated by the branch network.

The mathematical foundations of DeepONets are based on the universal approximation theorem [28, 29], and, under

mild assumptions, it has been proven that DeepONets can approximate with given accuracy any operator [22]. Our

DeepONet surrogate takes as input fields the ice thickness and the basal friction field and computes the depth-averaged

ice velocity field.

We use the trained DeepONet to build a fast hybrid ice-flow model, where the evolution of the ice thickness is

discretized with a classic finite element method, and, at each time step, the ice velocity field (as a function of the ice

thickness and the basal friction field) is computed by the DeepONet. A finite element implementation of the ice-flow

model is used as the “reference model” and also used to generate data to train the the DeepONet model. We demonstrate

our approach on two ice sheet problems: 1. a synthetic ice sheet problem for exploring different hyper-parameters of
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the DeepONet and for studying the impact of mesh resolution and correlation length on the DeeoONet training and

accuracy, and 2. a realistic simulation of the Humboldt glacier, which is one of the largest glaciers in Greenland and

one that is expected to greatly contribute to sea-level rise in this century [30]. We show how our DeepONet surrogate

can approximate the ice velocity computed by the �nite element model very accurately (relative error of 0.4%) and at a

fraction of the cost of the �nite element model. The hybrid model produces accurate results for the ice thickness (2̃%

relative error over a span of 100 years). We also show how the mass loss of the Humboldt glacier, computed using the

hybrid model, is an accurate representation of the �nite element model and can be used for computing statistics of sea

level rise, yielding a 10 fold speed-up.

In Section 2 we present the mathematical equations that we use to compute the ice thickness and velocity and

the probability distribution of the basal friction parameter. In section 3 we introduce the hybrid model, focusing in

particular on its DeepONet component. In Section 4 we present the result of training the DeepOpNet for a synthetic

test case, studying how the resolution of the input data and the correlation length of the basal friction distribution a� ect

the accuracy and training of the DeepONet. Finally in Section 5 we target the Humboldt glacier and show how hybrid

model can be e� ectively used for computing the statistics of the glacier mass loss. We conclude in Section 6 with a

summary.

2. Ice Sheet Models

In this section, we brie�y introduce the ice sheet models considered in this work, as depicted in Fig. 1.

Let x andy denote the horizontal coordinates andzthe vertical coordinate, chosen such that the sea level corresponds

to z = 0. The ice domain, at timet, can be approximated as a vertically extruded domain
 de�ned as


 (t) := f(x; y; z) s.t. (x; y) 2 � ; andl(x; y; t) < z < s(x; y; t)g;

where� � R2 is the horizontal extension of the ice.� l(t) := f(x; y; z) s.t. z = l(x; y; t); (x; y) 2 � gdenotes the lower

surface of the ice at timet, and� s(t) := f(x; y; z) s.t. z = s(x; y; t); (x; y) 2 � gdenotes the upper surface of the ice1.

The thickness of the ice isH(x; y; t) = s(x; y; t) � l(x; y; t). The bed topography, which we assume constant in time, is

given by� b := f(x; y; z) s.t. z = b(x; y)g. In general, the ice sheet can have ice shelves where the ice is �oating. We

hence partition the lower surface of the ice� l in the grounded part� g = � l \ � b, wherel(x; y; t) = b(x; y), and the

�oating part � f under the ice shelf wherel(x; y; t) = � �
� w

H(x; y; t); � and� w being the densities of ice and ocean water,

respectively. We partition the lateral boundary of
 in � m, denoting the ice sheet margin (either terrestrial or marine

margin), and, when we only consider a portion of the ice sheet, in� d, denoting an internal (arti�cial) boundary often

chosen in correspondence of the ice divides.

1For simplicity here we assume that� does not change in time. This implies that the ice sheet cannot extend beyond� but it can become thicker

or thinner (to the point of disappearing in some regions).
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Figure 1: Cartoon of an ice sheet in thex � z plane.

The ice thicknessH(x; y; t) evolves according to

@tH + r � (ūH) = fH (1)

whereū :=
1
H

Z s

l
u dzis the depth-integrated velocity andfH is an accumulation rate, accounting for accumulation

(e.g., due to snow precipitations) and melting at the upper surface and accumulation/melting at the base of the ice sheet.

