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ABSTRACT

The effects of toroidicity and kinetic ions on the resistive tearing mode are systematically studied with the gyrokinetic particle-in-cell
simulation code GEM [Y. Chen and S. E. Parker, J. Comput. Phys. 220, 839 (2007)] and compared with analytic theory. A new field solver in
toroidal geometry has been developed for the simulation of low-n (n¼ 1, 2) modes in tokamaks. It is found that the toroidal effect
significantly reduces the growth rate of the tearing mode. The toroidal effect can also increase the radial width of the tearing mode and
change the scaling between the radial mode width and resistivity due to the toroidal pressure term in the electron continuity equation. The
kinetic effects of ions can decrease the growth rate of the tearing mode. The plasma flux-surface shaping is found to have significant effect on
the tearing mode.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0067813

I. INTRODUCTION

The tearing mode has been acknowledged as one of the most
dangerous products of magnetic reconnection1–3 in today’s fusion
devices. The magnetic energy can transform into kinetic energy, ther-
mal energy, and radiant energy during the process of magnetic field
lines breaking and reconnecting near the current sheets. It is also a
crucial instability which may cause the sawtooth oscillations and even
lead to major disruptions in tokamaks.4 Due to the great importance
of the tearing mode in fusion plasma, numerous theoretical works5–9

have been carried out to study the linear and nonlinear properties of
the tearing mode.

The toroidal effect is important in realistic tokamaks due to the
non-uniformity of the magnetic field and the coupling of the poloidal
modes. For a tokamak with a small aspect ratio, the toroidal coupling
effect could be very strong, and the peak amplitude of the resonant
harmonic could even exceed that of the vacuum field.10 It has been
pointed out that the toroidal effect could lead to a reduction in the
growth rates of the tearing mode.11,12 Besides, some mechanisms can
only be considered in toroidal geometry, such as the magnetic drift
(vD) effect of ions.

The tearing mode is essentially a multi-scale phenomenon, and it
is difficult to predict its behavior analytically. Specifically, the timescale

of the tearing mode ranges from the Alfv�en time to the collisional
dissipation time, and the spatial scale ranges from the electron skin
depth to the device size. Due to these properties, the kinetic effects of
ions near the tearing layer can be important. Much effort has been
made to study the kinetic effects on the tearing mode in the past few
decades. The kinetic theory for the classic tearing mode was developed
in cylindrical geometry by Hazeltine et al.13 Drake and Lee first pre-
dicted that the growth rate of the tearing mode with the kinetic effect
scales as c � �1=3c in the semi-collisional regime and c � �3=5c in the
collisional regime, �c being the collision frequency.14 Moreover, kinetic
effects of energetic particles can affect the tearing mode’s behavior
prominently in high temperature tokamak devices.15 Nevertheless, the
study of the tearing mode with fully kinetic effects is still challenging
for both analytic theory and numerical simulation due to the multiple
scale property of the tearing mode.16–19

Gyrokinetic theory and simulation are a powerful tool to study
kinetic effects on tearing modes.16,20–22 However, due to the physical
complexity mentioned above and the numerical difficulties, it is still a
great challenge to simulate the low-n tearing mode using gyrokinetic
simulation. The evolution of the small scale collisionless tearing mode
in a sheared slab geometry was first studied with nonlinear gyrokinetic
simulations by Sydora.20 An improved gyrokinetic electron/fully
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kinetic ion (GeFi) particle simulation scheme was developed for study-
ing the linear collisionless tearing mode in a two-dimensional Harris
current sheet with a realistic ion-to-electron mass ratio.23 Previous
simulations with the gyrokinetic toroidal code (GTC) found that the
ion kinetic effects can partially stabilize the cylindrical tearing mode by
reducing the radial mode width.12 Linear gyrokinetic simulations by
the global continuum turbulence code GKW concluded that finite
Larmor radius (FLR) effects can give rise to a finite rotation frequency
of the tearing mode.19

GEM is a gyrokinetic df Particle-in-Cell (PIC) code which was
first developed to study drift wave turbulence including kinetic elec-
trons and electromagnetic effects.24 A fluid electron model was later
developed to more efficiently simulate MHD waves.25 However, it is
still beyond the capability of GEM to simulate low-n modes in toroidal
geometry with poloidal mode coupling effects. This is because a high-
n approximation, previously used in the field solvers, is not valid for
low-n (n¼ 1, 2) modes. A low-n field solver has recently been devel-
oped in cylindrical geometry and applied to study the (m¼ 2, n¼ 1)
cylindrical tearing mode,26 but it does not include the effect of poloidal
coupling and therefore is not applicable to toroidal low-n modes.

