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ABSTRACT: This study examines two factors impacting initiation of moist deep convection: free-tropospheric environ-
mental relative humidity (fE) and horizontal scale of subcloud ascent (Rsub), the latter exerting a dominant control on
cumulus cloud width. A simple theoretical model is used to formulate a “scale selection” hypothesis: that a minimum Rsub

is required for moist convection to go deep, and that this minimum scale decreases with increasing fE. Specifically, the
ratio of R2

sub to saturation deficit (1 2 fE) must exceed a certain threshold value that depends on cloud-layer environmen-
tal lapse rate. Idealized, large-eddy simulations of moist convection forced by horizontally varying surface fluxes show
strong sensitivity of maximum cumulus height to both fE and Rsub consistent with the hypothesis. Increasing Rsub by only
300–400 m can lead to a large increase (.5 km) in cloud height. A passive tracer analysis shows that the bulk fractional
entrainment rate decreases rapidly with Rsub but depends little on fE. However, buoyancy dilution increases as either Rsub

or fE decreases; buoyancy above the level of free convection is rapidly depleted in dry environments when Rsub is small.
While deep convective initiation occurs with an increase in relative humidity of the near environment from moistening by
earlier convection, the importance of this moisture preconditioning is inconclusive as it is accompanied by an increase in
Rsub. Overall, it is concluded that small changes to Rsub driven by external forcing or by convection itself could be a domi-
nant regulator of deep convective initiation.
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1. Introduction

A thermodynamic profile with convective available poten-
tial energy (CAPE) and a level of neutral buoyancy (LNB) in
the upper troposphere (for an undilute lifted parcel) is a nec-
essary ingredient for the initiation of moist deep convection.
However, it is insufficient even when convective inhibition
(CIN) is negligible (e.g., Derbyshire et al. 2004; Khairoutdi-
nov and Randall 2006; Houston and Niyogi 2007; Nelson et al.
2021). Thus, it is common to have widespread CAPE and lit-
tle CIN but without any deep convection in a region. Over
tropical oceans deep convective initiation typically involves
growth of a cumulus congestus mode first (e.g., Johnson et al.
1999; Hohenegger and Stevens 2013a), whereas in the midlati-
tudes deep convection has been observed to often grow
directly from a shallow mode (Zhang and Klein 2010). The
progressive deepening of cumulus clouds is commonly
referred to as the “shallow-to-deep” convective transition.
This occurs as the convective thermals comprising cumulus
clouds ascend to increasingly greater heights (e.g., Waite and
Khouider 2010; Kirshbaum 2011).

Besides the obvious requirements of CAPE with a suffi-
ciently high LNB and parcels being able to overcome any
CIN, several mechanisms controlling deep convective initia-
tion have been proposed. Numerous studies have focused on
the role of free-tropospheric environmental relative humidity
fE (e.g., Brown and Zhang 1997; Sherwood and Wahrlich
1999; Sherwood 1999; Derbyshire et al. 2004; Takemi et al.

2004; Takayabu et al. 2010; Zhang and Klein 2010; Nelson
et al. 2021; Tian et al. 2021). For example, a transition from
the shallow to deep convective phase of the MJO occurs con-
currently with an increase in fE (e.g., Bladé and Hartmann
1993; Brown and Zhang 1997; Benedict and Randall 2007;
Zermeño-Diaz et al. 2015; Chen and Zhang 2019). Sensitivity
to fE has also been observed for deep convective initiation in
subtropical South America (Nelson et al. 2021) and over the
Amazon (Tian et al. 2021). Based on an analysis of observa-
tions in the central United States, fE was found to be a critical
factor in explaining the growth of shallow cumulus into deep
convection (Zhang and Klein 2010). This strong connection of
deep convective initiation to fE is primarily due to mixing
processes (at least, for convection rooted in the boundary
layer), since the “virtual” effect of moisture on air density and
hence buoyancy is usually very small.

The prominent role of fE in controlling deep convective ini-
tiation has led to the idea of moisture preconditioning being
important (e.g., Johnson et al. 1999; Waite and Khouider 2010;
Yano and Plant 2012). This is centered on the mechanism of
earlier cumulus congestus clouds decaying and depositing
moisture in the free troposphere, increasing fE and providing
a more favorable environment for subsequent convection to
grow deep (Waite and Khouider 2010). However, the impor-
tance of this mechanism in the real atmosphere has been ques-
tioned by Hohenegger and Stevens (2013a) based on
observational analysis. In the tropics, they found that the time
scale for moistening by cumulus congestus (.1 day) was too
slow to explain the observed relatively rapid transition from
congestus to deep convection (typically about 2 h over landCorresponding author: H. Morrison, hmorrison@ucar.edu
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and 4 h over ocean). Zhang and Klein (2010) also suggested
that moisture preconditioning (from shallow cumulus) was
likely not an important factor in midlatitudes, supported by
additional analysis in Hohenegger and Stevens (2013b).

In cloud resolving model (CRM) simulation and large-eddy
simulation (LES) of the shallow-to-deep convective transition
over the Amazon, Grabowski et al. (2006) showed a relationship
between a deepening planetary boundary layer forced by hori-
zontally uniform surface fluxes, the width of clouds at their base,
and the height they attained. Other studies have related deep
convective initiation specifically to mesoscale dynamical features.
In the LES study of Khairoutdinov and Randall (2006), also with
horizontally homogeneous forcing, convection only grew deep
after formation of precipitation leading to cold pools despite sig-
nificant CAPE and almost no CIN. This behavior was attributed
to cold pool circulations that were able to generate large enough
thermals whose cores were protected from entrainment and dilu-
tion, in contrast to the smaller clouds prior to precipitation that
were quickly wiped out by mixing and remained shallow. Several
LES studies have similarly documented how cold pools modify
convective properties and enhance vertical cloud growth by
decreasing fractional entrainment rates and dilution (e.g., Kuang
and Bretherton 2006; Schlemmer and Hohenegger 2014; Kurow-
ski et al. 2018). Kuang and Bretherton (2006) noted that “the
organized circulations of cold pools seem to create clouds with
larger-sized bases and may correspondingly contribute to smaller
lateral entrainment rates.”

Other papers have described how “external” forced ascent
from large-scale convergence or mesoscale circulations, as
opposed to features such as cold pools that are directly driven
by convection itself, can initiate deep convection (e.g., Krueger
1988; Parsons et al. 1991; Xu et al. 1992; Bluestein and Parker
1993; Mapes and Houze 1995; Ziegler et al. 1997; Pielke 2001;
Trier et al. 2004; Yuter et al. 2005; Masunaga and Kummerow
2006; Garcia-Carreras et al. 2011; Rieck et al. 2014; Rousseau-
Rizzi et al. 2017). Besides mountainous terrain, other surface
heterogeneities (e.g., in moisture) can promote horizontal gra-
dients in virtual potential temperature and drive solenoidal cir-
culations that initiate deep convection (e.g., Trier et al. 2004).
Rousseau-Rizzi et al. (2017) analyzed deep convective initiation
along a mesoscale convergence line in LESs forced by surface
heat fluxes and also found that the height attained by cloud
thermals was strongly correlated with the horizontal area of the
nascent thermals. Broader circulations may contain more
intense and concentrated (length scale of 1–10 km) PBL circula-
tions that directly drive deep convective initiation, as has been
simulated (Ziegler et al. 1997; Trier et al. 2004) and observed
(Parsons et al. 1991; Atkins et al. 1998) in the central United
States. Land–sea breezes in the tropics and midlatitudes provide
a diurnally recurring forcing mechanism for deep convection (a
well-known example is the near-daily “Hector” thunderstorm
that occurs over the Tiwi Islands north of mainland Australia
during the wet season).

Given the complexity of moist convection and its interac-
tions with the environment, a single dominant mechanism
controlling deep convective initiation is unlikely. Although
previous studies have linked deep convective initiation to fE

or reduced lateral entrainment associated with wider updrafts

(e.g., Grabowski et al. 2006; Khairoutdinov and Randall 2006;
Kuang and Bretherton 2006; Schlemmer and Hohenegger
2014; Rieck et al. 2014; Rousseau-Rizzi et al. 2017; Tian et al.
2021), details of the connections between updraft growth and
structure, entrainment, and dilution remain unclear in this
context. Improved understanding of these connections is a
basic goal of the current study.