We need to constrainH to be non-negative, as there is no guarantee thatfH, typically coming from climate models, is

consistent with the ice thickness equation.

Ice sheets behave as a shear thinning �uid and can be modeled with the nonlinear Stokes equation [31]. In this work

we use simpli�cations of Stokes equations that are less expensive to solve and that are obtained with scaling arguments

based on the fact that glaciers and in particular ice sheets are typically shallow. We consider two such simpli�cations:

the mono-layer higher-order approximation (MOLHO) and the shallow shelf approximation (SSA). The MOLHO

model [32] is suitable for both frozen and thawed beds, whereas the simpler SSA model [33, 34] works well only

for grounded ice with signi�cant sliding at the bed or for ice shelves where the ice is �oating over the water. In the

following we detail the Stokes model and its approximations.

2.1. Stokes model

We denote withu, v andw thex, y andz components of the ice velocity, respectively, and the ice velocity vector is

denoted byu := (u; v;w). Denoting the pressure withp, and the ice density with� , the Stokes equation reads

�r � � = � g (2)

r � u = 0 (3)

with stress tensor� = 2� D � pI, and strain rate tensorDi j (u) = 1
2

�
@ui
@x j

+ @u j

@xi

�
. The non-linear viscosity is given by

� =
1
2

A(T)� q De(u)q� 1 (4)
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with q � 1. In this work we takeq = 1
3, a typical choice.A is the ice �ow factor that depends on the ice temperature

T. The e� ective strain rateDe(u) is given byDe(u) = 1p
2
jD(u)j, wherej � j denotes the Frobenius norm. The Stokes

equation is accompanied by the following boundary conditions:
8
>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

� n = 0 on� s stress free, atmospheric pressure neglected

� n = � w g min(z;0)n on � m boundary condition at the ice margin

u = ud on � d Dirichlet condition at internal boundary

u � n = 0; (� n)k = � uk on � g impenetrability+ sliding condition

� n = � w g zn on � f back pressure from ocean under ice shelves

Here� (x; y) is the sliding (or friction) coe� cient,� w is the density of the ocean water andn the unit outward-pointing

normal to the boundary. The boundary condition at the margin includes the ocean back-pressure term, when the margin

is partially submerged (z < 0). For terrestrial margin,z > 0, hence the term becomes a stress-free condition. The

friction term� can also depend onu, depending on the choice of the sliding law.

2.2. Mono-layer higher-order (MOLHO)

The MOLHO model [32] is based on the Blatter-Pattyn approximation [35] that can be derived neglecting the terms

wx andwy in the strain-rate tensorD and, using the continuity equation, replacingwz with � (ux + vy):

D =

2
666666666666666666664

ux
1
2(uy + vx) 1

2uz

1
2(uy + vx) vy

1
2uz

1
2uz

1
2vz � (ux + vy)

3
777777777777777777775

: (5)

This leads (see [36]) to the following elliptic equations in the horizontal velocity (u; v)

�r � (2� D̂) = � � gr s (6)

with

D̂ =

2
666666664

2ux + vy
1
2(uy + vx) 1

2uz

1
2(uy + vx) ux + 2vy

1
2vz

3
777777775
: (7)

Here the gradient is two-dimensional:r = [@x; @y]T . The viscosity� is given by (4) with the e� ective strain rate

De =

r

u2
x + v2

y + uxvy +
1
4

(uy + vx)2 +
1
4

u2
z +

1
4

v2
z:

The boundary conditions reads
8
>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

2� D̂ n = 0 on� s stress free, atmospheric pressure neglected

2� D̂ n =  n on � m boundary condition at at ice margin

u = ud on � d Dirichlet condition at internal boundary

2� D̂ n = � uk on � g sliding condition

2� D̂ n = 0 on� f free slip under ice shelves
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where = � g(s� z)n + � w g min(z; 0)n, which can be approximated with its depth-averaged value ̄ = 1
2gH(� � r2� w),

r being the the submerged ratior = max
�
1 � s

H ; 0
�
; uk is the component of the velocityu tangential to the bed.