In this work, we develop a new low-n field solver in the magnetic
flux coordinates for the GEM code. With this new field solver, the
n¼ 1 tearing modes in toroidal geometry are systematically studied.
The effects of toroidicity, gyrokinetic ions, and plasma shape on the
resistive tearing mode are studied. The remaining part of this paper is
organized as follows. The basic equations of the hybrid gyrokinetic
ion/fluid electron model and the algorithm of the new field solver are
described in Sec. II. The effects of toroidicity, gyrokinetic ions, and
plasma shape on the resistive tearing mode are studied in Sec. III.
Conclusion is drawn in Sec. IV.

II. BASIC EQUATIONS AND LOW-n FIELD SOLVER

In this work, we consider a general axisymmetric toroidal equilib-
rium magnetic field B ¼ f ðwÞ

R f̂ þrf�rwðrÞ in toroidal coordinates
ðr; h; fÞ, where r, h, and f indicate radial, poloidal, and toroidal direc-
tions, respectively. wðrÞ indicates the poloidal flux function, and f ðwÞ
indicates the arbitrary flux function.

The equilibrium flux-surface shape is specified by the Miller
model,27

R ¼ R0 rð Þ þ r cos hþ sin�1d rð Þ
� �

sin h
� �

;

Z ¼ j rð Þr sin h;

(
(1)

with R00 ¼ dR0
dr the Shafronov shift, jðrÞ ¼ j0 the elongation, and

dðrÞ ¼ d0ðr=aÞ2 the triangularity, where R0 is the major radius at the
magnetic axis and a is the minor radius.

GEM uses the field-aligned coordinates defined by

x ¼ r � r0;

y ¼ r0
q0

ðh

0
q̂ r; h0
� �

dh0 � f

 !
¼ r0

q0
qhf � f
� �

z ¼ q0R0h;

;

8>>>><
>>>>:

(2)

here, r0 is a reference radius, hf ¼ 1
q

Ð h
0 q̂ðr; h0Þdh0 is the field-aligned

coordinate, and q̂ðr; hÞ ¼ B�rf
B�rh.

The gyrokinetic ion/fluid electron hybrid model25,28 is employed
in this work. The ions are described by the gyrokinetic equation and
solved with the df PIC method.29,30 The electrons are described by a
fluid model consisting of the electron continuity equation, the Ohm’s
law, and an isothermal condition for the electron temperature
perturbation.

The electron continuity equation is written as

@dne
@t
þ B � r

n0dujje
B
þ dB? � r

n0ujje0
B
þ dB? � r

n0dujje
B

þ vE � rðn0 þ dneÞþ
1

meXeB2
B�rB � r dpe? þ dpejj

� �
þ 2n0

B3
B�rB � r/ ¼ 0; (3)

with uke0 the equilibrium electron parallel flow and duke the perturbed
electron parallel flow. The perturbed electron pressure is dpe? ¼ dpek
¼ nedTe þ Tedne; dTe, and dne are perturbed electron temperature
and perturbed electron density, respectively. The rðdpe? þ dpejjÞ
term on the left-hand-side of Eq. (3), hereafter referred to as the toroi-
dal pressure term, arises from the guiding-center magnetic drift in a
low-b plasma,24 and the last term from the compressibility of the
E� B drift. Both terms are induced by the toroidal effect.

For n¼ 1, the third term on the left-hand-side of Eq. (3), i.e., the
kink term can be expressed as

dB? � r
n0ujje0
B

� �
¼ �

@Ak
@x

@

@h

n0eujje0
B

� �
b � rr �rh

þ
@Ak
@y

� @y
@r

@

@h

n0ujje0
B

� ��

þ r0
q0

q̂
@

@r

n0ujje0
B

� �	
b � rr �rh

þ
@Ak
@z

@

@r

n0uke0
B

� �� 	
b � rx �rz: (4)

It is important to include the last term for the n¼ 1 mode. The parallel
vector potential Ak is evolved according to

@Ak
@t
¼ Ek � rk/: (5)

In this paper, a simple Ohm’s law is used,

Ek ¼ gjk ; (6)

with g the resistivity. jk ¼ djki � en0duke is the parallel perturbed cur-
rent where jki is the parallel ion current calculated from the ion distri-
bution function.

The electron parallel flow velocity duke is obtained from the
Ampère’s equation,

en0duke ¼ djki þ
1
bu
r2
?Ak; (7)

and then used in the electron continuity equation, Eq. (3), to evolve
dne.