There have been recent advances in understanding with
regard to moist convective dynamics more generally, largely
driven by increased computing power and widespread use of
LES models. A theme that has emerged from these studies is
that cumulus clouds are often composed of discrete thermals1

that rise in succession (e.g., Raymond and Blyth 1989; Blyth
and Latham 1993; Damiani et al. 2006; Heus et al. 2009; Kirsh-
baum 2011; Moser and Lasher-Trapp 2017; Peters et al. 2020),
termed “thermal chains” in Morrison et al. (2020). On a basic
level, this explains the bubbling nature of cumulus clouds
readily apparent, for example, from time lapse video. Model-
ing has suggested that, all else equal, relatively narrow con-
vective clouds in a dry environment are more thermal-like
while wider clouds in a moist environment are more plume-
like (Morrison et al. 2020; Peters et al. 2020). Individual ther-
mals comprising cumulus clouds are associated with localized
pulses of enhanced entrainment associated with their toroidal
circulations (Moser and Lasher-Trapp 2017; Morrison et al.
2020; Peters et al. 2020). Thus, some cloud regions can remain
fairly undilute while the cloud as a whole undergoes consider-
able mixing and dilution. This is especially relevant to the
problem of deep convective initiation because one might
anticipate that the final height attained by a moist updraft is
dictated by those cloud parcels that are relatively less dilute
compared to other parts of the cloud. Here we cast the prob-
lem of deep convective initiation in this light to understand
the driving mechanisms of cloud growth. Specifically, we
address the following questions: 1) How do changes in fE and
updraft radius (in our simulations, controlled by the horizon-
tal scale of surface flux forcing) influence whether or not con-
vection goes deep? 2) How is this behavior modulated by
changes in entrainment and dilution of buoyancy? 3) Can this
behavior be reasonably described by a simple theoretical
model of updraft buoyancy?

In this paper, we use a combination of theory and LES to
address these questions. In section 2, we apply a theoretical
analysis of moist updraft dynamics to develop a “scale
selection” hypothesis proposing that shallow clouds grow
deep only when the horizontal scale of subcloud ascent
exceeds a fE-dependent threshold length scale. In section 3
we describe the setup and experimental design of the LESs.
Section 4 discusses the main results including evaluation of
the scale selection hypothesis and comparison of the theoreti-
cal and LES results. A brief summary and conclusions are
given in section 5.

1 By “discrete thermals,” we mean flow features that are posi-
tively buoyant relative to their surroundings and have distinctive
toroidal circulations. These features have a length scale similar to
the cloud width as a whole, as opposed to the ubiquitous smaller-
scale turbulent eddies associated with cumulus clouds.
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2. Theoretical description

A theoretical model describing the thermodynamic and
dynamic behavior of moist convective updrafts was developed
by Morrison (2017, hereafter M17) and extended in Morrison
et al. (2020, hereafter M20). We utilize this simple model to
develop a theoretical description of cumulus clouds focusing on
the height obtained by ascending buoyant updrafts. A detailed
derivation of the model is presented in M20 and only briefly
described here. We focus on expressions for the evolution of a
passive tracer C and buoyancy B in the updraft core in an axi-
symmetric (r, z) coordinate system. Note that we do not assume
any particular updraft structure (e.g., steady-state plumes); this
issue is elaborated upon below. The model applies a first-order
eddy diffusion scheme to represent lateral mixing of C as
described in M17 andM20 (similar to Kuo 1962; Asai and Kasa-
hara 1967; De Rooy and Siebesma 2010) to give

dC
dz

5 2
2k2L
PrR2 C2CE( )5 2« C2CE( ), (1)

where we define a bulk fractional entrainment rate (units of
inverse length) as

« ≡ 2k2L
PrR2 · (2)

Here k is a scaling constant, Pr is the Prandtl number, L is a
turbulent mixing length, R is the updraft radius, z is height,
and CE is the value of C in the environment. Equation (1)
represents the Lagrangian evolution of C in the updraft core
(r 5 0) as a function of height for a parcel just below cloud
top, which is valid since the cloud’s top is assumed to rise at
the rate of the local vertical velocity w (i.e., the w at cloud
top). This expression is derived by approximating the horizon-
tal turbulent flux divergence of C as 2KC=L

( )
­C=­r
( )

where
KC5 k2L2=Pr

( )
­w=­r| | is a turbulent diffusion coefficient

(see M20 for details). Horizontal derivatives of w and C are
approximated using a simple linear horizontal difference
operator giving ­w=­r ≈ 2w=R and 2­C=­r ≈ C2CE( )=R,
where w 5 0 and C 5 CE at the updraft lateral edge (r 5 R).
In the divergent flow near the updraft top, we assume that
any organized detrainment (dynamic detrainment) does not
affect core properties. We also neglect vertical mixing, which
is expected to be important right at cloud top but less impor-
tant just below cloud top given weaker vertical gradients there
(see discussion M20). Note that M17 and M20 also developed
expressions for updraft core C and B in the convergent flow
lower in the cloud accounting for dynamic entrainment where
­w/­z . 0. However, because we are specifically concerned
about core properties in the divergent flow near cloud top,
these expressions are not used here.

Note that here « is an implied fractional entrainment rate; in
other words, it is the bulk fractional entrainment rate needed to
produce dilution of C consistent with (1). This differs from the
fractional entrainment rate obtained from “direct” methods
applied to LES (Romps 2010; Dawe and Austin 2011) that cal-
culate « as the mass flux across a cloudy updraft edge divided
by the upward mass flux. These direct methods do not make

any assumptions about the properties of entrained air, unlike
bulk methods [as implied by the factor of (C 2 CE) in (1)], and
thus can differ from bulk estimates by up to about a factor of 2
(Romps 2010). However, because we are concerned with core
dilution rather than the mass flux across the updraft boundary
per se (particularly the dilution of buoyancy since it is critical
for determining the termination height of ascending updrafts),
in this study we focus on the bulk «.

Using C5 CLFC as the lower boundary condition and CE 5 0
consistent with initialization of the passive tracer in the LESs
described later, and assuming L and R are constant along the ris-
ing cloud element, (1) can be easily integrated to give an analytic
expression for C as a function of the rising cloud-top height:

C5CLFCe2«z: (3)

There is no general theory for L applicable to moist
atmospheric convection.2 For simple turbulent flows (dry,
Boussinesq, homogeneous environment), L is expected to
scale with the length of the flow feature, such as radius of a
thermal, for dimensional consistency. Assuming that L is
proportional to R (e.g., Asai and Kasahara 1967) in (2) and
(3) gives the classical R21 scaling of « from dimensional
analysis and laboratory studies of dry plumes and thermals
(Morton et al. 1956; Turner 1957). However, it is unclear if
such scaling of L is appropriate for moist atmospheric con-
vection, which has additional length scales associated with
stratification, moisture, and PBL depth, among others. We
use values of L in (2) and (3) that give the best fit for C
compared to the LES results (see section 4c). We obtained
best-fit values assuming either constant L or L ∝ R; a
constant L 5 120 m gives somewhat closer values than the
best-fit L ∝ R as detailed in section 4c (note there is little
sensitivity of the best fit value of L to doubling the LES
model grid length, see section 3). This is consistent with
recent studies showing that bulk dilution of LES deep
moist updrafts using is better described using a constant L
in (2) and (3), giving « ∝ R22 (Peters et al. 2019; Mulholland
et al. 2021). Thus, we use L 5 120 m in our simple model in
this study, except as noted.

A similar approach is used to derive an expression for core
buoyancy near the cloud top. This is more complicated
because buoyancy is not a passive tracer and is influenced by
many processes that impact local density. For simplicity we
only include the effects of changes in temperature on buoy-
ancy; the effects of condensate loading, water vapor perturba-
tions, and pressure perturbations are neglected.

M17 derived an expression for condensation rate as a func-
tion of local w [Eqs. (12)–(23) therein]. The lateral turbulent
mixing of temperature T and water vapor mixing ratio qy was
treated similarly to the mixing of C [Eq. (15) in M17]. From
the condensation rate, expressions were obtained for the
local latent heating and the buoyancy tendency dB=dt near

2 Note that L in this context is for mixing associated with all
scales of turbulence. This is different from the mixing length for
subgrid-scale turbulence in the LES model, which is discussed in
section 3.
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the cloud top as it ascends in M20. A substitution was then
made by applying the chain rule dB=dt5 dB=dz

( )
dz=dt
( )

5
[

dB=dz
( )

w] and dividing the resulting equation by w to give
(see M20 for details):

dB
dz

5 gQ︸︷︷︸
term 1

2 «B︸︷︷︸
term 2

2
gLyqsE 12fE( )«

cpTEG︸								︷︷								︸
term 3

, (4)

where g is gravitational acceleration, G511 Ly=cp
( )

dqs=dT
( ) ≈

11L2
yqsE= cpRyT2

E

( )
, Ly is the latent heat of vaporization, qsE is

the saturation mixing ratio of the environment, TE is the temper-
ature of the environment, cp is the specific heat of air at constant
pressure, Ry is the gas constant for water vapor, andQ is the dif-
ference between the moist adiabatic and environmental lapse
rates divided by TE (equal to the change in B with height for a
moist pseudoadiabatically lifted parcel divided by g, where only
temperature is considered for buoyancy). On the right-hand side
of (4) “term 1,” “term 2,” and “term 3” are, respectively, 1)
change in buoyancy from pseudoadiabatic moist ascent, 2)
change in buoyancy from lateral mixing of dry static energy
between updraft and dry environment air, and 3) decrease in
buoyancy from water phase changes with lateral mixing of
updraft and dry environment air. Note that (4) is identical to (18)
in M17 [it appears different only because here we use « as a
shorthand for writing out 2k2L= PrR2

( )
].