MOLHO consists of solving the Galerkin weak form of the Blatter-Pattyn model, with the ansatz that the velocity

can be expressed as :

u(x; y; z) = ub(x; y) � b + uv(x; y) � v

� s � z
H

�
; with � b = 1; and � v(� ) = 1 � �

1
q +1:

Functions� b and� v are also used to de�ne the test functions of the weak formulation. The problem is then formulated

as a system of two two-dimensional partial di� erential equations (PDEs) forub anduv (for a detailed derivation

see [32].) Note that the depth-averaged velocity is given byū = ub + (1+q)
(1+2q) uv.

2.3. Shallow Shelf Approximation (SSA)

The shallow shelf approximation [33] is a simpli�cation of the Blatter-Pattyn model, assuming that the velocity is

uniform inz, sou = ū. It follows thatuz = 0 andvz = 0, giving:

D =

2
6666666666666664

ux
1
2(uy + vx) 0

1
2(uy + vx) vy 0

0 0 � (ux + vy)

3
7777777777777775
; D̂ =

2
666666664

2ux + vy
1
2(uy + vx) 0

1
2(uy + vx) ux + 2vy 0

3
777777775
; (8)

andDe =
q

u2
x + v2

y + uxvy + 1
4(uy + vx)2. The problem simpli�es to a two-dimensional PDE in�

�r �
�
2� HD̂(ū)

�
+ � ū = � � gHr s; in �

with �̄ = 1
2 Ā(T)� 1

n De(ū)
1
n � 1, whereĀ is the depth-averaged �ow factor and with boundary conditions:

8
>>><
>>>:

2� D̂(ū) n =  ̄ n on � m boundary condition at ice margin

ū = ūd on � d Dirichlet condition at internal boundary

Recall that ̄ = 1
2gH(� � r2� w), r being the the submerged ratior = max

�
1 � s

H ; 0
�
. With abuse of notation, here� m

and� d are intended to be subsets of@� .

2.4. Distribution of basal friction �eld

The basal friction �eld� is one of the main factors that control the ice velocity. It cannot be measured directly and

it is typically estimated by solving a PDE-constrained optimization problem, e.g., [37, 38], to assimilate observations

of the surface ice velocity. As a result, the basal friction �eld is a� ected by both uncertainties in the observations and in

the model. We adopt a simpli�ed log-normal distribution for� with a squared exponential covariance. We write the

basal friction �eld as� = exp(
 ), where
 is normally distributed as


 � F
�
log(�̄ ); kl

�
; and kl(x1; x2) = aexp

 
�

jx1 � x2j2

2l2

!
: (9)
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The meanlog(�̄ ) of the Gaussian processF can be obtained by assimilating the observed velocities [37], as done in

Section 5 for the Humboldt problem . We choose values of the correlation lengthl and of the variancea that produce

reasonable results. While an in-depth validation of covariance parameters is beyond the scope of this work, we explore

the dependence of the accuracy of the DeepONet model as a function of the correlation length, as discussed in Section

4.

E� ective dimensionality of the basal friction parameter space.While the dimension of the basal friction �eld is in�nite

in the continuum and given by the number of mesh points when discretized, its e� ective dimension can be much lower

depending on the e� ective rank of the process covariance. Distribution(9) can be expressed using the Karhunen–Lo�eve

expansion (see e.g., [39]):


 (x; � ) = 
̄ (x) +
1X

i=1

p
� i ' i(x) � i(� ); � 2 �

where� is the sample space,� i � N (0;1) are uncorrelated random variables, and� i and' i are the eigenvalues and

eigenfunctions of the covariance kernel, respectively. We compute the approximations�̂ i and ˆ' i of the eigenvalues and

eigenfunctions using the Nyström method [39], that is, solving the eigenvalue problem:

NX

j=1

w j kl(xn; x j) ˆ' i; j = �̂ i ˆ' i;n; for n = 1; : : : ;N

wherefxigN
i=1 are the centroids of the elements we use to discretize the domain andfwigN

i=1 are their areas. Note that,

in order for the eigenvectorŝ' i to approximate the eigenfunctions' i , that is, ˆ' i;n � ' i(xn), we choose them such that
P N

n=1 wn ˆ' i;n ˆ' j;n = � i j . We de�neN� as the smallest integer such that
P N�

i=1 �̂ i > 0:99
P N

i=1 �̂ i , where the eigenvalues

are ordered such that�̂ 0 � �̂ 1 � : : : � �̂ N > 0. In words,N� is the minimum number of eigenfunctions that are enough

to describe 99% of the process energy. Hence,N� is used to indicate the e� ective dimensionality of the parameter

space in Sections 4 and 5.

