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Leakage inductance is a critical design element of a transformer in a galvanically isolated power converter. For multi-objective
optimization-based designs of power converters, analytical leakage inductance models that are computationally efficient and accurate
are preferred over the Finite Element Methods (FEM). In this paper, three new analytical models are proposed—Triple-2D, Double-
2D, and Single-2D—that are formulated using the magnetic image method. These 2D models are used to calculate the leakage inductance
of a partially filled shell-type transformer having a circular center leg, and the resulting errors are less than 1.25 % for each model when
compared to the 3D FEM simulated value of the leakage inductance. Additionally, three different conductor models are considered, and
their relative accuracies and computational efficiencies are investigated. Further, a variable inductance transformer (VIT) is designed,
whose leakage inductance can be modified by moving one of the windings vertically along the central core leg. The analytically evaluated
variable leakage inductances of the VIT are in good agreement with the 3D FEM simulated and experimentally measured values.

Index Terms—Galvanically isolated power converter, image method, leakage inductance, shell-type transformer.

. INTRODUCTION

LEAKAGE INDUCTANCE is a key design property of a power

electronic transformer. For some galvanically isolated
power converter topologies, like the flyback [1], [2] and
forward [3], a negligible leakage inductance can help in
minimizing the power loss in the converter. For other
topologies, like the half-bridge and full-bridge, a substantial
leakage inductance can help in replacing the series inductor to
reduce the cost of components and improve the power density
of the converter [4]-[10]. In recent years, there has been a
growing demand for such transformers with integrated
magnetics that allow designers to utilize the leakage inductance
purposefully for the operation of a power electronic converter.
In a phase-shifted dual active bridge converter, the leakage
inductance can provide the desired phase-shift between the
primary and secondary bridges to cause power flow [4], [5]. In
a resonant converter, the leakage inductance can participate in
establishing the resonant frequency and voltage gain of the
converter [6]-[8]. The leakage inductance can also help in
ensuring zero-voltage switching in isolated power converters to
meet the high-efficiency requirements [9]. Therefore, an
accurate estimation of the transformer leakage inductance is
critical for the design and operation of any galvanically isolated
power converter.

Leakage inductance can be calculated from the leakage
energy stored inside and outside the volume of the transformer
when perfectly opposed magnetomotive forces (MMFs) are
applied to the two windings of the transformer [11], i.e., N;I; =
N,I,, where N; and N, are the number of primary and
secondary turns, and I; and I, are the primary and secondary
currents, respectively. Calculation of leakage inductance is
inherently a three-dimensional (3D) problem. Finite Element
Methods (FEM) can calculate the leakage inductance quite
accurately, but at the expense of high computational effort,
especially for 3D FEM [11], [12]. Reluctance network models
were proposed in [13], [14], but they lack the desired accuracy.

For multi-objective optimization-based designs of isolated
converters, analytical models having a lower computational
effort with no significant loss in accuracy are desired [15], [16].

This retriggered the development of several 1D and 2D models,
which calculate the total leakage inductance from the leakage
inductance per unit length evaluated across a single 2D (Single-
2D models) plane inside the winding window (IW plane) of the
transformer [16]-[26]. Leakage inductance per unit length
across a plane is proportional to the magnetic energy density
across it. While the 2D models assume that the magnetic energy
density varies along both the width and height of the window,
the 1D models simplify the mathematics by assuming that the
magnetic energy density is constant throughout the window
height. This central assumption limits the scope of 1D models
to designs where the winding height is comparable to the
window height to avoid any calculation error due to the fringing
fields across the edges of the conductors [16]. Hence, 2D
models are more accurate, although 1D models are
computationally more efficient.

Both 1D and Single-2D models assume that the leakage
inductance per unit length calculated across the IW plane is
consistent throughout the entire third dimension, which is
usually the mean length of turn (MLT) of the windings. The
highly-permeable (i, > 1000) core of a medium or high-
frequency transformer acts as a reflective medium for the
magnetic field intensities [27]. The finite IW plane across
which the leakage inductance per unit length is calculated is
bounded by the core on four sides, whereas the semi-infinite
plane outside the window (OW plane) is bounded by the core
on one side only. As such, the IW plane includes the
contributions from an infinite series of images, while the OW
plane includes the contribution from a single image only.
Therefore, the leakage inductance per unit length calculated
across the IW plane is naturally higher than that across the OW
plane. This difference can introduce a substantial error in
Single-2D models.

Double-2D models were introduced recently [11], [28], [29],
where the leakage inductance per unit length is evaluated across
two planes—IW plane and OW plane—hence the name
“Double-2D”. The total leakage inductance is obtained by
adding the product of the two leakage inductances per unit
length and their respective partial winding lengths, called
leakage lengths. The partial leakage lengths act as scaling



factors for the calculated leakage inductances per unit length.
The overall accuracy of the model depends on the accurate
evaluation of the two leakage inductances per unit length as
well as the two partial leakage lengths. The Double-2D models
are very promising because they can accurately calculate the
leakage inductance even when the winding height is
significantly smaller than the window height [28].

