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investigated. This approach modifies IPW complete-case estimating equations by exploiting the key features in the

relationship between the missing covariates and the phase-one data to improve efficiency. An iterative numerical

procedure is derived to solve the nonlinear estimating equations. The asymptotic properties of the proposed esti-

mators are established. A simulation study examining the finite-sample performances of the proposed estimators

shows that the AIPW estimators are more efficient than the IPW estimators. The developed method is applied to

the RV144 HIV-1 vaccine efficacy trial to investigate vaccine-induced IgG binding antibodies to HIV-1 as corre-

lates of acquisition of HIV-1 infection while taking account of whether the HIV-1 sequences are near or far from

the HIV-1 sequences represented in the vaccine construct. The Canadian Journal of Statistics xx: 1–25; 20??

c© 20?? Statistical Society of Canada

Résumé: Insérer votre résumé ici. We will supply a French abstract for those authors who can’t prepare it them-

selves. La revue canadienne de statistique xx: 1–25; 20?? c© 20?? Société statistique du Canada

1. INTRODUCTION

RV144 was a randomized, double-blind, placebo-controlled vaccine efficacy trial testing the

combination of the HIV vaccines ALVAC-HIV (vCP1521) and AIDSVAX B/E for prevention

of HIV-1 infection. The trial randomized 16,395 HIV-1 negative volunteers into the vaccine

(n = 8198) and placebo (n = 8197) groups, who received four immunizations at weeks 0, 4, 12

and 24. Blood samples were collected at the Week 26 visit for potentially measuring biomark-

ers of immune responses to the vaccine. Studies (e.g., Haynes et al. (2012), Yates et al. (2014),

Zolla-Pazner et al. (2014)) supported that vaccine recipients with higher Week 26 levels of im-

munoglobulin G (IgG) antibodies binding to the V1V2 portion of the HIV-1 envelope protein

had a lower rate of HIV-1 infection over the subsequent 36 months. Vaccines generally induce
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20?? 3

antibody responses to the vaccine-insert sequences but not necessarily – or more weakly – to

sequences not included in the vaccine construct. Relatedly, vaccines generally confer greater

efficacy to prevent infection or disease with sequences closely matching the vaccine-insert

sequences compared to sequences dissimilar to the vaccine-insert sequences. We investigate

whether the A244-induced HIV-1 IgG-binding antibodies were associated with HIV-1 infec-

tion, accounting for whether HIV-1 infection is with a sequence near or far from the vaccine

strain sequences (henceforth vaccine-similar infections and vaccine-dissimilar infections).

In RV144, the Week 26 HIV-1 IgG-binding antibodies to the vaccine strain A244 V1V2

were measured for 34 of the 41 vaccine recipients who subsequently acquired HIV-1 infection

(cases) and for 205 of the 8157 vaccine recipients who remained HIV-1 negative at completion

of follow-up (non-cases). These 34 + 205 = 249 subjects were selected using an outcome-

dependent two-phase/case-control sampling design (Haynes et al., 2012). We approach this

problem by modelling conditional cumulative incidence functions of HIV-1 infections treating

the different infection types as competing risks. In particular, we develop estimation/inference

methods for generalized semiparametric regression models for conditional cumulative incidence

functions with missing covariates under a set of competing risks. The new methods were ap-

plied to study the Week 26 HIV-1 IgG-binding antibodies as correlates of HIV-1 infection for

vaccine-similar infections and for vaccine-dissimilar infections.

Lee et al. (2018) investigated an inverse probability weighted complete-case (IPW) estima-

tion procedure for the generalized semiparametric regression models for conditional cumulative

incidence functions in the case of competing risks when some covariates may be missing. Many

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique
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studies have shown that the IPW approach is inefficient in its construction by not fully utiliz-

ing available information, cf., Gao and Tsiatis (2005), Tsiatis (2006), Yang et al. (2017) and

Sun et al. (2017). This article develops an alternative approach to improve the robustness and

efficiency of the IPW estimators of Lee et al. (2018) by adapting the theory of Robins et al.

(1994). We propose an augmented estimating equation, which yields more efficient estimators

by exploiting the information in the conditional distribution of the missing covariates through

the observed variables and auxiliary variables. The developed estimation procedure allows the

missingness to follow a generalized two-phase sampling design (Breslow et al., 2009a,b), and

therefore can be applied allowing the sampling probabilities to differ for different types of cases

and non-cases under the competing risks setting. A numerical algorithm is developed to solve

the nonlinear estimating equations. The asymptotic distributions of the proposed AIPW estima-

tors are derived and the AIPW estimators are shown to possess the double-robustness property.

A simulation study shows that the AIPW estimators are more efficient under a variety of sam-

pling designs than the IPW estimators even when auxiliary information is not available.

The rest of the article is organized as follows. Generalized semiparametric models are intro-

duced in Section 2 along with a description of the models for dealing with data arising from

competing risks and missing covariates. The AIPW estimation and inference procedure is de-

veloped in Section 3. The asymptotic properties of the proposed AIPW estimators are studied in

Section 4. The simulation study evaluates the finite-sample properties of the AIPW estimators

in Section 5. The proposed method is applied to analyze data from the RV144 trial in Section 6.

Some concluding remarks are given in Section 7. Web Appendices A, B and C of the Supple-
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20?? 5

mentary Materials include numerical algorithms, examples, the proofs of the theorems, and the

results of additional simulation studies.

2. A GENERAL SEMIPARAMETRIC MODEL FOR THE CUMULATIVE INCIDENCE FUNCTION

Let Ti be the failure time and Ji ∈ {1, 2, . . . , k} denote the k different failure types for the ith

subject. Assume that the failure type Ji = 1 is the primary failure type of interest and Ji ≥ 2

for other competing failure types. Let Xi = (1, Xi1, . . . , Xip)
T and Zi = (Zi1, . . . , Ziq)

T be the

(p+ 1)- and q-dimensional covariate vectors, respectively. Let Ci be the right-censoring time.

Let δi = I(Ti ≤ Ci) be an indicator for uncensored failure time. The observed independent

and identically distributed competing risks data can be represented by Yi = (Xi, Zi, T̃i, J̃i) for

i = 1, 2, . . . , n, where T̃i = min(Ti, Ci) and J̃i = Jiδi. The value J̃i = Ji indicates that the fail-

ure time is observed at T̃i with failure type Ji. We assume that (Ti, Ji) are independent of Ci

given covariates (Xi, Zi). Let [0, τ ] be the follow-up period during which data are collected and

assume that P (T̃i ≥ τ) > 0.

Let F1(t;Xi, Zi) = P (Ti ≤ t, Ji = 1|Xi, Zi) be the conditional cumulative incidence func-

tion (CIF) for type 1 failure given the covariates (Xi, Zi). A general semiparametric model of

the conditional CIF postulates that

F1(t;Xi, Zi) = H
(
X>i η(t), g(γ, Zi, t)

)
, (1)

for 0 ≤ t ≤ τ , where H(·, ·) is a known bivariate link function, η(t) is a (p+ 1)-dimensional

vector of time-dependent regression coefficients, γ is a q-dimensional vector of time-invariant

coefficients, and g(·) is a known function of (γ, Zi, t). For failure times with only one type of

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique
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6 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

event, model (1) provides a semiparametric framework for the conditional cumulative distri-

bution function. Scheike et al. (2008) developed an estimation method for model (1) for fully

observed covariates. The IPW estimation procedure was studied for model (1) by Lee et al.

(2018) when some covariates of Xi may be missing.

The semiparametric model (1) is very flexible, including important submodels such as

F1(t;Xi, Zi) = h
(
X>i η(t)g(γ, Zi, t)

)
, (2)

F1(t;Xi, Zi) = h
(
X>i η(t) + g(γ, Zi, t)

)
, (3)

for 0 ≤ t ≤ τ , where h(·) is a known monotone link function. We assume that γ belongs to

a compact set Θγ and η(t) is uniformly bounded such that η(·) ∈ B = (l∞[0, τ ])p+1, where

l∞[0, τ ] is the set of uniformly bounded functions on [0, τ ]. Taking h(x) = 1− exp(−x) and

g(γ, Zi, t) = exp(γTZi), model (2) is equivalent to the Cox-Aalen model for the subdistribution

hazard that includes both the Cox model and Aalen’s additive hazard model (Scheike and Zhang,

2003). With h(x) = 1− exp(−x) and g(γ, Zi, t) = γTZit, model (3) generates a partially semi-

parametric additive hazard model (McKeague and Sasieni, 1994). Under the proportional sub-

distribution hazard model of Fine and Gray (1999), the conditional CIF equals F1(t;Xi, Zi) =

1− exp(−η0(t) exp(γ>Zi)), which corresponds to model (2) with h(x) = 1− exp(−x), Xi =

1 and g(γ, Zi, t) = exp(γ>Zi). Model (3) includes the logistic model for the conditional CIF

given by F1(t;Xi, Zi) = h(X>i η(t) + γ>Zi), where h(x) = exp(x)/(1 + exp(x)).

Under a two-phase sampling design or by happenstance, some covariates may have miss-

ing values. We assume that Xi has two parts (X1,i, X2,i) and Zi has two parts (Z1,i, Z2,i). The
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20?? 7

covariates X1,i and Z1,i are observed for every subject, but phase-two covariates X2,i and/or

Z2,i are not observed for all subjects. Let ξi be the indicator of whether participant i has the

phase-two covariate data. Participants i with ξi = 1 have fully observed covariates Xi and Zi

while participants iwith ξi = 0 do not have observed values for at least some of the components

of X2,i and Z2,i. Suppose that in addition to X1,i and Z1,i auxiliary covariates Ai are also ob-

served, and these are correlated with either the unobserved values of the phase-two covariates or

with their probabilities of being missing. Studies have shown that utilization of such auxiliary

information can improve estimation efficiency (Sun et al., 2017).

