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Mitigating the Impacts of Uncertain Geomagnetic 
Disturbances on Electric Grids: A Distributionally 

Robust Optimization Approach
Minseok Ryu, Harsha Nagarajan, and Russell Bent

Abstract—Severe geomagnetic disturbances (GMDs) increase
the magnitude of the electric field on the Earth’s surface (E-
field) and drive geomagnetically-induced currents (GICs) along
the transmission lines in electric grids. These additional currents
can pose severe risks, such as current distortions, transformer
saturation and increased reactive power losses, each of which
can lead to system unreliability. Several mitigation actions (e.g.,
changing grid topology) exist that can reduce the harmful GIC
effects on the grids. Making such decisions can be challenging,
however, because the magnitude and direction of the E-field are
uncertain and non-stationary. In this paper, we model uncertain
E-fields using the distributionally robust optimization (DRO) ap-
proach that determines optimal transmission grid operations such
that the worst-case expectation of the system cost is minimized.
We also capture the effect of GICs on the nonlinear AC power
flow equations. For solution approaches, we develop an accelerated
column-and-constraint generation (CCG) algorithm by exploiting
a special structure of the support set of uncertain parameters
representing the E-field. Extensive numerical experiments based
on “epri-21” and “uiuc-150” systems, designed for GMD studies,
demonstrate (i) the computational performance of the accelerated
CCG algorithm, (ii) the superior performance of distributionally
robust grid operations that satisfy nonlinear, nonconvex AC power
flow equations and GIC constraints, in comparison with standard
stochastic programming-based methods during the out-of-sample
testing.

I. INTRODUCTION

Geomagnetic disturbances (GMDs) refer to changes in the 
geomagnetic field of the Earth that are typically caused
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Fig. 1. Magnitude and direction of the E-field in the United States [2].

by space weather environments. GMDs induce an electric field
(E-field) on the Earth’s surface that can be estimated through
Earth conductivity models [1]. Fig. 1 shows the time-varying
magnitude and direction of the E-field in the United States.

When the magnitude of the E-field increases during severe
GMDs (e.g., by intense solar storms), it induces significant
amounts of geomagnetically-induced currents (GICs) along
transmission lines in electric power grids. These GICs cause
partial saturation of power transformers and produce transformer
heating, induce distortion of the AC waveform currents, increase
reactive power losses, and create unreliability in transmission
grids. For example, in 1989, the Hydro-Québec power system
experienced an 8 V/km of the E-field, which led to 9 hours of
blackout and a net loss of $13.2M [3]. Similar events occurred
in 2003 in Scandinavia and South Africa [4].

Even though GMD events are rare in comparison with other
more common uncertain events (e.g., contingencies and renew-
able energy), it has been identified as a “high-impact, low-
frequency” event causing risk to the power systems as stated
in the report from the U.S. Department of Energy [5]. For this
reason, numerous efforts have been made to mitigate the negative
impacts of GMDs on the power grid, such as (i) improving the
Earth conductivity models to estimate the E-field accurately [6],
(ii) mathematically modeling GICs to calculate the additional
reactive power losses due to GICs [7], and (iii) establishing
mitigation actions that protect power grids from severe GICs.
Since this paper belongs to category (iii), we summarize the
literature belonging to this category.

Literature review: Several mitigation actions can reduce the
harmful GIC effects on the electric transmission grids. First,
installing direct current (DC) blocking devices at regional sub-
stations can prevent GICs, which is quasi-DC, from entering
the power network through transformer neutrals [8], [9]. Sec-
ond, changing the network topology by deactivating a few
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transmission components (e.g., transmission lines, transformers,
and generators) can prevent damage due to GICs. In [10], the
authors proposed an optimal transmission line switching model
under GMDs based on alternating current (AC) power flow
equations and a set of constraints that captures GIC effects on
various types of transformers. Utilizing convex relaxations, the
researchers formulated the problem as a mixed-integer quadratic
convex program. Later, in [11], the authors presented heuristic
algorithms to mitigate the effect of GICs on transformers by
using line switching strategies.

Making an optimal switching decision, in other words, de-
ciding which transmission components are switched off is im-
portant, but challenging because the magnitude and direction
of the E-field are uncertain when making such a decision,
and non-stationary (i.e., changing over time) after making such
a decision. Moreover, since GMDs are low-frequency, high-
impact events, the limited historical data makes it difficult to
estimate the underlying distribution of the uncertain event. One
way to address these challenges is to formulate the problem
using a distributionally robust optimization (DRO) approach.
The following is an example of the DRO model:

min
x∈X

{
cTx+ sup

P∈D
EP [Q(x, ξ̃)]

}
,

where X is a feasible region of the first-stage problem; Q(x, ξ̃)
is the optimal value of the second-stage problem, which is
solved after the uncertain parameter ξ̃ is realized; and D is an
ambiguity set, that is, a collection of probability distributions
of ξ̃ supported on the set Ξ. The DRO model finds a solution
x that optimizes the expected outcome EP [Q(x, ξ̃)] over the
worst-case probability distribution P within the ambiguity set
D. (A detailed connection of this DRO model with respect
to uncertain E-fields will be presented in later sections.) The
DRO approach has been particularly beneficial in quantifying
uncertainty and hence has been adopted by the power system
community [12]–[14]. This paper provides a unified DRO-based
framework, extends an unpublished technical report [15], and
builds on the recent work of [16]. While the technical report
in [15] observed the value of modeling uncertain GMDs using
the DRO approach, it used linearized power flow and GIC con-
straints with nonconvex objectives in the second-stage problem
of the two-stage approach, leading to prohibitively long run
times on a small test instance. In [16], we noticed that shedding
some loads in advance can mitigate the negative GIC effects,
and we proposed a new DRO model that provided switching
decisions and total load shedding that minimizes the worst-case
expected costs of damage by GICs. This model consisted of
a mixed-integer second-order cone program (MISOCP) in the
first-stage and linear second-stage problems, where the MISOCP
relaxation of nonconvex AC power flow equations with line
switching [17] and linearized GIC constraints were utilized.
The solution approach for the DRO model in [16] relied on
a column-and-constraint generation (CCG) algorithm [18] that
was applied on a small-scale instance. This is a standard al-
gorithm for solving two-stage DRO problems, which does not
exploit any special structures in the ambiguity sets. Another

major drawback of approaches in [15], [16] is that the optimal
solutions involving MISOCP relaxations of the AC power flow
may not be feasible to the original nonconvex problem, thus
providing only a lower bound on the actual cost of mitigation
actions, and making the solutions not of practical interest. How-
ever, guaranteeing nonconvex AC feasible solutions in the DRO
setting is significantly challenging from both a theoretical and a
computational perspective.