3. Computational Models

In this section we introduce the �nite element ice �ow model and the hybrid ice �ow model. We �rst perform a

semi-implicit time discretization of the ice thickness equation (1):

8
>>><
>>>:

Hn+1 = Hn � � t r �
�
ūnHn+1

�
+ � tFn

H

ūn = G(�; Hn)
(10)

whereHn is the approximation ofH at timetn = t0+ n� t, for a given time-step� t, andFn
H = FH(tn) is the corresponding

discrete approximation of the accumulation ratefH. Here,G(�; �) is the velocity operator that maps the basal friction

�eld and the ice thickness into the depth-averaged velocity vector, based either on the SSA (Sec. 2.3) model or the

MOLHO (Sec. 2.2) model. In this work we discretize the thickness equation(10)with �nite elements, using streamline

upwind stabilization. Similarly, we provide a classic Galerkin �nite element discretization of the nonlinear operatorG.
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The �nite element discretization is implemented inFEniCS[40]. We use continuous piece-wise linear �nite elements

for both the thickness and the velocity �elds, and solve the discretized problem withPETSc[41] SNES nonlinear

solvers. We refer to this �nite element implementation of(10) as the�nite element ice �ow modelthat we use as our a

reference model.

The focus of the paper is on avoiding the high computational cost of constructing a �nite element approximation of

the nonlinear operatorG, and using, instead, a DeepONet approximation ofG, which, in combination with the �nite

element discretization of the �rst equation of(10), constitutes thehybrid ice �ow model. The DeepONet implementation

and training are performed usingJAX[42]. At each time step, theFEniCS�nite element code calls theJAXDeepONet

code to compute an approximation ofG(�; Hn) at the mesh nodes, de�ning the Lagrangian �nite element discretization

of the velocityūn. In the next sections we describe in detail the DeepONet architecture and its training.

3.1. DeepONet approximation

As brie�y discussed in the introduction, the main idea of DeepONet is to learn, in general nonlinear, operators

mapping between in�nite-dimensional function spaces via deep neural networks [22]. Inspired by the universal

approximation theorem for operators [28], DeepONet's architecture consists of two neural networks: one is used to

encode the input function sampled at �xed sensor points (branch net) whereas the other inputs the location coordinates

to evaluate the output function (trunk net). It has been shown that this architecture of two sub-networks can substantially

improve generalization compared to fully connected neural networks [22]. In this study, a DeepONet denoted byG� is

used as a surrogate for the nonlinear operatorG in Eq. (10),

G� (�; Hn)(x) � G (�; Hn)(x); (11)

where� represents the collection of trainable parameters in DeepONet, and the approximated velocity components are

ūn
x � G x

� (�; Hn)(x) =
pX

m=1

bm(�; Hn)tm(x);

ūn
y � G y

� (�; Hn)(x) =
2pX

m=p+1

bm(�; Hn)tm(x);

(12)

wherebm andtm denote the outputs of the branch net and the trunk net, respectively. The details of the DeepONet

model is shown in the schematic of Fig. 2. In this setting, the input functions, i.e., the friction� and thicknessHn at the

momenttn, evaluated at �nite locations (sensors),X = fx1; x2; :::;xNg, are mapped as embedded coe� cients through

the branch net, while the trunk net learns a collection of space-dependent basis functions that are linearly combined

with the branch coe� cients to approximate the velocity components. Note that the learned operatorG� (�; Hn) is a

continuous function with respect to coordinatesx, which are the inputs to the trunk net. For brevity, we denote the

DeepONet approximated velocity asūNN.
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Figure 2: Schematic representation of DeepONet. The branch net takes as inputs the functions� (x) andHn(x) = H(tn; x) evaluated atN �xed sensor

pointsX = fxigN
i=1 and returns the feature embedding vectorb 2 R2p as output. The trunk net takes the continuous coordinatesx 2 Y as input

and outputs another embedding vectort 2 R2p. The embedding vectorsb andt are combined by dot product to generate the solution operator,

G� (�; Hn)(x). The trainable parameters� associated with the branch net and the trunk net are optimized by minimizing the loss function de�ned as a

weighted mean square error (see Eq. 13). In this study, we setY = X for simplicity.