Let Ωi = {T̃i, δi, J̃i, X1,i, Z1,i, Ai} be the phase-one data for subject i. Following the missing

at random (MAR) assumption (Rubin, 1976), we assume that the missingness of the phase-two

covariates X2,i and/or Z2,i is non-informative, that is, P (ξi = 1|X2,i, Z2,i,Ωi) = P (ξi = 1|Ωi).

However, this sampling/observed-data probability may depend on any of the phase-one infor-

mation Ωi. Under two-phase sampling, the phase-two covariates X2,i and/or Z2,i are assembled

for all participants who are sampled for covariate measurement, where case-cohort (Prentice,

1986) and case-control sampling can be viewed as special cases of two-phase sampling. Two-

phase sampling can be stratified sampling within levels of a discrete phase-one variable such

as a baseline covariate and/or outcome status (Breslow et al., 2009a,b). Our methods apply for

any kind of two-phase sampling design, where the theoretical asymptotic results are correct

under Bernoulli random sampling and give conservative inference under without-replacement

sampling. Let Ω̃i = {Ωi, X2,i, Z2,i, ξi}, i = 1, . . . , n, be an iid random sample. The observed

two-phase sampling competing risks data are {Ωi, ξiX2,i, ξiZ2,i, ξi}.

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique
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8 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

With type 1 the event of interest, a participant is referred to as a type-1 failure (case) if the

failure time is observed and the failure event is of type 1; and as a non-type-1 failure (case) if

the failure time is observed and the failure event is not of type 1. Let π(Ωi) = P (ξi = 1|Ωi) be

the conditional probability that phase-two covariates are measured, which may depend on the

failure types J̃i as well as on (T̃i, X1,i, Z1,i, Ai). In particular, P (ξi = 1|Ωi, J̃i = 1) is the condi-

tional probability of observing all phase-two data given a type-1 case, and P (ξi = 1|Ωi, J̃i > 1)

and P (ξi = 1|Ωi, J̃i = 0) are the analogous conditional probabilities for non-type-1 cases and

non-cases, respectively.

3. ESTIMATION PROCEDURES

Following Scheike et al. (2008), we introduce the conditional survival function

of the censoring time G(t|Xi, Zi) = P (Ci > t|Xi, Zi) for 0 ≤ t ≤ τ . Let Ni(t) =

I(Ti ≤ t, Ji = 1) be the counting process associated with the type-1 case. Then

E[Ni(t)|Xi, Zi] = P (Ti ≤ t, Ji = 1|Xi, Zi) = F1(t|Xi, Zi). Assume there exists a posi-

tive number p ∈ (0, 1) such that G(τ |x, z) ≥ p > 0 for all (x, z) in the support of (Xi, Zi).

Under conditional independence between Ci and (Ti, Ji) given the covariates, we have

E(δi|Xi, Zi, Ti, Ji) = G(Ti|Xi, Zi). Applying the double expectation property, we have

E

{
δiNi(t)

G(Ti|Xi, Zi)

∣∣∣Xi, Zi

}
= E

[
E

{
δiNi(t)

G(Ti|Xi, Zi)

∣∣∣Ti, Xi, Zi, Ji

} ∣∣∣Xi, Zi

]
= F1(t|Xi, Zi).

This gives a rationale for the estimating equation based on the weighted response

δiNi(t)/G(Ti|Xi, Zi), where the censoring distribution G(t|Xi, Zi) is unknown in practice.

Semiparametric models such as the Cox model can be used to estimate the conditional cen-
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20?? 9

soring distribution. For simplicity, we assume that G(t|Xi, Zi) = G(t) does not depend on the

covariates and can be estimated by the Kaplan–Meier estimator Ĝ(t).

3.1. Inverse probability weighted complete-case estimation

Using the IPW technique of Horvitz and Thompson (1952), Lee et al. (2018) constructed esti-

mating equations to analyze missing data based on direct binomial regression (Scheike et al.,

2008). The objective of this article is to improve efficiency and robustness of the IPW estima-

tors developed by Lee et al. (2018). To this end, we introduce the notations and outline the IPW

estimating equations.

For two-phase sampling competing risks data, the sampling probability of the phase-two

covariates may depend on the value of Ji. This dependence on Ji leads us to consider differ-

ent parametric models for estimating these sampling probabilities. Let π1(Ωi, θ1) , π2(Ωi, θ2)

and π3(Ωi, θ3) be the parametric models for P (ξi = 1|Ωi, J̃i = 1), P (ξi = 1|Ωi, J̃i > 1) and

P (ξi = 1|Ωi, J̃i = 0), respectively, where θ1, θ2 and θ3 are column vectors of dimensions

r1, r2 and r3, respectively. Logistic models have been commonly used to model such prob-

abilities. Let θ = (θ>1 , θ
>
2 , θ

>
3 )> and π(Ωi, θ) = I(J̃i = 1)π1(Ωi, θ1) + I(J̃i > 1)π2(Ωi, θ2) +

I(J̃i = 0)π3(Ωi, θ3). Then π(Ωi, θ) is a parametric model for P (ξi = 1|Ωi), where J̃i ∈ Ωi. We

assume that θ is a r = r1 + r2 + r3 dimensional vector of parameters belonging to a compact

set Θ.

As discussed in Lee et al. (2018), the parameter θ can be estimated by the general M-

estimator θ̂ (Huber, 1967). In particular, we assume that θ̂ is the M-estimator of θ satisfy-

ing the asymptotic linearity property Condition (C.2) given in the Appendix. The asymptotic

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique
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10 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

results for M-estimators are well established (van der Vaart, 1998). M-estimators include a

broad class of estimators such as maximum likelihood estimators and least squares estima-

tors. For example, θ can be estimated by the maximum likelihood estimator θ̂ = (θ̂>1 , θ̂
>
2 , θ̂

>
3 )>

that maximizes the observed data likelihood L(θ) = L1(θ1)L2(θ2)L3(θ3), where L1(θ1) =

Πn
i=1{π1(Ωi, θ1)}ξiI(J̃i=1){1− π1(Ωi, θ1)}(1−ξi)I(J̃i=1), L2(θ2) = Πn

i=1{π2(Ωi, θ2)}ξiI(J̃i>1){1−

π2(Ωi, θ2)}(1−ξi)I(J̃i>1), and L3(θ3) = Πn
i=1{π3(Ωi, θ3)}ξiI(J̃i=0){1− π3(Ωi, θ3)}(1−ξi)I(J̃i=0) are

the observed data likelihoods for the type-1 cases, the non-type-1 cases, and the right-censored,

respectively.

Let ψi(θ) = ξi/π(Ωi, θ) be the inverse probability weight. Then ψi(θ) = I(J̃i = 1)ψ1,i(θ1) +

I(J̃i > 1)ψ2,i(θ2) + I(J̃i = 0)ψ3,i(θ3), where ψ1,i(θ1) = ξi/π1(Ωi, θ1), ψ2,i(θ2) = ξi/π2(Ωi, θ2)

and ψ3,i(θ3) = ξi/π3(Ωi, θ3). The weight ψi(θ) can be estimated by ψi(θ̂). Let Ri(t) =

δiNi(t)/G(Ti) and R̂i(t) = δiNi(t)/Ĝ(Ti). Let Dη,i(t, η(t), γ) = ∂F1(t;Xi, Zi)/ ∂η(t) and

Dγ,i(t, η(t), γ) = ∂F1(t;Xi, Zi)/∂γ be the (p+ 1)- and q-dimensional column vectors, repre-

senting the partial derivatives of F1(t;Xi, Zi) with respect to η(t) and γ, respectively. The IPW

estimators for (η(t), γ) are the zeros to the following estimating functions (Lee et al., 2018):

Û η(t, η(t), γ, θ̂) =
n∑
i=1

ψi(θ̂)Dη,i(t, η(t), γ)wi(t)
{
R̂i(t)− F1(t;Xi, Zi)

}
(4)

Û γ(τ, η(·), γ, θ̂) =
n∑
i=1

∫ τ

0

ψi(θ̂)Dγ,i(t, η(t), γ)wi(t)
{
R̂i(t)− F1(t;Xi, Zi)

}
dt, (5)

where wi(t) is a possibly random weight function.
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20?? 11

3.2. Augmented inverse probability weighted complete-case estimation

With IPW estimation, if a participant has a missing value for one covariate, then

the observed values of other covariates together with the observed failure/censoring

time of that participant would not be fully utilized. We propose AIPW estima-

tion by adapting the theory of Robins et al. (1994). The proposed estimation pro-

cedure improves efficiency both by allowing the sampling probabilities to depend

on the phase-one variables and by leveraging correlations of the phase-one vari-

ables with the phase-two covariates. Let Qη(t, η(t), γ, Ĝ, Ω̃i) = Dη,i(t, η(t), γ)wi(t)
{
R̂i(t)−

F1(t;Xi, Zi)
}

, Qγ(t, η(t), γ, Ĝ, Ω̃i) = Dγ,i(t, η(t), γ)wi(t)
{
R̂i(t)− F1(t;Xi, Zi)

}
. The con-

ditional expectations of the ith summands in Equation (4) and (5) are eη(t, η(t), γ, G,Ωi) =

E
[
Qη(t, η(t), γ, G, Ω̃i)|Ωi

]
and eγ(t, η(t), γ, G,Ωi) = E

[
Qγ(t, η(t), γ, G, Ω̃i)|Ωi

]
, respec-

tively.

