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Abstract. We re-examine the gravitational capture of dark matter (DM) through long-
range interactions. We demonstrate that neglecting the thermal motion of target particles,
which is often a good approximation for short-range capture, results in parametrically inac-
curate results for long-range capture. When the particle mediating the scattering process has
a mass that is small in comparison to the momentum transfer in scattering events, correctly
incorporating the thermal motion of target particles results in a quadratic, rather than loga-
rithmic, sensitivity to the mediator mass, which substantially enhances the capture rate. We
quantitatively assess the impact of this finite temperature effect on the captured DM popu-
lation in the Sun as a function of mediator mass. We find that capture of DM through light
dark photons, as in e.g. mirror DM, can be powerfully enhanced, with self-capture attaining
a geometric limit over much of parameter space. For visibly-decaying dark photons, thermal
corrections are not large in the Sun, but may be important in understanding long-range DM
capture in more massive bodies such as Population III stars. We additionally provide the
first calculation of the long-range DM self-evaporation rate.
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1 Introduction

The gravitational capture of dark matter (DM) in massive bodies such as stars and planets
is a powerful probe of DM’s non-gravitational interactions with the SM. Dark matter that
undergoes scattering with the material in a massive body can lose enough energy in the
scattering event to become gravitationally bound. Through such processes the massive body
can build up a population of captured dark matter, which can in turn give rise to a variety of
observational signatures depending on the detailed properties of DM. If the captured DM can
self-annihilate, then its annihilation products may be detected either directly, if they escape
the body [1-3], or indirectly, through the energy they deposit into the capturing body [4-9].
Even in the absence of annihilations, the captured DM population may still be detectable
through its gravitational effect on the capturing body [10-17].

In computing the DM capture rate for non-degenerate systems, e.g., main sequence stars
such as our Sun, planets such as our Earth, and nuclei in white dwarfs, it is common to neglect
the temperature of the target particles. For short-range interactions, incorporating the finite
temperature of the targets gives corrections of less than 10% to the zero-temperature nuclear
capture rate in the Sun for DM heavier than the evaporation mass [18, 19], and thus in this
case the zero-temperature approximation for DM capture is usually well justified. However,
we show here that for long-range interactions, the thermal motion of target nuclei has a far
more dramatic effect on the capture rate. The zero-temperature capture rate through long-
range interactions is logarithmically divergent [20], and is thus only logarithmically sensitive
to the (model-dependent) regulator, which could be a screening scale [20] or an intrinsic
mediator mass [21]. We find that retaining the finite temperature of the target nuclei instead



results in a quadratically divergent capture rate in the long-range regime, resulting in both a
substantially enhanced capture rate and increased sensitivity to the physics responsible for
regulating the capture rate in the infrared. Similar results hold for the self-capture of DM
through long-range interactions.

Capture via long-range interactions is particularly relevant for DM that interacts with
itself and/or the SM via a new dark force. DM self-interactions in such models can lead to
novel cosmological and/or astrophysical signatures [22-27]. These models generally feature
secluded DM annihilations into mediators that may be long-lived, thus providing novel cosmic
ray signatures [2, 3, 28-39]. Thermal target motion is known to be important in cases where
short-range scattering on electrons dominates gravitational capture in the Sun, due to the
much larger thermal velocities of electrons compared to nuclei [40]. The effect we point out in
this paper is qualitatively distinct, and applies for long-range interactions between DM and
any non-degenerate population of targets, including electrons. For concreteness, we illustrate
the general point with numerical results for the familiar case of nuclear capture in the Sun,
which offers the most immediate detection prospects, but discuss how our results apply to
other systems.

In Secs. 2 and 3 we discuss long-range nuclear capture and long-range DM self-capture,
respectively. Both sections start with a review of the zero-temperature calculation, followed
by the finite-temperature calculation incorporating the thermal motion of target particles.
We quantify the impact of the finite target temperature and discuss its observational and
phenomenological implications in Sec. 4. We conclude in Sec. 5, and provide additional
technical details for the computation of nuclear and self-capture rates in Appendices A and B,
respectively. Finally, we discuss DM self-evaporation via long-range forces in Appendix C.

2 Nuclear capture with thermal targets

We begin with the calculation of the rate of DM gravitational capture in the Sun by scattering
against nuclei, given by the nuclear capture coefficient C.. This rate depends on three
ingredients: a model of the DM halo in the vicinity of the Sun, a model of the solar interior,
and a model for the DM-nuclear interaction cross-section.

For DM particles in the halo we assume a Maxwell distribution of velocities,
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where u is the DM speed far away from the Sun and #2 is the DM rms speed. To find the
distribution of initial DM speeds as seen by the Sun, we perform a Galilean transformation
to the Sun’s rest frame and average over the solid angle:
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where ¥ is the Galilean boost from the Galactic rest frame to the Sun rest frame. Assuming
a virialized DM halo, 9% = 3/2 U%SR, where vr,sgr is the Local Standard of Rest at the position
of the Sun. Refs. [41-43] estimate vr,gsg = 235 km/s, so that v = 288 km/s. Given the
Sun’s peculiar velocity vpee = (11,12,7) km/s [44], it moves at © = 247 km/s with respect
to the DM halo. Meanwhile, the number density of dark matter in the solar neighborhood is
npMm = ppom/Mpwm, where we take ppy = 0.4 GeV/em? [45].



We model the density and composition of the Sun using the BS05(AGS, OP) solar
model [46]. For DM-nuclear interactions, we consider for concreteness a minimal reference
model that consists of a fermionic DM particle x with mass Mpyr, which couples to a massive
U(1) gauge boson Ap with mass M,,. We take Ap to couple to the SM via kinetic mixing
with the hypercharge gauge boson [47]. The diagonalization of the gauge field kinetic terms
results in the mostly-Ap mass eigenstate picking up interactions with the SM via small
mixings with hypercharge. In this paper we will focus on a light Ap boson, such that its
couplings to the SM are photon-like. The Lagrangian in the mass basis then reads
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where I) = ¢ + igpAp, € controls the kinetic mixing and f is a SM fermion with electric
charge qy. For previous studies of gravitational capture in this model, see Refs. [32, 33, 39)].
2.1 Zero-temperature calculation

We begin with a review of the zero-temperature calculation. We construct the capture
coefficient following the procedure outlined in Gould’s work [18, 48, 49], where the differential
capture rate is integrated over spherical shells of the capturing body,

R 5 dCe;
C. = ch’i = Z . drdmr v (2.4)

where R is the radius of the Sun, and the sum runs over the contributions of different nuclear
species. The capture rate per unit volume is

dC.;
av
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where n; is the number density of nuclear species i, npy is the local DM halo number density,
0. is the DM-nucleus cross section for scatterings that lead to capture, and w? = u? +v2(r)
is the DM speed before the collision, reflecting the increase in kinetic energy as the incoming
DM falls into the Sun’s potential well.

We will consider the scattering process in the center of mass (CM) frame. Let ¥} and
7SM be the CM velocities of the DM particle and nucleus before the collision. The Galilean

transformation to the CM frame reads:

W = T + Vo, Ty =0 =M + oy, (2.6)
such that m;7C™ + Mpy@, = 0. We note that
M, M,
oM = DMU/l and W = <1 + =2 ) 7). (2.7)
m; my;

The vectors W, Ucps and U] are all collinear, which greatly simplifies the angular structure of
the integral in Eq. 2.5. We now switch the integration variable to d*, giving
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We turn to the construction of the capture cross-section o.;. DM scattering off nuclei
proceeds via the t-channel exchange of Ap. In the non-relativistic limit, the matrix element-
squared for this process reads

4g%ee? m? 1

vt MBy (1 —cosf + p)?’

IM[* = (2.9)
where 6 is the scattering angle in the CM frame, m,, is the mass of the nucleon and u regulates
the forward singularity. For a massive dark gauge boson of mass M,

p=—1. (2.10)

In the case of coherent scattering, the nuclear cross-section can be simply written in terms
of the nucleon cross-section

M 2 2
oei = (=) 2o, (2.11)
where Z; is the number of protons in nucleus i, m = Mpym,/(Mpum + my,) is the reduced
DM-nucleon mass and m; = Mpym;/(Mpn + m;) is the reduced DM-nucleus mass. Using

the matrix element in Eq. 2.9 above, we now calculate o.:
1 m?