The Double-2D model proposed in [28] identified a
transition (TR) region where the IW region merges into the OW
region, but the TR region was not modeled. The TR region is of
chief interest because across this region, the core yoke shrinks
in size. So, the leakage inductance per unit length across the TR
plane lies between those across the IW and OW planes. A shell-
type transformer has four TR regions, whereas a core-type
transformer has two. Accurate identification and modeling of
the TR region are found to be critical, especially for shell-type
transformers with partially filled windows. Moreover, analysis
of the TR region can lead to the introduction of more effective
leakage inductance models.

Partial leakage lengths are functions of the magnetic energy
distributions across the respective planes, and hence must be
evaluated from the energy-weighted radii, especially for
concentric windings wound around a circular core leg [28].
Techniques to calculate the energy-weighted partial leakage
lengths for IW and OW regions were proposed for the Double-
2D model in [13], [28]. However, the IW and OW regions were
selected intuitively without any justification, which can affect
the accuracy of the partial leakage lengths, and consequently
the total leakage inductance. Proper classification of the IW and
OW regions is, therefore, missing in the literature.

Many 2D models use the magnetic image method to calculate
the leakage inductance per unit length across a plane [11], [19]-
[21], [29]. According to the image method, the layers of images
that should be considered for an accurate evaluation of leakage
inductance per unit length across the IW plane are infinite,
which is practically not possible. Usually, a finite number of
image layers that optimizes both accuracy and computational
efficiency is considered [11]. Gomez [19] and Lambert [21]
presented plots showing the number of image layers versus
accuracy. However, Gomez assumed an incorrect direction of
current for the image conductors, whereas Lambert assumed the
MLT of the windings as the leakage length.

The geometry of the conductors assumed for evaluating the
leakage inductance also influences the accuracy and
computational efficiency of the image method [11]. A round
conductor is difficult to model because of its distinct
formulations for calculating the magnetic field intensities inside
and outside its cross-sectional area. Windings comprising
numerous round conductors further aggravate the problem.
Although the popular choice is to assume a layer of round
conductors or Litz wire as a rectangular foil, the resulting loss
in accuracy or gain in computational efficiency is not known.
Besides, assuming a foil thickness equal to the diameter of a
round conductor only intensifies the error.

This paper introduces a Triple-2D model for calculating the
leakage inductance of a transformer: besides the IW and OW
planes, the leakage inductance per unit length is analytically
evaluated across a third plane inside the transition region (TR
plane) using the magnetic image method. IW, OW, and TR
regions are identified, and a method to accurately calculate the
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Fig. 1. Proposed Triple-2D model for: (a) shell-type transformer, and (b)
core-type transformer.
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Fig. 2. Magnetic energy densities obtained from the 3D FEM model: (a)
IW plane, (b) OW plane, and (c) TR plane.

energy-weighted partial leakage lengths is proposed. The
Triple-2D model is first reduced to a new Double-2D model,
and further to a unique Single-2D model to improve the
computational efficiency. These 2D models are centered around
the investigation of the TR region, as discussed above. Further,
three different conductor models are analyzed using the
proposed 2D models. The shell-type transformer assumed for
validating the hypotheses has a partially filled winding window:
the circular central core leg is wound with round conductors up
to a height that is significantly smaller than the window height.
By moving one of the windings vertically along the core leg,
the leakage inductance of the transformer can be modified, thus
resulting in a variable inductance transformer (VIT) [30]. The
leakage inductances of the VIT are analytically evaluated and
plotted for various positions of the winding. Finally, all
analytical results are validated using 3D FEM simulations and
experimental measurements obtained from a transformer
prototype.
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Il. TRIPLE-2D MODEL

Calculation of leakage inductance is a 3D problem. The
Triple-2D model proposed in this paper reduces this 3D
problem into three separate 2D problems using the assumption
that the leakage inductances per unit length across the IW, OW
and TR planes are constant throughout their respective partial
leakage lengths. In this paper, the IW plane refers to the
rectangular finite plane bounded by the core on all four sides
that bisects the volume inside the winding window of the
transformer; the OW plane refers to the semi-infinite plane
outside the window that is perpendicular to the previous plane
at the center of the circular core leg around which concentric
windings are wound; and the TR plane refers to the semi-
infinite plane located within the transition region, as indicated
in Fig. 1. The general form of the proposed Triple-2D model is
given by,

Lyemripte-2n = Se(Lanawydiawy + Lanowydiowy +
2L5prrydice)) (1)

_ {1, core-type transformer
¢ =12, shell-type transformer

where, Ly pqwys L2powy @nd Lyp(rr, are the leakage inductances
per unit length across the IW, OW and TR planes, and d,w),
diow) and dycrgy are the partial leakage lengths across the IW,
OW and TR regions, respectively. Methods to calculate these
leakage inductances per unit length and partial leakage lengths
are discussed below.

A. Calculation of Leakage Inductances per Unit Length

The magnetic image method is frequently used in 2D models
to calculate the leakage inductance per unit length across a
plane. According to the image method, the core acts as a
reflective medium for any current-carrying conductor placed

Image windows resulting from the magnetic image method: (a) IW plane, (b) OW plane, and (c) TR plane.

near it. If I is the current through the actual conductor, then the
current through the image conductor .. is given by,

Ur,c—1
Iimage = ﬂr,c+11 (2)

where, u, . is the relative permeability of the core. Medium and
high-frequency power converters use highly-permeable ferrite
cores that have . = 1000, so that [;,, = I. Details of the
image method can be found in [27]. In this paper, image method
is used to calculate the leakage inductances per unit length
across various planes.