A noteworthy feature of the expressions for both C and B
above is that they do not explicitly depend on w. This occurs
because faster ascent and less time for dilution with stronger
w is countered by greater shear production of turbulence and
stronger mixing. With our formulation of the mixing term
above, the two exactly balance and w divides out of the equa-
tions. Thus, « does not depend on w, which is counter to some
studies that have suggested that « should scale with w21 (e.g.,
Neggers et al. 2002; Anber et al. 2019). Nonetheless, if one
integrates the B Eq. (4) above to estimate w2, there is a strong
negative correlation between w and « because of greater dilu-
tion as « increases (see section 4 of M20). Thus, we argue that
an inverse relationship between w and « may at least in part
reflect the direct impact of « on dilution and hence w, rather
than the impact of w on «. Because there is no direct depen-
dence of our expressions for C and B above on w, the well-
known scaling of adverse perturbation pressure forcing with
buoyant updraft aspect ratio (e.g., Morrison 2016; Peters
2016; Jeevanjee 2017) has no impact on the scaling of B and C
with R here.

Squires and Turner (1962) also developed a simplified one-
dimensional model calculating profiles of vertical mass flux,
buoyancy, condensate, w, and R. They used this model to
examine sensitivity of cloud-top height to various parameters
including cloud base mass flux and fE. Their model assumed
an updraft structure of steady state, horizontally homoge-
neous plumes. From this basic assumption, they indepen-
dently evolved vertical mass flux and plume w which allowed
for diagnosing a height-varying R. In contrast, we do not
assume steady state plumes given numerous observational
(e.g., Raymond and Blyth 1989; Blyth and Latham 1993;
Damiani et al. 2006; Yeung et al. 2021) and LES (e.g., Heus

et al. 2009; Kirshbaum 2011; Moser and Lasher-Trapp 2017;
Peters et al. 2020) studies that have highlighted the thermal-
like structure of moist convection, as noted in the introduction.
The only assumption we make regarding updraft structure is
that the R of rising cloud elements is constant in a Lagrangian
sense. This follows from the seminal study of Arakawa and
Schubert (1974, p. 683), who noted “The assumption that R is
constant with height, in the Lagrangian sense, leads to better
agreement with observations than the alternative assumptions
of horizontally expanding thermals or starting plumes… . In
our model, also, we assume that R is constant with height in
the Lagrangian sense.” More recent work tracking cloud ther-
mals in LES has verified nearly constant R of tracked thermals
as they rise (Hernandez-Deckers and Sherwood 2016, 2018),
further supporting this assumption.

M17 obtained a fully analytic approximate solution to (4)
as a function of z by assuming a linear profile of B above the
LFC, where B is assumed to be zero. Here solutions for B are
also obtained by numerically integrating (4), and we compare
these solutions to the analytic approximation from M17. The
thermodynamic sounding for the calculations is the analytic
profile from Weisman and Klemp (1982, hereafter WK82)
with a surface vapor mixing ratio of 14 g kg21, modified as
described in section 3. In the calculations we use k2 5 0.178
and Pr 5 1/3 following M17 and M20, and L 5 120 m as
described above. The pseudoadiabatic buoyancy for the calcu-
lations is based on ascent of the parcel with maximum CAPE.
To integrate (4) numerically we use a simple forward Euler
approach with a vertical spacing of 100 m with a lower bound-
ary condition of B 5 0 at the LFC. Despite its simplicity this
method provides sufficient accuracy. Degrading the vertical
grid spacing to 200 m and recalculating the B profiles
described below results in a maximum error of 7% relative to
the 100 m calculation (for points with B $ 0.01 m s22), with
the vast majority of points having error, 1%.

Results are shown in Fig. 1 for dry (fE 5 0.425, Figs. 1a–c)
and humid (fE 5 0.85, Figs. 1d–f) environments for three dif-
ferent values of R (0.55, 1, and 1.5 km). The analytic approxi-
mation for B from M17 and numerical solution from
integrating (4) give similar profile shapes and responses to
changes in R and fE (cf. the blue and red lines in Fig. 1). The
analytic approximation gives larger B than the numerical cal-
culations, mainly above the buoyancy peak, leading to overes-
timation by up to ∼3 km of the height where buoyancy
returns to zero – the updraft’s equilibrium height zB. Despite
this, the difference in vertically integrated buoyancy is rela-
tively small (,15% of CAPE). We will use the numerical
approach for solving (4) hereafter.

For the ranges of fE and R considered, there is substantial
dilution of B relative to the pseudoadiabatic value (cf. the red
lines and black dotted lines in Fig. 1). The dilution of B
increases as R or fE decrease. The influence of R is through
its impact on « and hence entrained mass, whereas fE affects
the reduction in buoyancy per unit entrained mass through its
impact on water phase changes. The height of maximum B is
influenced by mixing and dilution and increases with R and
fE. For instance, this height is ∼2.5 km for R 5 0.7 km and
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fE 5 0.425, compared to a height of maximum pseudoadia-
batic B of 7.5 km.

Because this study is concerned with deep convective initia-
tion, we plot zB as a function of R and fE (Fig. 2a). We focus
on zB as a simple measure of cloud updraft height since it is
readily calculated by integrating (4) and avoids complications
with updrafts overshooting their equilibrium level. The effects
of increased B dilution, leading to reduced zB with decreasing
R and/or fE, are clearly seen in the figure. The WK82 thermo-
dynamic sounding used in the calculations has fairly steep mid-
tropospheric lapse rates and thus large pseudoadiabatic
buoyancy. Modifying the lapse rate to uniformly reduce the
pseudoadiabatic buoyancy by a factor of 4 while maintaining
the same LNB (thus, reducing CAPE by a factor of 4) leads to
greater sensitivity of zB to fE (Fig. 2b). This occurs because
the generation of buoyancy by ascent is unable to overcome

the deleterious effects of mixing with dry air as the pseudoa-
diabatic buoyancy is decreased. This result is consistent with
the modeling study of Houston and Niyogi (2007). Our results
also suggest that a more humid environment is needed for
deep convective initiation when lapse rates are relatively weak
and hence pseudoadiabatic buoyancy is small.

A sharp transition from shallow (zB , 3 km) to deep con-
vection (zB . 8 km) occurs with an increase in R of less than
a few hundred meters for both the standard WK82 and
reduced CAPE soundings (Fig. 2). An increase in zB with
cloud base R was also found by Squires and Turner (1962),
but with a much smaller effect of changes in R. This difference
likely reflects the use of different modeling frameworks, par-
ticularly the assumption of a steady state plume in Squires
and Turner (1962). The sharp transition with R here is consis-
tent with the LESs of Rousseau-Rizzi et al. (2017), who

FIG. 1. Vertical profiles of updraft-core buoyancy from the analytic approximation (blue lines), numerical integration of the theoretical
expression (4) (red lines), and undilute ascent (dotted black lines). Results are for fE of (a)–(c) 0.425 and (d)–(f) 0.85. Updraft radii R is
varied from 0.5 km in (a) and (d), to 1.0 km in (b) and (e), and to 1.5 km in (c) and (f).
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showed an average increase of 4–5 km in the height attained
by cloud thermals with an increase in thermal horizontal area
A at the LFC from about 0.1 to 0.35 km2 (e.g., see Fig. 10
therein); this corresponds to an increase in R of ∼150 m
assuming R5

�������
A=p

√
. Here this behavior is explained by ana-

lyzing the three terms on the right-hand side of the dB/dz
equation. Term 3—the change in buoyancy from mixing of
cloud and environmental air and associated water phase
changes—is always negative (buoyancy sink). Between the
sounding’s LFC and level of maximum pseudoadiabatic B
(here, at 7.5 km), term 1—the change in buoyancy from pseu-
doadiabatic ascent—is always positive, i.e., a buoyancy
source. Term 2—lateral mixing of dry static energy—is nega-
tive between the LFC and zB where B. 0.