Suppose that eη(t, η(t), γ, G,Ωi) and eγ(t, η(t), γ, G,Ωi) are known functions. The augmen-

tation theory of Robins et al. (1994) entails the following augmented IPW estimating functions

for (η(·), γ, θ̂):

Ũ η(t, η(t), γ, θ̂) =
n∑
i=1

[
ψi(θ̂)Qη(t, η(t), γ, Ĝ, Ω̃i) + (1− ψi(θ̂))eη(t, η(t), γ, Ĝ,Ωi)

]
,

Ũ γ(τ, η(·), γ, θ̂) =
n∑
i=1

∫ τ

0

[
ψi(θ̂)Qγ(t, η(t), γ, Ĝ, Ω̃i) + (1− ψi(θ̂))eγ(t, η(t), γ, Ĝ,Ωi)

]
dt,

where the first terms in the summations represent the IPW complete-case components and the

second terms with weights (1− ψi(θ̂)) augment the first terms with the knowledge of the con-

ditional expectations eη(t, η(t), γ, G,Ωi) and eγ(t, η(t), γ, G,Ωi) which need to be estimated.
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12 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

The augmented estimating functions Ũ η(t, η(t), γ, θ̂) and Ũ γ(τ, η(·), γ, θ̂) rely on cor-

rect modelling of the sampling probability π(Ωi) and/or of the conditional expectations

eη(t, η(t), γ, G,Ωi) and eγ(t, η(t), γ, G,Ωi). One of the desirable properties of the AIPW es-

timators is double robustness – the estimators are asymptotically consistent for their target pa-

rameters if either the sampling probability model for π(Ωi) or the models for the conditional

expectations eη(t, η(t), γ, G,Ωi) and eγ(t, η(t), γ, G,Ωi) are correctly specified. If the covari-

ates are missing by design, then the π(Ωi) can often be consistently estimated by the observed

proportions. The sampling probabilities can also be modelled via a parametric regression model.

Although it is unlikely that the models for eη(t, η(t), γ, G,Ωi) and eγ(t, η(t), γ, G,Ωi) can be

correctly specified in practice, even imperfect modelling that captures the main features in the

relationship between the phase-two covariates and the phase-one data can improve efficiency,

cf., Sun et al. (2017), Yang et al. (2017), Sun et al. (2018). Parametric models are often used for

simplicity, while flexible approaches such as regressions incorporating orthogonal polynomials

or splines can improve model fitness.

Assume that µη(t, η(t), γ, G,Ωi, ν1) and µγ(t, η(t), γ, G,Ωi, ν2) are the working paramet-

ric models for eη(t, η(t), γ, G,Ωi) and eγ(t, η(t), γ, G,Ωi), respectively, for given (η(t), γ, G)

where ν1 and ν2 are k1– and k2– dimensional vectors of parameters belonging to the compact

sets Θν1 and Θν2 , respectively. The parameters ν1 and ν2 can be estimated by the M-estimators

denoted by ν̂1 and ν̂2 based on the observations with ξi = 1. Let êη(t, η(t), γ, Ĝ,Ωi) =

µη(t, η(t), γ, Ĝ,Ωi, ν̂1) and êγ(t, η(t), γ, Ĝ,Ωi) = µγ(t, η(t), γ, Ĝ,Ωi, ν̂2) be the estimators of

eη(t, η(t), γ, Ĝ,Ωi) and eγ(t, η(t), γ, Ĝ,Ωi), respectively, for given (η(t), γ). The AIPW esti-
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20?? 13

mators η̂(t) and γ̂ solve the following estimating equations

ˆ̃
U η

(
t, η(t), γ, θ̂

)
=

n∑
i=1

ψi(θ̂)Qη

(
t, η(t), γ, Ĝ, Ω̃i

)
+ âη

(
t, η(t), γ, θ̂

)
= 0, (6)

ˆ̃
U γ

(
τ, η(·), γ, θ̂

)
=

n∑
i=1

∫ τ

0

ψi(θ̂)Qγ

(
t, η(t), γ, Ĝ, Ω̃i

)
dt+

∫ τ

0

âγ
(
t, η(t), γ, θ̂

)
dt = 0, (7)

where âη(t, η(t), γ, θ̂) =
∑n

i=1(1− ψi(θ̂))êη(t, η(t), γ, Ĝ,Ωi) and âγ(t, η(t), γ, θ̂) =∑n
i=1(1− ψi(θ̂))êγ(t, η(t), γ, Ĝ,Ωi) are the estimates of the aug-

mented terms aη(t, η(t), γ, θ̂) =
∑n

i=1(1− ψi(θ̂))eη(t, η(t), γ, Ĝ,Ωi) and

aγ(t, η(t), γ, θ̂) =
∑n

i=1(1− ψi(θ̂))eγ(t, η(t), γ, Ĝ,Ωi) dt.

The estimating equations (6) and (7) can be highly nonlinear. We developed an iterative

algorithm to solve these equations in Section 1.1 of Appendix A in the Supplementary Material.

These procedures are demonstrated with two examples under the semiparametric additive model

and the semiparametric multiplicative model in Section 1.2 of the same appendix.

4. ASYMPTOTIC PROPERTIES

We study the asymptotic properties of the proposed AIPW estimators η̂(t) and γ̂. Sup-

pose π(Ωi, θ) is the working model for P (ξi = 1|Ωi), and µ(t, η(t), γ, G,Ωi, ν) is the um-

brella working model for the missing covariates that includes µη(t, η(t), γ, G,Ωi, ν1) and

µγ(t, η(t), γ, G,Ωi, ν2) for eη(t, η(t), γ, G,Ωi) and eγ(t, η(t), γ, G,Ωi), respectively, for given

(η(t), γ, G), where θ and ν = (ν1, ν2) are r and k dimensional parameters, respectively. Regu-

lar AIPW estimators enjoy the double robustness property and are more efficient than the IPW

estimators; see Robins et al. (1994), Gao and Tsiatis (2005), Tsiatis (2006), Yang et al. (2017) ,

Sun et al. (2017), among others. We show that the AIPW estimators η̂(t) and γ̂ have the double
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14 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

robustness property in the sense that the estimators η̂(t) and γ̂ are consistent if either π(Ωi, θ)

and/or µ(t, η(t), γ, G,Ωi, ν) are correctly specified models. Note that the M-estimators θ̂ and

ν̂ = (ν̂1, ν̂2), and the Kaplan–Meier estimator Ĝ(t), are obtained separately and then plugged

into the estimating functions Ũ η(t, η(t), γ, θ̂) and Ũ γ(τ, η(·), γ, θ̂). We derive the asymptotic

distributions of η̂(t) and γ̂ that account for the uncertainties due to the estimators θ̂, ν̂1, ν̂2, and

Ĝ(t). Specifically, the asymptotic distributions of η̂(t) and γ̂ are influenced by the asymptotic

linearity approximations given in Condition C.2 of the Appendix and the martingale represen-

tation of the Kaplan–Meier estimator.

Huber (1967), White (1982) and van der Vaart (1998) showed that the M-estimator con-

verges to a well-defined limit even when the probability model is not correctly specified. By the

asymptotic results of theM -estimators established in Theorem 5.7 and Theorem 5.21 in van der

Vaart (1998), the M-estimator θ̂ converges in probability to a value θ∗, and similarly ν̂1 and ν̂2

converge in probability to values ν∗1 and ν∗2 , respectively, and having the asymptotic linearity

properties:

n1/2(θ̂ − θ∗) = n−1/2 [Iθ(θ
∗)]−1

n∑
i=1

ζi + op(1),

n1/2(ν̂1 − ν∗1) = n−1/2 [Iν1(ν
∗
1)]−1

n∑
i=1

φ1,i + op(1),

n1/2(ν̂2 − ν∗2) = n−1/2 [Iν2(ν
∗
2)]−1

n∑
i=1

φ2,i + op(1),

where (ζi, φ1,i, φ2,i) are mean zero independent identically distributed random vectors, and

Iθ(θ
∗), Iν1(θ

∗) and Iν2(θ
∗) are positive definite matrices. Define Yi(t) = I(T̃i ≥ t), N c

i (t) =

I(T̃i ≤ t, δi = 0) and M c
i (t) = N c

i (t)−
∫ >
0
Yi(u) d(− logG(u)). Then M c

i (t) is the martin-
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20?? 15

gale associated with the censoring time. Following the martingale representation Theorem

3.2.3 and Corollary 3.2.1 of Fleming and Harrington (1991), we have n1/2(Ĝ(t)−G(t)) =

−n−1/2G(t)
∑n

i=1

∫ >
0
I(s ≤ T̃i)

dMc
i (s)

y(s)
+ op(1), where y(s) = E(Yi(s)).

The following notation is introduced to present the theoretical properties of η̂(t) and γ̂.

Let F 1(t, η(t), γ) be the n× 1 vector of the CIF functions F1(t;Xi, Zi), i = 1, . . . , n, given

in model (3), and R(t) and R̂(t) be the n× 1 vector of Ri(t) and R̂i(t), i = 1, . . . , n, re-

spectively. Let Dη(t, η(t), γ) and Dγ(t, η(t), γ) be the n× (p+ 1) and n× q matrices with

the ith rows equal to (Dη,i(t, η(t), γ))> and (Dγ,i(t, η(t), γ))>, respectively, for i = 1, . . . , n.