3.2. DeepONet training

The trainable parameters, i.e.,� , associated with the DeepONet model are obtained by minimizing the loss function

L (� ) =
1

N� NT

N�X

i=1

NTX

j=1

X

x2Y

w(x) jū(x; t j ; � i) � G � (� i ; H j)(x)j2; (13)

wherew(x) are spatially dependent weights,N� is the number of friction �eldsf� ig
N�

i=1 used for di� erent training

simulations,NT is the number of time steps within each simulation to sample the velocity and thickness,ū(x; t j ; � i) is

the target velocity solution, andG� (� i ; H j)(x) is the predicted value obtained from DeepONet. Both target solution

ū(x; t j ; � i) := G(� i ; H j)(x) and DeepONet predictionG� (� i ; H j)(x) are evaluated at the set of locationsY . The input

functions� i andH j of the branch network are discretized at the �xed set of sensor pointsX (see Fig. 2). In this work it

is convenient to chooseX to be the set of the grid nodes used in the �nite element discretization and to takeY = X.

The penalizing weightsw(x) in Eq. (13) can be spatially dependent. In this work we consider two cases: uniform

weights (w(x) = 1), and self-adaptive weights. Self-adaptive weights can lead to better generalization in presence of

localized features. In this work we adopt the approach in [43, 44] to estimate the weights during the training process.

We setw(x) = m(� (x)), where� := f� (x)gx2Y are the trainable self-adaptive weight parameters dependent on locations

x, andm(� ) is a mask function de�ned on [0;1 ] to accelerate convergence [43]. The mask function needs to be

di� erentiable, nonnegative, and monotonically increasing. The polynomial maskm(� ) = � d for d = 1;2; ::: is adopted

in this study.

The key feature of self-adaptive DeepONet training is that the lossL (� ; � ) is simultaneously minimized with respect
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to the network parameters� but maximized with respect to the self-adaptive parameters� , i.e.,

min
�

max
�

L (� ; � ): (14)

If one uses the gradient descent method, the updated equations of the two sets of parameters atv iteration are:

� v+1 = � v � � � r � L (� v; � v);

� v+1 = � v + � � r � L (� v; � v);
(15)

where� � and� � are the learning rates for updating� and� , respectively. The employment of self-adaptive weights can

signi�cantly improve the prediction accuracy at the localized features in the solution by penalizing more the terms

associated to larger losses [43, 45]. In principle, the weights could also depend on time or other characteristics of the

problem. However, in our application the solution presents localized features mainly in the spatial domain, so, in order

to reduce the number of trainable parameters, we only consider spatial-dependent weights.

3.3. Data preparation& training details

To generate su� cient training data, we perform simulations of the �nite element ice �ow model(10) based on

either SSA or MOLHO and consideringN� basal friction samples,� i(x), i = 1; :::;N� , taken from distribution(9). For

each sample� i , we compute the thickness and depth-integrated velocity using the �nite element �ow model and store

their valuesfH j
i g

NT
j=1 andfū j

i g
NT
j=1 at timest j , j = 1;2; :::;NT and grid pointsxi 2 X.

In training the DeepONet, the input functions,� (x) andHn(x), as well as the DeepONet operatorG� are evaluated

at pointsX = fx1; x2; :::;xNg, as described in Fig. 2. Therefore, a DeepONet training dataset is expressed as a triplet of

the form,
�n

[� (k); H (k)]
oN� NT

k=1
;
n
Y (k)

oN� NT

k=1
;
n
Ū(k)

oN� NT

k=1

�
; (16)

where

[� (k); H (k)] = [� j(x1); � j(x2); :::; � j(xN); H j
i (x1); H j

i (x2); :::;H j
i (xN)];

Y (k) � X = fx1; x2; :::;xNg;

Ū(k) = [ū j
i (y1); ū j

i (y2); :::;ū j
i (yNu )]:

(17)

Here, the superscriptk is de�ned ask = (i � 1)NT + j with i = 1; :::;N� and j = 1; :::;NT , denoting the index of input

parameters associated with time steps and friction samples.

