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In Navier-Stokes turbulence, energy and helicity injected at large scales are subject to a joint

direct cascade, with both quantities exhibiting a spectral scaling o< k™

5/3 We demonstrate via direct

numerical simulations that the two cascades are compatible due to the existence of a strong scale-
dependent phase alignment between velocity and vorticity fluctuations, with the phase alignment

angle scaling as cos ay oc k™.

Introduction. The incompressible Navier-Stokes equa-
tions (NSEs) govern the dynamics of a broad variety
of physical systems [I]. Many of these systems are in
a turbulent state: they exhibit chaotic dynamics which
cannot be readily described from first principles, but is
instead partially captured by phenomenological and sta-
tistical models [2]. The prominent Kolmogorov cascade
model [3] captures key aspects of fluid turbulent dynam-
ics based on the assumption that, in three-dimensional
systems, the kinetic energy of the turbulent fluctuations
is transferred from larger to smaller-scale structures via
nonlinear interactions that are local in wavenumber k.

Kolmogorov’s theory of turbulence was developed con-
sidering energy as the only nonlinear invariant of the sys-
tem. It was subsequently discovered [4, [5], however, that
a second inviscid invariant of the incompressible NSEs
exists, namely, the helicity, defined as H = [v - w dV,
with v the velocity of the fluid and w = V x v its vortic-
ity. A flow with net helicity is necessarily more complex
than otherwise, as its mirror symmetry is broken [6].

The existence of a second nonlinear invariant further
complicates the analysis of the turbulent dynamics. In
principle, it is possible for both invariants to cascade for-
ward, i.e., from large to small scales, or for them to cas-
cade in different directions [7], [8]. When both quantities
cascade forward, it is in principle possible for either in-
variant to set the (scale-dependent) amplitude of velocity
fluctuations, thus affecting the nonlinear eddy turnover
time and leading to different predictions [7, @]. Indeed,
the helicity density at scale A can be dimensionally eval-
uated as Hy ~ viwy ~ v/z\/)\, and the nonlinear inter-
action time (eddy turnover time) as 7h ~ A/vy, where
vy and w) denote the typical amplitudes of velocity and
vorticity fluctuations at scale A. Assuming the existence
of a constant helicity flux, ie., eg ~ Hy/7T\n ~ const.,
one would derive vy oc A\?/3, and the resulting energy
and helicity spectra would be, respectively, £(k) oc k~7/3
and H(k) o< k=*/3 [9]. This scenario leads to a scal-
ing of the energy spectrum different from Kolmogorov’s
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E(k) o k~5/3 which is instead defined by a constant
energy flux, ¢ ~ vi/n, and the corresponding veloc-
ity scaling vy o< AY/3. In this case, dimensional argu-
ments would predict the spectral scaling of helicity to be
H(k) oc k=2/3. However, this “naive” estimate of the he-
licity spectrum is, as we discuss below, inconsistent with
a constant helicity flux in the inertial range.

In many instances, the simultaneous presence of two
invariants in a turbulent system requires that one con-
served quantity cascades to small scales, while the other
one cascades to large scales. Such a phenomenon was
discovered by Kraichnan in pioneering work on two-
dimensional turbulence [I0], and later studied more
broadly in various models of weak and strong turbulence
[ITHI3]. In the case of Navier-Stokes turbulence, the naive
dimensional arguments suggest that it is the helicity in-
variant that should exhibit the direct cascade, while the
energy should inverse cascade. Indeed, a cascade of en-
ergy to small scales, € = const., would seem to imply the
divergence of the helicity flux, ey ~ /X at small scales,
contradicting helicity conservation. Similarly, if helicity
cascaded to large scales, ey = const., then the energy
flux € ~ Aey would diverge at large scales, contradicting
energy conservation. The only possibility of maintaining
a steady state would be, therefore, to assume a direct
cascade for helicity and inverse for energy.

This is not, however, what occurs in three-dimensional
Navier-Stokes turbulence, where instead both energy and
helicity are observed to cascade forward. Theoretical ar-
guments in favor of the existence of a joint direct cas-
cade of the two invariants in the presence of net helic-
ity were first put forward in Ref. [9], based on conser-
vation of energy and helicity in the inertial range, and
in Ref. [I4], based on the analysis of inviscid statisti-
cal equilibria. There exists today significant experimen-
tal and numerical evidence that energy and helicity in
Navier-Stokes turbulence are indeed both subject to a
direct cascade [0, [7, T5HI9], and share a spectral scaling
of o< k=°/3. While the double direct cascade of energy
and helicity has been the subject of robust investigation
and seems beyond reasonable doubt [6, T9H39], the tur-
bulent mechanism that enables it has remained unclear.
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The goal of this Letter is to uncover such mecha-
nism. We argue that this joint cascade is possible because
the velocity and vorticity fluctuations develop a progres-
sively stronger phase correlation at smaller scales. More
precisely, we propose that while the energy flux is dimen-
sionally evaluated as € ~ v% /7y, the helicity flux should
be evaluated as