As shown in Fig. 2 (a), the IW plane is bounded by the core
on four sides. These four sides act as two pairs of reflective
media (mirrors) for a single conductor located in this plane,
theoretically resulting in an infinite number of image
conductors in both x and y directions, as illustrated in Fig. 3
(a). The image locations can be determined following [11].
Since the direction of current in the actual conductor is
perpendicular to the plane under consideration, the direction of
current in all image conductors will be the same, unlike the
incorrect assumption in [19], [20]. At any point P(x,y) in the
IW plane, the total field intensity ﬁ}f in k direction due to a
single conductor and its images is given by,

HE(ey) = B3, Tim HE oy (6, y) 3)

where, m — o0, n — o, Hf ; is the field intensity at P(x, y)
due to a conductor in the (i, /)" window, i = j = 0 represents
the original window, and k is either x or y direction.

As shown in Fig. 2 (b), the OW plane is bounded by the
reflective core on one side only. According to the image
method, a single conductor located in this plane yields one
image conductor only, as illustrated in Fig. 3 (b). At any point
Q(x,y) in the OW plane, the field intensity ﬁé‘ in k direction
due to a single conductor and its image is given by,



17](5 (X, y) = ﬁg(original) (x' y) + ﬁg(image) (.X', y) (4)

As shown in Fig. 2 (c), the semi-infinite TR plane is bounded
by the core on three sides. First, the reflective central core leg
yields one image conductor for a single conductor located in
this plane. Second, the upper and lower core yokes act as a pair
of reflective media. If these core yokes extend to infinity, then
an infinite number of image conductors will result along the y
direction. However, they do not extend to infinity, rather they
shrink in size along the transition region and are only slightly
wider than the winding width. Hence, the leakage energy is not
completely bounded by the core yokes along y direction. The
same can also be judged by comparing the three FEM plots of
Fig. 2, where the core yokes in the TR plane reduce the
magnetic energy density considerably in their neighborhood.
This leads to a tricky approximation when applying the image
method. Since the image conductors are located directly above
or below the actual conductors, their contribution to the total
leakage inductance per unit length is always positive. In this
paper, the effect of the shrinking core yokes on the total leakage
inductance per unit length is approximated by ignoring the
contributions of the two closest image windows along y
direction, while adding the contributions of all other image
conductors, as illustrated in Fig. 3 (c). Therefore, at any point
R(x,y) in the TR plane, the field intensity A% in k direction
due to a single conductor and its images is given by,

HR (X y) - R(1mage)(x y) + Z]_—n Hlltf(j)(x'y) (5)

where,n - oo, n # 1, HR(]') is the field intensity at R(x, y) due
to a conductor in the j™ window, and j = 0 represents the
original window. It should be noted that there would be an
infinite series of images along m = —1 that are not shown in
Fig. 3 (c). These images contribute negligibly to the total
leakage inductance per unit length across the TR plane, and
hence are ignored to reduce the computational time.

The total field intensities in x and y directions due to all
conductors and their respective images are calculated across
each plane using,

ﬁ;’((all)(x' y) = Zall ﬁg(x' }’) (6)
ﬁ'é(au)(x.y) = Y ﬁS(X, y) @)
ﬁg(au)(x'J’) = Y Ifl){,f(x, y) (8)

. 2
Hg(an)(xd’) = (H,’.f@ﬁ)(x,y)) + (HP(all)(x Y)) ©)

HQ(all)(x y) = ( (all)(x )’)) + (ﬁkaﬁ)("' Y))z (10)

HR(all)(x y) = ( R(all)(x )’)) + (HR(aII)(x 3’)) (11)

By setting perfectly opposed MMFs in the two windings, the
leakage energies per unit length are calculated using,

, 1 h

Expawy = 7 Ho fo fow H}%(all) (x,y) dxdy (12)
’ 1 3} <)

EZD(OW) =3ZHo f_oo fo Hé(all) (x,y) dxdy (13)
’ 1 h poo

EZD(TR) =ZHo fg fg H}%(all) (x,y) dxdy (14)

where, w and h are the width and height of the winding window.
The coordinate system for each plane is specified in Fig. 3. The
improper integrals of (13) and (14) can be solved by assuming
the transformer to be located inside an air cube whose sides are
longer than the width and height of the transformer.

