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ABSTRACT

It is shown that the incorporation of linear sink/source terms in the three-wave resonance interaction model results in the time dependence
of the wave amplitudes, which could exhibit the properties of a strange attractor. This finding demonstrates that the transition to turbulent
dynamics of the waves could be related not only to the coupling of wave triads but also to the establishing of the strange attractor-like

dynamics within individual wave triads.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0080020

Nonlinear interactions of the waves play an important role in dif-
ferent media, including liquids, atmosphere, solids, chemical reactions,
biological systems, Bose-Einstein condensates, plasma, etc. (e.g., see
Refs. 1-13 and the references therein). Such interactions become par-
ticularly strong for the case of the resonance wave-wave interactions,
which imply some special relations between both frequencies, wy;;, and
the wave-vectors, k, of interacting waves. For example, the resonance
for the case of three-wave (“1,” “2,” and “3”) interactions, which is
typical for quadratic nonlinearities of the governing equations,
requires wp = o, +og, and k1 = kz + k3 Three- and four-wave
resonance interactions play a crucial role in establishing turbulence
spectra in inertial range of the wave-vectors (see Ref. 1 and the referen-
ces therein) and in the interactions of the waves with desperate scales,
see Refs. 11 and 12 and the references therein.

We notice that the coupling of different triads of the resonance
waves could result in transition to chaotic turbulence regime of wave
energy transfer from one wave to another one (see Ref. 13 and the
references therein). For example, in Ref. 14, it was suggested that such
coupling could trigger violent bursts of so-called Edge Localized
Modes in a tokamak.

Most of the studies of the wave-wave interactions assume that
the individual waves participating in such interactions are neutrally
stable. However, in Ref. 15, the two-dimensional model of the mag-
netized plasma flow was considered, and it was shown that the
addition of sink/source terms (described by negative/positive
growth rates) to the dynamic equation of individual waves could
drastically change the dynamics of the whole ensemble of the
waves. In particular, it was shown that the variation of the strength

of the sink/source terms is causing the transition from a rather qui-
escent quasisteady state regime to the regime characterized by
strong, intermittent fluctuations of plasma energy and entrophy.
Such transition is accompanied by a strong increase in the diffusion
coefficient of a passive scalar.

Therefore, to elucidate the role of such sink/source terms in the
transition to turbulence, here, we study their impact on just three-
wave resonance interactions.

Considering the amplitude of the fluctuations in the form

O(r,t) = D 1 (D (t) exp(—iwpt + ik - T) + c.c.), we notice that in a
general case, the amplitudes @ (t) could be complex numbers.
Assuming the quadratic nonlinearity of the equation governing the

amplitudes of the harmonics ®;(t), for the case of resonance three-
wave interactions, W = 0)~/ + w« i we have

=Y ME K~ K)0p (0, o (t) + Tp0p(1), (1)
lz,

where M(lz,7 K— E/) is the matrix element describing nonlinear inter-
actions of harmonics, whereas I'; describes linear growth (for
I > 0) or decay (for I'; < 0) of the modes.

In what follows, we consider the three-wave resonance
interaction of the harmonics @, (t) = @ (t), P,(t) = Op (t), and
®;(t) = P (t), described by Eq. (1), assuming that k; =k, + ks.

In many cases, with a proper normalization of the amplitudes
®@;(t) (for simplicity, we assume that all amplitudes are the real num-
bers), we arrive to the following system of equations (e.g., see Refs. 1
8-10,and 13):
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da1 +

— = a»a Va1,

dt 243 T V121

daz

E = —ajaz + V222, (2)
d33 +

— = —aja az,

dt 142 T 7333

where a; and 7; are the normalized amplitudes and linear growth rates
of the harmonics (we notice that y; are real numbers). We notice that
with further renormalization of the amplitudes a; and time, we find
that the solutions of Eq. (2) are governed by three parameters. For
example, for the renormalization a|y,| — a; and t|y;| — t, these
parameters are 0 =y, /|y,| = *1, 9, =7,/I7], and 95 =y3/[7].
However, keeping this fact in mind, for better tracking of the origin of
different terms in our analytic expressions in what follows, we will be
using Eq. (2) as it is.

