

View

Online


Export
Citation

CrossMark

LETTER |  JANUARY 20 2022

Resonance three-wave interactions and strange attractor 
S. I. Krasheninnikov   ; A. R. Knyazev

Phys. Plasmas 29, 010702 (2022)
https://doi.org/10.1063/5.0080020

Articles You May Be Interested In

Two-parameter families of strange attractors

Chaos (January 2007)

A lot of strange attractors: Chaotic or not?

Chaos (June 2008)

Characterizing strange nonchaotic attractors

Chaos (March 1995)

 02 O
ctober 2023 17:26:12

https://pubs.aip.org/aip/pop/article/29/1/010702/2847536/Resonance-three-wave-interactions-and-strange
https://pubs.aip.org/aip/pop/article/29/1/010702/2847536/Resonance-three-wave-interactions-and-strange?pdfCoverIconEvent=cite
https://pubs.aip.org/aip/pop/article/29/1/010702/2847536/Resonance-three-wave-interactions-and-strange?pdfCoverIconEvent=crossmark
javascript:;
https://orcid.org/0000-0002-0786-5440
javascript:;
javascript:;
https://doi.org/10.1063/5.0080020
https://pubs.aip.org/aip/cha/article/17/1/013104/280288/Two-parameter-families-of-strange-attractors
https://pubs.aip.org/aip/cha/article/18/2/023127/569712/A-lot-of-strange-attractors-Chaotic-or-not
https://pubs.aip.org/aip/cha/article/5/1/253/136569/Characterizing-strange-nonchaotic
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2063252&setID=592934&channelID=0&CID=754913&banID=520996573&PID=0&textadID=0&tc=1&scheduleID=1989153&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fpop%22%5D&mt=1696267572107390&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fpop%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0080020%2F16622561%2F010702_1_online.pdf&hc=741ee9eaedc9cd4da67b106fce3269342cc2e5a2&location=


Resonance three-wave interactions
and strange attractor

Cite as: Phys. Plasmas 29, 010702 (2022); doi: 10.1063/5.0080020
Submitted: 27 November 2021 . Accepted: 28 December 2021 .
Published Online: 20 January 2022

S. I. Krasheninnikova) and A. R. Knyazev

AFFILIATIONS

Mechanical and Aerospace Engineering Department, University California San Diego, La Jolla, California 92093, USA

a)Author to whom correspondence should be addressed: skrash@mae.ucsd.edu

ABSTRACT

It is shown that the incorporation of linear sink/source terms in the three-wave resonance interaction model results in the time dependence
of the wave amplitudes, which could exhibit the properties of a strange attractor. This finding demonstrates that the transition to turbulent
dynamics of the waves could be related not only to the coupling of wave triads but also to the establishing of the strange attractor-like
dynamics within individual wave triads.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0080020

Nonlinear interactions of the waves play an important role in dif-
ferent media, including liquids, atmosphere, solids, chemical reactions,
biological systems, Bose-Einstein condensates, plasma, etc. (e.g., see
Refs. 1–13 and the references therein). Such interactions become par-
ticularly strong for the case of the resonance wave–wave interactions,
which imply some special relations between both frequencies, x~k , and
the wave-vectors, ~k, of interacting waves. For example, the resonance
for the case of three-wave (“1,” “2,” and “3”) interactions, which is
typical for quadratic nonlinearities of the governing equations,
requires x~k1

¼ x~k2
þ x~k3

and ~k1 ¼~k2 þ~k3. Three- and four-wave
resonance interactions play a crucial role in establishing turbulence
spectra in inertial range of the wave-vectors (see Ref. 1 and the referen-
ces therein) and in the interactions of the waves with desperate scales,
see Refs. 11 and 12 and the references therein.

We notice that the coupling of different triads of the resonance
waves could result in transition to chaotic turbulence regime of wave
energy transfer from one wave to another one (see Ref. 13 and the
references therein). For example, in Ref. 14, it was suggested that such
coupling could trigger violent bursts of so-called Edge Localized
Modes in a tokamak.