~ 16m2 M2, (27)
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where d€);, = sin0dfd¢, is the solid angle specifying the direction of the CM-frame velocity
of the DM particle after the collision. Here the step function enforces the kinematic require-

ment that the outgoing DM particle is gravitationally bound. Note that ﬁlgf/[ ;= 0 T voMm
and | ;| = [#]. The step function thus imposes an upper bound on the cos § integral:
) 2 M 2
cosf < cosfy = i Uesc,(r) —1- DM <1, (2.13)
QMDM ’1)12 my

where the second inequality is a consequence of the fact that w > ves(r). For sufficiently
energetic incoming DM particles, cosf; < —1 and gravitational capture cannot occur for
any scattering angle 6. Therefore, requiring cosy > —1 imposes an upper bound on w for
events leading to capture:

m; + Mpum
< T TDM 2.14
W < Vese(T) 7 — Mpw| ( )
The capture cross-section can be evaluated in closed form,
2
aqpe 1+ cosf,
;= 2177 : 2.15
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where ap = g% /(4n) and a = €?/(4w). The kinematic integral now reads:
m; +Mpm
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We note that o.; is finite in the limit p — 0 except at w = vesc(r), where cosf = 1. Upon
integrating over the incoming DM speed w in Eq. 2.16, this singularity in o.; results in C,
having a logarithmic sensitivity on the regulator u [20, 50].

Numerical calculations of C. with T" = 0 are shown as dashed lines in Fig. 1, where
we examine the dependence of the capture coefficient on M, at fixed Mpy and vice-versa.
Here we consider fixed couplings ap = 1073 and € = 1073.

The left panel of Fig. 1 illustrates two distinct regimes for the capture rate dependence
on the mediator mass M,,. When the dark photon mass is sufficiently large compared to
the typical momentum transfer in a capture event, i.e., y » 1, the interaction is effectively
pointlike, which in this model yields a constant, velocity-independent cross section propor-
tional to M;;. In the opposite limit, when M, is much smaller than the typical momentum
transfer and p1 « 1, the zero-temperature capture rate depends logarithmically on M, .

2.2 Nuclear Capture at Finite Temperature

We extend our previous treatment of nuclear capture by “restoring” the thermal motion of
nuclear targets, which can be described by a Maxwell distribution

my; 3/2 miU2
fi(Un) = <27TTsun) exp <_2TSun> (2.17)

in the Sun’s rest frame, where m; is the mass of the nucleus, v, is the velocity of the nucleus
and Tgyy is the local temperature in the Sun. We take Tgy, to be the (constant) core
temperature for simplicity.

In addition to the integral over the distribution of incoming DM speeds, the capture
rate per unit shell now includes a convolution over the thermal distribution of the target
particle velocity,

dCc,i
dv
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The scattering process itself remains simplest to describe in the CM frame; however,
the kinematic conditions for capture depend on the outgoing velocities in the lab frame.
This complicates the evaluation of the final state phase space integrals, but as we will see
being careful about the capture conditions is important for obtaining the correct parametric
dependence of the capture rate. Transforming the velocity integrals §d®@ { d3%,, to the CM
frame, we have for the incoming DM

j P () = f AT (] — vese (1)) f (v/0? — 2o (1)). (2.19)

Let ) and 7™ be the CM velocities of the DM particle and nucleus before the collision.
The Galilean transformation reads

W= +Tom, =05 + Toum, (2:20)
where
. m; . Mpm
VoM = 2.21
m; + MDM m; + MDM ( )



Next we switch variables to (doar, ), where the Jacobian for this transformation is
J = (1 + Mpy/m;)®, giving

dCci — — — —
ot = o [ Eicar [ @570 (ons + 1] - veelr)) £, (/e + 702 = o))

M, _,
X fz (ﬁCM + USM) (1 + T)?M> ‘Ullyac,i. (2.22)
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Without loss of generality, we orient the z-axis of our frame along ¥}, so that d*%| = 4mv2dv}.
We let o and ¢o s specify the polar and azimuthal angles of oy with respect to the z-axis.
Next we introduce the following definition to ease notation:

v2

2 2

esc(r) — VYoM T U1
= . 2.23
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Using the definitions above we write the capture rate per unit volume as an integral over
four kinematic variables, (voar, v, ca, o), where for brevity we write caw = cosa and
sa = sina,

dC.; p
dCT/ = n;(r)npMm fv%MdeMdcoqubCM fvfdvﬂﬂ@(ca — B(r))x
M, 4
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The two Maxwell distributions in the CM frame read
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for the nuclei, and

1 e 3 exp (— g 2ucar(ea — A(r)
32 2y 292 v/ 2ven] (ca — B(r))

x sinh (q / %277\/21)0]\/[@’1(00( — ﬁ(r))) (2.26)

for the DM particles, where n? = 39%/(20?).

Next we consider the calculation of the capture cross-section o.;. Similar to the zero-
temperature calculation we will consider coherent nuclear scattering, such that the nuclear
cross-section is given in terms of the nucleon cross-section, Eq. 2.11, with the matrix element
squared again given by Eq. 2.9. The major difference in the finite temperature calculation
is that the velocities (Toas, 77, 171 f) are no longer coplanar in general. The argument of the
kinematic step function that enforces the requirement that the final state DM particle is grav-
itationally bound is therefore significantly more involved. After some algebraic manipulations
of Eq. 2.12, the capture cross-section can be written

fo (V/(Gear + 72 =2l
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where «y is the angle between vy and the final state DM velocity in the CM frame, 1717 f

cosy = sinasin @ cos(¢, — ¢cnr) + cos acosf. (2.28)

Here we can see that the singularity structure is (as expected for cross-sections with forward
singularities) dependent on the integral over the polar scattering angle, while the criteria for
capture make the integration in Eq. 2.27 over the azimuthal angle ¢, nontrivial. As forward
scattering cannot be neglected for long-range capture, the simpler average treatment of [51] is
insufficient to capture the parametric dependence of the capture cross-section in this regime.

Before we put all the calculations together, let us introduce one more definition that
collects together three of the four angular integrals:

1 1

21 1 27
o= g |, oo || deost | o s60) sy 229

The step functions in Egs. 2.24 and 2.27 require —1 < cosy < B(r) < ca < 1. We also note
the reduced functional dependence J.(Mpwm, M, 7, vem, vh, ca) = Je(B(r), ca, p). We ex-
ploit this property to precompute J. numerically, before computing the remaining kinematic
integrals over voar, v] and ca. We delegate the details of this calculation to Appendix A.
Putting everything together, the capture rate per unit volume reads

dCci 2 oo Q0 ,
ot ni<r>nDM<4w>2zfa‘;§ L dvcar L v f dea®(ca — B(r)O(1 - B(r))
2
x O(B(r) + 1)1}5,]‘/[ fi (UCM,’Ui, ca) In (UCM,’Ui, ca) Je(B(r), ca, ). (2.30)
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The kinematic constraint —1 < 3(r) < 1 translates into bounds on the speeds veopys and vf:
Vese(T) K venr + 0] and  wese(r) = Jvonr — V). (2.31)

Thus, we finally obtain the following capture rate per volume shell:
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Together with the precomputed J., we numerically calculate the capture rate

R 5 dCe;
C. = Z Cei = Z ) drdmr? =2t (2.33)

The resulting capture coefficient is shown in Fig. 1 as a function of Mpy and M.

We again note the presence of two qualitatively distinct scattering regimes, correspond-
ing to different scalings of C. with M,,. For mediator masses large compared to typical
momentum transfers, we again obtain the M;Lf scaling indicative of an effectively pointlike
interaction, similar to the T' = 0 calculation. Numerically, we find that for a contact inter-
action the full thermal calculation gives a capture coefficient which is O(10%) smaller than
the T' = 0 calculation, in agreement with previous studies [19]. This small decrease in the
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Figure 1. Left: Solar capture rate as a function of M., with (solid) and without (dashed) nuclear
thermal motion. The different colors correspond to different DM masses. Dotted lines are included
to highlight the parametric dependence on M., in the long and short-range regimes. Right: Solar
capture rate as a function of Mpy with (solid) and without (dashed) nuclear thermal motion for fixed
M,, = 1079 GeV. We fix ap = 1073, e = 1073 and a uniform temperature Tgun = 1.57 x 107 K.

capture coefficient comes from the small increase in the typical CM energy of the collision,
which reduces the volume of phase space that meets the kinematic criteria for capture.