We generate the basal friction �elds from the Gaussian process described in Section 2.4. The �rst 20 �elds,f� ig20
i=1,

are used for testing purposes, whereas the followingN� �elds, f� ig
20+N�

i=21 are used for training the DeepONet model. For

each� i , we use the �nite element model to compute the ice-sheet evolution over a period of 150 years, where only the

�rst 100 years of the �nite element solution is ultilized to train the DeepONet, i.e., the solution at timest = 1; 2; :::;100

(NT = 100 in (13)).
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For the following tests in Section 4 and 5, we use the Adam optimizer as the default training scheme. Unless

otherwise stated, the DeepOnet model is trained using 300,000 epochs with a learning rate 1� 10� 3. ReLU is selected

as the activation function, and the batch size is 200. The architecture of both the branch net and the trunk net is a fully

connected neural network consisting of 4 hidden layers and 300 neurons per layer (denoted as 4� 300). To mitigate

possible over�tting in training, we also introduce an`2 regularization in(13)with a small penalty coe� cient 5� 10� 5.

However, we note that we did not observe any signs of conventional over�tting during our numerical tests, and the

additional regularization has a negligible impact on the DeepONet accuracy.

4. Synthetic Ice-Sheet Problem

In this section we apply our approach to a synthetic ice-sheet problem based on a well-known benchmark in ice

sheet modeling, the MISMIP problem [46]. We use this problem to explore how hyper-parameters a� ect the training of

the DeepONet and the accuracy of the hybrid model.

The problem geometry is de�ned by a marine ice stream that is partially �oating. The ice domain is 640 km long

and 80 km wide (
 = [0; 640km] � [0; 80km]). The bed topography is provided in [46]. We consider an initial

thickness (note that this is di� erent from the one in [46]):

H(x; y) = 100 m
 
3
2

+
1
2

tanh
 
400 km� x

100 km

!!
:

We prescribe the normal velocity at the upstream boundary (x = 0 km) and lateral boundaries (y = 0 km andy = 80 km)

to be zero, and free-slip conditions in the direction tangential to these boundaries. We prescribe stress-free conditions

at the outlet boundary (x = 640 km). No boundary conditions are prescribed for the thickness equation, as there are

no in�ow boundaries. We use a constant mean basal friction �eld�̄ = 5000 Pa yr/m and a scaling factora = 0:2 in

(9). As described in Section 3.2, for each sample� from (9), we run the �nite element ice �ow model for 100 years,

using a constant forcingfH = 0:3 m/ yr, and compute the ice thicknessH. We then use the thickness data to train the

DeepONet.

For ease of analysis, the mean squared error (MSE) and relative squared error (RSE), given as follows, are used to

evaluate the DeepONet performance:

eMS E =
1
N

NX

i=1

jjui � u�
i jj

2; eRS E =

P N
i=1 jjui � u�

i jj
2

P N
i=1 jju�

i jj
2

whereui andu�
i denote the prediction and reference values, respectively, andN is the number of data.

Table 1 shows that DeepONet converges well with respect to the sizeN� of the training dataset and that using more

training data enhances generalization capacity. The table also shows the impact of the correlation length magnitude on

the approximation accuracy. We consider three correlation lengths corresponding to di� erent e� ective dimensionalities

of the parameter space:N� = 14 for l = 80km,N� = 39 for l = 40km andN� = 121 for l = 20km. As expected,

in order to maintain the same level of accuracy, larger training datasets are required for smaller correlation lengths.
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Figure 3: The loss plots of DeepONet training for the MISMIP testcase with SSA model under di� erent correlation lengths: (a)l = 80 km; (b)l = 40

km; (c) l = 20 km. The simulation data associated withf� ig300
i=21 is used as the training data whilef� ig20

i=1 is used as testing data. At the �nal epoch

(300;000), the training MSEs are 2:60� 10� 6, 1:03� 10� 5, and 3:33� 10� 5, respectively.

Table 1: MISMIP test case with the SSA and MOLHO models. The mean square errors are evaluated on the same testing datasetf� ig20
i=1, given the

DeepONet model are trained by di� erent training dataset sizes under various correlation lengthsl.

