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ABSTRACT

The prediction of force on an isolated particle, while a shock is passing over it, is an important problem in many natural and industrial
applications. Although the flow monotonically changes from the pre-shock to the post-shock state, the particle’s force has been observed to
behave nonmonotonically with a sharp peak when the shock is located halfway across the particle. This nonmonotonic behavior is due to the
unsteady nature of the compression and rarefaction waves that radiate as the shock diffracts around the particle and, therefore, cannot be
predicted by a quasi-steady model. An accurate force model must account for the unsteady nature of the flow and the sharp discontinues in
the flow properties across the shock. In this work, we test four different inviscid models and observe that the compressible
Maxey-Riley-Gatignol (C-MRG) model is the most accurate based on comparison with results from particle-resolved inviscid simulations at
two different Mach numbers for both water and air as the medium. The C-MRG model is first demonstrated to predict the force on a station-
ary particle accurately and then extended to capture the force on a moving particle. Numerical complexities regarding the implementation of

the C-MRG model are also discussed.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0067801

I. INTRODUCTION

The dynamics of shock interaction with particles are key features
in numerous industrial applications and natural occurrences. For
example, volcanic eruptions,” drug delivery systems,” and supernovae
all consist of highly compressible fluid flows with shocks and other
discontinuities that propagate over a distribution of particles. In these
examples, there are numerous complexities involved, such as compres-
sion and expansion waves, small-scale turbulence, and particle-
particle collisions. It is crucial to quantify the physical mechanisms in
these compressible multiphase interactions.

This study focuses on a fundamental problem in compressible
multiphase flow: shock wave interaction with an isolated spherical par-
ticle. Our objective is to evaluate existing drag models to determine
which most accurately represents the inviscid force imparted on the
particle by comparison with particle-resolved simulations. The prob-
lem of shock-particle interaction, at the level of an isolated particle,
has been simulated by numerous researchers and does not pose a sig-
nificant computational challenge.” > Particle-resolved simulations of
shock propagation over hundreds of particles have been considered in
recent years.”'' However, larger-scale compressible-flow simulations
containing millions or billions of particles cannot be performed in a

particle-resolved context due to the extreme number of grid points
required. Instead, the simulations are performed using the
Euler-Lagrange (EL) or Euler-Euler (EE) approaches, where the flow
details around the individual particles are not resolved. In this context,
the momentum exchange between the particles and the surrounding
flow must be modeled. The force models to be evaluated in this work
play a vital role in the coupling between the fluid and the particulate
phases in EL and EE simulations of compressible multiphase flows
and are, therefore, of great practical importance. Additionally, obtain-
ing an accurate model of force on an isolated particle is of fundamental
importance in itself since it embodies the physics of pressure (and den-
sity) waves generated by the interaction and the diffraction of the pri-
mary shock wave as it propagates around the particle.

When a planar shock propagates past an isolated stationary parti-
cle, due to the rapid change in fluid properties across the shock, the
fluid state around the particle will change from the pre-shock to the
high-pressure post-shock condition on the shock-interaction timescale
of Ty = d, /Us, where d, is particle diameter and U; is the shock
velocity. Though fluid pressure, density, and velocity initially vary
monotonically from the pre- to post-shock state, previous experimen-
tal and simulation results'”'” confirm the force on the particle to be
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nonmonotonic. In particular, the force on the particle experiences a
rapid increase and reaches a peak value when the shock is roughly
midway across the particle. The force then rapidly decreases and
becomes negative when the shock has just moved past the particle.
The force recovers to become non-negative again when the shock is
well past the particle. The drag force’s nonmonotonic nature, includ-
ing the brief period of negative force, is driven mainly by inviscid
mechanisms.

If the post-shock Mach number is subcritical (i.e., less than 0.6 in
the case of a spherical particle), then the long-time inviscid force expe-
rienced by the particle after the passage of the shock decays to zero. In
supercritical post-shock flow, the flow becomes supersonic at some
point around the particle, introducing shocklets when the flow deceler-
ates back to the subsonic condition. In the supersonic post-shock flow,
a permanent bow-shock forms ahead of the particle. In the case of
supercritical or supersonic post-shock flows, the long-time inviscid
force on the particle remains nonzero, which should be correctly con-
sidered an inviscid contribution to the quasi-steady force.

The effect of viscosity on the particle force can be conceptually
separated into quasi-steady and unsteady contributions.'®'” Both these
contributions become essential within a couple of shock-interaction
timescales.” In a subcritical post-shock flow, the long-time post-shock
force on the particle is dominated by the quasi-steady viscous contri-
bution. In supercritical and supersonic flows, the long-term quasi-
steady force will have viscous and inviscid contributions.

The nature of the shock—particle interaction in the three different
post-shock flow regimes (subcritical, supercritical, and supersonic
regimes) and the subsequent effect on particle motion, at the level of
an individual particle, has been studied experimentally, numerically,
and with Euler-Lagrange simulations.'”'"'®** These experiments
and simulations focused on determining the unsteady drag a particle
endures while interacting with a shock and after it has passed.