Qualitatively new behavior occurs for small mediator masses, where we find that C. is
proportional to M;DQ This parametric dependence on the mediator mass is much stronger
than the logarithmic sensitivity obtained in the 7' = 0 calculation and leads to a much larger
capture coefficient in the long-range regime. In the presence of target thermal motion, the
subspace of kinematic configurations that can lead to capture at small momentum transfer is
larger than the same subspace when thermal motion is absent. In the T' = 0 calculation, the
logarithmic scaling with M, is a consequence of the fact that capture with zero-momentum
transfer can occur only at one kinematic point, w = vesc (), for the incoming DM velocity. In
the presence of thermal motion of the targets, capture via zero-momentum transfer can occur
in the larger kinematic region w € [Vesc(7), Vesc () + O(1/3T5un/m;)]. The forward singularity
is now relevant in a finite (even if small) slice of the kinematic integral rather than at a single
point, thus promoting the would-be logarithmic dependence on i to a linear one. In turn,
this leads to the capture rate scaling as ="' ~ ]\4,Y_D2

One important corollary of the discussion above is that the capture rate calculation
at finite T remains insensitive to the high speed tail of the halo DM distribution. Long-
range gravitational capture is dominated by scattering with small momentum transfer, which
involves DM particles from the small velocity tail of the halo distribution. We have checked
numerically that cutting the galactic frame DM velocity distribution off at the galactic escape
speed vgq € [450 km/s, 650 km/s] [52] results in negligible corrections to the capture rate.
The dominance of small momentum transfer events in the long-range capture rate also means
that DM-nuclear scattering will typically be well-approximated as coherent.

Finally, while we have used a constant core temperature for simplicity, the Sun’s tem-
perature varies with radius. Since most capture occurs near the core, this is a reasonable first
approximation. As the thermal velocity of the target nuclei is important for controlling the
thermal enhancement to the long-range capture rate, we expect that accounting for the radial
variation of the solar temperature is more important for long-range capture than short-range
capture. We have checked numerically that incorporating the radial temperature profile in
the model of Ref. [46] reduces the finite-temperature capture rate by up to tens of percent in



the long-range regime, which can be important for detailed studies of signals in any specific
model realizing long-range nuclear interactions.

3 Dark Matter self-capture and self-ejection with thermal corrections

In this section we discuss DM self-capture and self-ejection rates. Self-capture occurs when
an incoming DM particle scatters against a previously-captured DM particle, such that both
particles remain gravitationally bound after the collision. Conversely, self-ejection occurs
when both DM particles are gravitationally unbound after scattering. The self-capture coef-
ficient Cg. gives the rate of gravitational self-capture per bound DM particle, and similarly
Cse for self-ejection. In our reference DM model, the DM particle is Dirac; we assume the relic
abundance of x and y are equal. The calculation of Cy. proceeds similarly to that for nuclear
capture, except that the target particle is now a previously-captured DM particle instead of
a nucleus. The cross-section for events leading to the net capture of DM is therefore subject
to the additional kinematic constraint that the target DM particle remain bound after the
collision; similarly, for self-ejection, an additional kinematic requirement imposes that the
target DM particle is unbound following the collision.

To compute the rate for either process, one must model the distribution of the target DM
population inside the capturing object. We consider the case where the DM-SM interaction
is strong enough to thermalize the captured DM particles with the nuclei within the lifetime
of the Sun.! The spatial distribution of the DM is then given by the equilibrium quantity

ne(r) = Aexp (—MDM’USSC(’I")/2TSHH) , (3.1)

which for simplicity we again take at the core temperature of the capturing body. Here the
normalization factor A ensures {dVn.(r) = 1. We will again take the Sun’s temperature to
be constant for simplicity. For self-capture of heavy DM (Mpy 2 10 GeV), unlike nuclear
capture, this is a good approximation even in the long-range regime simply because the
physical volume occupied by the captured dark matter population is small, occupying a
sphere with radius at most O(2 — 3%) of Rg), where the variation of the solar temperature is
small.

3.1 Zero-temperature calculation

We begin with a review of the self-capture calculation in the limit of no thermal motion of
the captured DM particles [20, 54]. The self-capture coefficient is constructed in analogy to
the nuclear capture coefficient, by integrating contributions from all volume shells:

dCSC _ 1 ®© 3 = — 2 2 —
v 2nDMnC(T)J;] d* 0O (|W] — vesc (7)) fr ( we = Uesc(r)> |Wose (3.2)

The differences with respect to Eq. 2.8 for the nuclear capture coefficient are (i) the target
particle distribution is now given by n.(r); (ii) an overall factor of 1/2, stemming from the

!See Ref. [53] for a discussion of thermalization via short-range spin- and velocity-independent nuclear in-
teractions. The dark photon-mediated reference model used here yields spin- and velocity-independent nuclear
interactions, but depending on the dark photon mass and the momentum transfer can produce either short-
or long-range interactions. The approach to thermalization involves multiple scatterings with increasingly
small momentum transfer; thus even if the initial capture collision is in the long-range regime, the process of
thermalization may be dominated by short-range scatterings.



assumption that the relic abundance of DM is symmetric; (iii) the relevant cross-section is
now that for self-capture, oge.

At the microscopic level several processes contribute to og.: self-capture of incoming
particles (antiparticles) by scattering against captured particles (antiparticles), and of par-
ticles (antiparticles) by scattering on target antiparticles (particles). In the non-relativistic
limit the matrix element squared, summing all contributions, can be written

M2 = 49D 0 3.3
| | - ’U/4 fSC(COS 7”)7 ( . )
1

with
1 1 1
ScC 9’ = ’
Joc(cos O, ) (1—cosﬁ+u)2+(1+Cose+u)2+(1_COSH+“)(1+COSH+M)

where 6 is the scattering angle in the CM frame and p is defined in Eq. 2.10. The self-capture
condition demands

(3.4)

Hlla?‘ Vesc T) and ‘ Zf‘ Vesc T) (3.5)

The Galilean transformation from the CM frame to the lab frame reads
w=ﬁ+170M, U, =0= —773-{-170]\4 (3.6)

where 9. = 0 is a consequence of neglecting the thermal motion of the target DM particles.
Now we write the self-capture condition as a constraint on the CM frame scattering angle 6:

Osc = O(5(r) — | cos b)), (3.7)

noting that S > 0 is a necessary condition for self-capture to occur. Furthermore, Eq. 2.23
simplifies to B(r) = 202 (r)/w? — 1, ensuring that 8 < 1. The self-capture cross-section is
found by integrating the matrix element with O, specified in Eq. 3.7, over the solid angle in
the CM frame:

Lo [agamre. = 25D o) [ deostptcost . 39
Osc = ooa o170 7, sc = COS sc\COSU, ). .
25672 My * My —B(r)
The self-capture cross-section o, can be evaluated in closed form,
(r)
47TaD O(8() 88(r) . 2ArcTanh (Hu) (39)
Ose = —5—— .
T MRyt —B2(r) + (1 + p)? L+ p
Collecting terms, we obtain the following expression for self-capture per unit volume:
dCse 1 V2vese(r) gy
2 (=)
dv 2nDMnc(T) J;)Csc(r) T('fn Uesc(r) x
2 9ArcTanh (20
8 drad, 86(r) N T+p (3.10)
My | =8%(r) + (L + p)? L+ p '
The term in the square brackets is singular at w = wvege(r) for p = 0, resulting in a

logarithmic dependence of Cs. on p, and in turn on the dark photon mass M,,, sim-
ilar to zero-temperature nuclear capture. The characteristic scattering regime is deter-
mined by how large the mediator mass is compared to the typical momentum transfer,
MpMUese ~ (2 10_3)MDM: heavy mediators correspond to pointlike interactions, giving
rise to the expected Mv_zjl dependence; in the opposite limit, the dependence is logarithmic.