Let W (t) = diag(wi(t)) and Ψ(θ) = diag(ψi(θ)), and I be the n× n identity matrix. Let

Ω = (Ω1, . . . ,Ωn) be the collection of the phase-one data. Let Dη,i(t) = Dη,i(t, η0(t), γ0) and

Dγ,i(t) = Dγ,i(t, η0(t), γ0), Dη(t) = Dη(t, η0(t), γ0), Dγ(t) = Dγ(t, η0(t), γ0) and F 1(t) =

F 1(t, η0(t), γ0). Let

Bη,r(t, θ) = D>η (t)W (t)Ψ(θ) {R(t)− F 1(t)}+ E
[
D>η (t)W (t)(I −Ψ(θ)) {R(t)− F 1(t)} |Ω

]
,

Bγ,r(t, θ) = D>γ (t)W (t)Ψ(θ) {R(t)− F 1(t)}+ E
[
D>γ (t)W (t)(I −Ψ(θ)) {R(t)− F 1(t)} |Ω

]
,

Cη,η(t, θ) = D>η (t)W (t)Ψ(θ)Dη(t) + E
[
D>η (t)W (t)(I −Ψ(θ))Dη(t)|Ω

]
,

Cγ,η(t, θ) = D>γ (t)W (t)Ψ(θ)Dη(t) + E
[
D>γ (t)W (t)(I −Ψ(θ))Dη(t)|Ω

]
,

Cγ,γ(t, θ) = D>γ (t)W (t)Ψ(θ)Dγ(t) + E
[
D>γ (t)W (t)(I −Ψ(θ))Dγ(t)|Ω

]
. (8)
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16 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

Let Cη,γ(t, θ) = (Cγ,η(t, θ))
>, K(t, θ) = Cγ,η(t, θ)

[
Cη,η(t, θ)

]−1, and Iγ(θ) =∫ τ
0
Cγ,γ(t, θ)−K(t, θ)

(
Cγ,η(t, θ)

)>
dt. It is easy to see by matrix algebra that

Bη,r(t, θ) =
n∑
i=1

ψi(θ)Dη,i(t)wi(t)
{
Ri(t)− F1(t;Xi, Zi)

}
+ (1− ψi(θ))E

[
Dη,i(t)wi(t)

{
Ri(t)− F1(t;Xi, Zi)

}∣∣∣Ωi

]
,

Bγ,r(t, θ) =
n∑
i=1

ψi(θ)Dγ,i(t)wi(t)
{
Ri(t)− F1(t;Xi, Zi)

}
+ (1− ψi(θ))E

[
Dγ,i(t)wi(t)

{
Ri(t)− F1(t;Xi, Zi)

}∣∣∣Ωi

]
,

Cη,η(t, θ) =
n∑
i=1

ψi(θ)wi(t)(Dη,i(t))
⊗2 + (1− ψi(θ))wi(t)E[(Dη,i(t))

⊗2|Ωi], (9)

Cγ,η(t, θ) =
n∑
i=1

ψi(θ)wi(t)Dγ,i(t)(Dη,i(t))
> + (1− ψi(θ))wi(t)E[Dγ,i(t)(Dη,i(t))

>|Ωi],

Cγ,γ(t, θ) =
n∑
i=1

ψi(θ)wi(t)(Dγ,i(t))
⊗2 + (1− ψi(θ))wi(t)E[(Dγ,i(t))

⊗2|Ωi],

where a⊗2 = aa> for a column vector a. Similar expressions hold for Bγ,r(t, θ), Cη,γ(t, θ)

and Cγ,γ(t, θ). By Lemma 1 of Sun et al. (2017), n−1Cγ,η(t, θ)
P−→cγ,η(t, θ), n−1Cη,η(t, θ)

P−→cη,η(t, θ) uniformly in t ∈ [0, τ ], where cγ,η(t, θ) and cη,η(t, θ) are the expectations of the

summands of Cγ,η(t, θ) and Cη,η(t, θ), respectively. Let k(t, θ) = cγ,η(t, θ)
[
cη,η(t, θ)

]−1, and

Iγ(θ) =
∫ τ
0
cγ,γ(t, θ)− k(t, θ)

(
cγ,η(t, θ)

)>
dt. Then K(t, θ)

P−→k(t, θ) and n−1Iγ(θ)
P−→Iγ(θ).

Let π′(Ωi, θ) be the r dimensional column vector for the derivative of π(Ωi, θ) with re-

spect to θ. Let dµη(t, η(t), γ, G,Ωi, ν1)/dν1 be the (p+ 1)× k1 matrix consisting of the

derivative of µη(t, η(t), γ, G,Ωi, ν1) with respect to ν1, where the jth row is the deriva-

tives of the jth element of µη(t, η(t), γ, G,Ωi, ν1) with respect to ν1 for 1 ≤ j ≤ p+ 1.

The Canadian Journal of Statistics / La revue canadienne de statistique DOI:

 1708945x, 2023, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cjs.11693 by O

ffice O
f Scientific A

nd T
echnical Inform

ation, W
iley O

nline L
ibrary on [27/09/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



20?? 17

Similarly, dµγ(t, η(t), γ, G,Ωi, ν2)/dν2 is the q × k2 matrix consisting of the derivative of

µγ(t, η(t), γ, G,Ωi, ν2) with respect to ν2, where the jth row is the derivatives of the jth el-

ement of µγ(t, η(t), γ, G,Ωi, ν2) with respect to ν2 for 1 ≤ j ≤ q. Let

Φη(t) =
n∑
i=1

(∫ τ

0

qη(s, t)
dMi

c(s)

y(s)
+ gη,θ(t)

[
Iθ(θ

∗)
]−1

ζi + gη,ν1(t)
[
Iν1(ν

∗
1)
]−1

φ1,i

)
,

Φγ =
n∑
i=1

(∫ τ

0

∫ τ

0

qγ(s, t)dt
dMi

c(s)

y(s)
+ gγ,θ

[
Iθ(θ

∗)
]−1

ζi + gγ,ν2
[
Iν2(ν

∗
2)
]−1

φ2,i

)
,

ΦG =
n∑
i=1

∫ τ

0

{∫ τ

0

(
qγ(s, t)− k(t, θ∗)qη(s, t)

)
dt
}dMi

c(s)

y(s)
, (10)

Φπ =
n∑
i=1

(
gγ,θ −

∫ τ

0

k(t, θ)gη,θ(t) dt
)[
Iθ(θ

∗)
]−1

ζi,

Φµ =
n∑
i=1

(
gγ,ν2

[
Iν2(ν

∗
2)
]−1

φ2,i −
∫ τ

0

k(t, θ∗)gη,ν1(t) dt
[
Iν1(ν

∗
1)
]−1

φ1,i

)
,
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18 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

where

qη(s, t) = E
{
wi(t)Ri(t)Hη,i(t, η0(t), γ0, θ

∗)I(s ≤ T̃i)
}
,

qγ(s, t) = E
{
wi(t)Ri(t)Hγ,i(t, η0(t), γ0, θ

∗)I(s ≤ T̃i)
}
,

Hη,i(t, η0(t), γ0, θ
∗) = ψi(θ

∗)Dη,i(t) + (1− ψi(θ∗))E
[
Dη,i(t)|Ωi

]
,

Hγ,i(t, η0(t), γ0, θ
∗) = ψi(θ

∗)Dγ,i(t) + (1− ψi(θ∗))E
[
Dγ,i(t)|Ωi

]
,

gη,ν1(t) = E
{

(1− ψi(θ∗))
dµη(t, η(t), γ, G,Ωi, ν

∗
1)

dν1

}
,

gη,θ(t) = −E
{
ξi
(
Qη(t, η(t), γ, G, Ω̃i)− µη(t, η(t), γ, G,Ωi, ν

∗
1)
)
π−2(Ωi, θ

∗)(π′(Ωi, θ
∗))>

}
,

gγ,θ = −E
{∫ τ

0

ξi
(
Qγ(t, η(t), γ, G, Ω̃i)− µγ(t, η(t), γ, G,Ωi, ν

∗
1)
)
π−2(Ωi, θ

∗)(π′(Ωi, θ
∗))> dt

}
,

gγ,ν2 = E
{∫ τ

0

(1− ψi(θ∗))
dµγ(t, η(t), γ, G,Ωi, ν

∗
2)

dν2
dt
}
.

Terms in formula (10) are used in the following theorems which show how variations of

the estimators (θ̂, ν̂1, ν̂2) and Ĝ(t) influence the variances of the estimators γ̂ and η̂(t). For

the following theorems, we assume the regularity conditions given under Condition C of the

Appendix.