The purpose of a drag model is to determine the force on a particle
in terms of the undisturbed flow seen by the particle. The term undis-
turbed flow refers to the flow that exists in the absence of the particle.
For example, the fluid velocity U in the Stokes drag law F = 3nud, U is
the velocity of fluid that would have occupied the space of the particle, in
the absence of the particle; ie., the Stokes drag is based on the undis-
turbed fluid velocity at the particle. In the particle’s presence, the fluid
velocity in the neighborhood of the particle would be disturbed by the
particle. Care must be exercised in adequately evaluating the undisturbed
fluid velocity for use in the drag model in an EL or EE simulation.”” *’

In the context of the shock—particle interaction, the undisturbed
flow is well defined as the planar shock flow that approaches the parti-
cle. Nevertheless, its use in the standard drag law presents three critical
challenges. First, the undisturbed flow at the particle’s location rapidly
varies from the pre-shock to the post-shock condition as the shock
sweeps past the particle. The shock-interaction timescale 7, is typi-
cally much faster than the inertial d,/U and viscous df, /v timescales
of the problem, and as a result, the particle’s force cannot be treated as
quasi-steady and the unsteady contributions become important. In
such time-varying flows, one must use the Basset-Boussinesq—Oseen
(BBO) equation to calculate the unsteady force on the particle.” In the
context of shock-particle interaction, the compressible version of the
BBO equation™ must be used. The unsteady contributions to the drag
force depend not only on the instantaneous undisturbed flow at the
particle but also on the entire history of the undisturbed flow.
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The second challenge is due to the abrupt transition of fluid
properties across the shock, whose thickness is often much smaller
than the particle diameter. As a result, the undisturbed flow that exists
is the constant pre-shock (or post-shock) state before the shock arrives
(or after the shock leaves). While the shock is crossing the particle, the
undisturbed flow surrounding the particle is partly pre-shock and
partly post-shock state. In the incompressible regime, such variation in
the undisturbed flow on the scale of the particle requires the use of the
Maxey-Riley-Gatignol (MRG) equation””" in the particle force cal-
culation. The MRG equation is qualitatively similar to the BBO equa-
tion, except that the undisturbed fluid properties are expressed as
surface and volume averages over the particle. The compressible exten-
sion to the MRG equation derived by Parmar et al. and Annamalai
et al.”>* is required in the context of shock—particle interaction.

The BBO and MRG force expressions have been rigorously
derived and are exact in the linear zero Reynolds and Mach number
limit (i.e., in the limit Re — 0 and M — 0). The third challenge is that
the linear assumption is invalid in the case of shock—particle interac-
tion and requires the development of nonlinear finite-Re, finite-M
extension to the compressible MRG equation. Such a finite-Re, finite-
M extension must necessarily be empirical. Since analytical tools are
incapable of solving the nonlinear problem, empirical extensions have
to be made based on experimental and particle-resolved simulation
results.

The compressible MRG equation of force is an integrodifferential
expression, and therefore, it is more complex than the standard quasi-
steady drag expression. There have been past efforts to evaluate the
importance of the various unsteady contributions to the particle force
that make the MRG force expression more complex.””** Various sim-
plifying approximations have been introduced in the evaluation of the
integrodifferential expression. Furthermore, there have been other
efforts at modeling the net effect of the shock-particle interaction
without resorting to the explicit separation of unsteady and steady
contributions.™

There are four primary goals to the present work. (i) We will sys-
tematically consider four progressively more complex models of force
on a particle and evaluate their prediction accuracy during the shock-
particle interaction. The simplest model considered is the incompress-
ible BBO (I-BBO) equation that ignores both the compressibility effect
and the particle’s finite size. Incompressible MRG (I-MRG) equation
will then be considered to account for the finite-particle size. This will
be followed by compressible BBO (C-BBO) and compressible MRG
equations that account for the effect of compressibility. We will con-
sider the nonlinear version of these models and evaluate their accuracy
by comparing them against the results of particle-resolved simulations.
Our attention will be focused on the inviscid forces since the modeling
of quasi-steady force as a function Re and M has been well
addressed.””* 7 (ii) We will investigate the force models in the con-
text of both the ideal and stiffened gas equation of state (EOS). Past
efforts of shock-particle interaction have generally been limited to flu-
ids satisfying ideal gas EOS. However, many practical applications
involve nonideal fluids. We consider a stiffened gas EOS with parame-
ters consistent with liquid water. (iii) Numerical implementation of
the integrodifferential expression for force requires care. Here, we will
consider the numerical implementation of the different force expres-
sions in the context of an Euler-Lagrange simulation of shock propa-
gation over a stationary particle and evaluate the trade-off between
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accuracy and computation cost. The results from each model will be
compared against particle-resolved simulations to determine the accu-
racy. (iv) Quantify the accuracy of the compressible MRG model for a
moving particle. The initial discussion will assume a stationary parti-
cle, which is valid when the particle is significantly heavier than the
fluid. However, in a physical experiment, the particle will be moving,
and testing the performance of the model in this regime is essential.