In this paper, we address this gap by developing an approach
for finding practically viable transmission grid operations— in
other words, switching decisions and feasible AC and GIC power
flow with control of load shedding, that hedge against the worst-
case probability distribution of an uncertain E-field. To this end,
we propose a DRO model that is composed of AC power flow
equations with switching binary variables at the first stage, and
nonlinear GIC constraints that calculate the additional reactive
power losses due to GICs at the second stage. The contributions
of this paper are as follows:

1) We provide an efficient unifying two-stage DRO-based
framework for the problem of mitigating effects of uncer-
tain GMDs on electric grids. To this end, we identify a
special structure of the support set of the uncertain E-field
that enables us to reformulate the relaxed DRO model
in [16] as a single-stage MISOCP.

2) Utilizing the MISOCP reformulation, we develop an ac-
celerated CCG algorithm for the relaxed DRO model to
scale on medium-scale benchmark instances.

3) Given switching decisions, we utilize the accelerated
CCG algorithm to solve the DRO model proposed in
this paper via a sampling-based approach to obtain AC
and GIC feasible power flows. We further establish a
clear value proposition of the proposed DRO model in
comparison with classical stochastic programming, where
out-of-sample methods suggest the superior performance
of DRO method on test networks.

Although we acknowledge the importance of modeling other
sources of uncertainty such as contingencies [19] and renewable
energy [20] in the DRO setting, in this paper we only focus on
uncertainties due to GMD events in order to keep the modeling
and computational aspects of the problem tractable.

In the remainder of this paper, we describe the DRO models
in Section II, their corresponding solution approaches in Sec-
tion III, and numerical experiments in Section IV. We summarize
our conclusions in Section V.

Notation: We use boldfaces notation to denote vectors. We de-
fine [m] := {1, . . . ,m} for anym ∈ N, and [x]+ = max{x, 0}.

II. MATHEMATICAL FORMULATION

In this section we propose a DRO model that is composed
of two stages: (i) the first-stage problem, built on AC power
flow equations with binary variables, is solved under uncertain
magnitude and direction of the E-field, and (ii) the second-stage
problem, built on the nonlinear GIC constraints, is solved given
the first-stage solution and the realized magnitude and direction
of the E-field.



TABLE I
NOMENCLATURE

Since GICs are quasi-DC flows, the DC flow analysis is used
to calculate GICs as in [21], [22], which are described in Sec-
tions II-A and II-B. In Section II-C we describe an ambiguity set,
which is a set of probability distributions of the uncertain E-field.
Then we describe the proposed DRO model in Section II-D.
Table I shows nomenclature used in this paper.

A. Topological Mapping of AC and DC Power Network

We use the standard representation of the AC power network,
represented by a graph (N , E), where N is the set of buses and
E is the set including both transmission lines and transformers
(Eτ ⊂ E). For evaluating GICs (quasi-DC flow), we construct a
corresponding DC power network (N d, Ed), where N d includes
buses in N and additional nodes that model the neutral ground-
ing points of transformers. The setEd includes transmission lines
in E and additional lines between the end points of transformers
and their neutrals. In this paper, we consider three transformer
configurations, Gwye-Gwye, GWye-GWye Auto, and GWye-
Delta GSU, whose descriptions can be found in [10], [16].

Fig. 2 shows the topological mapping between the AC and DC
network representations modeled in this paper. In the AC net-
work, N = {3, 4, 15, 16, 17, 18}, E = {8, 12, 14, 18, 28, 30},
andEτ = {18, 28, 30}. The DC network (N d, Ed) is constructed

Fig. 2. (a) Example of an AC power network (with three transformer types).
(b) Equivalent DC network map.

by modeling different types of transformers and their connection
to grounding neutrals,{G1, G2, G3}. The setN is relabeled with
{3d, 4d, 15d, 16d, 17d, 18d} in the DC network. To link the two
networks, we defineE andE−1 that map � ∈ Ed to an edge e ∈ E
and vice versa; that is, if E� = e, then E−1

e = {� ∈ Ed : E� =
e}. For example, line 17 in the DC network maps to transformer
line 18 in the AC network; thus E17 = 18. Transformer line 18
maps to lines 16 and 17 in the DC network; thusE−1

18 = {16, 17}.
Finally, in the DC representation of the network, transmission
lines with series capacitive compensation are omitted as series
capacitors can block the flow of induced GICs.

B. Modeling of GICs and Reactive Power Losses

To model the GICs, we assume that the main phase of the
geomagnetic storm is produced by a ring current in the radiation
belt above the Earth’s surface and produces large-scale distur-
bances that can be reasonably assumed as a spatially uniform
E-field across the electric grid [23]. This is also consistent with
the modeling assumptions of [22], [24].

Since E-field measurements are usually recorded in the east-
ward (horizontal) and northward (vertical) directions [25], let
ξ̃E, LE

� and ξ̃N, L
N
� be E-fields (V/km) and lengths (km) of

transmission lines in the eastward and northward direction,
respectively. The GIC-induced voltage source, ξ̃�, acting on a
transmission line, �, is given by

ξ̃� =

{
ξ̃EL

E
� + ξ̃NL

N
� , ∀� ∈ Ed : E� ∈ E \ Eτ ,

0, ∀� ∈ Ed : E� ∈ Eτ .

Then, the GIC flow on a line between two nodes m and n is

Id
� = γ�(v

d
m − vd

n + ξ̃�), ∀�mn ∈ Ed.

Based on the GIC in the DC network, the effective GIC of
transformers in the AC network is given by:

Ieff
e = |Θ(Id

� , ∀� ∈ E−1
e )|, ∀e ∈ Eτ ,

where Θ(Id
� , ∀� ∈ E−1

e ) is a linear function of GICs (Id
� ) in var-

ious transformer types. The three types of transformer winding
configurations and the associated GIC calculation equations are
presented in Table II. Note that (Nh, Nl, Ns, Nc) are parame-
ters which indicate the number of turns in the high-side/low-
side/series/common winding, respectively. It is noteworthy to
mention that most test networks in the literature of GMD studies



TABLE II
EFFECTIVE GICS FOR VARIOUS TRANSFORMER TYPES. HERE, GWYE STANDS

FOR GROUNDED-WYE AND GSU FOR GENERATOR STEP-UP TRANSFORMER

WHICH CONNECTS THE OUTPUT TERMINALS OF GENERATORS TO THE

ELECTRIC GRID

neglect GSU-type transformers [10]. However, the GSU trans-
formers and the neutral leg ground points provided by them
are critical when developing methods to mitigate the impact of
GICs on electric grids. Thus, in this paper, we incorporate GSUs,
modeled as delta-gywe transformers.

Given that Eτ
i is a set of transformers connected to node i, the

induced reactive power loss [9] due to GICs at node i in the AC
network is given by

dqloss
i =

∑
e∈Eτ

i

keviI
eff
e , ∀i ∈ N .