Ef ~ TAUAWN /TN ~ 7“,\11/2\/(/\7',\), (1)

where 7 is a scale-dependent cancellation factor. As-

suming that the (scale-dependent) nonlinear time 7 is
determined purely by the energy cascade, and requiring
that both the energy and helicity fluxes be constant in
the inertial range, allows one to predict the scaling of the
cancellation factor:

)~ )\/L7 (2)

where L is the outer scale of the turbulence.

When the cancellation factor is present, the simulta-
neous direct cascade of both energy and helicity becomes
possible, and one predicts the scaling H(k)dk oc k=>/3dk
for the helicity spectrum. In this Letter we argue that
the cancellation factor underpinning the spectral scaling
of helicity is a manifestation of dynamic phase alignment,
i.e., a scale-dependent correlation between the fluctua-
tions of velocity and vorticity, and demonstrate this re-
sult by means of direct numerical simulations of driven,
incompressible Navier-Stokes turbulence.

Numerical setup. We integrate the NSEs numerically
with the pseudospectral code Tarang [40, 4] on a cu-
bic, triply periodic domain using a grid of N3 collocation
points. The “2/3’s rule” is used for dealiasing [40]. The
model equations read

g—:+v~Vv:—VP+yV2v+F, (3)
coupled to the incompressibility condition, V - v = 0. P
is the pressure, v is the kinematic viscosity and F repre-
sents external forcing. Both P and F are normalized to
the fluid density, set as p = 1. The pressure is computed
by solving a Poisson equation obtained by taking the di-
vergence of Eq. and using the incompressibility condi-
tion. In all simulations, energy and helicity are injected
at wavenumbers 2 < |kf| < 6. Wavenumbers are nor-
malized to the size of the simulation domain, so that the
smallest wavenumber, which represents box-scale fluctu-
ations, has value unity. We define the energy and helicity
injection rates, respectively, as

er = S R{F() v (W)}, ()
ky
e = 5 SR(F(R) @ (k) v(K) - ik x F(K))} , (5)
ky

where F(k) represents the delta-correlated in time forc-
ing term, and R denotes the real part. The forcing

algorithm is described in detail in Ref. [37]. We fur-
ther define the ratio of helicity to energy injection as
Ry = epy/kep, where k = Zkf |k|F(k)/Zkf F(k) is
the weight-averaged wavenumber of the forcing.

Table [ summarizes key parameters of the simulations
performed. We define the Reynolds number as Re =
UpmsL/v, where L = [ k~*E(k)dk/ [} E(k)dk is the
integral length scale of the turbulence and v,p,s = \/m
is the root mean square of the velocity fluctuations.
The inverse of the Kolmogorov scale is represented by

kg = (VB/EE)71/4.

1D N Re Ry kq
Al 1024 1350 0.1 150
A2 1024 1350 0.3 150
A3 1536 2000 0.5 205

TABLE I. Summary of key simulation parameters.

Dynamic phase alignment. The net helicity density at
each wavenumber is a function of the absolute value of
the Fourier coefficients |vg| and |wg|, and of the phase
angle between them, aj. At a given wavenumber k, the
average value of ay is given by

1 (viwy, +c.c.)
COS QY = — — T (6)
2 Z {Jvi, [lwi, )

where (...) represents averaging over the wavenumber
shell and we are summing over the index i € {x,y, 2z} rep-
resenting the three spatial directions. We can write the
spectral scaling of helicity as H(k) ~ k~tvywy cos ay ~
k=2/3 cos ay,, where the last step is obtained under the
assumptions vy ~ k=13 and wy ~ k2/3. Conserva-
tion of helicity in the direct cascade requires a scaling
H(k) ~ k=°/3. We thus predict a scaling cos oy, ~ k= 1.