The paper is organized as follows: Section 1I presents the detailed
formulations of the drag force models being considered. In Sec. III,
these force expressions are applied to the problem of a sharp shock
front propagating over a stationary particle. The governing equations,
numerical method, simulation setup, and grid resolution of particle-
resolved simulations with both the ideal (air) and the stiffened (water)
EOS are presented in Sec. IV. In Sec. V, we compare the different force
model results with the simulation results and available experimental
data. Numerical implementation of the different force models in the
context of Euler-Lagrange simulations is addressed in Sec. VI. We
consider the moving particle case in Sec. VII. Finally, conclusions are
made in Sec. VIIL

Il. FORCE MODELS

Subsections I1 A, 11 B, I1C, and II D present four different force
models: the incompressible BBO, incompressible MRG, compressible
BBO, and compressible MRG models. The equations governing each
model are presented in detail and explained, emphasizing application
to the shock-particle interaction. Because this paper is concerned with
early time behavior, the models are considered in the inviscid limit.
These models are exact in the linear zero Reynolds and Mach number
limit. Their extension to finite Reynolds and Mach number conditions
is empirical.

The inviscid flow around the particle as computed in a particle-
resolved simulation is far more complicated than the undisturbed
flow, u,,,,, which remains a simple planar shock at all times. The differ-
ence between the actual flow and the undisturbed flow is the perturba-
tion induced by the presence of the particle. In the present case of
inviscid simulations, the perturbation flow is due to the imposition of
the no-penetration boundary condition at the particle’s surface. Since
a no-slip boundary condition is not imposed, the perturbation flow
does not include the development of boundary layers. Our objective is
to express the particle’s inviscid force as a function of time during the
early period of the shock-particle interaction in terms of the undis-
turbed flow.

A. Incompressible BBO (standard point-particle)

model

The first model to be considered is the incompressible BBO equa-
tion,”* *” which will also be referred to as the standard point particle
model, since it is often used in Euler-Lagrange simulations of both
incompressible and compressible multiphase flows. The inviscid force

on a particle is expressed as the sum of three contributions:

I-BBO: F(t) = —Vp[vpun]@ +Fqs
e ——

Fun

A(p, a1t
(pg Lm) + PunWun * vuun )
t @

Fiu=Fiu+Fiuu

+CuV, (1)
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where V, = 47zR13, /3 represents the volume of the particle. In the
above, #,, p,,» and p,, correspond to the undisturbed velocity, pres-
sure, and density. Here, the particle is taken to be stationary. The
added-mass coefficient Cy; is in general a function of the flow Mach
number seen by the particle, and it takes a value of 1/2 in the low
Mach number limit.

The first term on the right is the undisturbed flow force, meaning
that this force exists even when the particle does not perturb the flow,
and it acts on the spherical volume occupied by the particle. Since the
undisturbed shock is taken to be inviscid, F,, depends only on
the local pressure gradient and, therefore, often referred to as the
pressure-gradient force. In the BBO formulation, the particle is taken
to be much smaller than the flow scales, and the pressure gradient for
the force calculation is evaluated at the center of the particle, which is
represented by the notation [- ]. In contrast, the other two force con-
tributions are due to the inviscid perturbation flow induced by the
particle’s presence. The second term on the right is the inviscid quasi-
steady force, which is identically zero when the post-shock flow is
subcritical. When the flow is supercritical or supersonic, it increases
monotonically as the shock goes over the particle and reaches a con-
stant value after the shock has passed.

The final term on the right is the added-mass force due to the
undisturbed ambient flow’s acceleration. This force will be referred
to as the inviscid unsteady force, as indicated by the subscript “ju.”
In the incompressible limit, this force depends only on the instanta-
neous acceleration of the surrounding fluid, represented by the term
within the square parenthesis, again with the subscript @ to denote
that this quantity is evaluated at the center of the particle. This
instantaneous relation between force and acceleration gives rise to
the added-mass concept. As will be seen below, this instantaneous
relationship is lost in the compressible regime, and therefore, we
refer to this force by the more general term, the inviscid unsteady
force. The first term within the square parenthesis is the linear form
of the added-mass force that Bassett, Boussinesq, and Oseen rigor-
ously derived.”® * Though the original derivation was for constant
fluid density, its application in the present context is for variable den-
sity compressible flow. Therefore, the undisturbed flow density has
been taken inside the derivative. Since the particle has been taken to
be stationary, the time derivative following the particle d/dt has been
replaced with 9/0¢. The second term within the square parenthesis
is an empirical addition that accounts for the nonlinear effect of con-
vective acceleration of the undisturbed ambient flow. This term’s ori-
gin has been brilliantly articulated by Taylor*' in the investigation of
the inviscid force on a body in converging or diverging streams of
fluid. Even in a steady ambient flow, spatial variations in the undis-
turbed ambient flow will give rise to spatial variation in impulse and
an attendant added-mass force, represented by Fj, ;. In the limit of
constant density, the two terms within the square parenthesis com-
bine to yield the familiar added-mass force due to fluid acceleration,
namely, CyV,p,,Du,,/Dt, where D/Dt = 9/0t + u,, - V is the
total derivative following the undisturbed fluid. Finally, it should be
noted that fluid velocity, density, and their gradients that appear
within [-], are evaluated at the particle center.