The electrostatic potential is obtained from the vorticity equation

� n0
T
@/
@t

1� C0ðbÞ½ � ¼ @

@t
qidni � edne
� �

: (8)
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This equation is derived by taking the time derivative of the quasi-
neutral equation

�qnp ¼ qidni � edne; (9)

where np ¼ � qn0
T

P
k?

eik?�x/k½1� C0ðbÞ�, with b ¼ k2?v
2
ti

X2
i
¼ � v2ti

X2
i
r2
?;

C0 being the C-function, vti ¼
ffiffiffiffiffiffiffiffiffiffiffi
T=mi

p
being the ion thermal velocity,

and Xi ¼ qB=mi being the cyclotron frequency. The rate of change of
the ion charge density in Eq. (8) is given by the ion continuity equa-
tion, which is obtained by integrating the ion gyrokinetic equation for
dfi.

We now derive an energy-like equation for diagnostics purpose.
Write the electron continuity equation as

@dne
@t
þr � ðn0dukebÞ �

@dne
@t

� �
R
¼ 0; (10)

where all the terms on the left-hand-side of Eq. (3), except the first two
terms, are lumped into ð@dne=@tÞR. Similarly, the ion continuity equa-
tion is written as

qi
@dni
@t
þr � ðdjkibþ dj?iÞ � qi

@dni
@t

� �
R
¼ 0; (11)

where the ion current in the second term comes from integrals that
involve dfi, while ð@dni=@tÞR comes from integrals that involve the
equilibrium ion distribution. Now multiply the vorticity equation by /
and integrate over space, making use of Eqs. (5) and (7), to obtain

dE
dt
¼�

ð
djkiEkdxþ

ð
dj?i � r/dx�

ð
en0dukeEkdx

þqi
ð

/ _npdxþ qi

ð
/

@dni

@t

� �
R
dx� e

ð
/

@dne
@t

� �
R
dx; (12)

where

E ¼ 1
2bu

ð
ðdB?Þ2dx; (13)

is the energy stored in the perturbed magnetic field. The first two terms
on the right-hand-side can be interpreted as the (negative) parallel and
perpendicular Joule heating rate on the ions and will be calculated when
the kinetic ion effect on the tearing mode is studied in Sec. III.

For low-n perturbations, the Pad�e approximation C0ðbÞ � 1
bþ1

can be applied to the vorticity equation (8) as

�r2
?
@/
@t
¼ q

mn0
B2 �mT

q2
r2
?

� �
@

@t
qidni � edneð Þ; (14)

the second term on the right-hand-side indicates the FLR effect.
The main closure relation for this fluid electron model is the line-

arized isothermal condition for the perturbed electron temperature,31

b � rdTe þ
dB?
B
� rTe ¼ 0: (15)

This isothermal condition is derived from the electron drift kinetic
equation by assuming x� kkvTe, where x is the characteristic fre-
quency of the fluctuations, vTe is the electron thermal speed, and kk is
the parallel wave number.31

It can be seen that both the Ampère’s equation (7) and the vortic-
ity equation (14) have the form of the Laplacian equation

�r2
?f ¼ S: (16)

The Laplacian operator can be expressed in the field-aligned
coordinates as

r2
? f ¼

@2f
@x2
jrxj2 þ 2

@2f
@x@y

rx � ry þ @
2f
@y2
jryj2

þ @f
@x
r � rx þ @f

@y
r � ry þ @2f

@x@z
rx � rz þ @2f

@y@z
ry � rz

þr � @f
@z
rz

� �
� ðb � rÞ2f : (17)

In a field solver with a high-n approximation, only the first three terms
are retained. However, this is not a good approximation for low-n per-
turbations. It is possible to expand the current solver to 3D by using a
finite difference method to discretize the terms that involve z-deriva-
tive. This leads to a linear system with a much increased number of
unknowns, difficult for a direct linear equation solver. We have
attempted to move all the terms that involve z-derivative to the right-
hand-side and use an iterative method to account for them, but the
iterative scheme is found to diverge for the n¼ 1 mode. We therefore
seek an alternative method that is based on the Laplacian operator
expressed directly in the flux coordinate ðr; hf ; fÞ. Thus the Laplacian
operator is expanded as

r2
?f ¼

@2f
@r2
jrrj2 þ @

2f

@h2f
jrhf j2 þ 2

@2f
@r@hf

rr � rhf

þ2 @2f
@r@f

rr � rfþ 2
@2f
@hf @f

rhf � rfþ @
2f

@f2
jrfj2

þ @f
@r
r � rr þ @f

@hf
r � rhf þ

@f
@f
r � rf� ðb � rÞ2f : (18)

The first two terms in the second line vanish because the f-direction is
orthogonal to the ðr; hf Þ-plane. The last term in the third line is found
to be negligible, as expected for field-aligned perturbations. Note that
the periodic boundary condition is applied in both hf and f. Equation
(16) can be solved with a hybrid spectral method in the poloidal and
toroidal angle, and a finite difference method in radius. For a given
toroidal mode number n, f is decomposed as fnðr; hf ; fÞ
¼
P

m fnmðrÞ � einfþimhf . The metric coefficients, such as jrrj2 and

jrhf j2, are decomposed as gðr; hf Þ ¼
P

m0 gm0 ðrÞ � eim
0hf . The right

hand side S is represented as Snðr; hf ; fÞ ¼
P

m0
Snm0ðrÞ � einfþim0hf .