C. Ambiguity Set Description

Although the E-field is usually recorded in eastward (ξ̃E)
and northward (ξ̃N) directions as a function of time [25], the
actual magnitude and direction of the E-field are uncertain (in
the first-stage). Moreover, the correlation between ξ̃E and ξ̃N is
unknown. Generally, there is not sufficient historical informa-
tion to construct reasonable probability distributions of these
uncertain parameters [26]. Moreover, they are non-stationary
during the GMD event. For these reasons, introducing a specific
distribution into an optimization model may lead to biased
decisions.

Instead, we construct a set of distributions, or ambiguity set,
and find a solution that hedges against the worst-case distribution
in the ambiguity set. Specifically, we construct a mean-support
ambiguity set D, which is a set of distributions that have the
same mean values and support set:

D := {P : EPE [ξ̃E] = μE, EPN [ξ̃N] = μN, P{ξ̃ ∈ Ξ} = 1},
where (PE,PN) and (μE, μN) are the marginal distributions and
mean values of (ξ̃E, ξ̃N), respectively, and μE = M cos δμ and
μN = M sin δμ, where M and δμ represent the mean values of
random magnitude M̃ and direction δ̃ of the E-field, respectively.

There are several ways of constructing the support set Ξ.
First, one can set bounds on each uncertain parameters, for
example, M̃ ∈ [0, R] and δ̃ ∈ [0◦, 180◦] in [15], where R is set
as a maximum magnitude of the E-field. This type of support
set is shown as a half-circle with radius R in Fig. 3. Note that
this type of support set may be considered conservative without
correlations on ξ̃E and ξ̃N. Second, one can construct an approx-
imation polytope with N extreme points as shown in Fig. 3. As
N increases, this polyhedral support set eventually converges
to the half-circle. In our previous work [16], we numerically
showed that a polytope with 5 extreme points provides solutions
that are close to solutions obtained by the half-circle support set.

Fig. 3. Polyhedral support sets and mean of the E-field (ξ̃E, ξ̃N).

Hence, in this paper we focus on polyhedral support sets, namely,
Ξ = conv{(ξ̂�E, ξ̂�N), ∀� ∈ [N ]}, where (ξ̂�E, ξ̂

�
N) represents an

extreme point of Ξ, (i.e., red dots in Fig. 3).

D. DRO Model

In this section, we describe the two-stage DRO model:

min
∑
k∈G

(cF0
k zg

k + cF1
k f p

k + cF2
k (f p

k)
2)

+
∑
i∈N

κl(lp+
i + lp–

i + lq+
i + lq–

i )

+ sup
P∈D

EP [V(za, v, dqloss, ξ̃] (1a)

s.t. ∀i ∈ N :∑
e∈Ei

pei =
∑
k∈Gi

f p
k − dp

i + lp+
i − lp–

i − gs
iwi, (1b)

∑
e∈Ei

qei =
∑
k∈Gi

f q
k − dq

i + lq+
i − lq–

i + bs
iwi − dqloss

i ,

(1c)

∀eij ∈ E :

pei = za
e

{
1

α2
ij

gewi −
1

αij
(gew

c
e + bew

s
e)

}
, (1d)

pej = za
e

{
gewj −

1

αij
(gew

c
e − bew

s
e)

}
, (1e)

qei = za
e

{
− 1

α2
ij

(be +
bc
e

2
)wi +

1

αij
(bew

c
e − gew

s
e)

}
,

(1f)

qej = za
e

{
− (be +

bc
e

2
)wj +

1

αij
(bew

c
e + gew

s
e)

}
,

(1g)

wi = v2i , ∀i ∈ N , (1h)

wc
e = vivj cos(θij),

ws
e = vivj sin(θij), ∀eij ∈ E , (1i)

p2ei + q2ei ≤ za
e(se)

2,

p2ej + q2ej ≤ za
e(se)

2, ∀eij ∈ E , (1j)

vi ∈ [vi, vi], ∀i ∈ N , θij ∈ [θij , θij ], ∀eij ∈ E , (1k)

gp
k
zg
k ≤ f p

k ≤ gp
kz

g
k, gq

k
zg
k ≤ f q

k ≤ gq
kz

g
k, ∀k ∈ G, (1l)



∑
e∈Ek

za
e ≥ zg

k, ∀k ∈ G, (1m)

lp+
i , lp–

i , lq+
i , lq–

i ≥ 0, ∀i ∈ N , (1n)

za
e ∈ {0, 1}, ∀e ∈ E , zg

k ∈ {0, 1}, ∀k ∈ G. (1o)

where, given the values of za, v, dqloss from the first-stage
problem (1) and the realization of the uncertain E-field ξ̃,
V(za, v, dqloss, ξ̃) is the optimal value of the following second-
stage problem that evaluates GICs in the DC network:

min
∑
i∈N

κssi (2a)

s.t.
∑
�∈Ed−

m

Id
� −

∑
�∈Ed+

m

Id
� = amvd

m, ∀m ∈ N d, (2b)

Id
� = za

E�

{
γ�(v

d
m − vd

n + ξ̃�)

}
, ∀�mn ∈ Ed, (2c)

Ieff
e = |Θ(Id

� , ∀� ∈ E−1
e )|, ∀e ∈ Eτ , (2d)

si ≥
[ ∑
e∈Eτ

i

keviI
eff
e − dqloss

i

]
+

, ∀i ∈ N . (2e)

Constraints (1b)–(1i) model the AC power flow. These con-
straints include switching decision (za, zg). Constraints (1b) and
(1c) model real and reactive power balance constraints, including
additional reactive power loss due to GICs (dqloss

i ). Constraints
(1d)–(1i) model Ohm’s law. Constraints (1j) ensure that the ap-
parent power flow does not exceed its limit. Constraints (1k)–(1l)
ensure that voltage magnitudes, phase angle differences, and
the amounts of real/reactive power generation are within their
bounds. Constraints (1m) ensure that a generator is turned off
when all the lines and transformers connected to that generator
are off.

In the second-stage problem, the objective function (2a) rep-
resents the damage due to GICs via the incurred reactive power
losses, penalized by the unit costκs. Constraints (2b)–(2c) calcu-
late valid GICs in the DC network for lines that are switched on.
Otherwise, they are deactivated by constraints (2c). Constraints
(2b) model the nodal balance equation for GICs in the DC
network. Note that, in (2b), am = 0 when m is not a grounded
neutral node. Constraints (2d) calculate the effective GICs for
each type of transformer (see Table II), which in turn are used
to calculate the additional reactive power losses due to GICs∑

e∈Eτ
i
keviI

eff
e for every bus in the AC network, as shown in

constraints (2e).
Interpretation: Given the first-stage solution after minimizing

the operation and load-shedding costs, including switching deci-
sion za, voltage magnitude v, and the (allowable) reactive power
loss, dqloss and the realization of the uncertain E-field ξ̃, the
second-stage problem calculates the effective GICs and the (ac-
tual) additional reactive power losses, given by

∑
e∈Eτ

i
keviI

eff
e .

