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ABSTRACT

It is shown that the resonance three wave interactions in the presence of linear source/sink terms exhibit a wide variety of time-evolution
dynamics, such as exponential growth, limit cycles, and strange attractors. The particular features of the dynamics are determined primarily
by the values of linear growth rates, forming a 2D parameter space. An exploration of this parameter space is the main focus of this present

work.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0098271

The study of nonlinear wave interactions has applications in a
diverse range of scientific disciplines, including liquids," atmospheric
waves,”” waves in solids,” chemical reactions,” biological systems,”
Bose-Einstein condensates,” and especially plasmas.” '* These interac-
tions become particularly strong in the case of the resonant interac-
tions, i.e., for the case of three-wave interactions, the wavevectors and
frequencies obey the following relations:

k] :k2+k3, (,()121 :wE2+wE3.

Most of the studies on these wave-wave interactions assume
that the individual waves participating in these interactions are
neutrally stable. However, in Refs. 15-18, it was shown that the
dynamics of the wave interactions could be drastically changed for
the case where linear source/sink terms, characterized by positive
and negative growth rates, are added to the equations governing
the wave amplitudes. In particular, in Ref. 17, it was demonstrated
that for the case of the ensemble of many interacting waves, an
addition of the sink/source terms results in the bifurcation of the
wave energy.’” Whereas in Ref. 18, it was shown that for the case
of three-wave interactions, the dynamics of the wave amplitudes
have the features of a strange attractor (see Refs. 19-23). In plasma
physics, this resonance interaction is typical for quadratic nonli-
nearities of the governing equations and is usually called the decay
interaction.

In the latter case, the time evolution of the normalized wave
amplitudes, a;(t), i = 1, 2, 3, is described by the following equations
(e.g., see Ref. 18 and the references therein):

dal +

— =72 asa

dt V1a1 243,

d

—;tz = 7,2y — ajas, (1)
da3

— = vy;a3 —aa

dt V3a3 142,

where we assume that a; is real and y; is the linear growth rates of the
modes. Apart of a trivial case a; = 0, the system (1) has the following
stationary solutions a; = a;:

5% = Y273, 5% = —"173 §§ = "2 (2)

which also satisfy the relation 212,33 = —79,7,7; = yg. The analysis of
the Manley-Rowe quadratic forms and stability of the stationary solu-
tions (2) suggests that the most interesting dynamic of the wave ampli-
tudes corresponds to the case where 7y, >0, 7,,7; <0, and
72 = (71 + 72 +73)/3 < 0. In this case, the variables in Eq. (1) can
be re-normalized as follows: a;y; — a;and ty, — t, and new effective
growth rates 7, =7,/7, =1, 9, = 7,/71, andj; = y3/7, can be
introduced. As a result, the solution of Eq. (1) depends only on initial
conditions and the magnitudes of §, and J;. In what follows, we will
use Eq. (1), assuming that y; = 1 and remove the “hats” from 7,
and 7.

The main goal of this work is to explore numerically an impact
of initial conditions and the magnitudes of 7, and y; on the dynamics
of the solutions of Eq. (1). All simulations were performed with the
MATLAB built-in “0de89” solver. We found that the initial conditions
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FIG. 1. Unbounded oscillating trajectory a;(t) and the Lorenz map (right) found for 7, = 0.5 and y; = 0.75.

virtually do not alter the character of the trajectory a;(t) at large time
(see examples below). Therefore, for the results shown in Figs. 1-6, we
use the initial conditions a;(t = 0) = (1, 1, 0) and integrate Eq. (1)
on the time interval (0, 5000) with the maximum time step capped at
0.1.

The results of our simulations reveal that depending on the mag-
nitudes of 7, and ys, the solutions of Eq. (1) are characterized by (a)
unbounded oscillating trajectories a;(t) and (b) the trajectories which
at large time converge into a finite volume of the variables a;.

The former ones could be characterized as:

(i) Exponential growth, see Fig. 1.

(i) Asymptotic growth and explosive instability, which occur
under certain conditions.”*

The latter ones could be characterized as:

1) Limit cycles with varying degrees of ergodicity, see Figs.
2-6.

(ii) Strange attractors, see Fig. 7.

(iii) ~ “Multi-lobe” strange attractors, see Fig. 8.