SSA MOLHO

Training dataset l = 80 km l = 40 km l = 20 km l = 80 km l = 40 km l = 20 km

f� ig200
i=21 7:37� 10� 5 2:09� 10� 4 2:92� 10� 4 7:31� 10� 5 1:77� 10� 4 3:04� 10� 4

f� ig300
i=21 4:84� 10� 5 1:32� 10� 4 2:54� 10� 4 4:72� 10� 5 1:47� 10� 4 2:11� 10� 4

f� ig400
i=21 3:62� 10� 5 1:05� 10� 4 2:28� 10� 4 4:09� 10� 5 0:97� 10� 4 1:97� 10� 4

Another important piece of information from the table is that DeepONets can approximate with a similar accuracy both

the lower-�delity SSA model and higher-�delity MOLHO model.

Taking the case withf� ig300
i=21 as an example, the curves of training and testing losses are plotted in Fig. 3. The result

shows that the DeepONet models converge stably for all three di� erent correlation lengths, and the prediction accuracy

on testing cases reaches a plateau after 50000 epochs. We observe that the generalization gap2 remains nearly the same

for the data with di� erent correlation lengths when the size of the training dataset is �xed.

The trained DeepONet modelG� (�; H j)(x) is able to predict the velocity �eld̄uNN(x) at any timet j for the given

friction �eld � and thickness �eldH j . The DeepONet predictions att = 99 yr for an exemplary training case

corresponding to correlation lengthsl = 20;40;80 km are presented in Fig. 4. The results in Fig. 4(g)-(i) show that

more localized features appear in the velocity solution with a smaller correlation length, e.g., the case ofl = 20 km.

The RSEs between the predicted and reference velocity �elds att = 99 yr are 3:61� 10� 4, 2:57� 10� 3, and 7:96� 10� 3

for the correlation lengthsl = 80;40, and 20 km, respectively, indicating the excellent learning capacity of DeepONet

on the training velocity �elds.

To examine the generalization performance, we test the trained DeepONet on an unseen test case (� 6) with l = 20

2The di� erence between a model's performance on training data and its performance on unseen testing data drawn from the same distribution.
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km at two di� erent time instances, as shown in Fig. 5. The relative squared errors att = 18 andt = 94 yr are 5:67� 10� 2

and 4:88� 10� 2, respectively. We observe that the DeepONet accuracy does not depend signi�cantly on the timet at

which the input thickness is evaluated.

Figure 4: The DeepONet prediction att = 99 yr for an exemplary training case (� 25) corresponding to correlation lengthsl = 20; 40; 80 km. (a) - (c):

log10(� ); (d) - (f): the thicknessH; (g)-(i): The magnitude of the predicted velocityjūNNj. The relative squared errors are 3:61� 10� 4, 2:57� 10� 3,

and 7:96� 10� 3 for the correlation lengthsl = 80;40, and 20 km, respectively. The simulation data associated withf� ig300
i=21 is used as the training

data.

Lastly, we investigate the e� ect of mesh resolution on the DeepONet performance. In particular we are interested in

investigating the capacity of the DeepONet to model the problem at di� erent resolutions and how the mesh resolution

a� ects the training time. We use the same 4� 300 DeepONet architecture as before, but we change the size of the input

layer to accommodate input data of di� erent resolutions. Table 2 presents the relative squared errors of the DeepONet

model against the training datasetf� ig300
i=21 and testing datasetf� ig20

i=1 under di� erent mesh resolutions of 36� 9, 60� 15,

and 100� 25. Overall, the accuracy of DeepONet remains comparable for the various mesh resolutions, which shows

how the chosen DeepONet architecture is fairly insensitive to the mesh resolution. The training time for DeepONet

under di� erent mesh resolutions is also provided in Table 2, indicating a linear relation between the training time and

the size of meshes (i.e., the size of the dataset) given the training hyperparameters remain unchanged.

5. Hybrid Modeling of Humboldt Glacier

In this section we consider the Humboldt glacier, one of the largest glaciers in Greenland. In Fig. 6, we report the

Humboldt bed topography, ice surface elevation and ice thickness obtained from observations, refer to [30] for details

on how these �elds are collected and processed. These �elds will be use to determine the problem geometry and the

initial ice thicknessH0. The mean valuē� of the basal friction in(9) is obtained with a PDE-constrained optimization

approach [37] where the mismatch between the computed and observed surface velocities are minimized. Fig. 7 shows

�̄ together with a couple of samples of the basal friction from (9).
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Figure 5: The DeepONet prediction for an exemplary test case (� 6) with the correlation lengthl = 20 km: (a)log10(� ); (b) and (c) are the maps of

reference velocity magnitudejūj at t = 18 andt = 94 yr, respectively; (d) and (e) are the point-wise errors of the velocity magnitude between the

reference and DeepONet predictionsjū � ūNNj at t = 18 andt = 94 yr, respectively, where the corresponding relative squared errors are 5:67� 10� 2

and 4:88� 10� 2.