If this exceeds the allowable dqloss from the first stage, then
appropriate switching decisions are updated in the AC network
to mitigate the negative effects on the transformers. Implicitly,
this formulation assumes that reactive losses smaller than dqloss

will not cause voltage problems (i.e., a high voltage).

III. SOLUTION METHODOLOGIES

For ease of exposition, we express the DRO model (1) as

min
(z,y)∈A

{
qTz + bTy + sup

P∈D
EP [V(z,y, ξ̃)]

}
, (3)

where z,y are the first-stage binary and continuous vectors,
respectively, A is a feasible region of the first-stage problem (1),
and V(z,y, ξ̃) is the optimal value of the second-stage problem
(2).

Solving the DRO model (3) is challenging because of the exis-
tence of binary variables z representing switching decisions and
nonlinear, nonconvex constraints (e.g., AC power flow equation
at the first stage and the GIC constraints at the second stage).
Our goal is to find an approximate solution to (3) with the help
of the following relaxed DRO model [16]:

min
(z,y)∈S

{
qTz + bTy + sup

P∈D
EP [Q(z,y, ξ̃)]

}
, (4)

where S is a feasible region constructed by relaxing the AC
power flow constraints to the second-order conic ones and
Q(z,y, ξ̃) is obtained by solving the following linear program
(LP):

Q(z,y, ξ̃) = min
x∈X (z,y,ξ̃)

cTx, (5)

where X (z,y, ξ̃) = {x ∈ Rn : Ax+Bz +Cy ≥ d(ξ̃)}.
Note that an optimal solution (z∗,y∗) ∈ S obtained by (4) may
be infeasible for the DRO model (3), that is, (z∗,y∗) /∈ A. Thus,
we discuss how to find feasible transmission grid operations
(ẑ, ŷ) ∈ A in Section III-C.

We start by reformulating the relaxed DRO model. In the
following lemma, we utilize the standard duality-based refor-
mulation technique as in [27].

Lemma 3.1: Problem (4) is equivalent to

min
(z,y)∈S

qTz + bTy + μTλ +

{
max
ξ̃∈Ξ

Q(z,y, ξ̃)− λTξ̃

}
,

(6)

where μ = [μE μN]
T, λ = [λE λN]

T, and ξ̃ = [ξ̃E ξ̃N]
T.

Proof: The worst-case expected value
supP∈D EP [Q(z,y, ξ̃)] can be rewritten as follows:

max

∫
ξ̃∈Ξ

Q(z,y, ξ̃) dP

s.t.
∫
ξ̃∈Ξ

ξ̃E dP = μE,

∫
ξ̃∈Ξ

ξ̃N dP = μN,

∫
ξ̃∈Ξ

dP = 1.

By taking the dual, we obtain

min μEλE + μNλN + η

s.t. λEξ̃E + λNξ̃N + η ≥ Q(z,y, ξ̃), ∀ξ̃ ∈ Ξ,

where λE, λN, and η are dual variables. At optimality, we have
η∗ = maxξ̃∈Ξ {Q(z,y, ξ̃)− λEξ̃E − λNξ̃N}, which leads to the
proposed formulation.



Lemma 3.2: An optimal solution ξ̃∗ to the inner max problem
in (6) is an extreme point of the polyhedral support setΞ, namely,

ξ̃∗ ∈ {ξ̂�, ∀� ∈ [N ]}.
Proof: By utilizing the dual formulation of the second-stage

problem (5), we can rewrite the inner max problem in (6) as

max
ξ̃∈Ξ

(d(ξ̃)−Bz −Cy)Tβ − λTξ̃ (7a)

s.t. ATβ = c, β ∈ Rm
+ , (7b)

where β is a dual vector corresponding to constraints in primal
LP (5). Note that formulation (7) includes (i) bilinear terms,
namely, inner product of β and ξ̃, and (ii) a convex objective
function in ξ̃ since it is the maximum of infinitely many linear
functions. Because of its convexity, for a given feasible solution
(z,y,λ), an optimal solution to the inner max problem (7) is an
extreme point of the support set Ξ. �

The relaxed DRO model (4) is solvable by utilizing the CCG
algorithm. Specifically, by Lemma III.2, we can rewrite the
relaxed DRO model (4) as follows:

min
(z,y)∈S

qTz + bTy + μTλ + η (8a)

s.t. η ≥ cTx� − λTξ̂
�
, ∀� ∈ [N ], (8b)

Ax� +Bz +Cy ≥ d(ξ̂
�
), ∀� ∈ [N ], (8c)

wherex� is a recourse decision vector defined for every scenario

� ∈ [N ], each of which corresponds to an extreme point ξ̂
�

of the
support set Ξ. The main idea of the CCG algorithm is that one
might not need all scenarios [N ] to find an optimal solution to
problem (8). Thus, it first relaxes all constraints and dynamically
generates a set of constraints (8b) and (8c) with recourse decision
vector x� for an identified scenario � ∈ [N ]. The complexity of
this algorithm is O(N), where N is the total number of extreme
points of the support setΞ. If the support setΞ contains infinitely
many extreme points (e.g., a half-circle as depicted in Fig. 3),
this algorithm does not guarantee finite convergence. Readers
interested in a solution approach for solving the relaxed DRO
model (4) under the nonlinear, half-circle support set should
see [16].

In the remainder of this section, we describe a MISOCP
reformulation of the relaxed DRO model (4) under the triangle
support set in Section III-A. Then, in Section III-B we propose
an accelerated CCG algorithm that improves the computational
performance of CCG, which is the main result of this paper. In
Section III-C we discuss how to find feasible transmission grid
operations (ẑ, ŷ) ∈ A.

A. Triangle Support Set: MISOCP Reformulation

In this section we focus on a triangle support set Ξ3 =

conv{ξ̂�, ∀� ∈ [3]} (see Fig. 3 for an example). Indeed the
relaxed DRO model (4) under Ξ3 can be solved by CCG.
Alternatively, we derive an exact MISOCP reformulation (as
discussed in Proposition III.5), which can be solved efficiently
by using off-the-shelf commercial optimization solvers such as
CPLEX or Gurobi.