~10 -



3.2 Self-Capture at Finite Temperature

Now we turn to self-capture at finite temperature. We model the velocity distribution of
captured DM particles with a Maxwell distribution at the core temperature, truncated at
the local escape velocity:

Mpy \*? Mpyv?
Ue) = A — £ U 3.11
50 = n) (o) e (<HRME) ) <ue), (1)

with Ayp(r) chosen such that Sgesc(r) d3.f.(v.) = 1. The self-capture coefficient now includes
an integral over the initial velocity of the captured DM particle, U,:

dCs 1 Lo w Vesc(T) 5
=3 c i— _)c c\Vc v — _'c sc* 12
v 2nDMn (T)JO d uufn(u)fo d°TUe fe(ve)| W — Telo (3.12)

The kinematic constraints leading to self-capture, given in Eq. 3.5, now translate into
the following step function on the scattering angle v, defined in Eq. 2.28:

Osc = Oue(B(r) — | cosy]) x O(B(r)). (3.13)

We make a Galilean transformation to bring the velocity integrals to the CM frame,
where ¥ and ¥}, denote the CM velocities of the incoming and captured DM particles before
the collision,

0 ’UCSC(T) 0 chc("')
| aa |7 dnne) = | o, (Vo) [T dise) -
u 'Uesc('f')

0 0 0
— ” 38 w? — v (r W] — Voo (T OO317 v Vese (1) = |T.]). )
| iy (Vor = 12e) 001~ vl | P ife00Blvelr) 156D (314)

Now we switch to CM frame velocities,

w = ’173 + o, Up = ?7’2 + Uom (3.15)
with o, = —#/,. The Jacobian of the transformation (@, %,) — (o, ;) is now J = 8. In
2 1 1

the CM frame, the velocity integrals read

Q0 o8]
[ ens [ @51, (/@1 4 foan = el ) 21 1 + dea
0

0
x O (7] + Tom| — vese(r)) © (vese(r) — | = U1 + Tom]) - (3.16)

We choose coordinates where ¢ is along the z-axis, so that the solid angle integration for ]
is trivial. We denote the polar and azimuthal angles of Uy as («, ¢car). Using the definition
of B in Eq. 2.23 we write the velocity integrals in a more compact form,

0 1 27 0 ,
J vé o dvear J dcaf docm f dmvdvl J f <\/2vCMvi (ca — B(r))) X
0 ~1 0 0

X fe <\/U%M +v2 + 2U0Mvica> O(ca — B(r))O(ca + B(r)). (3.17)
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We calculate the self-capture cross-section o, in a manner similar to Eq. 3.8, where the matrix
element given by Eq. 3.3 is convoluted with the new self-capture condition in Eq. 3.13,

1
25612 M2,

o2
- me(ﬁ(r)) Jdcos Odpy fsc(cos b, n)O(B(r) — | cosl). (3.18)

Osc

fdcos&d¢x|/\/l|2@sc =

Putting together this cross-section expression with the CM-frame velocity integrals of Eq. 3.17
in Eq. 3.12 gives for the self-capture coefficient

dCsc 1 ” 2 ” 2 4.7 ' 2 /
= —npMmne(r) | voydver | vSdvy | dea(dn)® f, \/2vonl(ca —B(r)) | x
dv 2 0 1

0
2 2 / 203
X fe \/UCM + v° + 2uopvica ) Oca — B(r))O(ca + ﬁ(r))@(,@(r))stc(ﬂ(r), ca, ),
pMmY1
(3.19)
where we introduced the angular integral J,,
1 2 27 1
Jo=m g | docu | do | deostfcost. O3~ cosa). (3:20
T Jo 0 -1

We detail the calculation of J,. in Appendix B. The three step functions in Eq. 3.19 restrict
the integration domain as follows. The first and third step functions make the second step
function redundant. Additionally, the first step function implicitly demands that S(r) < 1.
Hence, we must have 0 < f(r) < 1. Using the definition of 3, this condition turns into a
finite integration region for the speeds:

dCsc 1 Vesc(T) 9 v&e (T)_UQCM 9 1
= —npmne(r) verdvenr v dv] dearx

av 2 0 Vesc (1) —ve B(r)
20c0Y] V¥ 0 + 20001 pUn’ep
X fn \/ vemvy(ca — B(r)) ) fe VEg T U+ 2uomvica SYERES sc(B(1), ca, ).
DM Y1
(3.21)

In Fig. 2 we present the results of numerically evaluating the remaining integrals. The left
panel shows the self-capture rate as a function of dark photon mass for several different DM
masses. The capture rate again exhibits two qualitatively distinct regimes: the short-range
regime with C}’SCOCM7_134 and the long-range regime where CSCmM;]DQ, similar to long-range
nuclear capture. In the right panel, we plot the self-capture rate as a function of DM mass,
contrasting the full calculation to the zero temperature one. The dependence of Cy on
Mpy comes from three sources: (i) the local number density of DM in the halo; (ii) the
scattering cross-section, O'SCOCMSI%/[; and the novel factor (iii) M3y, /MgD from the p~! scaling
of the thermally-averaged self-capture cross-section. Combining these factors produces a final
CL#0 ~ Mgl\l/[ scaling. By contrast, in the zero-temperature calculation, the dependence on
u softens to a logarithmic one, and to leading order, CL=0 ~ M]Sli)’/[‘

Finally, we discuss the self-ejection coefficient Cgs.. Most of the formalism and notation
for this case carries over from self-capture and we only highlight the qualitative differences

~12 -



1078

10—1 1L

- —10ml T

= e T

5 s T

O‘ © \\\\‘;';;;,\_ M

10720_ ~.~:<;~.~-_.;_~_:\ 1
10_32’0@:10_3 Mpy=110 107 10° GeV N 10-23L ap=10-3 MyD=1076 GeV |
105 10° 10 102 1 102 1 510 50 100 500 1000
M,p, [GeV] Mpwm, [GeV]

Figure 2. Left: Self-capture coefficient in the Sun as a function of mediator mass M,,. Solid
lines correspond to the full calculation including the target’s thermal motion, while dashed lines show
the zero-temperature calculation. The different colors correspond to different DM masses. Dotted
lines are included to highlight the parametric scaling with M., in the two regimes. Right: Self-
capture coefficient in the Sun, as a function of DM mass. We fix M., = 1075 GeV, corresponding to
long-range scattering, and ap = 1073.

between the two processes. First, the self-ejection constraints on the final state speeds are
reversed from those for self-capture,

7] > vese(r), 175 > vese(r)- (3.22)
These conditions lead to the following step functions ensuring self-ejection:

Ose = O(=4(r) —[cosy[)O(=4(r))O1 + B(r)). (3.23)

Recall that self-capture demands 0 < 3(r) < 1, while for self-ejection —1 < B(r) < 0. We
minimize the computational cost of the numerical integrals in this case by observing that
the contribution to self-ejection at 5 = —f3 is equal to the contribution to self-capture at 3.
This observation is a consequence of the fact that the same microscopic scattering processes
are responsible for both self-capture and self-ejection, and the difference between the two
processes is merely kinematic. Then,

0se(B(r), ca, n) = o5.(B(1), ca, ). (3.24)

Therefore, we can construct the self-ejection coefficient per unit volume using Eq. 3.19 by
exploiting this symmetry:

dfvse _ %nDMnc(r) JOO vEdvon L © V2du, fl dca®(1 — B(r)O(B(r))O(ca + B(r)) x

0 —
2 2
X fn <\/2voni(coz + B(r))> fe (\/’U%M +v2 + 2UCMUica> ZMJSC(B(T),CQ,;L).

(3.25)

At zero temperature, self-ejection is negligible compared to self-capture in the Sun for both
long- and short-range interactions [20, 53, 54]. We have verified that this remains true for
T #0.
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4 Implications for the Captured Dark Matter Population

As demonstrated in the two previous sections, retaining the finite thermal motion of the
target particles is critical in correctly evaluating capture rates through long-range interactions
(1 « 1). To help understand the range of mediator masses where these thermal target effects
are quantitatively significant for a given astrophysical object, we begin by estimating the scale
of momentum transfer in DM-nucleus collisions. Using Eqgs. 2.20 and 2.21, the momentum
exchange in a given scattering between halo DM particles and a nuclear target is

2 2

Mo s g2 (4.1)

AP)? = M2y 02 = M2 |6 — Goy|? = ——DM™
( ﬁ) DM Y1 DM‘ ‘ (MDM‘sz)

Now, vy, is drawn from a Maxwell distribution at the (core) temperature of the massive body,
hence v2 ~ 3T /m;. Meanwhile, w? = u? + v2,.(r), where the natural scale for u is v, the rms
speed of the halo particles. Hence, the typical momentum transfer in a scattering event can

be estimated as

Apiyp = mi\/vgsc(r) + 02 + 3T /m; — 24/ V2. (1) + 02+/3T /m; cos(£.(0, Ty)), (4.2)
up to factors of a few. In the Sun, the three velocity scales that control the kinematics are

v = 288 km/s,
Vese(r) € [600,1300] km/s,

1/2
/3 Toun /s ~ 85 km /s x <5OmGW) . (4.3)

(2

Thus for scattering in the Sun, the dominant velocity scale is Ve, giving
Apryp ~ 5 x 1073m;. (4.4)

For collisions with oxygen nuclei, Apy,,, = 16 MeV for heavy dark matter, Mpy » 16 GeV.
For Mpwm « 16 GeV, Apyy, = 1 MeV(Mpn/GeV). Thus for gravitational capture in the Sun,
typical DM-nuclear collisions are effectively short-range for mediator masses heavier than the
10 MeV scale.