Figure 3 shows each of the three terms in the dB/dz equation
as R is varied as well as these terms integrated over height. These

calculations use fE5 0.425. We show results using both the stan-
dard WK82 sounding (Figs. 3a,b) and the one with CAPE
reduced by a factor of 4 (Figs. 3c,d). At the transition where zB
increases sharply, term 2 (proportional to B) is small compared
to terms 1 and 3. Thus, the buoyancy profile below ∼6–7 km is
determined mostly by a balance between production via term 1
and loss via term 3. Magnitudes of terms 1 and 3 decrease with
height similarly between the LFC and ∼6–7 km so that the buoy-
ancy is nearly constant with height for values of R where the
transition occurs (i.e., the sum of the terms equal to dB/dz is
close to zero). This means that increasing dry air entrainment
from a small decrease in R can push the buoyancy from being
small but positive over a deep layer from the LFC to ∼6 km to
being small but negative over this layer, leading to a sharp
decrease in zB. Compensation of terms 1 and 3 is a general fea-
ture and occurs because both terms depend similarly on the
moist adiabatic lapse rate. Given this compensation, the ratio of
terms 1 and 3 is approximately constant with height from the
LFC to ∼6 km. The transition to deep convection occurs when
the absolute value of this ratio .1, that is, when magnitude of
term 1 is larger than that of term 3. Writing out these terms fol-
lowing (4) and (2), this implies that deep convective initiation
occurs approximately when R2/(12 fE) is greater than a thresh-
old value that depends on the environmental lapse rate above
the LFC. In other words, the height attained by an updraft
depends on the ratio of horizontal updraft area (∝R2) to satura-
tion deficit of the environment (1 2 fE); for a given lapse rate,
as the saturation deficit decreases there is a corresponding
decrease in the minimum updraft area required for the updraft
to grow deep. Indeed, the transition to deep convection (sharp
increase in zB) calculated from integrating the full buoyancy
equation closely follows this simple scaling threshold (see Fig. 2).

As noted above, the sharp transition to deep convection
with increasing R occurs because the magnitudes of terms 1
and 3 in the dB/dz equation decrease with height at a similar
rate. Thus, soundings that have a much faster decrease of
BAD (i.e., term 1) with height—those with so-called bottom-
heavy CAPE profiles—may have a smoother increase of zB
with R. Also note that the R2 dependence for the scaling
describing the shallow to deep transition comes from the
assumption that L is a constant in (2). Assuming instead that
L ∝ R changes the scaling (i.e., the dotted black lines in
Fig. 2) from parabolic to linear in R (not shown). However,
this does not change the overall picture, particularly the
sharpness of the transition from shallow to deep. The idea of
a minimum horizontal cloud base area being required for
deep convection was previously suggested by Grabowski et al.
(2006), Rochetin et al. (2014), and Rousseau-Rizzi et al.
(2017) based on CRM and LES results. Our analysis formal-
izes this concept and describes how the threshold scale
depends on saturation deficit and cloud layer lapse rate.

Although the theoretical expressions above are in terms of
updraft radius R, we frame the problem in terms of the hori-
zontal scale of subcloud ascent, Rsub. As we show in section 4,
Rsub is directly driven by the imposed horizontal scale of sur-
face flux forcing in our LESs, and in turn it strongly influences
the cloud width while being mostly independent of how the

FIG. 2. Updraft equilibrium buoyancy height zB as a function of
environmental relative humidity fE (x axis) and updraft radius R
(y axis) from numerically integrating the theoretical expression for
dB/dz given by (4). Results are for the WK82 thermodynamic
sounding (a) with high CAPE (∼2600 J kg21) and (b) with a
reduced lapse rate corresponding to lower CAPE (∼650 J kg21),
but the same LFC and LNB. Dotted black lines show constant val-
ues of the ratio R2/(1 2 fE) indicating the threshold for deep con-
vective initiation, with this ratio equal to 0.52 in (a) and 2.25 in (b).
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cloud evolves. From this connection and our theoretical
results, we propose a “scale selection” hypothesis for the initi-
ation of deep moist convection: In environments potentially
supporting deep convection, the transition to deep convection
occurs when coherent vertical motion up to the LFC exceeds a
certain horizontal scale, and this threshold scale increases as
the fE decreases. Specifically, the ratio of R2

sub to saturation
deficit (1 2 fE) must exceed a certain threshold value that
depends on cloud-layer environmental lapse rate. A transition
to deep convection is, of course, also conditional on the ther-
modynamic profile having CAPE with a sufficiently high LNB
and parcels being able to overcome any CIN. Also note that
Fig. 2 represents the equilibrium height of buoyant updrafts; at

any specific time cloud top may be below this height but
actively ascending.

3. Description of numerical model and
experimental setup

The LESs in this study use the Cloud Model version 1 (CM1).
CM1 is a nonhydrostatic, compressible model well suited for sim-
ulating idealized atmospheric flow (Bryan and Fritsch 2002).
Microphysical processes follow from Morrison et al. (2009), but
for simplicity precipitation generation and ice processes are
turned off so that only cloud condensation and evaporation fol-
lowing “saturation adjustment” are included. For simplicity and

FIG. 3. Vertical profiles of (a),(c) terms in the dB/dz equation given by (4); (b) (d) these terms integrated over height.
Terms 1 (red), 2 (green), and 3 (blue) are, respectively, buoyancy change from pseudoadiabatic moist ascent, buoyancy
change from lateral mixing of dry static energy between environment and updraft air, and buoyancy sink from water
phase changes associated with lateral mixing of cloudy and dry environmental air. (a),(b) Results for the standardWK82
sounding with high CAPE; (c),(d) results for the modifiedWK82 sounding with reduced lapse rate and CAPE decreased
by a factor of 4. Solid black lines indicate the sum of the three terms (total) equal to dB/dz in (a) and B in (b). Thin dot-
ted vertical lines show the zero line. Lines of different thicknesses show results for different updraft radii R every 40 m
between 480 m (thinnest lines) and 760 m (thickest lines). Term 1 is independent of R and thus shown only by a single
line. Horizontal black dashed lines in (b) and (d) show the height of equilibrium buoyancy zB for the different R values.
The value of fE is 0.425 and all other parameters are specified as described in section 2.
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consistency with the theoretical model, condensate and water
vapor virtual effects are neglected in the buoyancy. The 1.5-order
TKE-based scheme from Deardorff (1980) is used for subgrid-
scale mixing. We use the standard configuration of this scheme
in CM1, which calculates the subgrid-scale mixing length from
the square root of the ratio of TKE to moist Brunt Vaisala fre-
quency [see Eq. (10) in Deardorff 1980] in statically stable condi-
tions. This effectively reduces the subgrid scale mixing under
stable stratification. Under neutral or statically unstable condi-
tions the mixing length is set to the model grid length, which is
also the maximum allowed value for statically stable conditions.
Radiation is neglected.

The domain size is 18 3 18 3 18 km3, except as noted. In all
LESs the upper and lower boundary conditions are free slip and
rigid. Lateral boundary conditions are periodic. A Rayleigh damp-
ing layer is applied above 15 km. Grid cells are isotropic with a
grid spacing of 50 m in each direction. The time step is 0.75 s.

Initial thermodynamic conditions are from the analytic tem-
perature and water vapor mixing ratio profiles of WK82, with
a surface vapor mixing ratio of 14 g kg21. Initial winds are set
to zero. To facilitate spin up of boundary layer turbulence,
random perturbations (60.1 K) uncorrelated across grids are
applied to the initial potential temperature field. We have
modified the original WK82 sounding by adjusting fE above 2
km, about 0.5 km above the LFC. This adjustment is done by
modifying the water vapor mixing ratio while keeping the
temperature fixed. Relative humidity is not modified below 2
km to retain the same LFC. Since water vapor is neglected in
the model’s buoyancy calculation here, these changes have no
impact on CAPE. Moreover, the modified fE above 2 km is
well above the PBL top (by several hundred meters) through-
out the simulations, and thus does not directly affect what is
entrained into the PBL. Initial fE above 2 km is set to a cons-
tant in each run, with values of 0.3, 0.6, or 0.9. To analyze
cloud dilution we initialize all LESs with a passive tracer hav-
ing a value of 1 kg kg21 below 1.5 km and zero elsewhere.