The poloidal mode number m and m0 satisfy jmð0Þ þ nqðrÞj < p to
keep the toroidal coupling effect. The parameter p controls the range
of kk included. Typically p¼ 3 is sufficient to ensure convergence in
this paper.

With the spectral decomposition, Eq. (16) is now written as

�
X
m

X
m0

jrrj2m0
@2fnmðrÞ
@r2

�m2jrhf j2m0 fnmðrÞ � n2jrfj2m0 fnmðrÞ
��

þ2im rr � rhf
� �

m0
@fnmðrÞ
@r

þ ðr � rrÞm0
@fnmðrÞ
@r

þim r �rhf
� �

m0
fnmðrÞ þ

nþm
q

� �2

jrfj2m0 fnmðrÞ
	
� eimhfþim0hf

�

¼
X
m0

Snm0ðrÞ � eim0hf : (19)
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For every poloidal component m0, one can multiply both sides of this
equation by e�im0hf and then integrate in hf on ½�p;p�. Then Eq. (19)
can be transformed into a set of coupled equations,

�
X

mþm0¼m0

jrrj2m0
@2fnmðrÞ
@r2

�m2jrhf j2m0 fnmðrÞ � n2jrfj2m0 fnmðrÞ
��

þ2im rr � rhf
� �

m0
@fnmðrÞ
@r

þ ðr � rrÞm0
@fnmðrÞ
@r

þim r � rhf
� �

m0
fnmðrÞ þ

nþm
q

� �2

jrfj2m0fnmðrÞ
	�
¼ Snm0ðrÞ:

(20)

The toroidal coupling effect is induced by m0 6¼ 0 components in the
metric coefficients. For cylindrical geometry with m0 ¼ 0, there is no
poloidal mode coupling.

Using a second order finite difference scheme for the radial deriv-
atives, the final discretized equation is:

�
X

mþm0¼m0

jrrj2m0
ðDrÞ2

�
2im rr � rhf
� �

m0
þ ðr � rrÞm0

2Dr

" #
� fnmðj� 1Þ

(

þ im r � rhf
� �

m0
�m2jrhf j2m0 � n2jrfj2m0

h
�2 jrrj

2
m0

ðDrÞ2
nþm

q

� �2

jrfj2m0� � fnmðjÞ

þ jrrj
2

ðDrÞ2
þ
2im rr � rhf
� �

m0
þ ðr � rrÞm0

2Dr

" #
� fnmðjþ 1Þ

)

¼ Snm0ðjÞ: (21)

Here, fnmðjÞ ¼ fnmðxjÞ with xj the radial grid point. Equation (21) is
applied to both Ampère’s equation, Eq. (7), and the vorticity equation,
Eq. (14).

In deriving the discretized equation, Eq. (21), the Dirichlet
boundary condition f ðrinÞ ¼ f ðroutÞ ¼ 0 is used, where rin and rout are
the inner and outer radial boundaries. The particle weights of ions hit-
ting the radial boundaries are also set to zero, and the ions are put
back inside the simulation domain at the poloidal angle where their
unperturbed trajectories would intersect the boundary surfaces again.
The magnetic axis is excluded because the Jacobian for the field-
aligned coordinates is singular at r¼ 0. For the m¼ 0 and m¼ 1

components, the solution of the Laplace equation near r¼ 0 is linear
in radius, and the Dirichlet boundary is not appropriate, especially for
the kink mode. We have implemented the linear boundary condition
for m¼ 0 and m¼ 132 and verified that the results in this paper are
not changed.

Besides the exclusion of the magnetic axis from simulation, the
present study of low-n modes has two other limitations. The first limi-
tation comes from the field model. It is common to use the potentials
ðAk;/Þ to represent the electromagnetic fields in the study of high-n
drift-wave turbulence. However, for low-n modes the accuracy of this
model remains to be verified with more complete field models. The
second limitation is that the plasma equilibrium is not self-consistent.
Simulations are performed to study certain parameter dependence,
e.g., the dependence of the tearing mode growth rate on the aspect
ratio or the ion temperature. For simplicity, the parameters are varied
independently and arbitrarily, with no attempt to ensure consistency
with the Grad–Shafranov equation.