Electrons have the same temperature as nuclei, but owing to their smaller mass will
have a much larger thermal velocity. Thus for electrons the thermal velocity can easily
dominate over the other velocity scales in evaluating Apy,,. However, for DM heavier than
the evaporation mass in the Sun, the reduced DM-electron mass is m; &~ m., which suppresses
Apiyp in comparison to nuclear scattering. We thus expect scattering on electrons to remain
subleading in this DM mass range.

Meanwhile the typical momentum exchange in collisions between halo and bound DM,
relevant for self-capture, follows by replacing the DM-nucleus reduced mass m; with the
reduced mass for the DM-DM system. Thus while the typical momentum transfer in nuclear
capture collisions saturates as the DM mass increases, in the sense that (Apyy,)¢ = mivy,, ~
M;Vpyp, the typical momentum transfer in self-capture collisions (Apyyy)™ = 1/2Mpamuviyy
increases with DM mass. Consequently, for heavy DM, long-range self-capture rates can
exhibit a parametric enhancement for mediator masses where nuclear capture rates do not.

For mediator masses M., < Api,p, the short-range approximation is no longer ad-
equate to describe gravitational capture. However, as we have seen, the biggest thermal
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enhancements to capture rates arise from the forward scattering regime, where the momen-
tum transfers can be substantially smaller than Apy,,. To understand precisely how large the
hierarchy M., « Apyy, needs to be for thermal enhancements to be sizeable, we numerically
evaluate the capture rates and find the resulting captured dark matter population.

In the regime where DM reaches thermal equilibrium with the nuclei of the Sun, the
number of bound DM particles in the Sun, N(t¢), can be obtained in terms of the nuclear and
self-capture coefficients, together with the annihilation coefficient Cyyy, by solving

% = Co 4 CseN — Coun N2 (4.5)
Here for brevity we have omitted subdominant processes such as self-ejection and (self-
)Jevaporation, which can be neglected for DM masses above ~ 4 GeV (~ 5 GeV). In the
generic situation where DM annihilations proceed dominantly to light mediators, the anni-
hilation coefficient Cyyy, is given by

Conn = %<aannv> f Avn2(r) (4.6)
_Lmah g >den2() (4.7)
203, 7t e\ ‘

where (Sg) is the thermally-averaged Sommerfeld enhancement, with (Sg)oca DMI;{\%I [20],
and n.(r) is given by Eq. 3.1.
The solution to Eq. 4.5 is [54]

N(t) - , (4.8)
1 _ Csc
E — tanh <%)
in terms of the equilibration time scale
5_1 = \/Cccann + 0520/4 (49)

Parametrically, for heavy DM in the long-range regime, the nuclear capture rate scales as

2

€E“ap
Ceot—5——, (4.10)
‘ M]%MMW2D
while for self-capture

2

Q@
Ceot—D 4.11
TNy (@.11)

Meanwhile, since San%(r)ocMgﬁ, Cannoca?]:). Thus CCCannoCEQaA‘DM]S&MJDQ and

CSQCocaf‘ngl\Q/[Mgl. Dialing the dark gauge coupling does not affect the relative importance
of nuclear capture versus self-capture, since both C’SQC and C.Cyyn have the same dependence
on ap [33]. However, since at finite temperature C.Capn, and 0526 have different parametric
dependences on Mpy and M, ,, the importance of self-capture compared to nuclear capture
increases as the hierarchy between the dark photon and DM mass is increased.

In the rest of this section we examine the finite-temperature DM population in two
different regimes for the mass of the dark photon.
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Figure 3. Ratio of the number of captured DM particles in the Sun at finite temperature to the zero-
temperature result, NI 79/NI=9 " as a function of dark gauge boson mass M,,,. The solid (dashed)
curves correspond to Mpy = 100 (1000) GeV. The different colors correspond to different values of
kinetic mixing parameter €. Shaded blue (red) regions are ruled out by stellar cooling and supernova
energy loss constraints for € = 1072(1071Y); for € = 107 and € = 10~® these constraints plus those
from the experiments LSND and E137 rule out the entire mass range.

4.1 Visibly decaying dark photons in the Sun and beyond

In Fig. 3 we show the ratio of the finite temperature calculation of the total bound population
today N. = N(7sun) in the Sun to the zero-temperature calculation, as a function of MAYD.2
Here 7gun = 5 x 10Y years is the age of the Sun. For M., » 10 MeV, capture collisions are
short-range and Fig. 3 accordingly displays the expected small negative thermal corrections.
Appreciable positive thermal corrections appear for M,, < MeV, more than an order of
magnitude below Apy,, ~ 16 MeV. For € = 1077, self-capture makes negligible contributions
to the DM abundance, and the thermal enhancement exhibited for M,, < MeV is due
entirely to the enhanced nuclear capture rate. As e is decreased, self-capture plays a more
important role in determining the number of captured DM particles. Since long-range self-
capture also becomes more important at larger DM masses, we see the differences between
the Mpym = 100 GeV (solid) and Mpy = 1 TeV (dashed) curves increase with decreasing
€. Thus the differences between the dashed and solid lines in Fig. 3 at given values of € and
M., help establish the relative importance of self-capture. We also discuss the regimes where
nuclear capture or self-capture dominates in a broader range of parameter space in Fig. 4
below.

For the values of € shown in Fig. 3, dark photons produced in the annihilations of
captured DM escape the Sun before decaying [3, 28]. Dark photons with masses above the
MeV scale can decay to charged particle-antiparticle pairs outside the Sun, giving cosmic ray
signals that can be probed by AMS [33] and gamma-ray telescopes such as Fermi and HAWC
[3, 31, 35, 36, 38, 39, 55]. In the parameter space relevant to AMS, 10710 < ¢ < 1076 and
M,,, € [1 MeV, 20 MeV], thermal corrections modify the T' = 0 approximation to the nuclear
capture rate at the few % level. For these benchmark choices of ap and Mpy and setting
M., =100 MeV, which corresponds to short-range nuclear capture, the values of the kinetic
mixing parameter ¢ shown in Fig. 3 are at least an order of magnitude above the smallest

2Since both C.Cann and C2Z are proportional to the same power of ap, all dependence on ap drops out of
this population ratio.
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coupling required for DM to thermalize with solar nuclei following the estimate of Ref. [53].
For fixed €, going to lower mediator masses leads to an overall larger cross-section, but for
sub-MeV mediators capture collisions are now in the transitional regime between long-range
and short-range. Thus in this mediator mass range the first few collisions following capture
may not be fully in the short-range regime. However, the subsequent nuclear scatterings in
the approach to thermalization see successively smaller momentum transfers, and are thus
well-described by short-range interactions. The DM-nuclear cross-sections for the parameter
points shown in Fig. 3 are well above the lower limits for short-range thermalization, and
thus we expect the thermal DM population to be a self-consistent description.

In general, we expect from Fig. 3 that visibly-decaying mediators are not sufficiently light
to realize large thermal enhancements to DM capture in the Sun. Sub-MeV mass mediators,
which can give rise to sizeable thermal enhancements, are subject to stringent constraints. In
Fig. 3 we show the constraints from stellar cooling [56-58] and rapid energy loss in Supernova
1987A [59] for € = 107 and € = 10710 (for e = 1077 and 10~® the entire mass range is ruled
out after imposing these constraints together with the exclusions from E137 [60, 61] and
LSND [62, 63]). For € = 1072 and ¢ = 10710 there are additional constraints on the minimal
dark photon model from extragalactic background light [64, 65] and supernovae [66] that can
be circumvented in the presence of additional invisible decay modes for the dark photon. In
the regions of dark photon parameter space shown in Fig. 3, stellar cooling and supernova
energy loss constraints arise from the free-streaming of dark photons out of the star, and
thus are not alleviated by invisible dark photon decay modes.

While for concreteness we have focused on dark photon mediators, stellar cooling con-
straints appear at similar mass scales for other possible mediators [67, 68], and thus these
general conclusions apply more broadly. However, as Fig. 3 makes clear, sizeable thermal
enhancements in solar capture begin to appear a relatively small distance below the ex-
clusions from stellar cooling bounds. Thus in hotter, more massive stars, characterized by
larger values of Apy,,, we can expect appreciable thermal enhancements to the capture of
DM via MeV-scale mediator exchange. Gravitational capture of DM in Population III stars
is especially interesting in this regard.