The incompressible BBO model ignores both the compressible
nature of the problem and the particle’s finite size compared to the
shock thickness. Subsections 11 B, II C, and II D will consider improved
force models by relaxing these restrictions.
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B. Incompressible MRG model

The point-particle model of Subsection II A is ill-suited for the
problem of a sharp shock propagating over a particle. The spatial
derivatives of undisturbed flow quantities (ie., Vp,, and Vu,,)
become singular at the shock front. For example, Vp,, is identically
zero on either side of the shock front and becomes infinite at the
shock. However, this difficulty is avoided in an EL simulation since the
numerical shock is of finite thickness and extends over a few grid
points. As a result, the undisturbed flow’s spatial gradients, though
remain finite in an EL simulation, can become large. In fact, in an EL
simulation, the I-BBO model’s application will face the nonconver-
gence problem, since as the grid is refined, the gradients at the shock
will continue to increase, leading to ever-increasing pressure-gradient
and inviscid-unsteady forces."”

In this subsection, we consider the Faxén form of the force
expression given by the MRG formulation.”’ The inviscid force on the
particle is expressed as the sum of three contributions

I—MRG : F(t) = —S, punt® +F,,
e ——

Fun

v
(P ¥un)
ot

+CuV, + Ponlln’ - Vit |,

Fiu=Fiuj+Fium
)
where S, = 47'LR; is the surface area of the particle and #n is the out-
ward surface normal to the particle. The volume and surface averages

—V —§
over the particle are represented as (-) and (-) , respectively. In the
pressure gradient force, we have used Gauss’s theorem to replace

fvpmv by the first term on the right-hand side. The Gauss theo-
rem is particularly useful in evaluating volume averages involving spa-
tial gradients. Since spatial gradients of quantities, such as pressure,
are infinite at the shock, it is far more convenient to evaluate F,, as
the surface average of pressure, as given in the first term.

Similarly, in the added-mass force, the volume average has regu-
larized the two terms within the square parenthesis. In the linear term,
the product p,,,u,, evaluated at the center of the particle undergoes a
singular step-change from pre- to post-shock values when the shock
moves past the particle center, whereas the volume average P, "
smoothly changes over time as the shock propagates over the particle.
Thus, while d(p,,,u,,,) /0t cannot be evaluated in (1), the time deriva-
tive Ot ¥ ) /Ot can be precisely evaluated even in a shock flow.
Similarly, in the nonlinear term, while [Vu,,], becomes singular
when the shock is located at the center of the particle, the correspond-
ing volume averaged version Vi, " is well behaved and can be evalu-
ated. Note that Vi, " must be interpreted as the spatial gradient of
the volume-averaged undisturbed flow. Again, in a constant density
incompressible flow, the two terms within the square parenthesis can

be combined to obtain p,,D #,," /Dt, where convective acceleration
D/Dt = 0/0t + U, ¥ - V is defined in terms of the volume-averaged
undisturbed flow. In this manner, the Faxén form is better suited for
flows with sharp gradients. There are numerous options for modeling
the quasi-steady force. The quasi-steady force is modeled the same
way for all force formulations and is presented later in Sec. I11.

ARTICLE scitation.org/journal/phf

C. Compressible BBO equation

Now we consider the compressible BBO equation, which accu-
rately accounts for the effects of compression and rarefaction waves
generated as the shock propagates over the particle. The detailed deri-
vation of the compressible BBO equation was presented in Refs. 29
and 33, and the resulting force expression for the present case of a sta-
tionary particle is

C—BBO: F(t) = =V, [Vpun]o +Fgs
—_——

Fun
t
0 u,
+ VPJ K; [M+punuun -Vu,,| dé.
o ot Q¢
Fiu=Fy1+Fiun

3

The main difference between the above and the incompressible version
given in (1) as the standard point-particle model is that the added-
mass force (the two terms within the square parenthesis) has been
generalized to the inviscid unsteady force and is represented as a con-
volution integral. Note that the inviscid unsteady force at time t
depends on the history of density-weighted acceleration of the undis-
turbed fluid, unlike in the incompressible limit where it is dependent
only on density-weighted acceleration at the same time instant ¢. Since
the BBO formulation ignores any spatial variation in the undisturbed
flow, all undisturbed flow quantities seen by the particle are taken to
be evaluated at the particle center. The notation [ |- denotes that the
argument is evaluated at the center of the particle at the time . The
inviscid kernel is a function of time separation t — ¢ and also depends
on the flow Mach number as seen by the particle. In the zero Mach
number limit, the inviscid kernel has been analytically obtained to take
the following form:*”*>**

Ky(t— &M —0) = %exp <(tc)[c]“c> cos (H)[%t)

» R, R,
(4)

where ¢ is the speed of sound and R, is the particle radius.""*" offered
an interpretation of the above decaying oscillatory kernel in the context
of a more straightforward problem of a spherical particle subjected to a
quiescent ambient impulsively sent into uniform motion. In this simpler
model problem, the undisturbed flow seen by the particle remains spa-
tially uniform but instantly changes from a quiescent state to a steady
nonzero uniform flow. Thus, the undisturbed flow remains spatially
uniform at all times, unlike the shock problem where the flow is spatially
discontinuous. In the presence of the particle, an inviscid disturbance
front of radius R, + ¢t = Rp(1 + ) propagates away from the particle
immediately following the change in the ambient flow.””" Initially, the
disturbance field is compressional (or expansional) upstream (or down-
stream) of the particle, contributing to a strong inviscid unsteady force
directed along with the ambient flow. As the inviscid disturbance front
propagates out, an alternating sequence of compression and expansion
waves radiate out on the acoustic timescale, whose strength rapidly
decays. This contributes to both the oscillatory behavior and the expo-
nential decay of the force from the instant change.