Theorem 1. Assume that π(Ωi, θ) is a correctly specified parametric model for the

sampling/observed-data probability P (ξi = 1|Ωi, J̃i) and/or the umbrella working model

µ(t, η(t), γ, G,Ωi, ν) is the correctly specified working models for the conditional expectations

involving the phase-two covariates for given (η(t), γ, G), where θ and ν are r and k dimen-

sional vectors of parameters belonging to the compact sets Θθ and Θν , respectively. Then we
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have the following large sample approximations for the estimating functions as n→∞:

n−1/2
ˆ̃
U η(t, η(t), γ, θ̂) = n−1/2U η(t, η(t), γ) + n−1/2Φη(t) + op(1),

n−1/2
ˆ̃
U γ(τ, η(·), γ, θ̂) = n−1/2U γ(t, η(t), γ) + n−1/2Φγ + op(1),

uniformly in γ ∈ Θγ and η(·) ∈ B, where

U η(t, η(t), γ) =
n∑
i=1

[
ψi(θ

∗)Qη(t, η(t), γ, G, Ω̃i) + (1− ψi(θ∗))µη(t, η(t), γ, G,Ωi, ν
∗
1)
]

U γ(t, η(t), γ) =
n∑
i=1

∫ τ

0

[
ψi(θ

∗)Qγ(t, η(t), γ, G, Ω̃i) + (1− ψi(θ∗))µγ(t, η(t), γ, G,Ωi, ν
∗
2)
]
.

Theorem 2. Assume that π(Ωi, θ) is a correctly specified parametric model for the

sampling/observed-data probability P (ξi = 1|Ωi, J̃i) and/or the umbrella working model

µ(t, η(t), γ, G,Ωi, ν) is the correctly specified working models for the conditional expectations

involving the phase-two covariates for given (η(t), γ, G), where θ and ν are r and k dimensional

vectors of parameters belonging to the compact sets Θθ and Θν . Then the estimators γ̂ and η̂(t)

are asymptotically consistent: supt∈[0,τ ] |η̂(t)− η0(t)|
P−→0 and |γ̂ − γ0|

P−→0 as n→∞.

Theorem 3. Assume that π(Ωi, θ) is a correctly specified parametric model for the

sampling/observed-data probability P (ξi = 1|Ωi, J̃i) and/or the umbrella working model

µ(t, η(t), γ, G,Ωi, ν) is the correctly specified working model for the conditional expectations

involving the phase two covariates for given (η(t), γ, G), where θ and ν are r and k dimensional

vectors of parameters belonging to the compact sets Θθ and Θν . Then the estimators of γ̂ and
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20 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

η̂(t) have the following large sample approximations as n→∞:

n1/2
(
γ̂ − γ0

)
= n−1/2

(
Iγ(θ

∗)
)−1

Wγ(θ
∗) + op(1),

n1/2(η̂(t)− η0(t)) = n−1/2
[
cη,η(t, θ

∗)
]−1

Wη(t, θ
∗) + op(1),

uniformly in t ∈ [0, τ ], where

Wγ(θ
∗) =

∫ τ

0

[
Bγ,r(t, θ

∗)− k(t, θ)Bη,r(t, θ
∗)
]
dt+ ΦG + Φπ + Φµ,

Wη(t, θ
∗) = Bη,r(t, θ

∗) + Φη(t)− cη,γ(t, θ
∗)
(
Iγ(θ

∗)
)−1

Wγ(θ
∗).

By the M-estimator theory of van der Vaart (1998), if π(Ωi, θ) is a correctly specified para-

metric model for the sampling probability P (ξi = 1|Ωi, J̃i), then θ∗ = θ0, where θ0 is the true

value of θ such that π(Ωi, θ0) = P (ξi = 1|Ωi). Thus the second terms in the first five formulas

in (8) are zero, and gη,ν1(t) = 0 and gγ,ν2(t) = 0. Hence, Φµ = 0. If µη(t, η(t), γ, G,Ωi, ν1) and

µγ(t, η(t), γ, G,Ωi, ν2) are correct models, then ν∗1 = ν10 and ν∗2 = ν20, where ν10 and ν20 are

the true values of ν1 and ν2. In this case, E
[
Qη(t, η(t), γ, G, Ω̃i)|Ωi

]
= µη(t, η(t), γ, G,Ωi, ν10)

and E
[
Qγ(t, η(t), γ, G, Ω̃i)|Ωi

]
= µγ(t, η(t), γ, G,Ωi, ν20) are the correct models. It follows

that gη,θ(t) = 0 and gγ,θ(t) = 0 which leads to Φπ = 0. If all of the working models are cor-

rectly specified, then Φµ = 0, Φπ = 0 and Φη(t) =
∑n

i=1

∫ τ
0

∫ τ
0
qη(s, t)dMi

c(s)/y(s).

Let B̂i,η,r(t), B̂i,γ,r(t), Ĉi,η,η(t), Ĉi,γ,η(t), and Ĉi,γ,γ(t) be the estimated ith terms in the

summations (9) defining Bη,r(t, θ), Bγ,r(t, θ), Cη,η(t, θ), Cγ,η(t, θ), and Cγ,γ(t, θ), respec-

tively, obtained by replacing (η0(t), γ0, G, θ) with (η̂(t), γ̂, Ĝ, θ̂) and by replacing the following

terms with their respective empirical quantities: eη(t, η0(t), γ0, G,Ωi), E[(Dη,i(t))
⊗2|Ωi],
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20?? 21

E[Dγ,i(t)(Dη,i(t))
>|Ωi], E[(Dγ,i(t))

⊗2|Ωi], E
[
Dη,i(t)wi(t)

{
Ri(t)− F1(t;Xi, Zi)

}∣∣Ωi

]
,

and E
[
Dγ,i(t)wi(t)

{
Ri(t)− F1(t; Xi, Zi)

}∣∣Ωi

]
. We estimate Cη,η(t, θ), Cγ,η(t, θ), and

Cγ,γ(t, θ) by Ĉη,η(t) = n−1
∑n

i=1 Ĉi,η,η(t), Ĉγ,η(t) = n−1
∑n

i=1 Ĉi,γ,η(t), and Ĉγ,γ(t)

= n−1
∑n

i=1 Ĉi,γ,γ(t), respectively, and consequently, k(t, θ) and Iγ(θ) can be esti-

mated by K̂(t) = Ĉγ,η(t)
[
Ĉη,η(t)

]−1, and Îγ(θ̂) =
∫ τ
0
Ĉγ,γ(t)− K̂(t)

(
Ĉγ,η(t)

)>
dt. Let

Ĉη,γ(t) = (Ĉγ,η(t))
>.

Let Φ̂i,η(t), Φ̂i,G, Φ̂i,π and Φ̂i,µ be the estimated ith terms in the summations (10) defin-

ing Φη(t),ΦG, Φπ and Φµ, respectively, obtained by replacing the population quantities by

their sample quantities. Let Ŵi,γ =
∫ τ
0

[
B̂i,γ,r(t)− K̂(t)B̂i,η,r(t)

]
dt+ Φ̂i,G + Φ̂i,π + Φ̂i,µ and

Ŵi,η(t) = B̂i,η,r(t) + Φ̂i,η(t)− Ĉη,γ(t)(Îγ(θ̂))
−1Ŵi,γ . By the central limit theorem, n1/2(γ̂ −

γ0) converges in distribution to a normal distribution whose asymptotic covariance matrix can

be consistently estimated by Σ̂γ = n−1(Îγ(θ̂))
−1∑n

i=1

{
Ŵi,γ

}⊗2
(Îγ(θ̂))

−1.

By using Lemma 1 of Sun et al. (2017), n1/2(η̂(t)− η0(t)) converges weakly to a mean-zero

Gaussian process on t ∈ [0, τ ]. The asymptotic covariance matrix of n1/2(η̂(t)− η0(t)) can be

consistently estimated by Σ̂η(t) = n−1(Ĉη,η(t))
−1∑n

i=1

{
Ŵi,η(t)

}⊗2
(Ĉη,η(t))

−1.

Estimation and inference of F1(t;Xi, Zi) can be derived based on the asymptotic results

of γ̂ and η̂(t). We estimate F1(t;Xi, Zi) by F̂1(t;Xi, Zi) = h{X>i η̂(t)g(γ̂, Zi, t)} under the

multiplicative model (2), and by F̂1(t;Xi, Zi) = h{X>i η̂(t) + g(γ̂, Zi, t)} under the additive

model (3). The variance estimator of F̂1(t;Xi, Zi) is derived based on variance estimators of γ̂

and η̂(t) using the delta method described in Section 2.2 of Appendix A in the Supplementary

Material.
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22 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

5. SIMULATION STUDY

We evaluated the finite-sample properties of the AIPW estimators of (η(t), γ) with two sim-

ulation examples. The first considered a semiparametric additive model where the phase-two

covariate has a time-varying effect, whereas the second considered a semiparametric multi-

plicative model where the phase-two covariate has a time-invariant effect. All analyses used

Bernoulli sampling of the phase-two covariate where the sampling probability may depend on

phase-one information. In order to calculate the AIPW estimates, we need to estimate the con-

ditional expectations of the phase-two covariates. The detailed estimation procedures for these

two examples are given in Section 1.2 of Appendix A in the Supplementary Material.

5.1. Simulation study under a semiparametric additive model

Let Ji = k be the type of failure with k ∈ {1, 2}, where the failure type of interest is k = 1. We

considered the following semiparametric additive CIF model under (3) with an identity link for

the type-1 failure:

F1(t;Xi, Zi) = η0(t) + η1(t)Xi + γ1Zit (11)

for 0 < t ≤ τ for τ = 3, where η0(t) = 0.01t, η1(t) = 0.01t, γ1 = 0.1. Covariates Xi and Zi

were generated from a uniform distribution on (0, 1) for participants i = 1, 2, . . . , n, where we

considered Zi as a phase-one covariate and Xi as a phase-two covariate. Define the phase-

one auxiliary covariate Ai = α1Xi + (1− α1)Ui, where α1 is a parameter and Ui is a uniform

random variable on (0, 1). The correlation coefficients ρ between Xi and Ai were 0.5 and 0.8

for α1 = 0.36 and 0.6, respectively. Let (AUX1) and (AUX2) denote the two association levels
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20?? 23

ρ = 0.5 and 0.8, respectively. The setting without the auxiliary covariate is denoted by (AUX0).