Similarly to the MISMIP case, we sample� from (9) using a variancea = 0:2 and a correlation lengthl = 50 km,

which, in terms of dimensionality of the parameter space, corresponds toN� = 24. For each sample of� we run the ice

�nite element �ow model for 100 yr, using a climate forcing generated according to theRepresentative Concentration

Pathway 2.6(see [30] for the problem de�nition and the data used including the mean basal friction�̄ ). The collected

thickness and velocity simulation data are used to train the DeepONet model.

5.1. DeepONet Training

We �rst evaluate the performance of DeepONet for di� erent ice approximation models (MOLHO and SSA). Figs.

8a-c present the plots of training and testing errors corresponding to three di� erent DeepONet cases, i.e., training with

Table 2: MISMIP testcase with the SSA model under di� erent mesh resolutions. The relative squared errors of the DeepONet model against the

training datasetf� ig300
i=21 and testing datasetf� ig20

i=1 under various correlation lengthsl. The second column of the table reports the clock time to train

the DeepONet. The number of epochs used in the training phase increases with the mesh resolution, however, the same number of epochs were used

for the di� erent correlation lengths, hence the the clock time is independent of the correlation length.

training error testing error

Mesh resolution Time l = 80 km l = 40 km l = 20 km l = 80 km l = 40 km l = 20 km

36� 9 1:13 hrs 2:97� 10� 4 0:90� 10� 3 5:28� 10� 3 8:02� 10� 3 2:70� 10� 2 6:19� 10� 2

60� 15 2:80 hrs 3:03� 10� 4 1:14� 10� 3 5:48� 10� 3 5:70� 10� 3 1:99� 10� 2 4:25� 10� 2

100� 25 7:24 hrs 4:55� 10� 4 1:56� 10� 3 5:44� 10� 3 4:02� 10� 3 2:82� 10� 2 4:60� 10� 2
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Figure 6: Observations for Humboldt glacier for the initial year 2007. Left: bed topography [m] from [47], Center: ice surface elevation [m], Right:

thickness [m]. Additional details on the collection and processing of these data can be found in [30].

Figure 7: Mean value of the basal friction�̄ (left) and two samples of the basal friction using (9).Units: [Pa yr/ m].

1) simulation data obtained from the SSA ice model, 2) simulation data obtained from the MOLHO ice model, and 3)

simulation data obtained from the MOLHO ice model together with the self-adaptive scheme described in(13)-(15). At

the last epoch (300; 000), the relative squared errors of these three DeepONet models on the testing data are 3:74� 10� 3,

3:59� 10� 3, and 2:16� 10� 3, respectively. The comparison of results in Figs. 8a and b shows that training DeepONet

with MOLHO simulation data yields higher prediction accuracy than the low-order SSA data, which is consistent with

our observation for the MISMIP testcase. In the following, we will only consider the MOLHO model, given that it

better describes the ice sheet dynamics compared to the SSA model, and it can be well approximated by our DeepONet

model. We also observe in Fig. 8c that the employment of the self-adaptive weighting scheme signi�cantly improves

the training and testing performance in the Humboldt glacier testcase, reducing the testing error by 40%.

We further study the impact of using self-adaptive weights in Figs. 9 and 10, where we show the prediction errors

at di� erent� samples for di� erent choices of adaptive weighting schemes. In Fig. 9 we report the results for a� sample

taken from the training dataset, whereas in Fig. 10 we consider a sample from the testing dataset. In both cases, the

DeepONet model trained with the self-adaptive weighting scheme withm(� ) = � 4 yields the best performance, which

is consistent with the results in Fig. 8. The self-adaptive weighting scheme especially helps mitigate the prediction

errors in the interior of the domain and the region at the outlet (i.e., northwest) region. Given the improved prediction,

in the following sections we will present the DeepONet models trained with the self-adaptive weighting scheme with

m(� ) = � 4:
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