Population III stars are thought to form from the collapse of primordial gas clouds at the
centers of DM minihaloes. These first stars can have masses ranging up to 10000, and are
born in a DM-dense environment [69, 70]. The rate of (short-range) DM gravitational capture
in these massive early stars can potentially be large enough to give rise to detectable impacts
on the properties of the first-forming stars [70, 71]; see also [72]. Given the large escape
velocities within these massive stars, we expect thermal enhancements to long-range capture
to be appreciable in these systems even for visibly-decaying mediators, and important for
understanding their potential evolution. Generally, the capture rate will be dominated by the
central regions of the star where the escape velocity and temperature are both maximized; a
model for the internal structure of Population III stars is therefore important for establishing
the quantitative impacts of long-range capture in these objects.

4.2 Solar capture through ultralight dark photons

For dark photons, as distinct from other mediators, stellar cooling constraints become weaker
as the dark photon mass decreases [57]. Working in a basis of mass eigenstates, the suppres-
sion of dark photon emission with decreasing M., from the plasma in the stellar core can
be understood as an in-medium suppression of the effective mixing angle with the photon by
the factor M2 /(M2 —m?), where m, is the effective mass for the photon (see, e.g., [68]).
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Figure 4. Parameter space for light dark photons and gravitational capture of DM in the Sun. The
gray region shows the constraints on minimal dark photons from stellar cooling [56-58], Xenon10 [73],
supernova cooling [59] and e*e™ pair production [66], BBN [74], CMB spectral distortions [75], the
intergalactic diffuse photon background [64, 65], the E137 [60, 61] and LSND [62, 63] experiments,
and fifth force experiments [76, 77]. The cyan line shows the solar Debye mass mp, while blue lines
indicate where the dark photon has a lifetime comparable to the age of the universe (solid), the radius
of Earth’s orbit (dashed), and the Solar radius (dotted). Other contours indicate aspects of nuclear
capture and self-capture of DM for the reference values Mpy = 100 GeV and ap = 1073 (107%)
with solid (dashed) lines, as follows: bright purple lines indicate where the geometric limit for finite-
temperature nuclear capture is saturated, while the pale purple contour indicates the geometric limit in
the zero temperature calculation. Yellow lines indicate where the geometric limit for finite-temperature
DM self-capture is saturated; the corresponding geometric limits in the zero-temperature calculation
appear at values of € above the shown parameter space. The bright (pale) orange contours indicate
where the equilibration timescale &, Eq. 4.9, is equal to the age of the Sun at finite (zero) temperature.
Above the bright green line, nuclear capture dominates the captured population dynamics and provides
the dominant mechanism of gravitational capture, while below the line self-capture dominates. The
pale green contour shows the analogous result in the zero-temperature calculation.

The consequent suppression of the low-mass dark photon emission rate from stars opens up
a distinct regime where gravitational capture can be mediated by very light (sub-eV) dark
photons. In this regime gravitational capture in the Sun does become long-range and can
thus exhibit substantial thermal enhancements.

For long-range scattering with M., » my4, the parametric dependence of the capture
coefficient C.. on the model parameters (Mpw, M., €, ap) is given in Eq. 4.10. We determine
the coefficient of proportionality numerically. For dark photons with M,, « m4, we can
1ncorporate the in-medium suppression of the SM coupling with the replacement €2 /M 2

€2/ m . This scaling can be understood in the mass eigenstate basis by noting that Wlthln the
solar plasma, the mostly-SM photon eigenstate picks up a coupling to the dark matter current
given by egDmIQL‘/(MWQD — m%), which becomes —egp in the limit M,, « my. Scattering
through the mostly-SM eigenstate is then unsuppressed by the small ratio (M, /ma), and
gives the leading contribution to the capture rate in the light dark photon limit.

We estimate the size of the resulting IR cutoff by considering the leading contribution
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to long-range scattering in the nonrelativistic limit. This contribution comes from the longi-
tudinal portion of the photon propagator and in the nonrelativistic limit reduces to capture
via an electric field. The Debye mass, related to the plasma frequency by m?, = wf,(m/T),
controls the long-range screening of electric fields, and has also been discussed as a regulating
mass scale for long-range DM-SM scattering in [78].

We will assume, for simplicity, that all the nuclear species in the Sun are ionized and
impose local charge neutrality. Then the plasma frequency is

2 2
9 @n;  e*ne
— E AN 4.12
“p = m; Me ( )

where the electron density in the Sun is

_ N 5. Pilr)
ne(r) = ;ZZ o (4.13)
Again, for simplicity we take the temperature and number densities at the core of the Sun,
where most capture occurs. Numerically this yields w, = 0.26 keV and mp = 5 keV.
For M,, » wp, mp the long-range capture rate scales as 62/M,$D; in the light dark photon
parameter space, where M, « wy, mp, the capture rate becomes independent of the dark
photon mass, scaling instead as € /m%

This scaling will hold up until reaching values of € large enough to saturate the geometric
limit. The geometric limit corresponds to the maximum physical capture rate where every

geom

DM particle incident on the Sun is captured. We approximate this upper limit C¢ as the
incident flux of halo DM on the cross-sectional area of the Sun:

cgeom — 2 POM Jd?’a“’(R) Fow)|G(R)|. (4.14)
Mpm U
For fixed values of Mpy and ap, setting
CC(MDM,MWD,G,QD) = Cgeom (4.15)

then determines the curve in the (M, , €) plane where the geometric limit is saturated. We
show the resulting estimate for the saturation of the capture cross-section in Fig. 4 for a 100
GeV DM particle, with bright solid (dashed) purple lines indicating ap = 1073 (10~%). Above
the bright purple line, the Sun is optically thick to DM and the capture cross-section has
saturated; below the purple line, the capture rate is proportional to (¢/mp)?. For comparison,
we show in pale purple the geometric saturation curve from the zero-temperature calculation
for ap = 1073,

Models featuring very light dark photons are restricted by constraints on the effective
number of relativistic species during recombination, Neg. These constraints can be amelio-
rated by simple models of late-time asymmetric reheating [79, 80], but the condition that
the dark photon does not thermalize with the SM at late times requires the kinetic mixing
to satisfy € < 1079 [81, 82]. In this regime, the captured DM population will certainly ther-
malize with itself, but may or may not thermalize with the nuclei of the capturing body.
Thus the temperature of the captured DM may in general differ from that of the nuclei, but
we nonetheless expect a thermal distribution for both populations to remain an excellent
description.
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For simplicity we will consider the interplay between capture and self-capture assuming
that the captured DM has thermalized with the nuclei at Ts.,. We expect this to be a
conservative assumption in the sense that when a captured DM particle is unable to efficiently
transfer momentum to nuclei, the captured DM ball will have a higher temperature than the
SM, and thus self-capture will become even more important relative to nuclear capture.

Let us first consider the geometric limit of self-capture. Letting r, denote the radius of
the captured DM ball, adapting Eq. 4.14 to self-capture collisions gives

Cgeom = mr2 A2 J #7207 £ W), (4.16)
DM u

We define r, as the radius of a sphere enclosing 95% of the captured DM particles:

0.95 = f " AVng(r). (4.17)
0

For Mpy = 100 GeV, r, = 0.02R. The total self-capture rate Cs. N, is bounded from above
by the geometric self-capture rate:

CSC(MDM7 M’YD s OéD)NC(MDM, MfyD, ap, 6) < ngceom’ (418)

where the right-hand side only depends on Mpy and N, is given by Eq. 4.8. In Fig. 4 yellow
solid (dashed) lines show the curves in the (M, , €) plane that saturate this finite-temperature
geometric limit for fixed Mpy = 100 GeV and ap = 1072 (107%). In the parameter space of
interest, the geometric limit is saturated at values of the dark photon masses that are much
larger than regulators from in-medium effects.

Also in Fig. 4, we show in orange where the equilibration time scale £ is equal to Tsyn;
above the orange curves, the DM population has reached a steady-state value. Green lines
indicate where CeCann = C2./4; above (below) the green lines, CeCann » C2/4 (CeCann <
C2 /4) and nuclear capture (self-capture) is the dominant mechanism for gravitational DM
capture.

The finite-temperature calculation shows three important differences from the zero-
temperature calculation. First, vast regions of parameter space are in the geometric limit
for self-capture, a more drastic change than exhibited for the case of nuclear capture. An
immediate consequence is that the much larger self-capture rate is sufficient to equilibrate
the captured population at much smaller values of € than the zero-temperature calculation
would suggest. Finally, owing to the different parametric scalings of capture and self-capture
at finite temperature, self-capture dominates over nuclear capture in an expanded range of
parameter space.