We notice that the model somewhat similar to Eq. (2) was con-
sidered in Ref. 16. However, in Ref. 16, it was assumed that all y; are
equal and negative, and a constant “source term” was added to the
right-hand side of the dynamic equation for a,. However, the study of
the “forced-dumped” system of equations describing resonance three-
wave interactions was restricted by a couple of the results of numerical
simulations with no noteworthy conclusions.

For y; = 0, the solutions of Eq. (2) were studied in detail (e.g., see
Ref. 13 and the references therein), and it is known that for this case, Eq.
(2) conserves so-called the Manley-Rowe quadratic forms, A, = a?
+a3 and A%, = a? + a3. However, for y; # 0 from Eq. (2), we find

d

aA%z =2(ya] + 7,33),

; )
42, = 20 + 155,

From Eq. (3), it follows that in order to avoid monotonously

increasing (decreasing) values of A}, and A},, we should have either

71>0 and 9, 7; <0, (4)
or
71 <0 and 7y, 9;>0. (5)

However, even though inequalities (4) or (5) are fulfilled the values,
A, and A%, still could increase monotonically since Eq. (2) allows par-
ticular exponentially growing time-dependent solutions: (a; (t) oc e”*,
0, 0) for the case (4), and (0, a,(t) o< €”', 0) and (0, 0, a3(t) o e’s")
for the case (5). However, an unlimited growth of A2, and A2, associ-
ated with exponentially growing solutions, could be avoided, providing
that the solutions 4;(t) are unstable. We consider the stability of the
solutions a;(t) by keeping only linear terms in Eq. (2) with respect to
small perturbations: a,(t) o< a3(t) o< exp[Sys(t)] for the solution
(@1(t),0,0); a;(t)oxas(t) o exp[Si3(t)] for the solution (0,a,(t),0);
and a;(t) xa,(t) x exp[Si2(t)] for the solution (0,0,4a5(t)). As a
result, we find

Sy = +a;(t), (6)
and

. y+*
$p5 o 1 V3

i : itV
ilaz(t), 812 ~ /1 2 /2 i1a3(t). (7)
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From Eq. (6), we see that for Sy; > 0, the solution (a;(t), 0, 0) is
unstable, and the instability growth rate is faster than the growth rate
of the function 4, (t) (in plasma physics, this instability describes the
decay of a primary wave into two other waves, e.g., see Refs. 8-10).
Whereas from Eq. (7), recalling Eq. (5), we see that the fastest growth
rate of the instability of the solutions (0, a,(t), 0) and (0, 0, a5(t)) is
smaller than the fastest growth rate of the time-dependent compo-
nents a,(t) and a;(t). As a result, we conclude that for the case (4),
unlimited growth of A%, and A%;,, caused by the solution
(@i (t) < en', 0, 0), could be interrupted by an onset of the instability
of such solution, whereas for the case (5), the instabilities of the solu-
tions (0, a,(t), 0) and (0, 0, a5(t)) are too slow to prevent an unlim-
ited growth of A2, and A?,.

Therefore, in what follows we only consider the values y; satisfy-
ing inequalities (4). For this case, we find that apart from the time-
dependent solution (a;(t) o e’1'; 0, 0), Eq. (2) has some stationary
solutions, a; = a;. After simple algebra, we find that in addition to a
trivial solution a; = 0, there are other stationary solutions that are
determined by

5% = V273 5% = N3 5% = N2 (8)

However, in addition to Eq. (8), such solutions should satisfy the fol-
lowing relation:

41283 = —),),)3 = fyg < 0. 9)

Whereas Eq. (8) gives the magnitudes of a;, Eq. (9) selects the signs of
a;, which satisfy stationary solutions. As a result, taking into account
Egs. (8) and (9), we find that for real a;, Eq. (2) has one trivial, a; = 0,
and four other stationary solutions defined by Egs. (8) and (9).