The general model setup follows the cumulus congestus
case from the 10th International Cloud Modeling Workshop
(Shima and Grabowski 2021), applied previously in Gra-
bowski (2020) and Chandrakar et al. (2021). Boundary layer
turbulence is spun up by applying horizontally uniform
surface thermal (Us) and water vapor fluxes (Ul) for the
first hour. In all LESs Us 5 0.03 K m s21 and Ul 5 1.2 3

1025 kg kg21 m s21 (equivalent to sensible and latent heat
fluxes of approximately 35 W m22 each). After one hour a
Gaussian shaped horizontal distribution of surface fluxes
with maximum values in the domain center is added to the
uniform fluxes, which initiates moist convection. The sur-
face thermal and vapor fluxes are given by

Hs 5Us, t, 3600 s
Hl 5Ul, t, 3600 s
Hs 5Us 1Mse2 r2=L2

H , t$ 3600 s
Hl 5Ul 1Mle2 r2=L2

H , t$ 3600 s

, (5)

where t is the simulation time, Ms 5 0.3 K m s21 and Ml 5

1.2 3 1024 kg kg21 m s21 are maximum surface thermal and
vapor fluxes of the Gaussian distribution (equivalent to

sensible and latent heat fluxes of approximately 350 W m22

each), r is the horizontal distance from the domain center,
and LH is a horizontal scale of the fluxes equal to

��
2

√
times the

standard deviation of the distribution. The surface flux forcing
comes from the 10th International Cloud Modeling Workshop
(Shima and Grabowski 2021) case following Lasher-Trapp et al.
(2005). This forcing is strong and on the high end of total sur-
face sensible plus latent heat flux observations (e.g., Neggers
et al. 2003a), though comparable to that used in a previous
shallow cumulus LES case study (Neggers et al. 2003b). In our
tests LH is set to 1000, 1500, 2500, or 4000 m. To better resolve
sharp transitions in zB as LH is varied, additional runs with
LH 5 3250 m are included for the fE 5 0.3 set.

A summary of the main simulations is given in Table 1. To
improve robustness, small three-member ensembles are run
for each configuration to generate different realizations. Dif-
ferent members use different random number seeds for the
small-amplitude initial potential temperature perturbations.
All analysis is based on model data output every 5 min.

In addition to the main experiments listed in Table 1, a
handful of additional LESs were performed with the horizon-
tal domain length doubled from 18 to 36 km. This increase in
domain size does not qualitatively impact the main results,
and does not affect our conclusions.

Finally, we examined sensitivity to grid resolution. A set of tests
was run with the horizontal and vertical grid spacings increased
from 50 to 100 m (decreasing the grid spacing below 50 m was not
computationally feasible). We ran one realization each for the
tests with varying LH and fE, and results are similar to the 50-m-
grid-spacing simulations. In particular, the equilibrium cloud
height zB is within or very close to the ensemble spread of the 50-
m simulations, and thus our main conclusions are insensitive to
doubling the horizontal and vertical grid spacings. Also, the best
fit L based on comparing C from our simple theoretical model
with the LES increases only slightly from 120 to 138 m with a dou-
bling of the model grid spacing from 50 to 100 m.

TABLE 1. An overview of the main LESs discussed in this
paper, where LH and fE indicate the length scale of surface flux
forcing and initial environmental relative humidity above 2 km,
respectively.

LH (m) fE Integration time (h)

1000 0.3 3
1500 0.3 6
2500 0.3 3
3250 0.3 3
4000 0.3 3

1000 0.6 3
1500 0.6 3
2500 0.6 3
4000 0.6 3

1000 0.9 3
1500 0.9 3
2500 0.9 3
4000 0.9 3
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4. Results

a. LES moist convection properties

The prescribed surface fluxes generate an organized region
of ascent within the boundary layer after 60 min (Fig. 4), with
maximum subcloud vertical velocities up to ∼5–8 m s21. The
horizontal length scale of this ascent is determined by the hor-
izontal length of the Gaussian-distributed surface flux forcing,
LH. Compensating descent with minimum velocities of about
22 to 23 m s21 occurs along the periphery of the organized
ascent. Because the surface fluxes are fixed in time after 1 h
and there is no precipitation generation or cold pools, the
characteristics of this subcloud circulation do not vary much
over time once it is established. Moist convection begins in all
runs between 90 and 100 min as the surface flux-driven circu-
lation strengthens. This occurs as the cloud thermals rise from
the LFC above the region of subcloud ascent. This behavior is
illustrated by vertical cross sections of the vertical velocity,
buoyancy, and cloud boundary at different times from a sub-
set of the LESs (Figs. 5 and 6). We show only one realization
per configuration but others produced similar results.

In LESs with the dry (fE 5 0.3) environment and LH 5

1.5-km radius, new thermals rise from the LFC but rapidly

decay above ∼3 km before the next thermal emerges (Fig. 5,
left column). This pulsing of thermal generation and decay is
also evident in profiles of maximum w and B in the horizontal
plane between 100 and 135 min (Fig. 7, blue lines). For exam-
ple, at 105 min there is a brief pulse of w exceeding 7 m s21

near 3.5-km height that decays by 110 min. The run with a
larger radius (LH 5 2.5 km) in the same environment also
produces this pulsating behavior (Fig. 5, right column). The
primary thermal circulations as well as the cloud itself are
broader, and the thermals ascend much higher, than in the
run with the smaller radius. However, these thermals still rap-
idly decay above 7 km and experience substantial negative
buoyancy as seen in Fig. 5f.

The general character of the convection is quite different in
the moist (fE 5 0.9) environment. With a large radius (LH 5

4 km), a starting-plume-like3 feature ascends through the
depth of the troposphere between 95 and 115 min, evident in
profiles of horizontal maximum w and B (red lines in Fig. 8).

FIG. 4. Horizontal cross sections of subcloud vertical velocity (1-km height and 120 min) from four of the LESs.
The horizontal length scale of the surface flux forcing LH and environmental relative humidity fE for each simulation
is indicated above the plots. The solid black line shows the 2 m s21 contour that defines the area of subcloud ascent
as discussed in the text. Note that only part of the model horizontal domain is shown.

3 A starting plume consists of a thermal-like structure at the
head of an ascending plume, with the flow behind the head resem-
bling a steady-state plume (Turner 1962).
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Thereafter the updraft structure is fairly steady and has gener-
ally increasing w from the LFC to 8–10 km, resembling a
plume, in contrast to the LESs with lower fE and smaller LH.
There are small localized peaks of w superimposed on this
deep layer of upward acceleration, but they correspond to
smaller turbulent eddies rather than coherent thermals with
collocated peaks in B. Note the sharp buoyancy peak near
∼12 km in Fig. 8h is not driven by latent heating from moist
processes, but rather strong wave motion at the tropopause

likely driven by the overshooting updrafts. When LH is
reduced to 1 km in this moist environment, a much narrower
cloud results and there are often multiple distinct thermals on
the scale of the whole cloud at any given time. This is seen in
vertical cross sections (Fig. 6, left column) as well as the dis-
tinct peaks of maximum w and B in Fig. 8 (w and B near 3.5
and 5.5 km at 115 min, separating by a valley of near zero w
and B). These peaks ascend over time, consistent with the
thermal chain structure. Overall, the transition in updraft

FIG. 5. Vertical cross sections of buoyancy (thin black contour lines, intervals of 0.05 m s22 starting with 0.05 m s22),
vertical velocity (color contours as labeled), and cloud boundaries (thick black lines, defined by cloud water mixing ratio
$ 0.1 g kg21) for LESs with fE 5 0.3 and (a),(c),(e)LH5 1.5 km or (b),(d),(f) LH 5 2.5 km at the times indicated.
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structure from isolated thermal, to thermal chain, to plume
with increasing fE and updraft width is consistent with the
theoretical analysis of M20 and simulations of Peters et al.
(2020). Those studies related these structural differences to
the increasingly deleterious effects of dry air entrainment on
buoyancy with decreases in cloud aspect ratio (width divided
by height) and fE.

Time series of several key quantities for the fE 5 0.3 and
0.9 environments are shown in Figs. 9 and 10. These figures
present results for four different values of LH between 1000
and 4000 m and the three ensemble members. Convection

grows deep (zB . 7.5 km) in all of the moist fE 5 0.9 runs
regardless of the setting for LH. Time series of wmax show
rapid intensification of convection in these runs, but with
some weakening after 120–130 min for LH of 2.5 and 4 km
(Fig. 10c). Consistent with the discussion above, there is also
a pulsating behavior of wmax and Bmax associated with the life
cycle of discrete rising thermals, most evident at moderate LH

(1.5 and 2.5 km). In contrast to the moist runs, the dry fE 5

0.3 runs show a more gradual deepening when LH is 2.5 and 4
km, with zB exceeding 6 km only after 120 to 130 min. For
smaller LH (1 and 1.5 km) in this dry environment, convection

FIG. 6. As in Fig. 5, but for the moist environment with fE 5 0.9 and (a),(c),(e) LH 5 1 km or (b),(d),(f) LH 5 4 km.
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remains shallow over the 3 h duration of the simulations with
zB below 4 km.