We first use the method of “manufactured solution” to verify the
low-n solver based on Eq. (21). An arbitrary analytical solution fA is
prescribed, and then the source term SA ¼ �r2

?fA is calculated
directly and assigned to the grids. The numerical solution fN is then
calculated from SA with the new field solver and compared with the
original fA.

Here, we set fA ¼
P

m;n
1

rm;n
exp ð� ðx�nm;nÞ2

800rm;n
Þ cos ðmhf þ nfÞ,

where rm;n ¼ 1þ j n�2m10n j; nm;n ¼ lx
2 þ

20ðn�2mÞ
n , n ¼ �1, and 0 	 m

	 3. �2 	 m0 	 2 is kept in numerical calculation. The comparison
between the numerical solution and analytic solution is shown in Fig.
1(a). It can be seen that a good agreement can be achieved for all the
poloidal components. For reference, the numerical solution without
poloidal mode coupling is also shown in Fig. 1(b). It is obtained by set-
tingm0 ¼ 0. Without the poloidal coupling effect, there is a large devi-
ation between fN and fA for every (m, n). This illustrates the
importance of mode coupling effects in toroidal geometry.

Gyrokinetic codes often solve the Poisson equation and the paral-
lel Ampère’s equation in the poloidal plane. In effect, the term in Eq.
(18) that is proportional to rf, and the last term, are neglected.
Neglecting the toroidal derivative is a poor approximation for low
aspect-ratio tokamaks, R=a � 1. The low-n field solver developed here
does not have this limitation. It can be combined with the usual high-
n solvers in an integrated simulation of both micro-turbulence and
low-nMHDmodes such as the energetic particle-driven Alfv�en waves.

FIG. 1. Comparison between the numeri-
cal solution fN and the analytic solution fA
for each poloidal harmonics (a) with toroi-
dal coupling and (b) without toroidal cou-
pling. The error is defined as
error ¼

P
m;n

Ð
j fA�fNfN

jdx.
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In the following, we apply the low-n solver to the n¼ 1 resistive tear-
ing mode in the toroidal geometry. This study extends the previous
studies in cylindrical plasmas26 as well as in toroidal plasmas.12

III. SIMULATION OF THE TOROIDAL RESISTIVE
TEARING MODE

In the tokamak experiment, it is relatively easy to control the
safety factor profile to avoid the most dangerous ðm ¼ 1; n ¼ 1Þ tear-
ing mode, which can couple with the m> 1 tearing modes strongly.
However, other tearing modes such as the ðm ¼ 2; n ¼ 1Þ mode and
the ðm ¼ 3; n ¼ 2Þ mode are usually unavoidable and can degrade
the plasma confinement. In this section, we study the linear
ðm ¼ 2; n ¼ 1Þ resistive tearing mode, focusing on the effect of toroi-
dicity and kinetic ions.

A concentric circles equilibrium (R00 ¼ 0, j ¼ 1, and d ¼ 0) is
used for simulations with parameters B ¼ 1:0 T; R0 ¼ 1:0m. The
density profile is set to be constant as n0i ¼ n0e ¼ 2:5� 1019=m3.
The temperature profiles are TeðrÞ ¼ T0ð1� r=aÞ3 and Ti ¼ sTe,
with T0 ¼ 0:1 keV. The plasma beta is b ¼ 4l0n0T0=B2 ¼ 0:002.
The resistivity g and the growth rate c in the following are normalized
to g0 ¼ B=en0e ¼ 0:25Xm and xc ¼ eB=mi ¼ 4:8� 107 Hz, respec-
tively. The resistivities used in the following simulations range from
10�5 Xm to 10�4 Xm are much larger than the estimated collisional
Spitzer resistivity �gs ¼ 7� 10�7 Xm.33 The inverse aspect ratio is
defined as � ¼ a=R0. The safety factor profile is set as qðrÞ ¼ 1:62
�2:59ðr=aÞ þ 5:50ðr=aÞ2, which is plotted in Fig. 2.

A. Toroidal effect on the tearing mode

First, the effect of toroidal coupling on the tearing mode is exam-
ined by simulations. The ions are cold with s ¼ 10�3 to suppress any
ion kinetic effects. Figure 3 shows the radial mode structures of the
tearing mode for three dominant poloidal harmonics in cylindrical
and toroidal geometry. In cylindrical geometry, there is no poloidal
coupling, and poloidal harmonics in the fluctuation with m 6¼ 2 van-
ish. In the toroidal geometry, them¼ 1 andm¼ 3 harmonics are gen-
erated through poloidal coupling, though their amplitudes are smaller
than that ofm¼ 2.