Most of the studies of the wave–wave interactions assume that
the individual waves participating in such interactions are neutrally
stable. However, in Ref. 15, the two-dimensional model of the mag-
netized plasma flow was considered, and it was shown that the
addition of sink/source terms (described by negative/positive
growth rates) to the dynamic equation of individual waves could
drastically change the dynamics of the whole ensemble of the
waves. In particular, it was shown that the variation of the strength

of the sink/source terms is causing the transition from a rather qui-
escent quasisteady state regime to the regime characterized by
strong, intermittent fluctuations of plasma energy and entrophy.
Such transition is accompanied by a strong increase in the diffusion
coefficient of a passive scalar.

Therefore, to elucidate the role of such sink/source terms in the
transition to turbulence, here, we study their impact on just three-
wave resonance interactions.

Considering the amplitude of the fluctuations in the form
Uð~r; tÞ ¼

P
~k ðU~k ðtÞ expð�ix~k tþ i~k �~rÞ þ c:c:Þ, we notice that in a

general case, the amplitudes U~k ðtÞ could be complex numbers.
Assuming the quadratic nonlinearity of the equation governing the
amplitudes of the harmonics U~k ðtÞ, for the case of resonance three-
wave interactions, x~k ¼ x~k

0 þ x~k�~k 0 , we have

d
dt

U~k ðtÞ ¼
X
~k
0
Mð~k 0;~k �~k 0ÞU~k

0 ðtÞU~k�~k 0 ðtÞ þ C~kU~k ðtÞ; (1)

where Mð~k 0;~k �~k 0Þ is the matrix element describing nonlinear inter-
actions of harmonics, whereas C~k describes linear growth (for
C~k > 0) or decay (for C~k < 0) of the modes.

In what follows, we consider the three-wave resonance
interaction of the harmonics U1ðtÞ � U~k1

ðtÞ, U2ðtÞ � U~k2
ðtÞ, and

U3ðtÞ � U~k3
ðtÞ, described by Eq. (1), assuming that~k1 ¼~k2 þ~k3.

In many cases, with a proper normalization of the amplitudes
UiðtÞ (for simplicity, we assume that all amplitudes are the real num-
bers), we arrive to the following system of equations (e.g., see Refs. 1,
8–10, and 13):
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da1
dt
¼ a2a3 þ c1a1;

da2
dt
¼ �a1a3 þ c2a2;

da3
dt
¼ �a1a2 þ c3a3;

8>>>>>><
>>>>>>:

(2)

where ai and ci are the normalized amplitudes and linear growth rates
of the harmonics (we notice that ci are real numbers). We notice that
with further renormalization of the amplitudes ai and time, we find
that the solutions of Eq. (2) are governed by three parameters. For
example, for the renormalization aijc1j ! ai and tjc1j ! t, these
parameters are r � c1=jc1j ¼ 61, ĉ2 � c2=jc1j, and ĉ3 � c3=jc1j.
However, keeping this fact in mind, for better tracking of the origin of
different terms in our analytic expressions in what follows, we will be
using Eq. (2) as it is.

We notice that the model somewhat similar to Eq. (2) was con-
sidered in Ref. 16. However, in Ref. 16, it was assumed that all ci are
equal and negative, and a constant “source term” was added to the
right-hand side of the dynamic equation for a1. However, the study of
the “forced-dumped” system of equations describing resonance three-
wave interactions was restricted by a couple of the results of numerical
simulations with no noteworthy conclusions.