To understand how subcloud properties may impact con-
vective properties above the LFC, particularly zB, we also
examine time series of the horizontal scale of subcloud ascent
(Rsub), maximum 250–1250 m layer w (wsub,max), and maxi-
mum 250–1250 m layer buoyancy (Bsub,max) from the simula-
tions with fE of 0.3 and 0.9 (Figs. 9 and 10d–f). We define

Rsub ≡
�������
A=p

√
where A is the total area with w $ 2 m s21 aver-

aged between heights of 250 and 1250 m. As seen in Fig. 4
(w 5 2 m s21 contour denoted by the thick black line), this
w threshold captures the main area of ascent in the domain
center while avoiding weaker ascent away from this region.
For simplicity we define A using the total rather than contigu-
ous area with w $ 2 m s21. This avoids having to choose an
arbitrary threshold distance to define whether or not two

FIG. 7. Vertical profiles of horizontal-maximum vertical velocity w (solid lines) and in-cloud buoyancy B (dotted
lines) considering points with w$ 2 m s21 and cloud water mixing ratio$ 0.1 g kg21. Results for LESs with fE 5 0.3
and LH of 1.5 and 2.5 km are shown by blue and red lines, respectively. The thin dotted black line shows the pseudoa-
diabatic buoyancy. Plots show profiles at different times as indicated, with an interval of 5 min.
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nearby contiguous areas should constitute a single region of
ascent; moreover, points with w $ 2 m s21 are contiguous or
nearly contiguous as seen in Fig. 4.

The value of Rsub is strongly related to LH, which is
expected since the surface flux forcing is a primary driver of
the subcloud vertical motion. In turn zB increases with Rsub,
particularly for the fE 5 0.3 LESs. In all runs Rsub increases
over time up to ∼100–120 min and thereafter is fairly steady.
It is also insensitive to fE. Overall, the general picture is one
of a positive relationship between LH, Rsub, and zB, suggesting
a linkage between the surface flux forcing, horizontal scale of
subcloud ascent, and the height attained by buoyant moist

updrafts. In turn, updraft-core radius above cloud base is con-
nected to Rsub. This is relevant because the theoretical expres-
sions in section 2 are given in terms of updraft radius, and it
establishes a physical linkage of features above cloud base
and below. Figure 11 shows updraft-core radius Rc as a func-
tion of Rsub from all of the LESs. We define Rc ≡

��������
Ac=p

√
where Ac is the total area at a given vertical level with w $ 2
m s21, B $ 0 m s22, and qc $ 0.1 g kg21. The value of Rc is
calculated as a time average (140–180 min) and vertical aver-
age from cloud base to either 1 km above cloud base or the
maximum cloud-top height, whichever is lower. A close rela-
tionship between Rc and Rsub is evident, though the more

FIG. 8. As in Fig. 7, but for LESs with the moist fE 5 0.9 environment and LH of 1 km (blue lines) or 4 km (red lines).
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stringent cloud core definition leads to Rc being smaller than
Rsub by ∼0.2 km. The Rc tends to be slightly larger (∼50–100
m) in the fE 5 0.9 LESs, but otherwise variability among the
LESs is small. Cloud R, calculated as above but considering
only the cloud condensate threshold, is slightly larger than
cloud core R (by roughly 20%) and scales closely with Rsub.
For deeper updrafts there is much greater variability in core
radius well above cloud base. This is seen in the vertical cross
sections in Figs. 5 and 6, where the core size varies with time
and height and is strongly influenced by the thermal-like

convective structures in some LESs. Considering the time-
averaged (140–180 min) cloud core radii for deep updrafts (zB
$ 8 km) at the height of maximum w (Fig. 11, diamonds), the
radii are larger than those near cloud base but there is also
much more scatter among individual LESs. Despite this scat-
ter, there is still a clear trend of larger upper-level cloud core
radius with increasing Rsub. The cloud R (calculated using
only the condensate threshold) at the height of maximum w
for deep updrafts is larger than cloud core R at the same
height by roughly a factor of 2, which is presumably a result

FIG. 9. Time series of (a) updraft equilibrium buoyancy height zB, (b) maximum in-cloud buoyancy Bmax (LFC to
11-km height), (c) maximum in-cloud vertical velocity wmax, (d) horizontal scale of subcloud ascent Rsub, (e) maxi-
mum subcloud vertical velocity wsub,max, and (f) maximum subcloud buoyancy Bsub,max from the LESs with fE of 0.3.
Different colored lines the horizontal scale of the surface flux forcing LH for the LESs as labeled in (a). Different
lines of the same color show different ensemble members of a configuration. For clarity only LESs with LH of 1, 1.5,
2.5, and 4 km are shown.
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of condensate detrainment, especially above the height of
maximum w.

Differences in subcloud w and B (quantified by wsub,max

and Bsub,max) appear to be less influential than LH, Rsub, and
Rc in driving differences in zB. There is no consistent relation-
ship between zB and wsub,max prior to convection going deep
(before about 120 min). After deep convective initiation in
some runs, wsub,max generally increases with LH and zB
although there is considerable scatter. This relationship is
likely from the impact of cumulus dynamics on subcloud verti-
cal motion, particularly increased upward perturbation pres-
sure forcing below cloud in the presence of stronger, more
buoyant updrafts (Leger et al. 2019).

Ascending parcels below cloud base are somewhat more
buoyant when LH is large, seen by the time series of Bsub,max.
This is evident both before deep convective initiation and
after, likely from reduced dilution of subcloud B when region
of surface flux forcing is wide (keeping in mind that the maxi-
mum surface buoyancy flux is identical in all simulations).
These differences in subcloud B could directly drive differ-
ences in convective cloud characteristics including zB. How-
ever, the spread of Bsub,max as LH is increased from 1 to 4 km
is about 0.02 m s22, an order of magnitude smaller than differ-
ences in maximum B above cloud base. To explore the impact
of subcloud buoyancy further, we ran an additional simulation
ensemble with LH 5 1 km and fE 5 0.3 but the magnitude of

FIG. 10. As in Fig. 9, but for fE of 0.9.

MORR I S ON E T AL . 351FEBRUARY 2022

Unauthenticated | Downloaded 08/31/23 05:25 PM UTC



the Gaussian-distributed surface flux forcing increased by a
factor of 2. These runs produce almost the same time-mean
(between 140 and 180 min) Bsub,max as the standard surface
flux magnitude simulations with LH 5 4 km (0.081 versus
0.084 m s22), but convection remains shallow with a time-
mean zB of 3.3 km. Moreover, doubling the surface flux mag-
nitude increases Rsub, and the small increase in zB with
enhanced surface flux forcing is consistent with this increase
in Rsub. Overall, we conclude that whether or not convection
goes deep as LH is increased is influenced much more by the
increase in Rsub than subcloud B and w.

b. Comparison of zB and maximum B from theory and LES

From the theory we obtain B profiles by integrating (4) as
described in section 2; this provides theoretical values of zB
and maximum in-cloud B. For the thermodynamic sounding
needed to specify Q, TE, qsE, and G in (4), we use the WK82
sounding consistent with the initial conditions for the LESs.
There is some uncertainty in how best to specify R from a
numerical simulation to compare to a theoretical calculation,
particularly because of variability in height and time. For sim-
plicity we use the time-averaged (140–180 min) Rsub from the
LESs since Rsub is fairly steady in time and has little variabil-
ity among ensemble members. As seen in Fig. 11, while there
is scatter in cloud core radius Rc among the LESs, particularly
above cloud base, there is a clear trend of increasing Rc with
Rsub and a rough 1:1 correspondence between them. Values
for all other parameters in the theoretical calculations are the
same as described in section 2.