Lemma 3.3: Under the triangle support setΞ3, the worst-case
expected value supP∈D EP [Q(z,y, ξ̃)] in the formulation (4) is
equivalent to

max
p∈R3

+

3∑
�=1

Q(z,y, ξ̂
�
)p� (9a)

s.t.
3∑

�=1

ξ̂�Ep� = μE,

3∑
�=1

ξ̂�Np� = μN,

3∑
�=1

p� = 1, (9b)

where {ξ̂1, ξ̂2, ξ̂3} are the extreme points of the set Ξ3.
Proof: For fixed (z,y) ∈ S, the function Q(z,y, ξ̃) is con-

vex in ξ̃ by Lemma III.2. Let H := conv{(ξ̃, t) : ξ̃ ∈ Ξ3, t =
Q(z,y, ξ̃)}. Since taking expectation can be viewed as a con-
vex combination, it follows that (μ,Q(z,y,μ)) ∈ H. Since
the set D is a mean-support ambiguity set where the sup-

port set Ξ3 is a simplex with 3 extreme points ξ̂
1
, ξ̂

2
, ξ̂

3
,

there is an unique convex combination of the extreme points
which yields μ. Therefore, we have supP∈D EP [Q(z, ξ̃)] =
sup{t|(μ, t) ∈ H}, whereμ is a convex combination of the 3 ex-

treme points, μ = ξ̂
1
p1 + ξ̂

2
p2 + ξ̂

3
p3, and t = Q(z, ξ̂

1
)p1 +

Q(z, ξ̂
2
)p2 +Q(z, ξ̂

3
)p3. �

Corollary 3.4: The worst-case distribution (p∗1, p
∗
2, p

∗
3) is

uniquely determined by the unique convex combination of ex-
treme points, which yields μ.⎡⎢⎣p∗1p∗2

p∗3

⎤⎥⎦ =

⎡⎢⎣ξ̂1E ξ̂2E ξ̂3E
ξ̂1N ξ̂2N ξ̂3N
1 1 1

⎤⎥⎦
−1 ⎡⎢⎣μE

μN

1

⎤⎥⎦
As long as μ ∈ Ξ3, we have p∗1, p

∗
2, p

∗
3 ≥ 0.

Proposition 3.5: The relaxed DRO model (4) under the tri-
angle support set (Ξ3) is equivalent to the following MISOCP:

min
(z,y)∈S

qTz + bTy +
3∑

�=1

p∗�(c
Tx�) (10a)

s.t. Ax� +Bz +Cy ≥ d(ξ̂
�
), ∀� ∈ [3]. (10b)

Remark 3.6: If μ coincides with an extreme point ξ̂
�∗

of
Ξ3, problem (10) is equivalent to a deterministic optimization
problem since p�∗ = 1. If μ lies in an edge of Ξ3, problem (10)
is equivalent to a stochastic program with 2 scenarios. In this
paper we consider only the case when μ lies in the interior of
Ξ3.

B. Accelerated CCG Algorithm

In this section we propose a new accelerated CCG algorithm
that solves the relaxed DRO model (4) under the polyhedral
support set Ξ. The main idea of the proposed algorithm is to
incorporate the MISOCP reformulation in Proposition III.5 into
the CCG algorithm. Specifically, given any polyhedral support
set Ξ, one can always construct a triangle support set Ξ3⊆Ξ
that contains μ. Therefore, the MISOCP reformulation (10)
under Ξ3⊆Ξ provides a lower bound on the optimal value of
problem (4) underΞ. By incorporating the obtained lower bound



into the CCG algorithm, we wish to improve the computational
performance.

Suppose that (ẑ, ŷ, x̂�, ∀� ∈ [3]) is an optimal solution and
OBJ = qTẑ + bTŷ +

∑3
�=1 p

∗
�(c

Tx̂�) is an optimal value of
formulation (10). Since OBJ is a lower bound on the optimal
value of problem (4), we can set OBJ as an initial lower bound
in the CCG algorithm. Then, we plug (ẑ, ŷ, x̂�, ∀� ∈ [3]) into
the master problem, which leads to the following problem:

min qTẑ + bTŷ + μEλE + μNλN + η (11a)

s.t. η ≥ cTx̂� − λEξ̂
�
E − λNξ̂

�
N, ∀� ∈ T , (11b)

Ax̂� +Bẑ +Cŷ ≥ d(ξ̂
�
), ∀� ∈ T , (11c)

whereT represents a set of scenarios and (λE, λN, η) are decision
variables. In the following proposition, we describe a closed-
form solution of (λE, λN, η).

Proposition 3.7: For T = [3], problem (11) admits the fol-
lowing closed-form solution:⎡⎢⎣λ∗

E

λ∗
N

η∗

⎤⎥⎦ =

⎡⎢⎣ξ̂1E ξ̂1N 1

ξ̂2E ξ̂2N 1

ξ̂3E ξ̂3N 1

⎤⎥⎦
−1 ⎡⎢⎣cTx̂1

cTx̂2

cTx̂3

⎤⎥⎦ .

Proof: Given an optimal solution (ẑ, ŷ, x̂�, ∀� ∈ [3]), we can
rewrite problem (10) as follows:

qTẑ + bTŷ + max
p∈R3

+

3∑
�=1

p�(c
Tx̂�)

s.t. ξ̂1Ep1 + ξ̂2Ep2 + ξ̂3Ep3 = μE, (12a)

ξ̂1Np1 + ξ̂2Np2 + ξ̂3Np3 = μN, (12b)

p1 + p2 + p3 = 1. (12c)

By taking the dual to the inner max problem, we obtain

qTẑ + bTŷ +min μEλE + μNλN + η

s.t. ξ̂�EλE + ξ̂�NλN + η ≥ cTx̂�, ∀� ∈ [3],

where λE, λN, and η are dual variables for constraints (12a),
(12b), and (12c), respectively. Suppose that p∗�, ∀� ∈ [3], and
(λ∗

E, λ
∗
N, η

∗) are primal and dual optimal solutions. Then the
following complementary slackness condition should hold:

(ξ̂kEλ∗
E + ξ̂kNλ∗

N + η∗ − cTx̂k)p∗k = 0, ∀k ∈ [3].

By Remark III.6, we have p∗k > 0, ∀k ∈ [3], which leads to

ξ̂kEλ∗
E + ξ̂kNλ∗

N + η∗ = cTx̂k, ∀k ∈ [3].

We conclude this section by formally outlining the accelerated
CCG algorithm in Algorithm 1.

C. Recovery of AC and GIC Feasible Solution

In this section we discuss how to obtain a feasible solution
to the original DRO model (3) with nonlinear and nonconvex
AC and GIC constraints. To this end, we assume that the binary
decision vector ẑ is given. For example, ẑ can be chosen as an

Algorithm 1: Accelerated CCG Algorithm for Solving
Problem (4).

1: Solve problem (10) with Ξ3 ⊆ Ξ, and record an
optimal solution (ẑ, ŷ, x̂�, ∀� ∈ [3]).