Assuming the primary current to be I, the leakage inductance
per unit length across each plane is calculated using,

’ ZEZID(IW)

Lypawy = 12 (15)
, ZEZID(OW)

LZD(OW) =T (16)
’ ZEZID(TR)
2D(TR) =~ 2 (7)

B. Calculation of Partial Leakage Length

The partial leakage lengths are functions of the magnetic
energy distributions across each plane [28]. First, the energy-
weighted leakage radius for each plane is calculated using,

h w
fo fo x.HEZ,(aH)(x,y)dxdy

lowy =10 + 18
e fohf(;”H?’(an)(x'Y)dxdy (18)
f— fo XHQ(an)(XY)dxdy
: 19
o = f— Iy HG iy (6y)dxdy (19)
H3 ) dxd
l(TR) =71+ fo Iy x R (x,y)dxdy (20)

h o0
Ll H}%(all)(x,y)dxdy

where, 7. is the radius of the circular central core leg around
which concentric windings are wound. Although [y, =
liowy = l(try, they must be evaluated individually for best
results. For a circular core leg wound with concentric windings,
the partial leakage lengths are also circular, as shown in Fig. 1.
These circular leakage lengths are obtained by rotating each
plane around the center of the central core leg within their
respective regions. The leakage angles in radians subtended at
the center of the central core leg (EC-type core) by the three
regions of the Triple-2D model are calculated using,

G(IW) = 2 arcsin (W:—CT'C) (21)

Ocrpy = arcsm( ) Saw) (22)
(TR) LRy 2

H(OW) _ ZH—SC(B(]W)+29(TR)) (23)

Sc

For cores not having a circular winding leg, (21) — (23) will
change. The leakage radii and the leakage angles at the center
of the central core leg are shown in Fig. 1. Finally, the partial
leakage lengths are calculated for each region using,

dl(lW) = l(IW)e(lW) (24)
dl(OW) = l(OW)G(OW) (25)
dl(TR) = l(TR)e(TR) (26)
I11. DOUBLE-2D MODEL
The Double-2D model calculates the total leakage

inductance of a transformer from the leakage inductances per
unit length evaluated across two planes: the IW plane and the



OW plane. The model benefits from the assumption that the
evaluated leakage inductances per unit length are consistent
along their respective leakage lengths. The general form of the
Double-2D model is given by [28],

L pouble-2p = Sc (LIZD(IW)dl(IW) + LIZD(OW)dl(OW)) (27)

The Double-2D model presented in this paper is deduced
from the Triple-2D model discussed above. A similar procedure
is followed to calculate Lyp, vy, and Lypowy- Since TR regions
are not analyzed in the Double-2D model, they are equally
divided between the IW and OW regions. From (21), (22) and
(23), the leakage angles in radians subtended at the center of the
central core leg by the IW and OW regions of the Double-2D
model are calculated following,

(28)
(29)

aaw) = Oaw) + Oy
aow) = Bow) + 8wy
where 6(rry is evaluated by replacing gy in (22) with

l +1
M. The leakage angles ay, and aow, are calculated

intuitively in [13], [28]. Since the calculation of partial leakage
lengths is an integral part of the Double-2D problem, the
Double-2D model used in this paper is new and an
improvement of the old models. Finally, the energy-weighted
partial leakage lengths are calculated for the IW and OW
regions using,

(30)
31)

diqwy = l(IW) aaw)

diow) = Low)@oow)

IV. SINGLE-2D MODEL

A computationally efficient Single-2D model, derived from
the Triple-2D model, is proposed in this section. This Single-
2D model evaluates the total leakage inductance of the
transformer from the leakage inductance per unit length
evaluated across the TR plane. The analytical and FEM results
in Table Il verify that the leakage inductance per unit length
across the TR plane lies between the leakage inductances per
unit length across the OW and IW planes, i.e. Lypow) <

Loperry < Lypgwy- Besides, analytical evaluation of Loy, is
computationally more efficient than L5y, because the TR

plane assumes fewer images than the IW plane.
The general form of the proposed Single-2D model for a
shell-type or core-type transformer is given by,

(32)

g1
Ly single-2p = Lopd,

where, Loyp = Lipry and d; = 2mlerg). Lyp(rg, is calculated
using (17), whereas /1, is calculated using (20). Since the TR

region was not modeled in previous literature, the Single-2D
model proposed in this paper is unique.

V. CONDUCTOR MODELS

Rectangular foils, Litz wires, or round conductors are
commonly used for winding power electronic transformers.
Each of these conductor types has its own mathematical
formulations to accurately calculate the magnetic field
intensities in and around it, which are discussed below.
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Fig. 4. Conductor models: (a) & (b) round and square conductor, and (c)
rectangular foil.

A. Round Conductor

Fig. 4 (a) shows a round conductor with radius r and centered
at (p, q@) that is carrying a positive current I. Using Ampere’s
law and assuming a homogeneous current density, the magnetic
field intensity at M (x, y) outside the cross-sectional area of the
conductor is given by,

x _ 1(y—q)
M 2n(e-p)2+ (-9 (33)
y _ —1(x—p)

Hy = 2n[(x—p)?+(y—-q)?] (34)

With reference to Fig. 4 (b), the field intensity at N(x,y)
inside the cross-sectional area of the conductor is given by,

I -
Hy = 2 (35)
Hy = =D (36)

2mr?

Two distinct sets of formulations for computing field
intensities inside and outside the cross-sectional area of a round
conductor increases the complexity of the problem. Although it
is easier to compute these field intensities using the polar
coordinate system, the winding window, on the other hand, is
easier to model using the Cartesian coordinate system.
Formulating the entire problem using two coordinate systems
makes the analytical calculation of the total leakage inductance
very challenging for multiple round conductors. For low-
frequency modeling of transformer leakage inductance, a bunch
of round-shaped Litz wires can be assumed as a single round
conductor having the same current density.