In Fig. a—c), we show the energy and helicity spectra
(from time-averaged data in steady state) for simulations
A1-A3. Good agreement with the scaling o< k~5/3 is re-
covered for both invariants. The product of the absolute
value of velocity and vorticity (the denominator of the
right-hand side in Eq. @ exhibits good agreement with
the spectral scaling oc k~2/3, predicted via dimensional
arguments. Fig. d—f) shows compensated spectra of the
phase alignment angle between fluctuations of velocity
and vorticity as function of scale, demonstrating that it
follows a scaling cos o o< k~! in the inertial range. The
plots in Fig. [1|demonstrate that the scaling cos o, oc k=1
occurs for a broad range of ratios of helicity to energy in-
jection in the system. An investigation of the Reynolds
number dependence of these results is reported in the
Supplemental Material.

When cosar = 0, helicity is zero and the system
is mirror symmetric. The scaling cosay o< k~! there-
fore implies that dynamic phase alignment underpins the
restoration of mirror symmetry at small scales, in agree-
ment with simulations of Navier-Stokes turbulence where
net helicity is injected at large scales [6H8].
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FIG. 1. Subplots (a,b,c) show spectra of energy, helicity and the product of the absolute value of velocity and vorticity for
simulations A1-A3, respectively. Subplots (d,e,f) present compensated spectra of the average value of the cosine of the phase
angle (Eq. @) between velocity and vorticity fluctuations. The inertial range covers wavenumbers up to k = 35 (for simulations
Al and A2) and up to k =~ 50 (for A3), after which dissipation becomes non-negligible and the predicted scalings do not apply.

Absence of geometric angle alignment. We argued
above that the reduction of helicity was associated with
phase alignment, that is, scale-dependent cancellation of
positive and negative values of the product v-w. However,
a scale-dependent angular alignment between the direc-
tions of the fields may also, in principle, constitute the
primary mechanism of helicity reduction. In order to in-
vestigate the possible existence of such an angular align-
ment, we consider the band-pass filtered velocity and vor-
ticity fields. The band-pass filtered velocity is defined as
vy = F1(¥), where F~! denotes the inverse Fourier
transform, while ¥ denotes the field after undergoing
Gaussian filtering of the form exp{—(k — k.)?/20%},
with k7' = ¢ and ¢ = 3. The band-pass filtered vor-
ticity field is defined as wy = V x v, [42]. We will demon-
strate numerically that their phase and angular correla-
tions disentangle statistically, and that, in contrast with
phase alignment, geometric angular alignment does not
exhibit scale dependence. Consider first two scalar fields,
X and Y, that may stand for, e.g., the x-components of
the velocity and vorticity vectors. Assume that we may
represent them as X = Xgcos¢ and Y = Y; cos(¢ + ¢g),
where X, and Y, are positive amplitudes, ¢ is a random
phase, and ¢q is the phase shift. The correlation between
these fields is given by (XY) = (1/2)XoYp cos ¢g. Simi-
larly, one can calculate the correlation between the nor-
malized fields, X/|X| and Y/|Y|. The product of these
fields can only take two values, +1 or —1, with the cor-
responding probabilities depending on the phase shift,
Py 1 — (¢o/m) and P_ = ¢o/m. It is convenient
to denote the deviation of the phase shift from 7/2 as
QNSO = 7/2 — ¢, so that the probabilities take the form
P, = 1/2 + ¢o/m and P_ = 1/2 — ¢y/m. Then, the
correlation function of the normalized fields is

<|§—|%> —p, - P = 2%0

(7)

We now turn to the vector fields vy, and wy. In order
to study their phase and geometric correlations, consider
the product Z = vy - wy/|ve||we|. Clearly, we can repre-
sent it as Z = €| cos 0|, where the “phase” variable £ takes
the values 1, while 6 is the geometric angle between the
directions of the fields. The statistics of Z are given by
the joint probability density function p(¢,|cos@)|):

p(& |cosh|)=p (f‘|cos€|)p(\cos€|).

The probability density of the variable Z is then:

(®)

p(+1|cosf|)p(] Z >0,

7 <0,

cosf|),

zZ
pi2) cosd|),

9)

p(—1jlcost|)p(|

where, in the right-hand side, one needs to substitute
cos§ = Z. By analogy with the scalar case, we may iden-
tify the difference of the conditional probabilities with
the phase shift between the fluctuating vector fields eval-
uated at a given geometric angle:

260
™

(10)

The remaining probability density, p(|cosf|), describes
their geometric correlation.