For ci ¼ 0, the solutions of Eq. (2) were studied in detail (e.g., see
Ref. 13 and the references therein), and it is known that for this case, Eq.
(2) conserves so-called the Manley–Rowe quadratic forms, A2

12 � a21
þa22 and A2

13 � a21 þ a23. However, for ci 6¼ 0 from Eq. (2), we find

d
dt
A2
12 ¼ 2 c1a

2
1 þ c2a

2
2

� �
;

d
dt
A2
13 ¼ 2 c1a

2
1 þ c3a

2
3

� �
:

8>><
>>: (3)

From Eq. (3), it follows that in order to avoid monotonously
increasing (decreasing) values of A2

12 and A
2
13, we should have either

c1 > 0 and c2; c3 < 0; (4)

or

c1 < 0 and c2; c3 > 0: (5)

However, even though inequalities (4) or (5) are fulfilled the values,
A2
12 and A

2
13 still could increase monotonically since Eq. (2) allows par-

ticular exponentially growing time-dependent solutions: (â1ðtÞ / ec1t;
0; 0) for the case (4), and (0; â2ðtÞ / ec2t; 0) and (0; 0; â3ðtÞ / ec3t)
for the case (5). However, an unlimited growth of A2

12 and A2
13, associ-

ated with exponentially growing solutions, could be avoided, providing
that the solutions âiðtÞ are unstable. We consider the stability of the
solutions âiðtÞ by keeping only linear terms in Eq. (2) with respect to
small perturbations: ~a2ðtÞ / ~a3ðtÞ / exp½S23ðtÞ� for the solution
(â1ðtÞ; 0; 0); ~a1ðtÞ/~a3ðtÞ/ exp½S13ðtÞ� for the solution (0; â2ðtÞ;0);
and ~a1ðtÞ/~a2ðtÞ/ exp½S12ðtÞ� for the solution (0; 0; â3ðtÞ). As a
result, we find

_S23 ¼ 6â1ðtÞ; (6)

and

_S13 �
c1 þ c3

2
6iâ2ðtÞ; _S12 �

c1 þ c2
2

6iâ3ðtÞ: (7)

From Eq. (6), we see that for _S23 > 0, the solution (â1ðtÞ; 0; 0) is
unstable, and the instability growth rate is faster than the growth rate
of the function â1ðtÞ (in plasma physics, this instability describes the
decay of a primary wave into two other waves, e.g., see Refs. 8–10).
Whereas from Eq. (7), recalling Eq. (5), we see that the fastest growth
rate of the instability of the solutions (0; â2ðtÞ; 0) and (0; 0; â3ðtÞ) is
smaller than the fastest growth rate of the time-dependent compo-
nents â2ðtÞ and â3ðtÞ. As a result, we conclude that for the case (4),
unlimited growth of A2

12 and A2
13, caused by the solution

(â1ðtÞ / ec1t; 0; 0), could be interrupted by an onset of the instability
of such solution, whereas for the case (5), the instabilities of the solu-
tions (0; â2ðtÞ; 0) and (0; 0; â3ðtÞ) are too slow to prevent an unlim-
ited growth of A2

12 and A
2
13.

Therefore, in what follows we only consider the values ci satisfy-
ing inequalities (4). For this case, we find that apart from the time-
dependent solution (â1ðtÞ / ec1t; 0; 0), Eq. (2) has some stationary
solutions, ai � �ai. After simple algebra, we find that in addition to a
trivial solution �ai ¼ 0, there are other stationary solutions that are
determined by

�a21 ¼ c2c3; �a22 ¼ �c1c3; �a23 ¼ �c1c2: (8)

However, in addition to Eq. (8), such solutions should satisfy the fol-
lowing relation:

�a1�a2�a3 ¼ �c1c2c3 � �c3g < 0: (9)

Whereas Eq. (8) gives the magnitudes of �ai, Eq. (9) selects the signs of
�ai, which satisfy stationary solutions. As a result, taking into account
Eqs. (8) and (9), we find that for real ai, Eq. (2) has one trivial, �ai ¼ 0,
and four other stationary solutions defined by Eqs. (8) and (9).