B. Square Conductor

To simplify the calculation of field intensities especially
inside the cross-sectional area, each round conductor is
approximated as a square-shaped conductor having equal cross-
sectional area. So, if 2s is the length of one side of a square
conductor centered at (p,q), then s = 0.5 x Vrr2. With
reference to Fig. 4 (b), the field intensity at N(x, y) inside the
cross-sectional area of the square conductor can be obtained
using,
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Fig. 5. 2D model of a variable inductance transformer (VIT).

x _ 10-q)
Hf = =5 (37)
Hy = &0 (38)

8s2

Thus, (37) and (38) replaces (35) and (36). Equations (33)
and (34) shall remain valid if appropriate limits for the double
integrals are used.

C. Rectangular foil

With reference to Fig. 4 (c), the magnetic field intensity at
any point N(x,y) for a rectangular foil of height 2a and
thickness 2b, whose center is located at (p, q) is given by [11],

1
Hy =
N 8mab

((y—q +Db)(Br—B) — (v —q—b)a; —az) +
(x —p+ a)ln C—j) —(x—p—a)ln C—i)) (39)

y _ -1
N 8mab

0=+ bin(2) -0 -q- b (2)

((x —p+a)(Br—a) —(x—p-a)(B —a) +
(40)

Equations (39) and (40) can calculate the field intensities both
inside and outside the cross-sectional area of the foil. However,
a4, ay, f1, B2 must be strictly maintained within (—m, ) range.

Most of the previous literature assumes a layer of round
conductors or Litz wires as a single rectangular foil that
generates the same MMF when energized with the same current
[11], [29]. This assumption introduces errors in the calculation
of leakage inductance if the round conductors or Litz wires are
not densely packed along the winding height. Assumption of a
particular foil thickness can further intensify the error. In this
paper, two distinct foil thicknesses are considered: 1) thickness
equal to the diameter of a round conductor, and 2) thickness
equal to one side of an equivalent square conductor, i.e. 2s, as
defined in section V. B. Leakage inductance resulting from the
two models are compared in the results section.

V1. VARIABLE INDUCTANCE TRANSFORMER

An experimental transformer designed for an isolated power
converter can exhibit a leakage inductance different from the
desired value, often due to geometrical reasons beyond the

TABLE I

DESIGN SPECIFICATIONS
Description Value
Core type and size (part) EC 70 (EPCOS B66343)
Winding height 31.5mm
External diameter of narrow bobbin 19 mm
External diameter of wide bobbin 32.5 mm
Thickness of the bobbins 1.5mm
Turns ratio 1:1
Number of turns 26
Primary current 1A
Maximum change in overlap 10 mm
Conductor shape/size Round, 19 AWG
Air cube 80° mm?®

control of the designer. In a power converter system comprising
of multiple isolated converters in parallel, all leakage
inductances should match to achieve the desired power flow
from source to load.

Having a winding height smaller than the window height can
allow designers to adjust the leakage inductance of the
transformer by moving one of the windings vertically along the
core leg, which changes the stored leakage energy between the
two windings, and hence the leakage inductance. To achieve a
gradual variation of the leakage inductance, a variable
inductance transformer (VIT) [30] is introduced and illustrated
in Fig. 5, where h,, < h. By utilizing a linear actuator, one of
the two windings can be displaced vertically to vary g, and
consequently the transformer leakage inductance. The leakage
inductance is minimum at g = 0 mm, and it increases with g.

VII. RESULTS

Design specifications of the shell-type transformer assumed
for this work are presented in Table I. The three conductor
models considered in this paper are: 1) square conductor, 2)
rectangular foil having a thickness equal to the diameter of a
round conductor, named as rectangular foil 1, and 3) rectangular
foil having a thickness equal to one side of a square conductor,
named as rectangular foil 2. Analytical and FEM simulated
results of the proposed Triple-2D, Double-2D, and Single-2D
models are presented in Tables Il, 111, and 1V, respectively.

For a specific conductor model, the analytically evaluated
and FEM simulated values of Lypqy, and Lipw,y in Table 11

are identical to those in Table Ill. The same is true for the
analytically evaluated and FEM simulated values of Lyp gy in
Tables Il and 1V. Hence, the leakage radii are also equal (not
shown in the tables). However, the partial leakage lengths are
distinct, because each 2D model assumes different leakage
angles at the center of the central core leg for calculating the
partial leakage lengths.