Using the probability density function in Eq. @, we
may now average the Z-field:

i

0

P <+1‘|c059\) —p (—1‘|0059|) =

\cos@f

(Z)

> p(] cosf]) cosOd(cosd). (11)
| cos 0]

The first term in the integrand describes the contribution
from the phase alignment between the velocity and vor-
ticity fields, while the second term, p(] cosd]|), describes
the contribution from their geometric alignment. In prin-
ciple, both terms may depend on the filtering scale £. Our



numerical simulations, however, demonstrate that, quite
crucially, the scale dependence factors out in the first
term; that is,

299

~ 0]) ~ 0 12
22| g aeallcost) marlcosd], (12

while the probability density of the geometric angle,
p(] cos(6)]), turns out to be virtually independent of
the scale. Figs. P and [3] obtained from time-averaged
data from simulation A3, show that indeed the functions
p(| cosd]) and g(|cosf|) do not vary with scale, while
the phase-alignment function scales as ag ~ £ ~ k™!, in
agreement with the Fourier-space analysis of the previous
section. These conclusions hold for other values of Ry.
As shown in Fig. , g(] cos8|) is well approximated by a
linear function, i.e., g(| cos8|) = | cos 8|, for all wavenum-
ber ranges, with a, representing the slope of the linear fit
at each scale (Fig.[3p). Our analysis demonstrates that it
is phase alignment, not geometric alignment, that deter-
mines the scale-dependent reduction of helicity, so that

(Z) =~ Cay ~ Cagl/ly, (13)

where we used ag ~ ag(¢/ly), with £ the outer scale of
turbulence, ag a constant dependent on net helicity in
the system, and C a scale-independent constant:

C= /g(|c050|)p(\cos@|)cos€d(cost9) ~1/3, (14)
0

where the last approximate equality can be obtained for
g(|cosf|) =~ | cos | and p(]cosb|) ~ 1.

Discussion and conclusions. In this Letter, we demon-
strate that the direct cascades of energy and helicity in
Navier-Stokes turbulence can coexist because of a scale-
dependence of the average Fourier phase angle between
the fluctuations of velocity and vorticity. This behavior,
termed dynamic phase alignment, constitutes an essen-
tial mechanism for such joint direct cascade because the
scalings vy ~ k13 and wy ~ kv, are preserved in the
presence of net helicity. We can write the helicity spectral
scaling as H(k) ~ Euawy cosay, ~ k™23 cosay,. De-
viations from H(k) ~ k~2/3 are underpinned by a de-
pendence on scale of coscay, allowing energy and he-
licity to cascade forward while preserving conservation
of both invariants. We show that the observed spec-
trum H(k) ~ k=°/3 results from the scaling cosay, o
k~!, which underlies the progressive balancing of tur-
bulence (restoration of mirror symmetry) in the inertial
range. We also demonstrate that there exists no signif-
icant scale-dependent geometric alignment between ve-
locity and vorticity, supporting our conclusion that phase
alignment is the primary mechanism contributing to the
scale-dependent reduction of helicity. In Ref. [43], it was
found that dynamic phase alignment between the fluctu-
ations of electric and magnetic potentials underpins the
joint forward cascade of energy and generalized kinetic
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FIG. 2. Probability density function of the absolute value of
the geometric angle between band-pass-filtered fluctuations of
velocity and vorticity. No significant dependence on scale is
observed. Data obtained from simulation A3.
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FIG. 3. (a) Difference between conditional probability of pos-
itive and negative alignment for a given |cos@| (solid lines)
and linear fit of the data for each wavenumber range (dashed
lines). The figure illustrates that, at each scale, the function
g(|cos]) is well approximated by a linear expression, i.e.,
g(|cos|) ~ |cosf|. (b) Slope coefficients of the linear fits,
ag, for the different wavenumber ranges. The color coding
highlights the correspondence between data presented in sub-
plots (a) and (b). Data obtained from simulation A3.

helicity in a range of anisotropic turbulent plasma sys-
tems. This remarkable similarity between systems gov-
erned by different sets of equations is suggestive of a
powerful unifying paradigm, whereby the conservation
of energy and a second invariant in a joint cascade de-
termines the scale-dependent phase alignment between
the two fields in the integrand of the second invariant.



Dynamic phase alignment thus acquires importance as
a mechanism regulating the dynamics in the presence of
two invariants, arising from their conservation in the joint
direct cascade, regardless of the details of the physical in-
teractions.

While we provided significant evidence for the exis-
tence and importance of dynamic phase alignment, we
stopped short of characterizing how it emerges from the
nonlinear interactions. Dynamic phase alignment need
not be regarded as necessarily alternative to other pro-
posed paradigms for characterizing imbalanced turbu-
lence [6] [7, 20] [39, 44H49]. As an example, Ref. [20] ex-
plains the spectral scaling of helicity as arising from an
imbalanced transfer between modes of positive and nega-
tive chirality within the helical decomposition framework
[50). Tt is possible that dynamic phase alignment results
from such transfer.
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