2: Set LB=qTẑ + bTŷ +
∑3

�=1 p
∗
�(c

Tx̂�), UB=∞,
t = 3 and T = [3].

3: Set (λ∗
E, λ

∗
N, η

∗) = closed-form solution in Proposition
III.7.

4: Solve the following problem:

Z(ẑ, ŷ, λ∗
E, λ

∗
N) = max

ξ̃∈Ξ

{
Q(ẑ, ŷ, ξ̃)− λ∗

Eξ̃E − λ∗
Nξ̃N

}
.

– Record an optimal ξ̃∗ and the optimal value
Z(ẑ, ŷ, λ∗

E, λ
∗
N).

5: Update UB by

UB = min{UB, qTẑ

+ bTŷ + μEλ∗
E + μNλ∗

N + Z(ẑ, ŷ, λ∗
E, λ

∗
N)}.

6: if (UB − LB)/UB ≤ ε then
7: Stop and return ẑ, ŷ as an optimal solution.
8: else
9: Update ξ̂t+1

E = ξ̃∗E, ξ̂t+1
N = ξ̃∗N, T = T ∪ {t+ 1}

and t = t+ 1.
10: end if
11: Update LB by solving the following master problem:

LB = min
(z,y)∈S

qTz + bTy + μEλE + μNλN + η

(13a)

s.t. η ≥ cTx� − λEξ̂
�
E − λNξ̂

�
N, ∀� ∈ T ,

(13b)

Ax� +Bz +Cy ≥ d(ξ̂
�
), ∀� ∈ T .

(13c)

– Record an optimal solution ẑ, ŷ, λ∗
E, λ

∗
N, and η∗.

12: Go to step 4.

optimal solution to the relaxed DRO model (4). If the chosen
ẑ leads to the AC infeasibility when ξ̃ = μ = 0 in (14), one
will need to solve a new DRO model by a modified Algorithm
1 where S in (13) is replaced with A from (3). The resulting
optimization problem in (13) will be a nonconvex mixed-integer
nonlinear program, which can be solved either using local
branch-and-bound methods (such as in Juniper.jl [28]) or to
global optimality at the cost of larger run times.

Given ẑ, the DRO model (3) can be rewritten as

qTẑ + min
y∈A(ẑ)

bTy + μTλ +

{
max
ξ̃∈Ξ

V(ẑ,y, ξ̃)− λTξ̃

}
,

(14)

where A(ẑ) is a feasible region of the first-stage problem (1)
given ẑ. Since V(ẑ,y, ξ̃) is the optimal value of the nonlinear
program (2), Lemma III.2 does not hold. Therefore, it becomes



Fig. 4. Benchmark cases for GMD studies: epri-21 (top) and uiuc-150
(bottom).

even more challenging to solve the inner max problem in (14),
which is required by the CCG algorithm.

Instead of solving the inner max problem in (14) to obtain
UB in Algorithm 1, we solve the following restricted inner max
problem:

max
ξ̃∈ΞS

V(ẑ,y, ξ̃)− λTξ̃, (15)

where ΞS is obtained by sampling the uncertain parameter ξ̃
from the support set Ξ. Note that as we increase the number of
sampling points, the obtained solution converges to an optimal
solution of the formulation (14). With this approach, we can
utilize the accelerated CCG algorithm to obtain AC feasible
transmission grid operations (ẑ,y(ẑ)) ∈ A.

IV. NUMERICAL EXPERIMENTS

We conduct numerical experiments to show (i) the com-
putational performances of our solution approaches and (ii)
the performances of distributionally robust transmission grid
operations produced by our DRO model. To this end, we first
generate several instances as described in Section IV-A. Next,
in Section IV-B, we compare our new solution approaches with
the classical CCG algorithm in [16]. Then, in Section IV-C, we
compare solutions obtained by our DRO approach with the other
deterministic approaches.

All computations were performed on a personal laptop with
2.3 GHz Intel Core i7 CPU and 16 GB of memory. The relaxed
DRO model (4) and its corresponding algorithms were imple-
mented in C++ and solved by using Gurobi v9.0.1. Also,
problem (14) was solved by using Ipopt v0.6.1, which
provides AC and GIC feasible solutions.

A. Instance Description

1) Transmission Grid Systems: We consider the widely-
examined “epri-21” and “uiuc-150” systems, designed specifi-
cally for GMD studies. Fig. 4 shows simplified diagrams of the
epri-21 system located near Atlanta, GA (top), and the uiuc-
150 system located near Nashville, TN (bottom). The epri-21

TABLE III
ADDITIONAL PARAMETERS

system has 19 buses, 7 generators, 15 transmission lines, 16
transformers, and 8 substations. The uiuc-150 system has 150
buses, 27 generators, 157 transmission lines, 61 transformers,
and 98 substations. In these diagrams, the blue and green lines
are 500 kV and 345 kV transmission lines, respectively. The
DC model’s input parameters of the epri-21 and the uiuc-150
systems are given in [24] and [29], respectively, while the AC
model’s input parameters are available from https://github.com/
lanl-ansi/PowerModelsGMD.jl. The remaining parameters for
our DRO model are described in Table III.

2) E-Field Data: Recall that the inputs of the ambiguity set
D in our DRO model are

μE = M cos δμ, μN

= M sin δμ, Ξ = conv{(ξ̂�E, ξ̂�N), ∀� ∈ [N ]},

where ξ̂�E = R cos δ� and ξ̂�N = R sin δ�. Throughout this sec-
tion we focus mainly on the pentagon support set, whose
N = 5 extreme points are determined by R and (δ�, ∀� ∈
[5]) = (0◦, 45◦, 90◦, 135◦, 180◦) (see Fig. 3 for an example).
The reason for choosing the pentagon support set is explained
in Section II-C. Moreover, based on historical data of the
E-field (e.g., the maximum magnitude R of the E-field in
the Hydro-Québec GMD event in 1989 was 8 V/Km), we
set various R ∈ {2.5, 5, 7.5, 10, 12.5} [V/km]. For the mean
values (M , δμ) of random magnitude M̃ and direction δ̃ of
E-field, respectively, we set M ∈ {0.5R, 0.7R} [V/Km] and
δμ ∈ {45◦, 67.5◦, 90◦, 112.5◦, 135◦}.

In summary, for each transmission grid system (epri-21 or
uiuc-150), we generate 50 different instances based on the vari-
ous (R,M, δμ) to test our solution approaches for the proposed
DRO model.

B. Computational Performances

In this section, we compare the computational performances
of our solution approaches with those of the classical CCG
algorithm. Specifically, using 50 instances described in Sec-
tion IV-A, we solve the relaxed DRO model (4) (i) under the
triangle support set by the proposed MISOCP reformulation
and classical CCG, and compare their computation times, and
(ii) under the pentagon support set by the proposed accelerated
CCG (Algorithm 1) and classical CCG, and compare their
computation times.