A. FEM Results

A 3D transformer model is designed in COMSOL
Multiphysics 5.5 by following the specifications of Table I.
Round conductors are used for winding the transformer. To
obtain the partial leakage lengths presented in Tables I, 111, and
IV, three cut planes are created as part of the geometry along
the directions indicated by blue lines in Fig. 1 (a) such that the
mesh nodes are exactly on the planes. This reduces the 3D FEM



TABLE Il
TRIPLE-2D RESULTS
L’ZD(IW) L’ZD(TR) L’ZD(OW) dl(lW) Zdl(TR) dl(OW)
Conductor model Category of results L H) | Error (%
oo wHm) | @him) | @rm) | eom) | em) | m) | e (%)
Square conductor Analytical 154.07 153.6 153.11 10.296 7.987 23.499 12.822 0.02
Rectangular foil 1* Analytical 152.37 152.21 151.64 10.316 7.941 23471 12.679 -1.10
Rectangular foil 2** Analytical 153.27 153.11 152.54 10.316 7.94 23.473 12.755 -051
3D FEM - - - - - 12.82 0
Round conductor
2D FEM*** 157.96 155.65 151.75 10.271 7.918 23.366 12.801 -0.15
TABLE Il
DouBLE-2D RESULTS
Conductor model Category of results Lipawy (UH/mM) Lipowy (UHIM) | digwy (MM) | dyowy (MM) | Ly (UH) Error (%)
Square conductor Analytical 154.07 153.11 14.263 27.551 12.832 0.09
Rectangular foil 1* Analytical 152.37 151.64 14.266 27.493 12.685 -1.05
Rectangular foil 2** Analytical 153.27 152.54 14.266 27.494 12.761 -0.46
3D FEM - - - - 12.82 0
Round conductor
2D FEM*** 157.96 151.75 14.26 27.272 12.782 -0.30
TABLE IV
SINGLE-2D RESULTS
Conductor model Category of results Lyp = Lyperry (UH/M) | dy (mm) | Ly (uH) | Error (%) | Computation time (p.u.)
Square conductor Analytical 153.6 83.366 12.805 -0.12 0.62
Rectangular foil 1* Analytical 152.21 83.235 12.669 -1.18 1
Rectangular foil 2** Analytical 153.11 83.239 12.745 -0.58 1
3D FEM - - 12.82 0
Round conductor > 6000
2D FEM*** 155.65 83.373 12.977 122
* Rectangular foil 1 has a thickness equal to the diameter of a round conductor.
** Rectangular foil 2 has a thickness equal to one side of a square conductor.
*** Please see subsection A (FEM Results) of section VII (Results) for reference.
model into multiple 2D FEM models that are used for and IV. In Tables Il, I, and 1V, the error between the 3D FEM

comparison and verification of the three analytical 2D models
proposed in this paper.

The leakage inductances per unit length and the leakage radii
across each cut plane are obtained using the surface integration
tool in COMSOL. The leakage angles and the partial leakage
lengths are calculated using the equations presented for
different 2D models. The 3D FEM simulated leakage
inductance is considered as standard for comparing the
analytical model errors in Tables I, 111, and V.

To analyze the TR region further, 7 cut planes are created
within the TR region such that the angle between two
consecutive cut planes is 6(g)/6. Fig. 6 plots the individual
leakage inductances per unit length across each plane. Plane
number 1 and 7 are the boundary planes that the TR region
shares with the IW and OW regions, respectively. Throughout
the TR region, the values of the leakage inductance per unit
length showed a maximum variation of about 1 %. Besides, all
values lie between those across the IW and OW planes. This
confirms that an analysis of the TR plane is necessary for higher
accuracy. Since plane number 4 lies at the center of the TR
region, the leakage inductance per unit length across this plane,
marked in Fig. 6, is used for the 2D FEM results of Tables Il

simulated and 2D FEM calculated leakage inductances is the
lowest for the Triple-2D model, which further proves the
hypothesis about the existence of the TR region and validates
the formulations for the leakage angles.

B. Analytical Results

The Triple-2D, Double-2D, and Single-2D models proposed
in this paper are used to analytically evaluate the leakage
inductance of the shell-type transformer considering the three
different conductor models stated in section VII. MATLAB
R2019a is used to obtain the analytical results presented in
Tables II, 111 and IV.

For any 2D model, accurate evaluation of the total leakage
inductance depends on the accurate evaluation of the leakage
inductances per unit length across each plane as well as the
partial leakage lengths. Fig. 7 shows the contributions of
various image windows along y-direction towards the leakage
inductance per unit length across the TR plane. The first stacked
graph includes the contribution of the two closest image
windows leading to a much higher leakage inductance per unit
length when compared to that across the IW plane. This cannot
be true because the leakage inductance per unit length across
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the leakage inductance inside the IW region as the layers of images in the IW
plane is increased.

the IW plane should be the highest for a conventional
transformer geometry, like the one assumed for this work. The
second stacked graph excludes the contributions of the two
closest image windows, thus resulting in an acceptable value of
the leakage inductance per unit length.

Fig. 8 plots the relative errors in computing the leakage
inductance inside the IW region (Lyew-region = Lapaw)diaw))

and the corresponding increase in computation time as the
layers of images in the IW plane is increased. A maximum of
four layers are considered, i.e. the nearest 80 images, and the
leakage inductance due to all four layers is considered as
standard for evaluating the relative errors. The computation
times in Fig. 8 are represented using the per unit (p.u.) system,
where time taken to compute the leakage inductance due to the
original conductor only is considered as 1 p.u. Fig. 8 suggests
that the computation time increases exponentially as the layers
of images are increased. This is because with the addition of an
image layer u, the number of images increases by 8u As such,
a trade-off must be made between accuracy and computational
efficiency. In Fig. 8, the error due to the first two layers of
images (nearest 24 images) is small and the corresponding
computation time is also less. As such, only the first two layers
of images are used to calculate the leakage inductance per unit
length and partial leakage length across the IW region in Tables
Il and I1I.