To elucidate the difference between various types of trajectories,
in Figs. 1-8, we also show the “Lorenz maps” corresponding to each
type of trajectory. We define the “Lorenz map” as the function relating
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FIG. 2. The trajectory a;(t) converging to a pure limit cycle and the Lorenz map (right) found for y, = —1 and y; = —2. Note the extremely small radius of the Lorenz map.
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FIG. 3. The trajectory a;(t) converging to an uneven limit cycle and the Lorenz map (right) found for y, = —0.83 and y; = —2.
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FIG. 4. The trajectory a;(t) converging to an ergodic limit cycle and the Lorenz map (right) found for y, = —0.79 andy; = —2.
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FIG. 5. The trajectory a;(t) converging to a limit cycle and the Lorenz map (right) found for y, = —0.75and y; = —2.
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FIG. 6. The trajectory a;(t) converging to a U-shaped ergodic limit cycle and the Lorenz map (right) found for y, = —0.73and y; = —2.
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FIG. 7. The trajectory a;(t) converging to a strange attractor and the N-shape Lorenz map (right) found for y, = —0.58 and y; = —2.
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FIG. 8. The trajectory a;(t) converging to a multi-lobe strange attractor and muilti-N-shape curves Lorenz map (right) found for 7, = —0.4and y; = —2.
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FIG. 9. The trajectories a;(t) starting from three different initial conditions: (2, 1, —1) (blue), (50, 50, 0) (green), and (100, 1, —100) (red), and all converging the same
behavior: exponential growth as shown in Fig. 1, an ergodic limit cycle as shown in Fig. 4, and a strange attractor as shown in Fig. 8.

two consecutive maxima of a,(t) with respect to each other, in other
words, max(a,(t)),,, vs max(a,(t)),. Likewise, the stationary points
are visible on all Figs. 1-9 as colored circles, which the solution trajec-
tory orbits around.

As we see from Fig. 1, the Lorenz map for an unbounded trajec-
tory exhibits a straight line with a positive slope, which shows continu-
ous growth of the function a;(t). For the case of the various limit cycles
shown in Figs. 2-6, the Lorenz map varies from a very small, but still
finite region in Fig. 2, to the U-shape curve in Fig. 6. The transition to
the strange attractor drastically changes corresponding Lorenz map,
which starts to resemble N-like shape (see Fig. 7). We notice that
unbound oscillating trajectories and the trajectories converging to both
ergodic limit cycles and strange attractors were also found in Ref. 18.
For the case of the multi-lobe strange attractor, the Lorenz map becomes
the superposition of few N-like curves (see Fig. 8).

In Fig. 9, we demonstrate the convergence of the trajectories a;(t)
starting from three different initial conditions to, correspondingly, an
unbounded trajectory, shown in Fig. 1, an ergodic limit cycle, shown
in Fig. 4, and a strange attractor, shown in Fig. 8.

Thus, we find that all bounded solutions of Eq. (1) are
“attractors,” in the sense that they attract all trajectories a;(t) indepen-
dently on initial conditions. As a result, the type of trajectory only
depends on the magnitudes of the growth rates 7, and y; (recall that
in normalized units, we have y, = 1). Therefore, we can map the
regions occupied by different types of trajectories on the plane (7, 73).
To accomplish this goal, we perform parallel simulations of Eq. (1)
with different values of 7, and 7;, gradually changing their values. In
the domains of y, and y; within (—1, 0) and (—20, —1), we advance
the growth rates with the steps —0.1 and —0.25, respectively.

To characterize different attractors, we fit a variety of curves,
such as lines and parabolas, to the scatterplot of the Lorenz maps. The
decision to what type of attractor the trajectory belongs to is based on
the coefficient of determination R?, which describes the goodness of
the fit. Our findings are shown in Fig. 10. It is evident in this finding
that the stability of the trajectory follows a non-trivial dependence on
7, and y3, slipping into and out of regions of stability or chaos. This is
visible in the pattern of progression in Figs. 4-8, where y; = —2 is
held constant with changing y,, resulting in a progression from a limit
cycle to an ergodic limit cycle, back to a limit cycle, before a full

Strange
Attractor
(Multi)

Strange
Attractor

U Chaos

Limit
Cycle

Exp.
Growth

FIG. 10. Regions on the plane éyz, 73) occupied by different types of trajectories
ai(t) found from the solutions of Eq. (1).

descent into strange attractors. This behavior is visible in the map of
the parameter space, with lines of stable limit cycles breaking up the
sea of strange attractors (the lack of resolution makes these lines
appear as series of points).

At the start of this analysis, we limited ourselves to consider real-
valued wave amplitudes a;(t); however, a cursory analysis of the complex-
valued case revealed only unbounded oscillations and little else of interest.

In conclusion, the “real-world” instances of resonant three-wave
interactions frequently occur in spectra consisting of many superim-
posed waves that arrange to form complicated resonance clusters of
triads and quartets that interact nonlinearly and turbulently (e.g., see
Ref. 13 and the references therein). However, even in the simplest case
of one triad, stochastic variation of the wave amplitudes is still possible
with the addition of linear growth terms.
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