Ultra-light dark photons are cosmologically long-lived. In this light dark photon regime,
DM annihilation within massive bodies therefore produces no visible signals from mediator
decays; however, the potentially very large captured DM population may leave an observable
imprint in stellar structure or energy transport. Concrete realizations of this scenario have
been considered in the context of mirror stars and give rise to astrophysically interesting
signatures and constraints already in the zero-temperature regime [27]; we expect the thermal
enhancements we find here will make such probes of mirror dark matter even more powerful.

5 Conclusions

We have reexamined the gravitational capture of DM by non-degenerate astrophysical bodies
at finite temperature. When capture occurs via long-range interactions, we find that retain-
ing the thermal motion of the target particles leads to a capture rate that is quadratically
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dependent on the mass of the mediator. This result gives a potentially sizable enhancement
to the DM capture rate compared to expectations from the zero-temperature calculation,
which predicts a logarithmic sensitivity to the mediator mass. This parametric difference
between the finite-temperature and zero-temperature results can be simply understood by
observing that the small volume of phase space that results in capture via arbitrarily soft
scattering at finite target temperature shrinks to a single point in the zero-temperature limit.
As a concrete example, we provide numerical calculations for the solar capture of a Dirac
DM particle interacting with the SM via a kinetically mixed dark photon, and study the
transition from short-range to long-range capture regimes.

Numerically we find that substantial thermal enhancements to the DM capture rate
begin to appear once the mediator mass is more than an order of magnitude smaller than
the typical momentum transfer in DM-nucleus collisions. Since we estimate the typical
momentum transfer scale to be Apy,,, ~ 16 MeV in the Sun, sizeable thermal enhancements
to solar capture are not compatible with visible decays of the mediator. However, for light
dark photons, substantial enhancements can be realized, in nuclear capture but particularly
in self-capture. We study the interplay between nuclear capture and self-capture in the
Sun and demonstrate that in almost all of the relevant parameter space, the captured DM
population becomes optically thick to self-capture. Thus we expect stellar capture of mirror
dark matter to be substantially more efficient than previously understood. Even for MeV-
scale mediators, we expect the thermal enhancement to long-range capture to be important
for understanding DM capture in the first generation of stars, which are substantially more
massive than the Sun.
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A The angular integral J.

In this appendix we present the details of the analytical and numerical calculation of the
angular integral J,, defined in Eq. 2.29:

1

2m 1 27 1
J. = o L doon J_l dcosHJO do, (1= cos0 + M)Q@(ﬁ(r) — cos "), (A.1)

with cosvy = sinasinf cos(¢y, — ¢onr) + cosacosf. Note that cosy depends on azimuthal
angles only through the difference ¢, — ¢cpr. Switching variables to ¢+ = ¢onm + @y, we
write

1 L 1 1 1
Jo = 47T‘[ldcosﬁ(l s 1 ) fd¢+fd¢—29 (27T— §(¢+ + ¢—)> X

<0 (21 (0, - o)) @ (500 +0)) 0 (504 ~6)) 003 —cosn). (A2

where the new factor of 1/2 comes from the Jacobian of the transformation and the first four
step functions impose the original bounds of integration ¢cns, ¢y € [0,27). The latter two of
the aforementioned step functions demand that ¢, > 0. The product of the first four step
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functions in Eq. A.2 can be turned into upper and lower limits for the ¢ integration,

o0 0
| don | o0 (m = (0. + 02)) @ l4m = (61 = 6-) @ (04 + )0 (62 —6-) -
0 Am—¢_ 2
= J do— f dp,O4r —2¢_) = J dp_(4m — 2¢_). (A.3)

0 - 0
We further exploit the symmetry of this integral by partitioning the integration region into
three pieces, 0 < ¢_ < 7/2, 7/2 < ¢_ < 37/2, and 37/2 < ¢_ < 27m. In the last region
we shift ¢_ — ¢_ — 2w, under which cos¢_ — cos¢_ and cosy — cos~y. In the second
region, consider ¢_ — ¢_ — 7, which implies cos¢_ — —cos¢_ and cosy — cosy =
—sinasinf cos ¢_ + cosacos . Then,

/2

27
[ do-am = 2000(8) —cos) = | do-(4mB(3(r) — cos)+
/2

/2
n f dé_(~26_)O(B(r) — cos) + f dé_(2m)O(B(r) — cos7) +

0 —7/2

/2 0
| do-(-2000(30) cos1) + | do-(~26-)8(5(r) - cos).
—7/2 —7/2
(A.4)

The fourth integral vanishes by symmetry. The sum of the second and fifth integrals vanishes
for the same reason. The third integral is symmetric around zero, so that we can simplify J,.
to the following expression:

/2 1
J. :L do_ Jldcosﬂ(l _CO:9+M)2 [O(8(r) — cos) + O(B(r) — cosF)] . (A.5)
We note that J. = J.(8(r),cosa,p), with —1 < B(r) < 1 and B(r) < cosa < 1. We
can take advantage of this property to reduce the dimension of the numerical integration of
C.. We precompute J. on the following discretized grid: € [—1,1] in 60 steps, cosa €
[-1,1] in 70 steps and p € [1071%% 10'%5] in 28 log steps. The additional step function
O(cosa — B(r)) in Eq. 2.24 is included in the subsequent numerical computation over the
particle speeds. Loosely speaking, this procedure reduces a 6-dimensional integral to a 4®2-
dimensional integral, significantly reducing the computational cost.

B The angular integral J,,.

In this appendix we discuss the details of the analytic and numerical calculation of the
angular integral introduced in the calculation of the self-capture coefficient. We begin with
the calculation of Js., which was defined in Eq. 3.20,

1 2

2 1
Jsc = E 0 d¢CMJ0 d¢x f—l d cos QfSC(COSQ,,U,)@(ﬁ(T) - ’COSV‘% (B'l)

with Eq. 3.4 defining fs;.. We note again that only the difference of the azimuthal angles
appears in the integrand through cos~y. Therefore, we can apply the same argument used in
Appendix A, by switching to ¢4+ = ¢on + ¢y

1 2

Jse = — do_ (47 — 2¢_) Jl dcosOfs(cosl,n)O(B(r) — | cosyl). (B.2)
4m Jo -1
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We continue by applying the same logic as in Eq. A.4, where we partition and shift the ¢_
integration region to obtain

T 1
Joe = f do_ J dcosBfsc(cos, ) (O(B(r) —|cosv|) + O(B(r) — | cos7l)), (B.3)
0 ~1

where we recall that cosy = — sin asin @ cos ¢_ + cos acos . Next we define fs'" (cos 0, ) =
fse(cosO, ) + fse(—cos @, 1) and reduce the domain of integration of cos# by using the sym-
metry properties of the integrand

Jse = f do_ J dcos@f (cosb, p) (O(B(r) — | cosy|) + O(B(r) — | cos7|)) . (B.4)

Note that Js. = Js.(5(r), cosa, ), with 0 < B(r) < cosa < 1 (see Eq. 3.19). Similar to J,
we calculate Jy. by discretizing it on the following grid: g € [0, 1] in 60 steps, cosa € [0, 1]
in 70 steps and p € [10715°10'2°] in 28 log steps.

C Dark Matter self-evaporation

In this appendix we discuss the calculation of the self-evaporation rate. Self-evaporation
occurs when two captured DM particles scatter such that one of the particles becomes grav-
itationally unbound after the collision. We stress that self-evaporation does not occur in the
zero-temperature approximation, since the captured DM particles have no kinetic energy to
overcome the potential well. Therefore, one is confronted with incorporating thermal motion
of the target particles from the outset.