Next, we study the effect of the inverse aspect ratio on the radial
structure of the tearing mode. Simulations with three different values

of inverse aspect ratio (varying a), � ¼ 0:15, 0.25, and 0.35, are per-
formed. The results are shown in Fig. 4. Figure 4(e) shows that the
width of /m¼2 decreases with increasing �; the structure of Akm¼2
remains unchanged which is shown in Fig. 4(b). The magnitudes of
the subdominant components, Akm¼1;3 and /m¼1;3, increase with �.
This indicates that the toroidal coupling effect is enhanced as �
increases, as is expected.

The mode structures of / and Ak on the poloidal cross section,
for � ¼ 0:15 and � ¼ 0:35, are shown in Fig. 5. The in–out asymmetry
of the mode structure appears due to the in–out asymmetry of the
toroidal magnetic field line,12 and this phenomenon becomes more
prominent with � increase.

The effects of the toroidicity on the tearing mode growth rate are
investigated numerically by scanning the resistivity g for different val-
ues of �. The simulation results are shown in Fig. 6(a). Toroidicity has
a clear reduction effect on the growth of the tearing mode due to the
favorable average curvature6 and the poloidal coupling effect. The sta-
bilizing effect increases as � increases. For � ¼ 0:35 and g ¼ 5� 10�5,
toroidicity can reduce the growth rate by about 50%. For sufficiently
small resistivity, the tearing mode would be completely dumped by
Glasser effect.34 However, when the tearing layer becomes very thin,
more radial grid points are needed to ensure sufficient radial resolu-
tion. As an initial value simulation, the simulation needs to be very
long to observe a clear growing eigenmode, or to conclude that the
mode is stabilized. Because of this limitation, only large values of resis-
tivity are considered. It also can be found that the theoretical scaling
c � g3=514 is generally satisfied except for the case with small � and
large g. This is because the theoretical scaling is obtained with the con-
stant �w assumption that is applicable only when the tearing layer is
sufficiently narrow. As � decreases and g increases, the tearing layer
increases accordingly and eventually the constant �w assumption
breaks down.

The effects of toroidicity on the frequency of tearing modes are
also briefly investigated numerically by scanning g for different �, as
shown in Fig. 6(b). The mode propagates in the electron diamagnetic
direction, and the frequencies are at the level of the electron diamag-
netic frequency, x
e ¼ khrTe=eB (for a flat density profile). The mag-
nitude of the mode frequency increases with increasing g and
decreases with �. When the ion temperature increases (Sec. III B), the
magnitude of the frequency decreases. In general, the mode frequency
is found to be much smaller than the growth rate and requires much
longer simulation to have an accurate estimate. For this reason, we
focus on the growth rate in the following investigations.

The dependence of the radial mode width on the resistivity is
plotted in Fig. 7 for � ¼ 0:25. Here, the radial mode width is defined
by the full width at half maximum of the radial mode structure of /. It
can be observed that the toroidal effect can increase the radial mode
width. Moreover, there is no clear scaling law between the radial mode
width and g in this situation. We found that the broaden effect is
mainly induced by the toroidal pressure term in the electron continu-
ity equation (3). This can be seen in Fig. 7, when the toroidal pressure
term is turned off in the simulation, the dependence of the radial
mode width on the resistivity is consistent with the results in cylindri-
cal geometry and meets the scaling of D � g2=5, which is consistent
with the theoretic scaling of the current layer width Dc in Ref. 14. It
also can be found that, neglecting the toroidal pressure term, the toroi-
dal effect can weakly narrow the tearing mode.

FIG. 2. Radial safety factor profile, where a is the minor radius. The dashed lines
show the position of the q¼ 2 rational surface at r=a ¼ 0:58 and the position of
the q¼ 3 rational surface at r=a ¼ 0:79.
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FIG. 3. The wave forms of Ak [(a)–(c)]
and / [(d)–(f)] for m¼ 1, 2, 3 compo-
nents. The dashed lines in (b) and (e)
show the waveforms in cylindrical geome-
try while the solid lines everywhere show
the toroidal wave forms when � ¼ 0:35
and g ¼ 2� 10�4. All the profiles are
normalized to the maximum absolute val-
ues of Ak2 and /2.

FIG. 4. The wave forms of Akm and /m
for � ¼ 0:15; � ¼ 0:25, and � ¼ 0:35
with g ¼ 5� 10�4. All the profiles are
normalized to the maximum absolute val-
ues of Ak2 and /2.
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B. Kinetic ion effects on the tearing mode

In this section, the kinetic ion effects on the tearing mode are
studied by increasing the ion temperature to be the same as the elec-
tron temperature, s¼ 1. The inverse aspect ratio is � ¼ 0:25.