The convolution integral can then be interpreted as follows: The
density-weighted acceleration of the ambient flow at time ¢ is given by
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the term within the square parenthesis in (3) and it contributes to
inviscid unsteady force at all later times, i.e., influences force for all
t > & Due to causality, an acceleration at time £ cannot cause a
force at prior times, i.e., does not influence when ¢ < £. By multi-
plying with the kernel K;,, we properly weigh the past acceleration
at ¢ for its contribution to force at t. Since ambient flow accelera-
tion seen by the particle is a function of time, the inviscid unsteady
force on the particle at any time ¢ depends on all the past accelera-
tion history appropriately weighted by the kernel, as represented by
the convolution integral.

The compressible BBO equation was originally derived in Ref. 29
by solving the linearized compressible Navier-Stokes equations for a
temporally varying spatially uniform undisturbed ambient flow past a
spherical particle. The linear assumption of small perturbation ampli-
tude is strictly applicable only in the limit of an infinitesimally weak
shock. The above compressible BBO equation has been modified to
account for the nonlinear effects of finite-amplitude shocks. Only the
first term within the square parenthesis in Eq. (3) was rigorously
derived, and it represents the linear contribution Fj,;. The second
term Fj, ,; accounts for the nonlinear effects. This term has not been
rigorously derived. It is motivated by the incompressible counterpart
given in (1). The theoretical derivation of C-BBO equation was in the
zero Reynolds and zero Mach number limit, and as a result, the theory
also does not account for variations in Mach number. In contrast, in
the present inviscid application, the flow Mach number changes sub-
stantially across the shock. As will be discussed later, we partly address
this with a Mach number-dependent kernel.

The inviscid unsteady force (3) differs from the linear compress-
ible BBO equation obtained in Ref. 29 on three accounts: (i) The time
derivative includes the undisturbed fluid density within it to account
for the density variation of the undisturbed ambient flow. (ii) In the
definition of the inviscid kernel, the time has been nondimensionalized
by the speed of sound of the fluid seen by the particle (i.e., evaluated at
the particle center) at the moment of acceleration. This is in contrast
to the original derivation, where the speed of sound remained a con-
stant at all times. (iii) The inviscid unsteady force includes the contri-
bution Fj, ,; from convective acceleration.

D. Compressible MRG equation

While the standard point-particle model (F;_ppo) is the simplest,
it could account for neither the spatial variation in the undisturbed
flow nor the historical effect of the radiating acoustic waves. In the
Faxén form (F;_pprg), we accounted for spatial variation by evaluating
the undisturbed flow quantities as surface or volume averages. On
the other hand, in the compressible BBO equation for Fc_ppo, the
convolution integral accounts for the history effect. As a result, the
added-mass force became the inviscid unsteady force represented by
the convolution integral. The compressible MRG equation is the com-
plete model that accounts for both these effects.

0 (punuml)v +rV- (punuun)v
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For this work, the compressible MRG equation’s detailed deriva-
tion is omitted; interested readers may find it in Ref. 33. Their analysis
was built upon the well-known solution of a time-harmonic traveling
plane wave of a given frequency propagating in a compressible fluid
over a spherical particle. They solved the linearized compressible
Navier-Stokes equations in the frequency domain. The force obtained
in the Laplace space for a given frequency and wave number is then
generalized to any arbitrary incoming flow. This was achieved by relat-
ing the radial and tangential velocity components in the Laplace space
to the time-dependent surface-averaged radial velocity and volume-
averaged velocity vectors. Parmar et al.”” also derived the compressible
version of the MRG equation, but using the reciprocal theorem instead
of the fundamental solutions of plane acoustic wave scattering by a
spherical particle. The total inviscid force on the particle can be written
as

C - MRG :
F(t) = —Sp puntt® +Fy
——
Fun

—F

¥ O (Puntun.r)
3V, K, | —tunZunr)
" PJ,M [ or

Fiu=Fiu)+Fiun

+ punuunv : Vuunrs div
¢

©)

which combines the convolution integral of the compressible BBO
equation and the volume/surface averages of the Faxén form. In
the above equation, the subscript “r” corresponds to the radial compo-
nent of velocity and, therefore, on the surface of the particle
Uyn, = (Uun - n)n, where n is the unit surface normal vector.