Figure 12a shows a comparison of time-averaged (140–180
min) zB from the LESs and theory as a function of Rsub for fE

of 0.3, 0.6, and 0.9. Theoretical values are generally consistent
with those from the LESs. In the drier environments there is a
sharp increase of zB as Rsub increases, and this transition
occurs at larger Rsub as the fE is increased. In the LESs, deep
convection is sustained (with time-mean zB . 8 km) when
Rsub $ ∼0.5, 0.75, and 0.9 km when fE is 0.9, 0.6, and 0.3,
respectively. These results support the “scale selection”
hypothesis from section 2, though the shallow to deep transi-
tion (increase in zB from 3 to 8 km) is sharper from the theo-
retical expressions than the LESs, especially for fE 5 0.3; it
occurs over a Rsub range of ∼200 m from the theory and ∼400
m in the LESs. Reasons for this difference are unclear but
might be related to the weaker increase in updraft width
above cloud base in drier environments as seen in Fig. 11,
which is not accounted for by the theory.

Time-averaged (140 to 180 min) maximum in-cloud B val-
ues from the LESs are also compared with the theoretical
maximum B as a function of Rsub (Fig. 12b). Maximum B
increases with both Rsub and fE similarly in the LESs and the-
ory. Theoretical values are consistently smaller by about 0.03
to 0.06 m s22, which may be due to neglecting subcloud buoy-
ancy and assuming B 5 0 at the LFC in the theoretical
calculations.

Because of the simplicity of the theoretical expression for B,
we can easily ascertain cause and effect. To the extent that this
expression provides a valid approximation of the LESs, it shows
that changes in the horizontal updraft scale, which is an external
parameter in the theory obtained from Rsub, drive changes in
zB. This occurs via changes in fractional entrainment rate «,
which increases as Rsub decreases. In turn, increased « means
greater dilution of buoyancy and decreased zB as updraft radius
decreases. While fE does not directly impact « in the theory, it
determines how dry the entrained air is which strongly impacts
the dilution of buoyancy through water phase changes.

c. Analysis of updraft dilution with a passive tracer

Results presented thus far indicate the role of enhanced
updraft dilution from entrainment and mixing as the horizon-
tal scale of subcloud ascent decreases. Not surprisingly, the
dilution of buoyancy increases considerably as fE decreases.
Here we analyze dilution more directly with a passive tracer
C initially set to 1 kg kg21 below 1.5 km and zero above. Fig-
ure 13 compares maximum height of the 0.5 and 0.8 kg kg21

contours of this tracer field from the theory in section 2 and
LESs. Theoretical values are obtained by rearranging (3) to
solve for z given a value of C. The time-averaged (140–180
min) values are plotted in Fig. 13 as a function of time-aver-
aged Rsub from the LESs. Note the theoretical passive tracer
has no direct dependence on fE since « is independent of fE.
Values of all other parameters used in the theoretical tracer
calculations are given in section 2, and are the same as in the
theoretical buoyancy calculations described in section 4b.

The theoretical expression (solid black lines in Fig. 13)
gives a scaling with Rsub consistent with the LESs, although
the C 5 0.8 kg kg21 tracer value occurs somewhat higher (by

FIG. 11. Time-averaged (140–180 min) cloud updraft-core radius
Rc (y axis) as a function of the radius of subcloud ascent Rsub (x
axis) from the LESs (Rc and Rsub are defined in the main text).
Crosses show values of Rc for each simulation averaged from cloud
base to either cloud top or 1 km above cloud base (whichever is
lower). Diamond symbols show values of Rc from each simulation
averaged over a 1-km vertical layer centered on the height of maxi-
mum w for deep updrafts (defined as updrafts with zB $ 8 km).
Different colors indicate fE of 0.3 (blue), 0.6 (green), and 0.9
(red). The black line indicates the 1:1 line.
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∼1 km) in the LESs than theory when Rsub $ 0.75 km. While
the heights of a given tracer value are sometimes greater in
the moister environments than in the drier ones, differences
are generally within the ensemble spread and thus are not
robust. This supports the assumption in the theory that dilu-
tion of C is controlled by Rsub and not fE—that is, that KC

and « are independent of fE.
Note that with a constant L 5 120 m the implied bulk frac-

tional entrainment rate « from (2) is proportional to R22
sub (see

section 2). This value of L is used in all calculations presented in
the paper (except as noted) since it gives the best fit compared to
the LES results in Fig. 13. We also tested L 5 0.13Rsub (dotted
line in Fig. 13), where the proportionality constant of 0.13 gives
the best fit when L is assumed to be proportional to Rsub. How-
ever, this gives slightly higher mean standard error (10%) than
using L5 120 m relative to the LESs.

Using L 5 120 m gives theoretical « values of 0.80, 0.26, and
0.13 km21 for R of 0.4, 0.7, and 1 km, respectively, following (2).
These values are generally in line with previous bulk estimates,
with values ∼1 km21 or greater for shallow cumulus (e.g., Neg-
gers et al. 2002; Siebesma et al. 2003) and #0.5 km21 for deep
cumulus (e.g., Kuang and Bretherton 2006; Del Genio and Wu
2010; De Rooy et al. 2013). However, we emphasize that our esti-
mates of « correspond to bulk dilution of the cloud regions that
determine zB, which are relatively undilute, and are therefore
not necessarily representative of entrainment for the cloud as a
whole. As described in previous studies from LES (Moser and
Lasher-Trapp 2017; Peters et al. 2020) and theory (M2020), « can
vary substantially in different locations in a single cloud, with
localized pulses of high entrainment rates associated with the
toroidal circulations comprising the updraft flow.

d. Role of preconditioning by earlier cloud thermals

Here we distinguish between large-scale moistening by a
field of shallow and congestus cumulus, and local effects from
the rise of newer thermals directly into the wake of previous
thermals (note the latter is neglected in the theoretical

analysis in section 2). The former occurs on time scales of ∼1
day (Waite and Khouider 2010) to several days (Hohenegger
and Stevens 2013a), and thus is not directly relevant to our 3
h LESs. Nonetheless, the increase of zB with increases in fE

in our simulations and theory is consistent with the role of
large scale moisture preconditioning. In contrast to previous
simulations exploring the role of moisture preconditioning on
the shallow-to-deep transition (Waite and Khouider 2010;
Yano and Plant 2012), our simulations have a larger-scale cir-
culation forced by nonuniform surface fluxes. This continually
focuses cumulus convection over the same region near the
domain center. Thus, moistening from earlier cumulus occurs
in a fairly small region at the domain center.

To explore the role of this moistening, we extended the
fE 5 0.3 and LH 5 1.5-km LESs to 6 h, with time series of
various quantities shown in Fig. 14. In these LESs convec-
tion slowly deepens between 3 and 6 h, with zB exceeding 7
km by 6 h (Fig. 14a). There is significant temporal variability
in zB and maximum w associated with the growth and decay
of individual cloud thermals. The transition to deeper con-
vection is accompanied by an increase in mean fE of the
cloud’s near environment from about 0.3 to 0.41–0.44 by 6 h
(Fig. 14d). This is defined by the mean relative humidity of
all grid points within a cylindrical region around the cloud
having a radius of 5 km and between 3- and 4-km height,
excluding cloudy points with qc $ 0.001 g kg21). Note that
this near-environment fE depends on the size of the region
over which it is calculated; thus, it should be understood as
a qualitative rather than quantitative measure of the moist-
ening of the cloud’s near environment. There is also an
increase in Rsub from ∼0.5 km to nearly 0.7 km between 3
and 6 h (Fig. 14c). Rsub values of ∼0.7 km are close to those
in the LH 5 2.5 km LESs from 2 to 3 h (∼0.7–0.8 km). Cor-
respondingly, zB and wmax values by 6 h are similar to those
in the LH 5 2.5-km LESs at 2–3 h.

Combined with our theoretical analysis suggesting a rela-
tionship between Rsub and zB, these results suggest that the

FIG. 12. Comparison of (a) updraft equilibrium buoyancy height zB and (b) in-cloud (but below 11 km) maximum
buoyancy Bmax as a function of horizontal scale of subcloud ascent Rsub between the LESs (crosses) and theory calcu-
lated by vertical integration of (4) (lines). Colors represent different fE values as labeled in (b).
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increase in zB from 3 to 6 h can be mostly explained by the
increase in Rsub. The increase in fE of the near-cloud environ-
ment may also play a role in cloud deepening, but it is difficult
to isolate the impact of this from the increase in Rsub. Overall,
these results suggest that in the presence of organized circula-
tions, even small changes in the horizontal scale of such circu-
lations (i.e., few hundred meters) can have a large influence on
cloud deepening. If the time scale of circulation changes is
faster than moisture preconditioning, the latter is expected to
have less influence in determining cloud-top heights.