Next, we consider the stability of these stationary solutions. From
Egs. (2) and (4), it is obvious that the trivial solution a; = 0 is unstable
since at least one of 7; is positive. To consider the stability of stationary
solution defined by Eqs. (8) and (9), we take a; = a; + a; exp(wt),
where a; are the small perturbations. Then, from the linearized version
of Eq. (2), we come to the following equation for :

D= a3 W=7, a =0. (10)
a a; =73
Taking into account Egs. (7) and (9) from Eq. (10), we find
F(o) = (0 = 3y,) +47; =0, (11
where y, = (9, + 7, + 73)/3. The discriminant of Eq. (11) is
A = 4327370 = 7). (12)

We recall that for A > 0 (A < 0), cubic Eq. (11) has three real roots
(one real and two complex conjugates). Taking into account Eq. (9),
the dependence of the function F(w) on w, and the expression (12),
we find that: (i) for yi > yz > 0, which corresponds to A > 0, Eq.
(11) has two positive and one negative real roots; (ii) for yg > 73> 0,
which corresponds to A < 0, Eq. (11) has one real negative and two
complex conjugate roots; (iii) for y; >0 and 72 < 0, which corre-
spond to A < 0, Eq. (11) has one real negative and two complex con-
jugate roots.
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The cases (ii) and (iii) have one real negative and two complex
conjugate roots; therefore, we should consider the stability of these
cases more thoroughly. We start with the case (ii). From Eq. (11), we
find that for yg =92 >0,

o~ zyaii 3ya(Vg - Va)? (13)

whereas for y; >0 >0,

1+iV/3
o~

~ i e (14)

which show that the case (ii) is unstable. Next, we consider the case
(iii). From Eq. (11), we find that for yg > [7,/’, the solutions having
positive real gart of w are given by Eq. (14). In opposite case,
0< yg < |7,]7, in addition to an obvious solution with negative real
part, ® & 3y, < 0, Eq. (11) has two small, |o| < |y, |, complex conju-
gate roots with a positive real part,

Ve 12 (5 Ve 3/2+. 2
~ — — Fi— 1
@ Vg(m) s\l) Al 19

and relatively large imaginary one,

3 1/2

Im(w)|  \Jy,

Thus, from the cases (i)-(iii) and Egs. (13)-(15), we see that all
stationary solutions defined by Eqs. (8) and (9) are unstable for any
relations between y, > 0 and y,.

The nonlinear solutions of Eq. (2) for different relations between
7¢ > 0 and y, obtained numerically. For the case yg >0andy} <0,
these solutions, originated in some vicinity of stationary points (8, 9),
exhibit the properties of a strange attractor (e.g., see Refs. 17-20) for a
wide range of y;. In Fig. 1, one can see the time variation of the ampli-
tudes a;(t) found from numerical solution of Eq. (2), for y, = 0.01,
7, = —1l,andy; = —1.5.

40 45 50 0 10
t/10% t — 42900

FIG. 1. The variation of a;(t) found from the numerical solution of Eq. (2) for
y1 =0.01, 7, = —1,and y3 = —1.5.

scitation.org/journal/php

FIG. 2. The phase portrait of a;(t) found from the numerical solution of Eq. (2) for
71 =0.01,7, = —1,and y3 = —1.5.

The phase portrait of this solution, time variation of the
Manley-Rowe quadratic forms, and their difference are shown, corre-
spondingly, in Figs. 2 and 3. The phase portrait of the solution of Eq.
(2) fory, = 0.3,y, = —1,and y; = —1.5 is shown in Fig. 4.

The Lorenz map of the amplitude a,(t) (max,ii(az) vs
max,(a,)), obtained from numerical solutions of Eq. (2) for
7, =0.01, y, =—1, and y; = —1.5 and y;, = 0.3, y, = —1, and
y3 = —1.5 is shown, correspondingly, in Figs. 5 and 6. We notice that
unlike other strange attractors (e.g., see Ref. 16), only some part of the
Lorenz maps shown in Figs. 5 and 6 exhibit the “tent map”*’ property,
whereas a straight line, which comes from consecutive maxima of
decreasing magnitudes shown in a “blown-up” part of a,(t) in Fig. 1,
gives the rest of the Lorenz maps.