The interpretations of the first two terms on the right-hand
side as the pressure gradient and the inviscid quasi-steady force
have already been discussed. The third term is the inviscid unsteady
force and has been written in the most compact form. The inviscid
unsteady kernel is the same as that given in (4), and it is a function
of the time separation ¢ — £. In the limit when the ambient flow is
spatially uniform around the particle, this term becomes the same
as that given in the compressible BBO equation. The different
forms of the kernel have been derived assuming small perturbations
in the Mach number. To see this equivalence, we will use the fol-
lowing identity:*

5 1 1—
W, = (w~n)ns = gﬁ/v +§rv . wV, (6)

where r is the radial vector from the center of the sphere. The above
identity relates the surface average of the radial component of a vector
w to its volume average. The identity can be used to rewrite the invis-
cid unsteady force as

ot

+ DotV (g + 7V )| dE. )

¢

Fiun+Fiujp+Fiunn +Fiu
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In the limit, when ambient flow variation on the scale of the particle is
small, the second and the fourth terms, i.., Fj,» and Fj, ,», can be
ignored and their values can reasonably approximate the surface and
the volume averages at the center of the particle. As in the C-BBO for-
mulation, the first two terms that are within the time derivative
account for the density-weighted temporal acceleration, while the last
two terms account for the effect of convective acceleration. In this
sense, the above compressible MRG equation reduces to the compress-
ible BBO equation.

Since the speed of sound varies on the scale of the particle, the
inviscid kernel must be appropriately defined as

,V:|

[CRpg exp <_ (t— 12[6 k)
X COs <0_E)[CV]C), (8)

where [¢"]; is the speed of sound of the undisturbed fluid over the vol-
ume occupied by the particle at time &. Thus, instead of the speed of
sound evaluated at the particle center, we generalize it to the volume
average to accommodate the step change in the speed of sound across
the shock. Again, the above functional form of the kernel is appropri-
ate only in the zero Mach number limit.

The work of Ref. 44 shows that the inviscid kernel, although qual-
itatively remains similar at finite Mach numbers, quantitatively
changes with the increase in flow Mach number. The zero-Mach num-
ber kernel given above is shown in Fig. 1 along with the finite-Mach
number kernel for the case of a Mach 1.22 flow moving over a particle
in air. It is clear that the kernel decays and remains oscillatory even at
finite Mach numbers. However, with increasing Mach number, the
kernel extends for a longer time. The area under the kernel corre-
sponds to the added-mass coefficient, which in the zero-Mach case is
1/2. The added-mass coefficient is observed to increase with the
increase in Mach number. Based on this observation, we define the fol-
lowing simple empirical expression for the finite-Mach number kernel

K (t — C;MV—>O) =

10000

Constant Mach

Variable Mach
8000
6000
j 4000
2000
0
0 1 2 3 4

t/T

FIG. 1. Difference between constant Mach kernel (black) and variable Mach kernel
(red) in air at Mach 1.22.
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R, R,

X €Os (ﬁi(t — é)[CV]§>7 9)

Ku(t—&M" —0) = [EV}éexP <_oc(té—)[cv]5>

Ry

where the parameters o and 5 control the decay rate and the period of
oscillation. They are functions of flow Mach number and in the limit
of zero Mach number o = 1.0 and § = 1.0. We use the finite-Mach
number kernels obtained by Ref. 29 and fit the kernels with the above
empirical expression to obtain the values of o and f for different flow
Mach numbers in the range 0.0-0.6. An approximate fit of these
parameters is given by o= —1.47M?—023M +1.00 and
B = —1.74 M* — 0.10 M + 1.00, where M is the Mach number. Later
we will compute the inviscid unsteady force using both the zero-Mach
number kernel as well as the above finite-Mach number kernel.

11l. SHOCK-PARTICLE INTERACTION: FORCE MODELS

In this section, the force models described previously are special-
ized for interaction with a planar shock. Methods for computing the
undisturbed flow force, inviscid quasi-steady force, and inviscid
unsteady force are presented. As discussed previously, the incompress-
ible and compressible BBO force expressions [i.e., Egs. (1) and (3)]
cannot be applied due to the singular nature of the spatial derivatives
at the shock front. Therefore, this section concentrates on the incom-
pressible and compressible MRG force expressions. The pre- and post-
shock states, defined by the Rankine-Hugoniot equations, are formu-
lated in the context of a stiffened gas EOS, which also encompasses an
ideal gas EOS under the correct parameterization.

Figure 2 shows the undisturbed planar shock to be located at a
distance x; from the origin, where the particle’s center is at the origin.
The state of the stationary ambient fluid ahead of the shock (to the
right of the shock) is denoted by 1, and the post-shock state on the left
is denoted by 2. The density, velocity, pressure, internal energy, tem-
perature, and speed of sound in the pre- and post-shock states of the
moving planar shock are

s Uz, ,E,T,C if x < X,
(p,u,pe,T,c) = (P2 42,2, €2, T2, ¢2) . s (10)
(p1707p17617T1761) if X > Xs.