First, the dependence of the growth rates of the tearing mode on
g for cold ions (s ¼ 10�3) and thermal ions (s ¼ 1) is compared in
Fig. 8. It can be seen that the kinetic ions can decrease the growth rate
of the tearing mode effectively, and the suppressing effect increases
with g. This might be because more kinetic ions can interact with the
tearing mode as the radial mode width grows with g. The simulation
results still agree with the theoretic scaling in the small g limit.

It is known that the ion kinetic effect is closely related to the ion
gyro-radius qi ¼ mi

ffiffiffiffiffi
Ti
p

=qB. Theory predicts that the classic growth
rate of the collisional tearing mode follows c � q�2=5i .14 Therefore,
c � m�2=5i and c � T�1=5i can be easily derived. These two scaling can
be verified through numerical simulation by parameter scan, which is
shown in Fig. 9. It can be observed that the growth rate decreases as
ion temperature and ion mass increase, and the growth rates agree
with the theoretical prediction well.

A finite ion temperature introduces the FLR effect on the tearing
mode that is present in cylindrical plasmas. The FLR effect is impor-
tant only at low resistivity, and other kinetic ion effects are found to be
not important in cylindrical geometry.26 Toroidicity introduces parti-
cle trapping and radial magnetic drift to the guiding-center motion.
We first perform numerical experiments to test the FLR effect and the
effect of magnetic drift (vD) in the ion guiding-center motion. The
results are shown in Table I. The FLR effect is turned off (FLR¼ 0) by
replacing the gyro-averaged value of a quantity with the value at the
guiding-center location. The magnetic drift is turned off (vD ¼ 0) by
removing the magnetic drift from the guiding-center motion.

As listed in Table I, the simulation results with/without the FLR
and/or magnetic drift effect of thermal ions are compared to that with
the cold ions. By comparing case 1 with case 2, we found that the
results in the cold ions limit can be recovered by turning off the FLR
and the vD effects in the simulations with thermal ions. By comparing

FIG. 5. Poloidal mode structures of / (left) and Ak (right) for � ¼ 0:15 (up) and
� ¼ 0:35 (down).

FIG. 6. (a) The dependence of growth
rate on g for different � in cylindrical and
toroidal geometry. (b) The dependence of
mode frequency on g for different � in
toroidal geometry. The dashed line is the
electron diamagnetic frequency at the
q¼ 2 surface for � ¼ 0:25.

FIG. 7. The dependence of the radial mode width on g for � ¼ 0:25. The radial
mode width is defined by the full width at half maximum of the radial mode structure
of /.
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case 2 with case 3, the FLR effect is shown to be unimportant, which is
consistent with the result in cylindrical geometry.26 By comparing case
3 with case 4, the growth rate of the tearing mode decreases signifi-
cantly by including the magnetic drift effect. This suggests that kinetic
ions affect the tearing mode mainly through the magnetic drift.

To gain further insight into the kinetic ion effect, a joule heating
diagnostics for the ions is performed. That is, the ion joule heating
terms in Eq. (12) are calculated and divided by two times the magnetic
energy, 2E (the field energy grows at twice the linear growth rate,
hence the factor of 2), giving a value of growth rate which can be inter-
preted as the contribution of the term to the mode growth rate. The
contributions from trapped and passing ions are calculated separately.
Other terms on the right-hand-side of Eq. (12) are also examined, and
it is found that the main instability drive comes from the last term, as
it contains the kink term that drives the tearing mode. Damping
comes from the first four terms which stand for the ion parallel joule
heating, the ion perpendicular joule heating, the electron parallel joule

heating and the energy spent on polarizing the ions, respectively. The
ion term proportional to ð@dni@t ÞR is found to be negligible. Notice that
the term in the ion continuity equation that arises from the compress-
ibility of the E�B motion is nearly canceled by the corresponding
electron term, and only the residual due to the ion FLR effect is
retained in the vorticity equation.25 Thus ion effects mainly come
from the two ion joule heating terms. As shown in Table II, the passing
ions dominate over the trapped ions in both the parallel and perpen-
dicular joule heating, and the parallel joule heating dominates over the
perpendicular joule heating. The perpendicular joule heating vanishes
for s ¼ 10�3, while it is substantial for s ¼ 1. This is consistent with
the previous test results on the effect of magnetic drift. Note however
that the change in the total contribution to the growth rate from the
ion joule heating is not equal to the change in the net linear growth
rate. These observations suggest a complex role of kinetic ions.

The mode structure is also changed by the ion temperature, as is
shown in Fig. 10. Changes in the mode structure are apparent for the
m¼ 1 and m¼ 3 components, visible for the m¼ 2 component of the
electric potential. Such changes in the mode structure will induce
changes in the electron response as well, making it difficult to identify
a single factor as an explanation of the observed kinetic ion effects in
toroidal plasmas.