The impact of newer thermals rising into the wake of ear-
lier thermals is inferred by time series of convective quantities
from the LESs in Figs. 9 and 10. In the moist environment
(fE 5 0.9) there is a sharp, near-monotonic increase in zB
between 95 and 120 min (Fig. 10a), indicating that earlier
thermals have little impact on the height attained by subse-
quent thermals. Indeed, the structure of relatively wide
updrafts (large LH) in the moist environment is more akin to
a plume (or starting plume) rather than successive thermals as
discussed in section 4a. In the dry environment (fE 5 0.3), for
the widest region of surface flux forcing (LH 5 4 km) the
behavior is similar to the moist case. In contrast, successive
thermals are evident in the LESs with smaller LH by sharp
peaks and troughs in time series of zB (Fig. 9a). However, in
the LESs with LH of 1- and 1.5-km successive thermals reach
similar heights and remain shallow (zB , 4 km). Only in the
low fE, LH 5 2.5-km LESs is there a progressive deepening
of successive thermals, with local peaks in zB near 4–5 km at
100–120 min but reaching 6–8 km after 140 min. These results
suggest that the effects of newer thermals rising into the wake
of previous thermals are greatest in marginal conditions for
deep convective initiation (low fE, moderate LH). The fairly
limited impact of these effects overall may be due to domi-
nance of mixing laterally (or from below) into thermals,
rather than from their top; environmental air laterally mixed

into thermals is less likely to be strongly modified by earlier
thermals than air mixed from the top. Moreover, the effects
of modified wake air are complicated and the net impact is
not obvious. Besides moistening, which would reduce the
effect of buoyancy dilution from entrainment, there is cooling
which has the opposite effect, and decay of earlier thermals
can produce a broader region of negative buoyancy aloft that
must be displaced by the next thermal (similar to wave drag).
Finally, there are other pressure effects that might influence
ascent of later thermals, such as reduced downward buoyant
pressure forcing as successive thermals ascend and increase
the height to width ratio of the cloud’s buoyant region (Morri-
son 2016; Peters 2016).

5. Discussion and conclusions

In this study, we examined how environmental relative
humidity fE and horizontal scale of subcloud ascent Rsub

impact deep convective initiation based on an analysis of
LESs and theory. The theoretical analysis relied on simple
expressions relating dilution of a passive tracer and buoyancy
to fE and updraft radius, the latter strongly influenced by
Rsub. From this analysis, we proposed a “scale selection”
hypothesis that suggested a minimum Rsub is required for con-
vection to grow deep, and this minimum Rsub decreases with
an increase in fE. Specifically, the ratio of R2

sub to saturation
deficit (1 2 fE) must exceed a certain threshold value that
depends on cloud-layer environmental lapse rate. Grabowski
et al. (2006), Rochetin et al. (2014), and Rousseau-Rizzi et al.
(2017) previously suggested a threshold horizontal cloud size
is needed for convection to grow deep based on CRM and
LES results. Here we formalized this concept and provided a
theoretical context. A set of LESs using the CM1 model (50-
m horizontal and vertical grid spacing) were performed to test
this hypothesis. In these LESs fE and Rsub were

FIG. 13. Comparison of maximum height reached by values of the passive tracer field (C): (a) 0.8 and (b) 0.5 kg
kg21 from the LESs (crosses) and theory (black lines), as a function of horizontal scale of subcloud ascent Rsub. Solid
black lines show theoretical values using L 5 120 m, and dotted black lines using L 5 0.13Rsub. Crosses show values
from each simulation (including different ensemble members) which are time averaged from 140 to 180 min. fE of
the LESs is indicated by colors as labeled in (a).
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systematically varied, with the latter altered by modifying the
horizontal scale of surface flux forcing. Three ensemble mem-
bers with different realizations were run for each LES config-
uration to improve robustness.

LES results were generally consistent with the theoretical
expressions for the passive tracer and buoyancy, and thus sup-
ported the scale selection hypothesis. The LESs showed a
transition from cumulus remaining shallow (,3-km height) to
growing deep (.8 km) with a change in Rsub of only ∼400 m,
while the theoretical expressions showed this occurring over a
smaller range of ∼200 m. This transition shifted to larger val-
ues of Rsub as fE was decreased. Consistent with the theoreti-
cal expressions, the implied fractional entrainment rate
« from an analysis of passive tracer dilution decreased with an
increase in Rsub but had little dependence on fE. The strong
sensitivity of updraft equilibrium height zB in the LESs and
theory to fE was because of the impact of the relative humid-
ity of entrained environmental air on buoyancy dilution.
Rousseau-Rizzi et al. (2017) showed a similarly sharp transi-
tion in the average height attained by cloud thermals with an
increase in thermal horizontal area at the LFC. Compared to
Rsub, other subcloud properties (buoyancy and vertical veloc-
ity magnitudes) had much less influence on whether or not
convection became deep in our simulations. This relative

insensitivity to thermodynamic properties near cloud base is
consistent with Romps and Kuang (2010) and Böing et al.
(2012). Those authors argued for the dominance of “nurture”
(the conditions experienced by cloud updrafts above cloud
base) in contrast to the role of “nature” (the thermodynamic
conditions near cloud base) on convective cloud growth.
However, our results suggest the critical role of “nature” if its
definition is broadened to include the width of updrafts near
cloud base, consistent with the view of Dawe and Austin
(2012) and Rousseau-Rizzi et al. (2017). Similarly, Tian et al.
(2021) showed that initial vertical momentum and buoyancy are
critical for parcels overcoming CIN and reaching the LFC, but
cloud size and fE play a key role in determining cloud-top height
via entrainment. They also noted the apparent role of vertical
wind shear in limiting the vertical extent of convection.

Because of the strong sensitivity of zB to Rsub, one of our
main conclusions is that in a heterogeneous environment con-
taining circulations of various spatiotemporal scales, small
changes in the horizontal scale of coherent subcloud ascent
can dictate a transition from shallow to deep convection. If
such circulation changes occur over relatively short time
scales (e.g., ,1 day), this may limit the impact of other slower
processes on the shallow-to-deep transition such as moisture
preconditioning by evaporation of shallow or congestus

FIG. 14. Time series from the LESs with LH 5 1.5 km and fE 5 0.3 extended to 6 h. Results are presented for (a)
updraft equilibrium height zB, (b) maximum in-cloud vertical velocity wmax, (c) horizontal scale of subcloud ascent
Rsub, and (d) mean near-environment
fE calculated as described in the text. Lines shows results from each of the three ensemble members.
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clouds. This idea is consistent with the picture put forth by
Hohenegger and Stevens (2013a,b), who found that time
scales of moisture preconditioning were generally longer than
observations of the shallow-to-deep convective transition in
both the tropics and midlatitudes. This is also consistent with
previous studies showing that mesoscale circulations can con-
centrate ascent and produce much stronger convection even if
fE, and anticipated influences on cloud radius such as bound-
ary layer thickness, are fixed (e.g., Robinson et al. 2008).

There are several caveats to mention. We turned off ice
microphysics and precipitation generation, both of which
complicate the picture. Ice microphysics can add a buoyancy
“boost” from condensate freezing, particularly in environ-
ments with fairly weak lapse rates typical over tropical oceans.
Precipitation can enhance downdrafts and generate cold
pools, which strongly impact low-level circulations and sub-
cloud vertical motion. Moreover, for simplicity we neglected
the weight of condensate in the model’s buoyancy calculation.
Including this reduces the buoyancy and lowers zB, though an
additional set of LESs that included condensate loading (not
shown) exhibited qualitatively similar behavior, particularly
the sensitivity to fE and Rsub. To limit the number of parame-
ters that were varied and keep the total number of simulations
reasonable we used a single thermodynamic sounding (follow-
ing WK1982) with fairly steep midtropospheric lapse rates.
Our theoretical analysis showed that in the phase space of
(fE, Rsub), deep convective initiation is sensitive to pseudoa-
diabatic buoyancy and hence the cloud layer environmental
lapse rate; in marginal conditions increased Rsub and/or
fE is needed for convection to grow deep when the pseudoa-
diabatic buoyancy is decreased. The initial thermodynamic
profile for the LESs was also smooth, whereas real soundings
typically have locally large vertical gradients of static stability
and often one or more stable layers embedded within a wider
layer that is unstable to pseudoadiabatic moist ascent. Such
stable layers are expected to impact cumulus growth; in our
framework, an increase in Rsub and/or fE might be needed to
overcome these layers. Finally, the surface flux forcing initiat-
ing moist convection in the model was fairly strong with sub-
cloud vertical velocities up to several meters per second. In
the future it would be worthwhile to explore controls on
cumulus growth similarly to this study but with weaker forc-
ing. Future work could also explore these controls in the situ-
ation of a deepening boundary layer forced by horizontally
uniform surface fluxes (e.g., similar to the setup in Grabowski
et al. 2006).
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