Fig. 5 shows computation times of the MISOCP reformulation
and CCG that solve the relaxed DRO model (4) under the
triangle support set. Each point under the 45◦ blue line represents
an instance where the MISOCP reformulation computationally
outperforms CCG. Compared with CCG, the MISOCP reformu-
lation is on average 2.6 times faster for the epri-21 system and
2.3 times faster for the uiuc-150 system.

https://github.com/lanl-ansi/PowerModelsGMD.jl
https://github.com/lanl-ansi/PowerModelsGMD.jl


Fig. 5. Computation (wall-clock) times of the MISOCP reformulation and
CCG: epri-21 (left) and uiuc-150 (right).

Fig. 6. Computation (wall-clock) times of the accelerated CCG and CCG:
epri-21 (left) and uiuc-150 (right).

Fig. 6 shows computation times of the accelerated CCG and
CCG that solve the relaxed DRO model (4) under the pentagon
support set. On average, the accelerated CCG is 2.6 times faster
for the epri-21 system and 2.4 times faster for the uiuc-150
system.

C. Performances of the Distributionally Robust Transmission
Grid Operations

In this section we show performances of AC and GIC feasible
distributionally robust transmission grid operations produced by
our approach compared with the transmission grid operations
obtained by two other approaches.

Approach 1: This is the proposed AC and GIC feasibility
approach for the DRO model in this paper. Obtain switching
decision ẑA1 for the relaxed DRO model (4) under pentagon
support set. Solve problem (14) to obtain feasible y(ẑA1).

Approach 2: This is for only the mean value of uncertain E-
fields (akin to deterministic version without uncertainty in [10]).
Fixing ξ̃ = μ, the relaxed DRO model (4) reduces to

min
(z,y)∈S

qTz + bTy +Q(z,y,μ). (16)

Solve problem (16) to obtain switching decision ẑA2, and solve
problem (14) to obtain feasible y(ẑA2).

Approach 3: This is without performing any mitigation ac-
tions. Set ẑA3 = 1, in other words, switching on all generators,
transmission lines, and transformers, and solve problem (14) to
obtain feasible y(ẑA3).

Sampling for Problem (14): As described in Section III-C,
solving problem (14) is challenging. Hence we utilize the re-
stricted inner max problem (15) with ΞS to obtain an UB in
Algorithm 1. As the cardinality of ΞS gets larger, the obtained
solution converges to an optimal solution of Problem (14). To see

TABLE IV
NUMBER OF INEQUALITIES (17) VIOLATED BY g(ΞS) UNDER VARIOUS ΞS,

WHEN |Ξ̂S| = 5, 000

TABLE V
SWITCHED OFF COMPONENTS FOR EPRI-21 SYSTEM. ALL GENERATORS ARE

ACTIVATED FOR BOTH APPROACHES 1 AND 2

this numerically, we construct a sufficiently large support set Ξ̂S

that is close to Ξ, and a smaller support set ΞS, i.e., |ΞS| ≤ |Ξ̂S|.
For given ẑ and ΞS, we compute the AC and GIC feasible solu-

tion denoted by ŷ, λ̂, and η̂(ΞS) := maxξ̃∈ΞS V(ẑ, ŷ, ξ̃)− λ̂
T
ξ̃.

To check if ΞS is appropriately chosen via sampling, we verify
the following inequalities to hold true:

η̂(ΞS) ≥ V(ẑ, ŷ, ξ̃)− λ̂
T
ξ̃, ∀ξ̃ ∈ Ξ̂S. (17)

If the inequalities in (17) are not violated, the solution g(ΞS) :=

(ŷ, λ̂, η̂(ΞS)) is also feasible to Ξ̂S. In Table IV, we display
the number of violations on (17) for various g(ΞS), which is
computed by fixing ẑ = ẑA1, where ẑA1 is obtained by solving
the epri-21 instance under the pentagon support set Ξ with R =
10, M = 0.5R, and δμ = 45◦. Note that we uniformly sample
ξ̃ from Ξ to construct (i) Ξ̂S such that |Ξ̂S| = 5, 000, and (ii) ΞS

such that |ΞS| ∈ {1, 5, 10, 25, 50}. The results in Table IV show
that the solution g(ΞS) with |ΞS| = 50 is feasible to Ξ̂S. We
observe that the similar results also hold for the other instances.

To summarize the importance of the above-mentioned ap-
proaches, comparing Approaches 2 and 3 helps us understand the
importance of controlling switching components in the context
of mitigating GIC effects. Also, by comparing Approaches 1 and
2, one can understand the importance of distributionally robust
transmission grid operations under GMD events with uncertain
E-fields. In the next two subsections, we compare these three
approaches using epri-21 and uiuc-150 systems.

1) The epri-21 System: We focus on instances with R ∈
{2.5, 5, 7.5, 10, 12.5}, M = 0.5R, and δμ = 45◦.

First, in Table V we show switching decisions ẑA1 and ẑA2

obtained by solving problems (4) and (16), respectively. Since
Approach 1 hedges against the uncertain GMD events, the num-
ber of mitigation actions (via switching off network components)
is larger in comparison with deterministic ones, i.e., Approach
2.

Next, we compare the three different switching decisions
ẑA1, ẑA2, and ẑA3 by solving problem (14) with respect to
(i) costs in Table VI and (ii) the total amounts of power
loss (i.e.,

∑
i∈N

√
(lp–
i )2 + (lq–

i )2), power load shed (i.e.,



TABLE VI
COST COMPONENTS FOR EPRI-21 SYSTEM

1C1: generation cost; C2, penalty for load shedding, C3, worst-case expected damage
due to GICs, C4 : total costs.

Fig. 7. Comparison of three approaches based on total reactive power loss due
to GICs, power loss, and load shed (left), and dqloss for each bus when R = 12.5
(right).

∑
i∈N

√
(lp+
i )2 + (lq+

i )2), and the additional reactive power loss

due to GICs (i.e.,
∑

i∈N dqloss
i ) in Fig. 7.

In Table VI, as expected, we observe that the total costs
obtained by Approach 3 dramatically increase as R increases.
With (ẑA2,y(ẑA2)), we can reduce the total costs, but still need
to pay some penalty costs (see C2 and C3 for A2 in Table VI).
Fortunately, with the distributionally robust transmission grid
operations (ẑA1,y(ẑA1)) obtained by Approach 1, we can avoid
paying not only the penalty for load shedding, but also the
worst-case expected damage due to GICs. This result implies
that the switching decisions obtained by the relaxed DRO model
(4) can lead to reliable and feasible grid operations.