With the smallest error between the analytical and 3D FEM
results, the square conductor model is the closest approximation
of round conductors. This is because the current density in a
square conductor is identical to that in a round conductor at low
frequency. Among the two rectangular foil models, foil 2 results
in a smaller error than foil 1 because the current density in foil
2 is higher than that in foil 1. Fig. 9 plots the errors between the
analytically evaluated and FEM simulated values of the leakage
radii for various conductor models, evaluated using the Triple-
2D model. Fig. 10 plots the errors in calculating the leakage
angles across the three regions for different conductor models.
For Figs. 9 and 10, results from the round conductor-wound 2D
FEM model are taken as reference. In Fig. 10, the errors for the
IW plane are zero because 6y, is constant for a specific

geometry. All errors in Figs. 9 and 10 are extremely small,
which signify the accurate evaluation of the leakage radii as
well as the precise identification of the IW, OW and TR regions.
Additionally, these two figures jointly validate the formulations
presented for calculating the partial leakage lengths.

Fig. 11 compares the computation times of the proposed
Triple-2D, Double-2D and Single-2D models assuming
rectangular foils, where the computation time of the Single-2D
model is taken as 1 p.u. For the IW plane, only the first two
layers of images are considered, while for the TR plane, only
the second image layer is considered. Sum of the computation
times of the Single-2D and Double-2D models roughly equals
the computation time of the Triple-2D model. When compared
to the Double-2D model, the Triple-2D model increases the
computation time by 16 %, whereas the Single-2D model
reduces the same by 84 %. Thus, the Single-2D model can be a
good choice for optimization-based design of power converters.
Table IV further shows that the square conductor model is
computationally more efficient than the rectangular foil model.
This is due to the convoluted mathematical equations for
calculating the field intensities of the foil model (equations (39)
— (40)). Besides, these equations encounter singularities at the
vertices of the foils, and the angles in these equations must be
maintained within (—m,m) range for correct results.
Nevertheless, the computational efficiency of the square
conductor model may drop if the number of square conductors
is in the order of hundreds.
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C. Experimental Results

The experimental model of the high-frequency transformer,
depicted in Fig. 12, is designed with the specifications
presented in Table I. EC 70 cores are used because they have a
circular center leg. Perfect round conductors are used to
construct the primary and secondary windings. In fact, the
experimental model is designed as a variable inductance

transformer, where the narrow bobbin can be moved vertically
along the central core leg using a linear actuator to vary g, and
hence the leakage inductance of the transformer. g = 0 mm
represents a standard transformer. The leakage inductance of
the experimental model at g = 0 mm, measured using an LCR
meter at 1 kHz test frequency, is found to be 13.2 pH, which is
only 2.96 % higher than the leakage inductance obtained from
the FEM model.

D. VIT Results

The variable leakage inductance of the VIT is modeled
analytically as well as in FEM assuming rectangular foil 2. Fig.
13 plots the magnetic energy densities across the IW, OW and
TR planes when g is maximum, i.e. g =10 mm. When
compared to Fig. 2, the energy density is significantly higher in
Fig. 13, signifying the increase in leakage inductance when g is
increased from 0 mm to 10 mm. The FEM simulated values of
the leakage inductance are in good agreement with the
measured values from the experimental prototype for all
overlaps, as can be seen from Fig. 14. The leakage inductance
of the experimental prototype increased from 13.2 yHat g =0
mm to 23.8 pH at g = 10 mm.

For analytical modeling, the Double-2D and the Triple-2D
models are used to determine the leakage inductance of the VIT
at various overlaps g. First, a Double-2D model with the nearest
2 image layers in the IW plane is used. The resulting errors
increase with g. Next, a Double-2D model with the nearest 3
image layers in the IW plane is used. The errors decreased
significantly; the highest error of 4.5 % is observed at g = 10
mm. This suggests that for unsymmetric winding structures,
where the centers of the windings do not share the same
horizontal plane (e.g. Fig. 5), more image layers may be
necessary for better accuracy. Finally, a Triple-2D model with
3 image layers in the IW and TR planes is used. The resulting
errors are slightly higher, but quite similar to those obtained
using the Double-2D model with the nearest 3 image layers. In
fact, the leakage inductance calculated using the Triple-2D
model for various conductor types in Table Il is also slightly
lower than that calculated using the Double-2D model in Table
I11. A similar difference can be observed between the two plots
in Fig. 14.

The Single-2D model may not necessarily result is a better
accuracy in case of the VIT because unlike at g = 0 mm, where
Lyp(rry is approximately the average of Lypqw, and Lipow)
(Table 1), at g = 10 mm, Ljp gy is much higher than the
average of Lpqwy and Lipowy, s can be understood from Fig.
13. The Single-2D model may not yield such a high value of
Liptry, Which can lead to a lower overall leakage inductance.
Therefore, the proposed Single-2D model is constrained to
symmetrical winding geometries, where the windings have the
same height and are placed on the same horizontal plane above
the lower yoke. However, symmetrical winding is still the most
popular choice in transformers, where the proposed Single-2D
model can be an excellent trade-off between accuracy and
computation time.