The conditional CIF model for the type-2 failure also follows (11) with η0(t) = 0.01t,

η1(t) = 0.02t and γ1 = 0.1. Let Fki(t) = Fk(t;Xi, Zi) for k = 1, 2. Given (Xi, Zi), the per-

centages of the type-1 and type-2 failures were F1i(τ) and F2i(τ), respectively, where

F1i(τ) + F2i(τ) ≤ 1. Conditional on Ji = k, Ti is generated by the conditional probability

F̃ki(t) = Fki(t)/Fki(τ) for k = 1, 2. Let Ci = min(C∗i , τ − 0.001) be the censoring time where

C∗i follows an exponential distribution with rate λ = 0.15. The percentages of the observed

failure types J̃i = 1, 2 and censoring J̃i = 0 were 18%, 14% and 68%, respectively.

We considered three scenarios of missingness for the phase-two covariate Xi. Sampling

scenario (I) follows the classical case-cohort sampling design, where Xi is measured for all

type-1 cases (J̃i = 1) and is subject to missingness for the non-type-1 cases (J̃i = 2) and for

those censored (J̃i = 0). Sampling scenario (II) follows the generalized case-cohort sampling

design that allows Xi to be missing for type-1, non-type-1, and censored cases. In the third

sampling scenario (III), the missingness of Xi does not depend on J̃i. In all three scenarios, the

missingness of Xi can depend on Zi and/or Ti.

Let ϑ1i = P (ξi = 1|Ωi, J̃i = 1), ϑ2i = P (ξi = 1|Ωi, J̃i = 2), and ϑ3i = P (ξi = 1|Ωi, J̃i =

0) be the sampling probabilities for type-1, non-type-1, and censored cases, respectively, and

s1, s2, and s3 be the corresponding empirical sampling proportions. Let s0 be the overall pro-

portion Xi’s sampled. Under scenario (I), we let ϑ1i = 1. Logistic regression models were

considered for ϑ2i and ϑ3i: logit(ϑ2i) = θ20 + θ21T̃i + θ22Zi, logit(ϑ3i) = θ30 + θ31Zi. Choos-

ing θ2 = (−1.3, 0.1, 0.2) and θ3 = (−2, 0.1) yielded s2 = 0.26 and s3 = 0.11, respectively.
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24 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

For scenario (II), we used the model logit(ϑ1i) = θ10 + θ11T̃i + θ12Zi, and the same models

as in (I) were used for ϑ2i and ϑ3i. Taking θ1 = (0.1, 0.2, 0.2), θ2 = (−0.6,−0.2,−0.1), and

θ3 = (−1.2,−0.1) yielded approximately s1 = 0.6, s2 = 0.4, and s3 = 0.2, respectively. Under

scenario (III), π(Ωi) = P (ξi = 1|Ωi) does not depend on the failure type or censoring. We con-

sidered the following logistic model: logit(π(Ωi)) = θa0 + θa1Zi, where θa = (−0.9, 0.2). Each

of the sampling scenarios (I)–(III) yielded approximately s0 = 0.3 (overall missingness rate of

70%).

The AIPW approach utilizes other observed variables to gain information on the missing

values of Xi by estimating the conditional expectations which involve missing covariates. Here

we estimate the conditional expectations by fitting linear models with the predictors Ai, Zi and

log(Ti) based on the participants with the observed values of Xi for each observed failure type.

For censored participants, the predictors Ai and Zi were used for the linear fitting. The estab-

lished models were used to estimate the conditional expectations for participants with missing

covariates to be used in the estimation equations (6) and (7) to improve efficiency.

The performance of the AIPW estimation procedure was evaluated for sample sizes n =

600 and 800 for the three sampling scenarios (I)–(III) and the three auxiliary settings (AUX0),

(AUX1), and (AUX2). The AIPW estimators and the IPW estimators were compared to the full

estimators (Full) where the values of Xi were fully observed. The full estimator is presented as

an unattainable gold standard as if there were no missing data. The relative efficiencies (REs)

of AIPW and IPW estimators are defined as the average of the estimated standard error (ESE)

of the full estimator divided by the ESE of the AIPW and IPW estimators, respectively. Table
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20?? 25

1 summarizes the bias, the empirical standard deviation (ESD), the ESE, and the empirical

coverage probability (CP) of 95% confidence intervals of the AIPW estimator for γ1. Table 1

also presents the estimated relative efficiencies of the AIPW and IPW estimators versus the full

estimator for γ1. Each entry of the tables was estimated based on 1000 simulation runs.

[Table 1 and Figure 1 about here]

To examine the performance of the estimators for the nonparametric components η̂0(t) and

η̂1(t), we let AIPW-A0, AIPW-A1, and AIPW-A2 be the AIPW estimators corresponding to

the auxiliary settings (AUX0), (AUX1), and (AUX2), respectively. Figure 1 shows bias, ESE,

RE, and CP of the full and IPW estimators, and of the AIPW-A0, AIPW-A1, and AIPW-A2

estimators, of η0(t) and η1(t) for n = 800 and s0 = 0.3 under sampling scenario (II). The plots

for sampling scenario (I) and (III), and for sample size n = 600 are placed in Appendix C in the

Supplementary Material.

Table 1 shows that the AIPW estimator for γ1 has small bias for all scenarios. The empirical

standard errors tend to decrease as the sample size increases. The averages of the estimated

standard errors are close to the empirical standard errors. Therefore, the coverage probabilities

are very close to the 0.95 nominal level, showing that the variance estimator of γ̂1 is appropriate.

The AIPW estimator is more efficient than the IPW estimator in all three sampling scenarios.

The efficiency increases as the association between Ai and Xi increases. The AIPW estimator

outperforms the IPW estimator even without auxiliary variables in all scenarios. The efficiency

of the AIPW-A2 estimator is higher than that of the AIPW-A1 estimator, which, in turn, is higher

than that of the AIPW-A0 estimator for all scenarios. Similar performances for estimating η̂0(t)
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26 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

and η̂1(t) can be found in Figure 1 for sampling scenario (II) and in Figures 1–5 of Appendix C

in the Supplementary Material for sampling scenarios (I) and (III).

5.2. Simulation study under a semiparametric multiplicative model

In this subsection, we considered a semiparametric multiplicative CIF model under (2):

F1(t;Xi, Z1,i, Z2,i) = 1− exp{−(η0(t) + η1(t)Xi) exp(γ1Z1,i + γ2Z2,i)}, (12)

for 0 < t ≤ τ = 3, where η0(t) = 0.08t, η1(t) = 0.15t, γ1 = 0.06, γ2 = 0.03. For i =

1, 2, . . . , n, Xi was a uniform random variable on (0, 1), Z1,i was a Bernoulli random vari-

able with success probability 0.5, and Z2,i was a truncated standard normal random variable

that lies in (−1, 1). We considered the covariate with constant effect, Z2,i, as a phase-two co-

variate subject to missingness. Suppose that Ai = α1Z2,i + (1− α1)Ui where Ui was a uniform

random variable on (0, 2). Again three auxiliary settings (AUX0), (AUX1), and (AUX2) were

considered, where (AUX0) does not use the auxiliary covariate and (AUX1) and (AUX2) have

association levels ρ = 0.5 and 0.8, respectively. For failure type Ji = 2, we set η0(t) = 0.05t,

η1(t) = 0.08t, γ1 = 0.03, and γ2 = 0.05 under the CIF model (12). We generated competing

risks failure times and censoring times in a way similar to Section 5.1, which yielded 30%, 20%

and 50% of the observed failure types J̃i = 1, 2 and censoring J̃i = 0, respectively.

We again considered three scenarios of missingness of the phase-two covari-

ate Z2,i. Under scenario (I), we let ϑ1i = 1, logit(ϑ2i) = θ20 + θ21T̃i + θ22Xi + θ23Z1,i,

and logit(ϑ3i) = θ30 + θ31Xi + θ32Z1,i. For scenario (II), logit(ϑ1i) = θ10 + θ11T̃i + θ12Xi +

θ13Z1,i, the same models were used for ϑ2i and ϑ3i. We used logit(π(Ωi)) = θa0 + θa1Xi +
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20?? 27

θa2Z1,i for scenario (III). The parameters were selected to yield s0 = 0.4 approximately for

each of the sampling scenarios (I)–(III). The conditional expectations involving the phase-two

covariate Z2,i for the participants with observed failures were estimated using the linear models

with the predictors Ai, Xi, Z1,i and log(Ti) based on the participants with observed values of

Z2,i. For censored participants, the predictors Ai, Xi, and Z1,i were used for the linear fitting.

[Table 2 and Figure 2 about here]

Table 2 presents the performance of the AIPW estimators of γ1 and γ2 for sample sizes

n = 800 and 1500, for the sampling scenarios (I)–(III) with overall selection probability s0 =

0.4 and under the three auxiliary settings (AUX0), (AUX1), and (AUX2). Figure 2 depicts the

bias, ESE, RE, and CP of all of the estimators of η0(t) and η1(t), for n = 800 and s0 = 0.4

under sampling scenario (II). The plots for sampling scenario (I) and (III) for n = 800, and the

plots of the three scenarios for sample size n = 1500 are shown in Figures 6–10 of Appendix

C in the Supplementary Material. The performances under the semiparametric multiplicative

model (12) are similar to those shown in Table 1 under the semiparametric additive model (11).