In Fig. 7 (left), we observe that the total load shed and the
additional reactive power losses due to GICs (dqloss) obtained
by Approach 3 increase, as R increases. Without any mitigation
actions, with all lines and transformers switched on, dqloss in-
creases asR increases, and thus the total load shed also increases
in the system. This negative GIC effect can be mitigated by
controlling the switching components, as in Approaches 1 and
2. With Approach 1, however, we can further reduce reactive
power losses in the system. For example, when R = 12.5V/km,
dqloss obtained by Approach 1 is lower than dqloss obtained
by Approaches 2 and 3, as depicted in Fig. 7 (right). This
observation explains why our proposed methods in Approach
1 leads to lower costs and a more reliable grid w.r.t significantly
smaller load sheds and reactive power losses with related voltage
instability issues, compared with those obtained by Approaches
2 and 3.

TABLE VII
SWITCHED OFF COMPONENTS FOR UIUC-150 SYSTEM. ALL GENERATORS ARE

ACTIVATED FOR BOTH APPROACHES 1 AND 2

TABLE VIII
COST COMPONENTS FOR UIUC-150 SYSTEM

2C1: generation cost; C2, penalty for load shedding, C3, worst-case expected damage
due to GICs, C4 : total costs.

2) The uiuc-150 System: We focus on instances with R ∈
{2.5, 5, 7.5, 10, 12.5}, M = 0.5R, and δμ = 135◦.

Table VII shows switching decisions (ẑA1, ẑA2) and their total
costs obtained by solving problems (4) and (16), respectively.
Compared with ẑA2, the switching decision ẑA1 in Approach 1
suggests switching off more transmission lines as R increases,
in order to hedge against the uncertainty.

Next, we compare the performances of switching decisions
(ẑA1, ẑA2, and ẑA3) by solving problem (14) as described in
Section IV-C. In Table VIII, we compare three approaches with
respect to costs. WhenR ∈ {2.5, 5, 7.5}, the total costs obtained
by the three approaches are close because of the similarity of ẑA2,
ẑA2, and ẑA3. In contrast, when R ∈ {10, 12.5} (larger E-field
magnitudes), we observe that ẑ1 can effectively reduce the total
cost. Especially whenR = 12.5V/km, ẑA1 can prevent shedding
power load and achieve reliable operations by switching off a few
transmission lines and transformers. While Approach 3 sheds a
significant amount of power load in advance to prepare for future
severe GMD events due to lack of mitigation actions, Approach 2
sheds relatively less power load since ẑA2 is a switching decision
that prepares for a specific GMD event, namely, when ξ̃ = μ
(mean value).

D. DRO Versus Stochastic Programming Approach

In this section we compare the DRO approach (i.e., Ap-
proach 1) with a stochastic programming (SP) approach via
the out-of-sample simulation. To this end, we consider the epri-

21 system and generate N train = 100 training samples {ξ̂� =
(M̂ � cos δ̂�, M̂ � sin δ̂�)}N train

�=1 , where M̂ � and δ̂� are uniformly



TABLE IX
SWITCHED OFF COMPONENTS FOR THE EPRI-21 SYSTEM WHILE COMPARING

DRO VS. SP APPROACHES. ALL GENERATORS ARE ACTIVATED FOR BOTH

APPROACHES

extracted from [0,10]V/km and [0◦, 180◦], respectively. Simi-
larly, we generate N test = 1000 testing samples for the out-of-
sample simulation.

1) Switching Decisions: First, we use the relaxed DRO
model (4) to find a DRO switching decision ẑA1. The pen-
tagon support set described in Section IV-A2 is constructed
with the following parameters:R = 10,μE = M̂ avg cos δ̂avg, and
μN = M̂ avg sin δ̂avg, where M̂ avg and δ̂avg are the average of the
training samples. Second, we solve the following SP model to
find a SP switching decision ẑSP:

min
(z,y)∈S

qTz + bTy +
1

N train

N train∑
�=1

Q(z,y, ξ̂
�
). (18)

We present switching decisions obtained from both DRO and
SP approaches in Table IX.

2) AC Power Flow Solution: Recall that both (4) and (18) are
MISOCP models because the feasible region S contains SOC
constraints and binary variables (i.e., switching decisions). We
modify the models by replacing S with the nonconvex feasible
region of A from (3) and fixing the switching decisions ẑA1

and ẑSP obtained from the relaxed models to obtain AC power
flow solutions (i.e., ŷA1-AC and ŷSP-AC, respectively). Note that
the values of slack variables (lp+, lq+, lp–, lp+) measure the AC
feasibility. We have indeed verified that both ŷA1-AC and ŷSP-AC

are AC feasible.
3) Out-of-Sample Simulations: We aim to compare the out-

of-sample performance of the solution (ẑφ, ŷφ−AC), where φ ∈
{A1,A3, SP}. Note that the solution obtained by Approach
3 is also considered to emphasize the importance of making
switching decisions via the DRO and SP approaches. To this
end, we compute the average damage cost due to GICs using the
out-of-sample scenarios N test, namely,

Oφ :=
1

N test

N test∑
�=1

V(ẑφ, ŷφ−AC, ξ̂
�
)

where V is defined in (3). With N test = 1000, we obtain OA1 =
114.68 and OSP = 600.57, which are much smaller than OA3 =
12004.23 (i.e., the average damage cost due to GICs when all
components are switched on). This result demonstrates that
making switching decision via the DRO approach can signif-
icantly reduce the average damage cost due to GICs under the
out-of-sample scenarios.

V. CONCLUSION

In this paper, we proposed a DRO model that finds nonlinear
AC and GIC feasible transmission grid operations that mitigate
potential negative impacts of uncertain E-fields due to GMDs.

The proposed DRO model is solvable by using the standard CCG 
algorithm on small-scale grids. To improve the computational 
performance of CCG, we proposed an accelerated CCG that 
takes advantage of the MISOCP reformulation of the DRO 
model under the triangle support set. We numerically showed 
the run-time efficacy of this reformulation. Furthermore, we 
provided a detailed case study on the epri-21 and uiuc-150 
systems that analyzed the effects of modeling uncertain GMDs. 
Compared with the other existing stochastic programming ap-
proaches, out-of-sample testing suggests that our DRO approach 
can provide cheaper feasible and reliable transmission grid 
operations that reduce the amounts of load shedding and reactive 
power loss due to GICs, thus saving significant amounts of 
operating costs.

An assumption in this paper was that the induced E-field due 
to the GMD event was spatially uniform within the entire electric 
grid. However, considering the spatial scales for large-scale 
grids and localized magnetic-storm disturbances, we plan to 
generalize the proposed two-stage DRO approach to account 
for non-uniform, uncertain E-fields on the GIC-induced voltages 
sources in out future work.
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