VIII.
Following are some of the key observations.

DISCUSSION
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1) Triple-2D model: To model the effect of the shrinking core
yokes in the TR region, the contributions of the two closest
image windows along y direction are ignored. The
resulting Ly rgy lies between Lypqwy and Lipgwy), Which
validates the analysis of the TR region. Moreover, accurate

2)

3)

4)

5)
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analytical evaluation of the partial leakage lengths
highlights the precise identification of the IW, OW and TR
regions as well as the accurate calculation of the leakage
radii. The Triple-2D model demonstrates the highest
accuracy among all three analytical models and is the
closest approximation of the 3D transformer geometry.

Double-2D model: The Double-2D model presented in this
paper is a simplification of the Triple-2D model, in which
the TR region is equally split between the IW and OW
regions. Overall, the Double-2D model is slightly faster
than the Triple-2D model because the TR region is not
analyzed here. The resulting loss in accuracy or gain in
computational efficiency is marginal. The model takes
fewer assumptions; hence it should work well for most
transformer geometries.

Single-2D model:  Since Lypqw) > Liperry > Lipowy:
Lyprry is used to propose the Single-2D model. Because
the model is a drastic simplification of the Triple-2D model
with much fewer images to account for, its accuracy is
compromised. However, the difference in errors is
marginal—less than 1 %. Moreover, the model
demonstrated the least computation time among all three
2D models. Therefore, it can be inferred that the Single-2D
model can be an effective tool for evaluating the leakage
inductance of a transformer in a multi-objective
optimization-based design of isolated power converters.
However, the transformer should have a symmetric
structure, i.e. the windings should have the same height and
they should share the same horizontal base.

Conductor models: Perfect round conductors are difficult
to model. As such, the round conductors used for winding
the FEM model and the experimental prototype are
assumed as square-shaped conductors in the analytical
models, where the cross-sectional area of a square-shaped
conductor is equal to that of a round conductor in order to
maintain the same current density. Among the three
conductor types, the square conductor is the closest
approximation of a round conductor because the model
results in a similar leakage inductance as the actual round
conductors used in the FEM model. Between the two
rectangular foil models, the one having a thickness equal
to one side of a square conductor results in a lower error
than the other because of higher current density. Although
square conductors require less computation time than
rectangular foils, windings containing multiple layers of
square conductors can be quite cumbersome to model.

VIT: The variable leakage inductance of the VIT is
evaluated using the Double-2D and Triple-2D models.
Results show that the accuracy is higher for three image
layers compared to two image layers in the IW plane. The
Triple-2D model with three image layers in the IW and TR
planes resulted in errors similar to those obtained using the
Double-2D model with three image layers. There exists a
small error at higher g values for both models. The error
may be less for multilayer un-interleaved windings. The
leakage inductance of the experimental prototype increased
from 13.2 pH at g = 0 mmto 23.8 yH at g = 10 mm.



IX. CONCLUSION

This paper introduces a Triple-2D model that can accurately
calculate the leakage inductance of a power electronic
transformer with circular center leg from the leakage
inductances per unit length evaluated across the IW, OW, and
TR planes, and the energy-weighted partial leakage lengths
evaluated across the IW, OW, and TR regions. Magnetic image
method is used to formulate the Triple-2D model, which can be
modified into a Double-2D model by splitting the TR region
equally between the IW and OW regions. Since the leakage
inductance per unit length across the TR plane lies between
those across the IW and OW planes, a unique Single-2D model
is proposed, which evaluates the total leakage inductance from
the leakage inductance per unit length calculated across the TR
plane. This Single-2D model reduces the computation time by
more than 84 % when compared to the Double-2D model;
therefore, it can be an excellent tool for evaluating the leakage
inductance of a symmetrically wound transformer in a multi-
objective optimization-based design of isolated power
converters. Moreover, all three analytical models exhibit
negligible computation errors at g = 0 mm. The proposed
models can also be extended to transformer cores with non-
circular winding legs, where the equations for calculating the
leakage inductances per unit length will remain valid, but the
equations for calculating the partial leakage lengths will change
depending on the geometry of the windings and the winding leg.

Three different conductor models are analyzed in this paper.
Although a square conductor is a close approximation of the
actual round conductors used for winding the experimental
prototype and requires less computation time than a rectangular
foil, it may be difficult to model for a transformer wound with
multilayer windings comprising hundreds of round conductors.
Rectangular foils are comparatively easier to model, and they
present a smaller error when the foil thickness is assumed equal
to one side of a square conductor.

The shell-type transformer assumed for validating the
proposed 2D models has a partially filled winding window, and
the winding height is significantly smaller than the window
height. A variable inductance transformer (VIT) is introduced,
whose leakage inductance can be varied by moving one of the
windings vertically along the central core leg. An experimental
prototype of the VIT is designed using a linear actuator. The
measured leakage inductances closely follow the FEM
simulated values. The Double-2D model used for analytically
calculating the leakage inductance of the VIT showed a
maximum error of 4.5 % at g = 10 mm.
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