C. Plasma shaping effect on the tearing mode

Plasma shaping can strongly affect tokamak plasma confine-
ment.35–37 Here, we briefly report the effect of shaping on the tearing
mode. Simulations scanning the three parameters in the Miller
model,27 the Shafronov shift R00, the elongation j, and the triangularity
d, are performed, and the results are shown in Fig. 11. It can be seen

FIG. 8. The growth rates of the tearing mode for different g for s ¼ 10�6 and s ¼ 1.

FIG. 9. The growth rates of the tearing mode for different Ti and mi with
g ¼ 2� 10�4.

TABLE I. FLR effect and magnetic drift effect on the tearing mode growth rates. The
growth rates are normalized to the value from the cases with cold ions (s ¼ 0:001).

g ¼ 1� 10�4 g ¼ 2� 10�4 g ¼ 3� 10�4

1. s ¼ 10�3, FLR¼ 1,
vD ¼ 1

1.00 1.00 1.00

2. s ¼ 1, FLR¼ 0,
vD ¼ 0

0.9954 0.9974 0.9964

3. s ¼ 1, FLR¼ 1,
vD ¼ 0

0.9981 0.9983 0.9969

4. s ¼ 1, FLR¼ 1,
vD ¼ 1

0.7146 0.6981 0.7015

TABLE II. The Joule heating rate of passing and trapped ions for s ¼ 10�3 and s
¼ 1 when g ¼ 3� 10�4 and � ¼ 0:25. The superscript “T” and “P” represent
trapped and passing ions, respectively.

s ¼ 10�3 s ¼ 1

cðmodeÞ 3:879� 10�4 2:650� 10�4

cðEkjkiPÞ �3:209� 10�4 �3:874� 10�4

cðEkjkiT Þ �1:624� 10�5 �1:919� 10�5

cðE?j?iP Þ 0 �7:163� 10�5

cðE?j?iT Þ 0 �1:388� 10�5
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that elongation has a significant destabilizing effect on the tearing
mode, while triangularity has a significant stabilizing effect. The
dependence of the growth rate on the Shafronov shift R00 is not mono-
tonic. The mode structures of / and Ak for R00 ¼ �0:15; j0 ¼ 1:3,

and d0 ¼ 0:25 are shown in Fig. 12. Although shaping in general has a
significant effect on the tearing mode growth rate, we have verified
that the conclusions drawn in Secs. IIIA and III B are not changed by
shaping.

IV. CONCLUSION

A low-n field solver has been developed to extend GEM to the
simulation of low-n MHD modes in toroidal geometry. The Pad�e
approximation is used to cast the quasi-neutrality condition into the

FIG. 10. The wave forms of Akm and /m
for s ¼ 0:001 and s ¼ 1. All the profiles
are normalized to the maximum absolute
values of Ak2 and /2.

FIG. 11. The dependence of the growth rate on Shafronov shift R00, elongation j
and triangularity d for s ¼ 1, � ¼ 0:25, and g ¼ 7� 10�5.

FIG. 12. The mode structures of (a) / and (b) Ak on the poloidal cross section for
R00 ¼ �0:15; j0 ¼ 1:3, and d0 ¼ 0:25.
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form of a Laplacian equation. The fully 3D Laplacian operator is used
instead of the common 2D Laplacian in the poloidal plane. The electric
potential is expanded in both the toroidal direction and the poloidal
direction. This spectral method reduces the number of unknowns,
because for low-n modes, the number of significant poloidal harmon-
ics is much smaller than the number of poloidal grids typically used in
discretizing the 2D Laplacian.

The effects of toroidicity and kinetic ions on the resistive tearing
mode are systematically studied and compared with analytic theory.
The growth rate and the width of the tearing mode can be reduced by
the toroidal effects. The toroidal pressure term in the electron continu-
ity equation is found to increase the mode width. As the ion tempera-
ture increases, the growth rate of the tearing mode is significantly
reduced.

In the future, the low-n field solver will be combined with the
existing high-n solvers to study the interaction between low-n MHD
waves, such as the energetic particles driven toroidal Alfv�en eigenmo-
des and micro-turbulence. At present, such a simulation uses the high-
n solvers for all toroidal numbers, therefore limited to n � 3. The new
solver allows the inclusion of the n¼ 1 TAE, for instance. We also
plan to extend the simulation domain to include the magnetic axis and
simulate the n¼ 1 kink mode. The low-n solver can be readily
extended to the axis by adopting the appropriate boundary condition.
What remains is to populate the r¼ 0 region with particles. A new
algorithm for advancing the particles near the magnetic axis will be
needed, as the existing algorithm, which advances particles in the
field-line-following coordinates, is not applicable near r¼ 0.
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