The biases 0.0186, 0.0148, 0.0107 are somewhat large for the three auxiliary settings (AUX0),

(AUX1) and (AUX2) under the sampling scenario (I) for n = 800. However, the corresponding

biases reduce to 0.0055, 0.0041, 0.0014 for a larger sample size n = 1500. Additional simulation

results reported in Table 2 of Appendix C in the Supplementary Material also show reduced

biases under a smaller overall missing data rate of 40% (s0 = 0.6).

Because the proposed AIPW estimators are doubly robust, the biases presented in Tables

1–2 and Figures 1–2 are small under the correctly specified sampling probability models even
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28 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

though the working models for the conditional expectations involving missing covariates are not

correctly specified in the simulation studies. They are the working models that extract main fea-

tures of the relationship between the missing covariates and the phase-one variables to improve

efficiency. When both the working models π(Ωi, θ) and µ(t, η(t), γ, G,Ωi, ν) are misspecified,

additional simulation results presented in Table 3 and Figure 11 of Appendix C in the Supple-

mentary Material show that biases of the AIPW estimators are comparable to those of the full

estimators, while the IPW estimators yield substantial biases. The variance of γ̂2 in this case

is somewhat overestimated while the variance estimators for the other parameter estimates still

work well.

6. APPLICATION TO THE RV144 TRIAL

The tested vaccine in the RV144 trial contained three specific HIV-1 gp120 sequences –

92TH023 in the ALVAC canarypox vector prime component and A244 and MN in the

AIDSVAX protein boost component. The 92TH023 and A244 sequences were genetically much

closer than the MN sequence to the population of HIV-1 sequences to which the trial partici-

pants were exposed , and thus were more likely to have induced protective immune responses.

In this analysis, we focus on the A244 vaccine insert sequence because various analyses have

suggested that it may have been the best to induce protective antibodies to the V1V2 HIV-1

Envelope portion of HIV-1 (e.g., Alam et al. (2013)). Trial participants received four immuniza-

tions at weeks 0, 4, 12 and 24. Blood samples were collected at the Week 26 visit for potentially

measuring biomarkers of immune response to the vaccine. Participants were monitored for 36

months after the Week 26 visit, with 41 of the 8198 vaccine recipients subsequently acquiring
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the primary endpoint of HIV-1 infection by the end of follow-up.

One of the objectives of RV144 trial was to assess the Week 26 HIV-1 IgG-binding antibodies

to the V1V2 HIV-1 Envelope portion of the vaccine strain A244 as a correlate of HIV-1 infec-

tion with a vaccine-similar sequence (Ji = 1) or with a vaccine-dissimilar sequence (Ji = 2).

A vaccine-similar sequence was defined as one whose weighted Hamming distance (Nickle et

al., 2007) to A244 was below the median value among the 41 infected participants, whereas a

sequence whose distance was above this median was considered vaccine-dissimilar. The min-

imum, median, and maximum of the distances were 0.0289, 0.1478, and 0.3861, respectively.

This objective was previously addressed by Yang et al. (2017) and Sun et al. (2018) using a

mark-specific proportional hazards model; thus the current analysis addresses it using the con-

ditional CIF modeling that can provide new insights into time-varying effects. From here on, we

denote by IgG-A244 the units of Week 26 biomarker IgG-binding antibodies to A244 V1V2.

The observed failure time T̃i is the number of days from Week 26 to the earliest of diagnosis

with HIV-1, study dropout, or study termination at 42 months. Vaccine recipients were classified

into three behavioral risk groups, Low, Medium, and High, based on specific risk behaviors for

HIV-1 acquisition measured at enrollment, as defined in Rerks-Ngarm et al. (2009). We use two

dummy indicator variables B1i and B2i to code the three behavioral risks levels Low, Medium

and High, with B1i = 1 for Low and B2i = 1 for Medium.

In this analysis, we used the biomarker IgG-A244 as the phase-two covariate, using all 34

available values of HIV-1-negative participants, and a stratified sample from the 205 HIV-1-

negative participants. (Haynes et al., 2012). The three quartiles of IgG-A244 were 9.02, 9.78,
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and 10.12 units.

Let Ri denote IgG-A244 transformed to the interval (0, 1) using the probability integral

transform. For each HIV-1 infection type, k = 1, 2, we fitted the following semiparametric mul-

tiplicative model:

Fki(t;B1i, B2i, Ri) = 1− exp (−ηk0(t) exp (γk1B1i + γk2B2i + γk3Ri)) , (13)

for 0 ≤ t ≤ τ with τ = 3.5 years. Model (13) corresponds to the proportional subdistribution

hazard model of Fine and Gray (1999). A useful feature of model (13) is that the CIF specified

under the model is naturally between 0 and 1 with a nonnegative ηk0(t).

Let π(Ωi) = P (ξi = 1|Ωi, δi) be the sampling/observed-data probability for a participant

i. Fitting the simple logistic model logit(π(Ωi)) = θ0 + θ1δi, we have θ̂0 = −3.658 and θ̂1 =

5.238 with standard errors 0.071 and 0.421, respectively. Because of few observed values of Ri,

we approximated the conditional expectations related to Ri by using the plug-in that replaces

Ri with the estimate of E(Ri|Ωi). In vaccine recipients with available immune response data,

the number of vaccinations was highly correlated with IgG-A244 with Pearson correlation co-

efficient equal to 0.85. We include the number of vaccinations as an auxiliary variable Ai in

the estimation of E(Ri|Ωi). Fitting the linear model E(Ri|Ωi) = ν0 + ν1B1i + ν2B2i + ν3Ai

yielded the estimates ν̂0 = −0.673, ν̂1 = −0.010, ν̂2 = −0.077, and ν̂3 = 0.3063 with corre-

sponding standard errors 0.204, 0.043, 0.046, and 0.051.

[Figures 3 and 4 about here]

The AIPW estimates (γ̂k1, γ̂k2, γ̂k3) were (−0.711,−0.989,−0.366) with corresponding

standard errors (0.546, 0.614, 0.625). Plots of the estimates of ηk0(t), k = 1, 2, over t ∈ (0, 3.5)
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are given in Figure 3. Although the cumulative incidences of HIV-1 infection did not signifi-

cantly depend on the antibody biomarker Ri, we present in Figure 4 the estimated cumulative

incidences at the 25th, 50th, and 75th percentiles of Ri (Q1, Q2, and Q3) at each behavioural

risk level to understand the empirical associations. Figure 4 shows that vaccine recipients with

75th percentile IgG-A244 antibody response (Q3) had a lower cumulative incidence of HIV-1

infection with A244 vaccine-similar sequences (k = 1) than those with the median response

(Q2), which in turn had lower cumulative incidence than those with 25th percentile response

(Q1). This pattern occurs for each behavioural risk level. These results support the previous

mark-specific proportional hazards analysis results that a higher IgG-A244 response is asso-

ciated with a lower rate of HIV-1 infection with V1V2 sequences close to the A244 vaccine

strain (Yang et al., 2017; Sun et al., 2018). In contrast, for HIV-1 infection with A244 vaccine-

dissimilar sequences (k = 2), vaccine recipients with a higher antibody response had a lower

cumulative incidence within each behavioral risk group. Overall, these results support that IgG

antibodies elicited by the A244 vaccine strain in the RV144 vaccine regimen may have had an

especially important role in leading to the approximately 60% vaccine efficacy observed over

the first year of follow-up and about 30% vaccine efficacy over 3.5 years of follow-up (Robb

et al., 2012). Future studies of candidate HIV-1 vaccines could include the A244 vaccine strain,

or could consider new vaccine strains selected based on molecular understanding of the A244

vaccine strain.
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7. CONCLUDING REMARKS

Case-cohort and case-control designs are very useful for reducing cost and saving time in situ-

ations where the occurrence of the failure event is rare. Under the general two-phase sampling

design (Breslow et al., 2009a,b) for competing risks models, the missingness of covariates can

depend on the failure types and censoring status. Motivated by the RV144 vaccine efficacy trial,

this article develops the AIPW estimation method for generalized semiparametric regression

models for conditional cumulative incidence functions under discrete competing risks, where

some covariates may be missing by design or happenstance. The developed statistical methods

are applied to investigate vaccine-induced HIV-1 Env V1V2 IgG-binding antibodies directed

toward the vaccine strain A244 as a correlate of HIV-1 infection with HIV-1 sequences that are

genetically near or far to the vaccine strain. Our analysis supports the hypothesis that a higher

response to the A244 vaccine strain is associated with a lower rate of HIV-1 infection with

V1V2 sequences close to A244. There are many similar applications of the developed methods.