Next, we consider the stability of these stationary solutions. From
Eqs. (2) and (4), it is obvious that the trivial solution �ai ¼ 0 is unstable
since at least one of ci is positive. To consider the stability of stationary
solution defined by Eqs. (8) and (9), we take ai ¼ �ai þ ~ai expðxtÞ,
where ~ai are the small perturbations. Then, from the linearized version
of Eq. (2), we come to the following equation for x:

D �
x� c1 ��a3 ��a2

�a3 x� c2 �a1
�a2 �a1 x� c3

�������
������� ¼ 0: (10)

Taking into account Eqs. (7) and (9) from Eq. (10), we find

FðxÞ � x2ðx� 3caÞ þ 4c3g ¼ 0; (11)

where ca ¼ ðc1 þ c2 þ c3Þ=3. The discriminant of Eq. (11) is

D ¼ 432c3gðc3a � c3gÞ: (12)

We recall that for D > 0 (D < 0), cubic Eq. (11) has three real roots
(one real and two complex conjugates). Taking into account Eq. (9),
the dependence of the function FðxÞ on x, and the expression (12),
we find that: (i) for c3a > c3g > 0, which corresponds to D > 0, Eq.
(11) has two positive and one negative real roots; (ii) for c3g > c3a > 0,
which corresponds to D < 0, Eq. (11) has one real negative and two
complex conjugate roots; (iii) for c3g > 0 and c3a < 0, which corre-
spond to D < 0, Eq. (11) has one real negative and two complex con-
jugate roots.
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The cases (ii) and (iii) have one real negative and two complex
conjugate roots; therefore, we should consider the stability of these
cases more thoroughly. We start with the case (ii). From Eq. (11), we
find that for c3g � c3a > 0,

x � 2ca6i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3caðcg � caÞ

q
; (13)

whereas for c3g � c3a > 0,

x � 16i
ffiffiffi
3
p

21=3
cg; (14)

which show that the case (ii) is unstable. Next, we consider the case
(iii). From Eq. (11), we find that for c3g � jcaj

3, the solutions having
positive real part of x are given by Eq. (14). In opposite case,
0 < c3g � jcaj

3, in addition to an obvious solution with negative real
part, x � 3ca < 0, Eq. (11) has two small, jxj � jcaj, complex conju-
gate roots with a positive real part,

x � cg
cg
jcaj

� �1=2 2
9

cg
jcaj

� �3=2

6i
2ffiffiffi
3
p

( )
; (15)

and relatively large imaginary one,

ReðxÞ
ImðxÞ

����
���� 	 c3g

jcaj3

 !1=2

� 1: (16)

Thus, from the cases (i)–(iii) and Eqs. (13)–(15), we see that all
stationary solutions defined by Eqs. (8) and (9) are unstable for any
relations between cg > 0 and ca.

The nonlinear solutions of Eq. (2) for different relations between
cg > 0 and ca obtained numerically. For the case c3g > 0 and c3a < 0,
these solutions, originated in some vicinity of stationary points (8, 9),
exhibit the properties of a strange attractor (e.g., see Refs. 17–20) for a
wide range of ci. In Fig. 1, one can see the time variation of the ampli-
tudes aiðtÞ found from numerical solution of Eq. (2), for c1 ¼ 0:01,
c2 ¼ �1, and c3 ¼ �1:5.

The phase portrait of this solution, time variation of the
Manley–Rowe quadratic forms, and their difference are shown, corre-
spondingly, in Figs. 2 and 3. The phase portrait of the solution of Eq.
(2) for c1 ¼ 0:3, c2 ¼ �1, and c3 ¼ �1:5 is shown in Fig. 4.

The Lorenz map of the amplitude a2ðtÞ (maxnþ1ða2Þ vs
maxnða2Þ), obtained from numerical solutions of Eq. (2) for
c1 ¼ 0:01, c2 ¼ �1, and c3 ¼ �1:5 and c1 ¼ 0:3, c2 ¼ �1, and
c3 ¼ �1:5 is shown, correspondingly, in Figs. 5 and 6. We notice that
unlike other strange attractors (e.g., see Ref. 16), only some part of the
Lorenz maps shown in Figs. 5 and 6 exhibit the “tent map”20 property,
whereas a straight line, which comes from consecutive maxima of
decreasing magnitudes shown in a “blown-up” part of a2ðtÞ in Fig. 1,
gives the rest of the Lorenz maps.