The calculation proceeds in analogy with Secs. 2 and 3. We will compute the total
self-evaporation rate, accounting for particle (x) and antiparticle (x) self-evaporation by
scattering against both particles and antiparticles,

R XX
dC. dC. dC dC.
v = drd 2 sevap sevap sevap sevap 1
CPLT”(dv+dV v T av ) (G-
where
dCsXe{(/ap _ Vesc (7') 3 . Vesc (T)
X enke) [ ann@) [T Pl - pled,  (©2)
0 0

is the self-evaporation per unit volume of particles by scattering against antiparticles, and the
other three dCsevap/dV terms are defined analogously. The colliding DM particles, with initial
velocities ¢ and ¥, are described by the same Maxwell distribution at the core temperature
of the capturing body, given by Eq. 3.11. In the case where the particle and antiparticle
populations are equal, nX(r) = nX(r) = 1/2n.(r), where n.(r) is the total number density of
captured DM (see Eq. 3.1), and we write

1 R dcseva
Csevap = 4f0 dr47rr27dv L

dcseva vese (1) N _ vese (1) N N N
L n2(r) J d?’vlfc(vl) f d?’vgfc(vg)]vl — V2| Tsevap- (C.3)
0
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We begin by transforming the kinematic integrals to the CM frame, where we use the defi-
nitions introduced in Eq. 3.15,

'Uesc("') 3 . Uesc("’) 3 .
J d Ulfc(vl)j d°Vs fe(U2) =

0 0

_ food?’m@(vesc(r) EANAGS) LOO 520 (Ve (1) — |a]) fol ) =

0

o0 o0
= f dSUCMf &P J fo(Ton + 07) fe(Tonr — 0) x
0 0

X O (Vesc(r) — [Ton + 7_)“)@(”650(7’) — |[om — 77“)7 (C.4)

where J = 8 is the Jacobian of the transformation. First, we note the following simplification
for the exponentials appearing in the product of the two Maxwell distributions:

Mpwm (,,2 "2 9= = Mpm (,,2 "2 o ~ Mpwm 2 &)
— v +v,° 429 U — v, +v,°—29 U — 2v +2v
e szun( cM V1 CcM 1)6 2TSun( cMm U1 cm-UY) =e QTSun( oM 1 ).

(C.5)

As before, we orient the z-axis of our frame along ¢ such that the solid angle integration of
d3¥, proceeds trivially. We let v and ¢y specify the polar and azimuthal angles of @igys with
respect to the z-axis. With this convention, the two step functions O (vesc(r) — |Uon + 7))
in the kinematic integrals of Eq. C.4 turn into bounds on ca = cos o

Ugsc(r) = U%‘M + U,12 + 2'UC’M'UQCOG (06)

which we write compactly as

|cal < B(r), (C.7)
with 8 defined in Eq. 2.23. Collecting these calculations together,
dcsevap 2 - 2 * ] / !
=ni(r) | voydven | vitdv) dca®(B(r) — |eal)x
av 0 0 -1
2m
x f ddcn JAT fo(V20001) fo(V20]) 20 sevap- (C.8)
0

Next we calculate the self-evaporation cross-section in the non-relativistic limit. For xyx
and yy scattering, both ¢- and u-channel diagrams contribute. The rate for these processes
includes a symmetry factor of 1/2 to account for the identical initial state particles, which for
simplicity we incorporate into an effective matrix element. For yx and xy self-evaporation
only the t-channel diagram contributes. Combining all four processes, we can write the
effective matrix element-squared as

4g
M2 = =52 fovap(cos 0, 1), where (C.9)
1
3 1 1
seva 9’ = ‘
Jrevap(cos b, 1) (1 —cosf + u)? i (1 + cosf + u)? * (1 —cos + p)(1 + cosb + p)
(C.10)

Self-evaporation occurs when one of the particles has a final speed larger than the local escape
speed. This kinematic constraint is

Osevap = O(|T17}| — vesc(r)) = O(cosy — B(r)), (C.11)
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where the last equality is written in terms of the angle v, defined in Eq. 2.28. We convolute
this step function with the matrix element above and integrate over the solid angle of the
final state particles to obtain the self-evaporation cross-section,

1
Osevap = m deOS ed(bx‘M’Q@sevap =
o2
= % Jd 08 0dy, fsevap(cos b, 11)O(cosy — B(r)). (C.12)
A Mg\ vy

Inserting Eq. C.12 in Eq. C.8 and collecting terms gives the following result for self-evaporation
per unit volume:

dCseva * * !
av P = ng(T)JO U%MdUCMJO U12dU1@(5(7“))6(1 — B(r))x

2
@
X (4W)2Jf0(\/§UCM)fC(\@Ui)2U/1m<]sevap(ﬁ(r)a 1),
DM Y1
(C.13)
where we introduced the angular integral

1 (2 o 1 1
Jsevap (B(r), 1) = — f docm J doy J dea J d cos 0 x
0 -1 —1

4 Jo
X fsevap(COSG,/L)@(B(T) - |CO(|)@(COS’)/ - B(T)) (014)

The two step functions in Eq. C.14 impose 0 < () < 1 for non-zero Jeevap. For clarity,
we further explicitly include this condition in Eq. C.13. In what follows we consider the
computation of Jeevap. We apply the transformation ¢+ = ¢pon £ ¢y, outlined in Egs. A.2—-
A.3, to obtain

1 27 1
e (B(r), 1) = ﬁ deajo do_(4r — 2¢_)deosex
x O(B(r) — |cal) fsevap(cos 0, 1)O (cos v — B(r)), (C.15)

followed by the symmetry argument used in Eq. A.4,

/2 1 1
Jsevap (B(1), p) = f do_ fl dea fl dcos 0O (5(r) — |cal) x

0
X frevap(cos 0, 11) (©(cosy = B(r)) + O(cosy — B(r))),  (C.16)

where we recall that cosy = —sasin 6 cos ¢_+ca cos . We note, however, that ©(cosy—p£(r))
is always zero in the given volume of integration. To see this, note that ©(5(r) — |ca|)
imposes ca cos < [(r), where we also recall the kinematic constraint 0 < § < 1. Therefore,
cosy = —sasinf cos p_ + cacosf < B since the first term is non-positive in the integration
region. We write the ©(cos~y — (r)) step function as a quadratic inequality for ca:

0 > (cos? @ + sin? 0 cos® ¢_)c2ar — 26(r) cos fca + B2(r) — sin? f cos® ¢_, (C.17)

which is satisfied for ca € (ca_, cay ), where

+ /o2 24 (cos? 2 24 _ 32
cos = B(r) cos B + +/sin? f cos? ¢ (.COQS 6 + sin“fcos? p_ — 3 (T)) (C.18)
cos? 6 + sin® 6 cos? ¢_
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Figure 5. Left: Self-evaporation coefficient in the Sun as a function of mediator mass M., ,,. Dashed
lines are included to highlight the parametric scaling with M., in the long- and short-range regimes.
Right: Self-evaporation coefficient in the Sun as a function of DM mass. We fix M., = 107% GeV,
corresponding to long-range scattering, and ap = 1075.

To ensure that cay are real we impose the positivity of the discriminant with ©(cos? 6 +
sin? @ cos? ¢ — B%(r)). The ca integral can now be evaluated in closed form, producing four
terms which correspond to different orderings of upper and lower limits of integration on ca
imposed by the ©(8(r) — |ca|) and ©(cay — ca)O(ca — ca) step functions. Inserting this
calculation in Eq. C.16 gives

1
dep_ f d c08 0 fsevap(cos 0, 11)O(cos? 6 + sin? O cos® g — B(r)) x
0 -1

<[(cas — cal)O(B(r) — car)O(ca_ + B(r)) + 26(r)O(cas — Br)O(=B(r) — ca_)+
+ (cay + Br)O(B(r) — car)O(=B(r) — ca_)O(cay + A(r))+
T (B(r) — ca_)®(ca — B(r))O(ca_ + Br)O(B(r) — ca_)]. (C.19)

/2
Jsevap(/B(r)nU') = J

We take advantage of the restricted functional dependence Jsevap(Mpm, M, 7, veoMm, V) =
Jsevap (B(7), 1), with B(r) in the finite range 0 < §(r) < 1, to precompute Jyeyap numerically
by placing it on the following grid: 38 € [0,1] in 70 even steps and p € [10715°10!2°] in
28 log steps. We collect all calculations to write the final expression for the self-evaporation
coefficient

012 R 5 9 Vesc (1) )
Csevap = (47)3 M2D J drr*nZ(r) J dvenvé X
bMm Jo 0

< O (v Bu0ar) eV 20 T (B, ). (C.20)

Vesc (T)va]VI Ul

We show numerical calculations of Cgevap for the Sun in Fig. 5. We note the strong exponential
suppression of Cgevap With increasing Mpy, which can be traced to the Maxwell distribution
for the captured DM particles, given by Eq. 3.11. Similar to capture and self-capture, self-
evaporation features two distinct scattering regimes. The short-range regime occurs for large
M., when the typical momentum transfer is much smaller than the mediator mass. The
interactions are effectively pointlike and result in a Csevap ~ ;FQ ~ Mv_; scaling. Long-range
scattering dominates in the opposite regime, when M, is small compared to the typical

momentum transfer, and result in a Csevap ~ M_l/ 2 < MW_D1 scaling with mediator mass.
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