For example, in SARS-CoV-2 vaccine efficacy trials one objective is to study, via a two-phase

sampling design, post-vaccination IgG-binding antibodies to the SARS-CoV-2 Spike protein as

a correlate of symptomatic SARS-CoV-2 infection over time with infection type defined by a

variety of factors of interest including spike protein sequences, the severity level of the symp-

tomatic infection, or the SARS-CoV-2 nasal viral load level of the symptomatic infection. Such

data analyses can help qualify an antibody biomarker as a surrogate endpoint for COVID-19

that could expedite bridging and approval of additional SARS-CoV-2/COVID-19 vaccines.
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The proposed AIPW estimation procedure improves efficiency by leveraging correlations of

the phase-two covariates with the phase-one variables and auxiliary variables. The simulation

studies show that the AIPW estimators are more efficient than the IPW estimators under three

different sampling schemes and for three different correlation levels between the missing co-

variate and the auxiliary variable. While a greater correlation leads to a greater efficiency gain,

it is important to note that the AIPW estimators outperform the IPW estimators even if auxiliary

variables are not available. In addition, we show that the AIPW estimators possess the double

robustness property of being asymptotically consistent for their target parameters as long as

one has correctly specified the probability model for either missing values or conditional ex-

pectations of (certain functions of) the phase-two covariates. While it may be easier to model

the probability of missingness – in particular when the missingness is by design – it is chal-

lenging to find correct models for the conditional expectations of the missing covariates given

the phase-one variables. Note that all of the working models for the conditional expectations

involving missing covariates are not correctly specified. Nevertheless, the simulation results

show that simple linear models help to improve efficiency by extracting the main features of the

relationship between the phase-one variables and the missing covariates. The additional simu-

lation studies presented in Table 3 and Figure 11 of Appendix C in the Supplementary Material

show that the AIPW estimators are not overly sensitive to the model misspecifications even

though both the working models π(Ωi, θ) and µ(t, η(t), γ, G,Ωi, ν) are misspecified while the

IPW estimators yield substantial biases. Although the studied general semiparametric model

of the conditional CIF provides flexible modelling with the choice of the link function, model

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique

 1708945x, 2023, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cjs.11693 by O

ffice O
f Scientific A

nd T
echnical Inform

ation, W
iley O

nline L
ibrary on [27/09/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



34 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

checking remains an important problem that would require further investigations.

8. SUPPLEMENTARY MATERIALS

Appendices A, B, and C referenced in this article are given in the Supplementary Material

available at the journal’s website. The MATLAB code and instructions for doing the analysis for

a simulated data set presented in Section 5.2 and Section 3.3 of the Web-based Supplementary

Material are also available from the website.
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9. APPENDIX

The following regularity conditions are assumed for Theorem 1–3 of the article:

Condition C
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C.1. Suppose that π(Ωi, θ) is the working model for π(Ωi) = P (ξi = 1|Ωi), and that µη(t, η(t), γ,

G,Ωi, ν1) and µγ(t, η(t), γ, G,Ωi, ν2) are the working models for eη(t, η(t), γ, G,Ωi) and

eγ(t, η(t), γ, G,Ωi), respectively, for given (η(t), γ, G), where θ is an r-dimensional param-

eter, and ν1 and ν2 are k1 and k2 dimensional parameters, respectively. The function π(Ωi, θ)

is twice differentiable with respect to θ on a compact set Θθ. The derivative π′(Ωi, θ) =

∂π(Ωi, θ)/∂θ is uniformly bounded, and there is an ε > 0 such that π(Ωi, θ) ≥ ε > 0 for

all i = 1, . . . , n. The functions µη(t, η(t), γ, G,Ωi, ν1) and µγ(t, η(t), γ, G,Ωi, ν2) are twice

differentiable with respect to ν1 and ν2 on the compact sets Θν1 and Θν2 , respectively.

C.2. The M-estimators θ̂, ν̂1 and ν̂2 of θ, ν1 and ν2, respectively, converge in prob-

ability satisfying θ̂
P−→θ∗, ν̂1

P−→ν∗1 and ν̂2
P−→ν∗2 for some θ∗, ν∗1 and ν∗2 as

n→∞, and satisfying the following asymptotic linearity conditions n1/2(θ̂ − θ∗) =

n−1/2 [Iθ(θ
∗)]−1

∑n
i=1 ζi + op(1), n1/2(ν̂1 − ν∗1) = n−1/2 [Iν1(ν

∗
1)]−1

∑n
i=1 φ1,i + op(1), and

n1/2(ν̂2 − ν∗2) = n−1/2 [Iν2(ν
∗
2)]−1

∑n
i=1 φ2,i + op(1), where (ζi, φ1,i, φ2,i) are mean zero

independent identically distributed random vectors, and Iθ(θ
∗), Iν1(θ

∗) and Iν2(θ
∗) are

positive definite matrices.

C.3. wi(t) is a weight process depending only on phase-one variables. It is differentiable with

uniformly bounded derivative in t ∈ [0, τ ].

C.4. The link function h(·) is monotone and three times continuously differentiable. The regression

function η(t) is twice differentiable on [0, τ ].

C.5. The conditional expectations E[(Dη,i(t))
⊗2|Ωi] and E[(Dγ,i(t))

⊗2|Ωi] exist and are bounded

for t ∈ [0, τ ].

DOI: The Canadian Journal of Statistics / La revue canadienne de statistique

 1708945x, 2023, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cjs.11693 by O

ffice O
f Scientific A

nd T
echnical Inform

ation, W
iley O

nline L
ibrary on [27/09/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



36 YANQING SUN, FEI HENG, UNKYUNG LEE, AND PETER B. GILBERT Vol. xx, No. yy

C.6. The matrices Iγ(θ) and cη,η(t, θ) for 0 ≤ t ≤ τ are positive definite. In addition, the elements

of (cη,η(t, θ))
−1 are bounded for t ∈ [0, τ ].
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TABLE 1: Bias, empirical standard error (ESD), average of the estimated standard error (ESE) and empirical coverage

probability (CP) of 95% confidence intervals for the AIPW estimator of γ1 under the semiparametric additive model (11) for

three sampling scenarios (I)-(III) and the auxiliary settings (AUX0), (AUX1), (AUX2), with the overall sampling probability

s0 = 0.3 of Xi and about 68% censoring. Included also are the estimated relative efficiency (RE) of AIPW and IPW

estimators with respect to the full estimator. Each entry of the table is based on 1000 simulations.

γ1 RE(γ1)

Sampling Aux n Bias ESD ESE CP AIPW IPW

I (AUX0) 600 0.0009 0.0235 0.0249 0.956 0.9650 0.8689

800 -0.0004 0.0211 0.0214 0.948 0.9721 0.8835

(AUX1) 600 0.0008 0.0234 0.0247 0.956 0.9737 0.8689

800 -0.0006 0.0209 0.0212 0.946 0.9802 0.8835

(AUX2) 600 0.0004 0.0231 0.0243 0.956 0.9910 0.8689

800 -0.0009 0.0206 0.0209 0.942 0.9935 0.8835

II (AUX0) 600 0.0004 0.0231 0.0245 0.954 0.9819 0.9116

800 -0.0009 0.0209 0.0211 0.945 0.9856 0.9128

(AUX1) 600 0.0004 0.0231 0.0244 0.956 0.9871 0.9116

800 -0.0010 0.0208 0.0210 0.945 0.9899 0.9128

(AUX2) 600 0.0003 0.0230 0.0242 0.958 0.9955 0.9116

800 -0.0011 0.0207 0.0209 0.944 0.9968 0.9128

III (AUX0) 600 0.0001 0.0234 0.0244 0.951 0.9849 0.5667

800 -0.0012 0.0207 0.0210 0.950 0.9889 0.5650

(AUX1) 600 0.0001 0.0233 0.0243 0.953 0.9897 0.5667

800 -0.0012 0.0207 0.0210 0.946 0.9924 0.5650

(AUX2) 600 0.0002 0.0231 0.0241 0.951 0.9971 0.5667

800 -0.0011 0.0206 0.0209 0.944 0.9977 0.5650
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FIGURE 1: Bias, mean of the estimated standard errors (ESE), relative efficiency (RE) and 95% coverage probability (CP)

of the Full, IPW, AIPW-A0, AIPW-A1, AIPW-A2 estimators of η0(t) and η1(t) under the semiparametric additive model

(11) with s0 = 0.3 for sampling scenario (II). AIPW-A0, AIPW-A1, and AIPW-A2 denote the AIPW estimators under the

auxiliary settings (AUX0), (AUX1), and (AUX2), respectively. The plots are based on 1000 simulations with n = 800 and 68%

censoring.
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FIGURE 2: Bias, mean of the estimated standard errors (ESE), relative efficiency (RE) and 95% coverage probability (CP) of

the Full, IPW, AIPW-A0, AIPW-A1, AIPW-A2 estimators of η0(t) and η1(t) under the semiparametric multiplicative model

(12) with s0 = 0.4 for sampling scenario (II). AIPW-A0, AIPW-A1, and AIPW-A2 denote the AIPW estimators under the

auxiliary settings (AUX0), (AUX1), and (AUX2), respectively. The plots are based on 1000 simulations with n = 800 and 50%

censoring.
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FIGURE 3: Estimated coefficient functions η̂k0(t) of the conditional cumulative incidence function regression model (13),

where k = 1 for HIV-1 infection with sequences similar to the A244 vaccine-insert and k = 2 for HIV-1 infection with se-

quences dissimilar to the A244 vaccine-insert. Panels (a) shows the AIPW estimate of η10(t) while (b) shows the AIPW

estimates of η20(t) along with the 95% pointwise confidence intervals.
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FIGURE 4: Plots of the estimated conditional cumulative incidence function F̂k(t|B1, B2, R) over time under model (13) over

three behavioral risk levels (Low, Medium, High), where k = 1 (left panels) for HIV-1 infection with sequences similar to the

A244 vaccine-insert and k = 2 (right panels) for HIV-1 infection with sequences dissimilar to the A244 vaccine-insert. The

solid, dashed, and dotted lines are for the first (Q1), second (Q2), and third quartile (Q3) of the Week 26 antibody biomarker

IgG-A244, respectively.
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