For a higher value of c1, but keeping c2 ¼ �1 and c3 ¼ �1:5,
our numerical simulations show that the trajectories aiðtÞ originated

FIG. 1. The variation of aiðtÞ found from the numerical solution of Eq. (2) for
c1 ¼ 0:01, c2 ¼ �1, and c3 ¼ �1:5.

FIG. 2. The phase portrait of aiðtÞ found from the numerical solution of Eq. (2) for
c1 ¼ 0:01, c2 ¼ �1, and c3 ¼ �1:5.

FIG. 3. The time variation of the Manley–Rowe quadratic forms and their difference
found from the numerical solution of Eq. (2) for c1 ¼ 0:01, c2 ¼ �1, and
c3 ¼ �1:5.
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in the vicinity of the stationary points (8, 9) are approaching the limit
cycle (e.g., see Fig. 7 for the cases c1 ¼ 0:5, c2 ¼ �1, and c3 ¼ �1:5).
Further increase in c1 results in unbounded frequently oscillating solu-
tions for aiðtÞ (e.g., see Fig. 8 for the cases c1 ¼ 1, c2 ¼ �1, and
c3 ¼ �1:5). However, we should recall that the real governing param-
eters of Eq. (2) are r � c1=jc1j ¼ 61, ĉ2 � c2=jc1j, and ĉ3 � c3=jc1j.

In summary, we find that the incorporation of linear sink/source
terms into the three-wave resonance interaction model described by
Eq. (2), for c1 > 0 and c2; c3 < 0, results in time-dependent evolution
of the normalized wave amplitudes aiðtÞ, since all stationary solutions
of Eq. (2) appear to be unstable. For relatively small c1 (c1<

	
0.3,

c2 ¼ �1, and c3 ¼ �1:5), these time-dependent solutions exhibit the
properties of a strange attractor. For larger c1 (c1 	 0:5, c2 ¼ �1, and
c3 ¼ �1:5), the solutions are approaching limit cycle, whereas for
even larger c1 (c1<

	
1, c2 ¼ �1, and c3 ¼ �1:5), aiðtÞ becomes

unbounded oscillating functions. This finding demonstrates that the
transition to turbulent dynamics of the waves could be related not

FIG. 4. The phase portrait of aiðtÞ found from the numerical solution of Eq. (2) for
c1 ¼ 0:3, c2 ¼ �1, and c3 ¼ �1:5.

FIG. 5. The Lorenz map of the amplitude a2ðtÞ (maxnþ1ða2Þ vs maxnða2Þ) obtained
from the numerical solutions of Eq. (2) for c1 ¼ 0:01, c2 ¼ �1, and c3 ¼ �1:5.

FIG. 6. The Lorenz map of the amplitude a2ðtÞ (maxnþ1ða2Þ vs maxnða2Þ) obtained
from the numerical solutions of Eq. (2) for c1 ¼ 0:3, c2 ¼ �1, and c3 ¼ �1:5.

FIG. 7. The phase portrait of aiðtÞ approaching the limit cycle found from the
numerical solution of Eq. (2) for c1 ¼ 0:5, c2 ¼ �1, and c3 ¼ �1:5.

FIG. 8. Time dependence of aiðtÞ found from the numerical solution of Eq. (2) for
c1 ¼ 1, c2 ¼ �1, and c3 ¼ �1:5.
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only to the coupling of wave triads (e.g., see Ref. 13) but also to the
establishing of the strange attractor-like dynamics within individual
wave triads.

The results of further studies of the resonance three-wave interac-
tions with linear sinks and sources including the extension of Eq. (2)
to the case of complex wave amplitudes and to the waves with negative
energy [the latter one results in some changes of the signs in front of
nonlinear terms on the right-hand side of Eq. (2)] will be published
elsewhere. We notice that both these extensions result in some new
interesting twists in nonlinear evolution of the resonance three-wave
interactions with linear sources and sinks; however, the detail discus-
sion of these effects goes beyond the scope of this short letter.
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