The particle radius R, and the pre-shock speed of sound ¢; are taken
to be the characteristic length and velocity scales. The pre-shock gas
density p; and specific heat at constant pressure C, are employed as
reference scales. The characteristic time and pressure scales are then
R,/c1 and p,cf. The fluid is taken to obey the stiffened-gas equation
of state

p=@G—1pe—7p- (11)

In the analysis that follows, we will consider parameterizations of this
EOS that represent both air and water. For water, the constant p,
= 0.6 Gpa with the specific heat ratio y = 4.4 is applied. For air,
Poo = 0 (recovering the ideal gas EOS) and y = 1.4. The inviscid
Euler equations govern the undisturbed fluid flow, and accordingly,
the shock is represented as a step-change in fluid properties.
Rankine-Hugoniot relations that connect the pre- and post-shock
states are obtained for the stiffened gas EOS, presented in Table I. A
tilde denotes the nondimensional quantities, and it should be noted
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FIG. 2. The left image is the initial setup of fluid properties where Sec. Il is the high-pressure region and Sec. | is the ambient fluid. The right image is a view of the body-

conforming grid surrounding the particle.

that all quantities in the table are in terms of the three parameters: the
specific heat ratio y, the shock Mach number M, and the constant
Poo = Poc/(p16}). The corresponding results for the ideal gas EOS can
be readily obtained by settling the constant p__ = 0.

A. Undisturbed flow force

We first address the undisturbed flow force given by the first
term on the right-hand side of the compressible-MRG equation (5),
which is identically the same as that predicted by the incompressible-
MRG equation. Only the streamwise component of the force is non-
zero and can be expressed as

inun(t) = -
SP

pun(n - e;) dA = n(R; — xsz) (po—p1)-  (12)

The above expression is valid only when the shock is located over the
particle, ie., only when —R, < x; < R,. Otherwise, Fy,, = 0. We

evaluate the surface integral by noting that part of the sphere sees the
pre-shock pressure, while the rest is immersed in post-shock pressure
and the factor m(R2 — x?) can be recognized as the cross-sectional
area of the sphere between the two pressures.

We will now nondimensionalize the force in terms of the post-
shock uniform flow to define the drag coefficient. The time evolution
of Cp, for the undisturbed flow force becomes

I-MRG & C - MRG:

1—5C2 ~
C (Z) L ( ,b l~425)
D,un
' % nR2 P2 u% 272

,—p,) f0<t<2/M,,

otherwise.
(13)

In the above, the nondimensional shock location is a function of time
and is given by

TABLE 1. Pre- and post-shock variables in nondimensional terms. Here, v is the ratio of specific heats and M; is the shock Mach number, which is the same as nondimensional

shock speed.

Post-shock state (left)

Quantity Pre-shock state (right)
Density p=1 . (y+ym?
P OM 2
Pressure - o1 1 2y ) ~
=t =-—p =1+ M2—1)(1+7
1 plc% Y 00 Pz y V+1( s )( /poc)
Velocity =0 - 2 1
Uy = —— (M, ——
y+1 M;
Internal energy 58 1+9(y—1)p . 2.
d - (7 =1
Sound speed Z = PP+ Poo) ) 2 = PPy +Ps)
p P2
34, 016108-7

Phys. Fluids 34, 016108 (2022); doi: 10.1063/5.0067801
Published under an exclusive license by AIP Publishing

6L:zh:0L €202 1snbny Lg


https://scitation.org/journal/phf

Physics of Fluids ARTICLE

Xs = —1+ M. (14)

We set f = tcl/RP = 0 when the shock is located at X, = —1, ie,
when the shock is just touching the upstream front of the particle.
Also, from the above definition, at = 2/M,, the shock is located at
the downstream end of the particle (ie., X; = 1). Therefore, Cp ,, is
nonzero only for the limited time period 0 <t < 2/M, when the
shock is located over the particle. At times outside this window, when
the shock is located away from the particle, Cp ., = 0.

B. Inviscid quasi-steady force

By definition, the quasi-steady force on a particle at any time ¢ is
taken to be the force that the particle would experience if the undis-
turbed flow seen by the particle at that time f were to remain the same
in a time-independent manner. Thus, the inviscid quasi-steady force
corresponds to a steady, spatially uniform undisturbed ambient flow
past a stationary sphere. The inviscid quasi-steady force is identically
zero when the flow around the particle is subcritical (i.e., when the
flow Mach number M < 0.6). For 0.6 < M < 1.0, the flow perturbed
by the particle becomes supersonic as it accelerates around the particle
and results in the formation of a shocklet as the flow decelerates back
to the subsonic state. When M > 1.0, a standing bow-shock forms
ahead of the particle. The presence of a standing shocklet or a bow
shock in the supercritical and supersonic flows results in a nonzero
inviscid quasi-steady force on the particle. The following empirical
expression for inviscid quasi-steady drag coefficient has been
suggested "’

0 iftM" <o0.6,
Cpgs(t) =< 7.819 x 107294 ifo6<m” <10, (15
1 if1.0< M,

which was obtained to fit the results of a few particle-resolved inviscid
simulations of uniform ambient flow at different Mach numbers. In
situations where the ambient flow spatially varies on the scale of the
particle, the undisturbed flow Mach number in the above expression is
taken to be the volume average as indicated by the variable M v,

In shock-particle interaction, the flow Mach number is zero
ahead of the shock and M, behind the shock. The Mach number of
the flow seen by the particle is approximated as the volume average,
while the shock is located over the particle. Appendix presents expres-
sions of volume and surface average of quantities that sharply vary
over a particle. From which we obtain

0 iff <0,
_ v~ 3. 1.5 1 _
M (i) = “Xs— =X 4= | My if0<t<2/M, (16)
4 4 2
M, if2/M, <t,

where X, as a function of  is given in (14).