For a higher value of y,, but keeping y, = —1 and y; = —1.5,
our numerical simulations show that the trajectories a;(t) originated

(l'f +a'§:
40 4 ——al + al
20 4 I
0-
6 -
.IIé. 4
s 2 1
0 h.”l Y||ILIAI‘ I’ I ILI.I |I.I II‘IILL ‘
40 45 500 10
t/10° t — 42900

FIG. 3. The time variation of the Manley-Rowe quadratic forms and their difference
found from the numerical solution of Eq. (2) for y, =0.01, y, = —1, and
y3 = —1.5.
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FIG. 4. The phase portrait of a;(t) found from the numerical solution of Eq. (2) for
71 =03,9, =—1,and y3 = —1.5.

12
10+ .
T 8t e
< 6f
-
2t
0/' i ) ) ' L N
0 2 4 6 8 10 12

max(as)y,

FIG. 5. The Lorenz map of the amplitude a; (t) (max.1(az) vs max,(a;)) obtained
from the numerical solutions of Eq. (2) for y; = 0.01, y, = —1, and y; = —1.5.
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as

0@
f)\ /{ ’

C T

as i

FIG. 7. The phase portrait of a;(t) approaching the limit cycle found from the
numerical solution of Eq. (2) for y; = 0.5, 9 = —1,and y; = —1.5.

in the vicinity of the stationary points (8, 9) are approaching the limit
cycle (e.g., see Fig. 7 for the cases y; = 0.5, 7, = —1, and y; = —1.5).
Further increase in 7, results in unbounded frequently oscillating solu-
tions for a;(t) (e.g., see Fig. 8 for the cases y, =1, y, = —1, and
y3 = —1.5). However, we should recall that the real governing param-
etersof Eq. (2) are 0 = 3, /|y, | = £1, 5, = 5/Ini | and 95 = y3/[7, |-

In summary, we find that the incorporation of linear sink/source
terms into the three-wave resonance interaction model described by
Eq. (2), for y; > 0 and y,, y; < 0, results in time-dependent evolution
of the normalized wave amplitudes a;(t), since all stationary solutions
of Eq. (2) appear to be unstable. For relatively small 7, (1, <03,
7, = —1, and y; = —1.5), these time-dependent solutions exhibit the
properties of a strange attractor. For larger y, (y, ~ 0.5,7, = —1,and
y3 = —1.5), the solutions are approaching limit cycle, whereas for
even larger 7, (7,<1, 7, = —1, and 7; = —1.5), ai(t) becomes
unbounded oscillating functions. This finding demonstrates that the
transition to turbulent dynamics of the waves could be related not

15 250
; : \VAVAVA
: -250
i e
T10+
=
El
g 5¢ 0
250
ol . . , -250
0 5 10 15 .
0 50 100 150 01

max(as)y,

FIG. 6. The Lorenz map of the amplitude a; (t) (maxn.1(az) vs max,(a;)) obtained
from the numerical solutions of Eq. (2) for y; = 0.3, y, = —1,and y; = —1.5.

t

t — 150

FIG. 8. Time dependence of a;(t) found from the numerical solution of Eq. (2) for
y1 =17 =—1andy; = —1.
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only to the coupling of wave triads (e.g., see Ref. 13) but also to the
establishing of the strange attractor-like dynamics within individual
wave triads.

The results of further studies of the resonance three-wave interac-
tions with linear sinks and sources including the extension of Eq. (2)
to the case of complex wave amplitudes and to the waves with negative
energy [the latter one results in some changes of the signs in front of
nonlinear terms on the right-hand side of Eq. (2)] will be published
elsewhere. We notice that both these extensions result in some new
interesting twists in nonlinear evolution of the resonance three-wave
interactions with linear sources and sinks; however, the detail discus-
sion of these effects goes beyond the scope of this short letter.
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No. DE-FG02-04ER54739 at UCSD.
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