C. Inviscid unsteady force

We will now evaluate the inviscid unsteady force due to shock
particle interaction given in the MRG formulations. Again, we empha-
size that this force cannot be calculate‘gl with the BBO formulations.
Quantities, such as V,0(p,,uy,) /Ot that appear in the

scitation.org/journal/phf

incompressible and compressible MRG equations, are evaluated using
identities that are derived in Appendix. They are then nondimension-
alized to convert them into drag coefficients. The resulting nondimen-
sional inviscid unsteady force of the incompressible MRG model can
be expressed as

I - MRG: CD.iu(;) = Ull “'jnll}% (17)

where the terms on the right-hand side are evaluated at the same
instance as the inviscid unsteady force. The corresponding convolu-
tion integral of the compressible MRG model becomes

t
C—MRG: Cpyu(f)= J Kio [Tn + T+ T +Tun) 2,
é=—o00

(18)

where the integrands are evaluated for —oo < E < t. The four inte-
grand functions are evaluated using the identities of Appendix as

M,
) Za—z(l— 9
In 2%(3&3—1)
I _ 23 . for 0<F,&<2/M,
Tun (Eics—ifcfﬁ-l)(l—xs)
Ian ;% 3 ]
—(5%5—5563—0—1)(332?—1)

(19)

In the case of I-MRG model, I;; and I,;; are nonzero only during the
interval 0 < 7 < 2/M, when the shock is located over the particle. In
the case of C-MRG model, from (14), we have x,(¢) = —1 + M,¢.
The integrands are nonzero only during the time interval when the
shock is located over the particle and the integrands are zero before
shock arrival (i.e, £ < 0) and after the shock has gone past the back
end of the particle (i.e., & > 2/M;). Now that the integrand is known
explicitly, the convolution integral (18) can be carried out for any
specified kernel K. As defined in (8), K;,, depends on volume aver-
aged speed of sound, which using the identities of Appendix can be
expressed as

o ift <o,
R 3. 1.4 g+ =
c(f) = sz— ) (—a)+ fo<t<2/M;,
(%) lf2/M5<t

IV. PARTICLE-RESOLVED SIMULATIONS

The above theoretical models of force prediction of shock-
particle interaction will be evaluated by comparing them against invis-
cid particle-resolved simulations. Our focus on early time inviscid
mechanisms that dominate shock-particle interaction ignores the vis-
cous and thermal effects. An in-depth discussion on timescales can be
found in Refs. 24 and 51. The acoustic timescale of the problem is
d, /¢, where d, is the particle diameter and c is the speed of sound. The
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viscous timescale of vorticity diffusion is d2/v, where v is the kine-
matic viscosity of the fluid. The ratio of acoustic to viscous timescale
goes as Ma/Re. Based on this, one may estimate the effect of viscosity
to be at a much later time than the inviscid effects at O(1) Mach num-
ber and O(100) or more Reynolds number. However, this estimation
is not entirely correct. As discussed in Mehta et al,”" vorticity starts
growing on the sphere immediately following the passage of the shock
and viscous effects start to become important as soon as the shock has
moved a few diameters downstream of the particle.

The applicable three-dimensional equations governing inviscid
fluid dynamics are given by

dp B
8(5;‘) £V (puu) + Vp =0, 22)
%+v-((E +p)u) =0, (23)

where p is the density, u = (u, v, w) is the velocity vector, p is the pres-
sure, and E is the total energy per unit volume calculated as

E:p<e+%u~u)7 (24)

where e is the internal energy. Inviscid simulations were performed for
both air and water using the stiffened gas equation of state.

A. Numerical method

The Euler equations are solved using a finite-volume solver on a
body-conforming unstructured grid. The fluid flow exterior to the
sphere is discretized with a well-resolved unstructured grid. The invis-
cid fluxes are computed using a second-order accurate Advective
Upstream Splitting Method (AUSM+-) scheme.” The gradients are
modified using a weighted essentially nonoscillatory (WENO) recon-
struction technique.”” The third-order Runga-Kutta method is used to
carry out the time integration. This code has been tested and validated
previously for a variety of problems involving compressible flows with
shock waves." 24

The particle is initially assumed to be rigid and stationary, and
particle movement is discussed in Sec. VII. The assumption of a sta-
tionary particle is appropriate for a freely moving particle only when it
is much heavier than the surrounding fluid. Nevertheless, the interest
here is understanding force modeling in the limit of a particle held sta-
tionary. The net force on the particle is obtained by surface integration
of the pressure distribution. The nonzero component of force is only
along the streamwise x-direction, whose time evolution is monitored to
obtain particle-resolved inviscid drag coefficient as a function of time.

The particle is placed at the center of a three-dimensional rectan-
gular box. A slice through the center of the box with the particle is
shown in Fig. 2 along with a view of the grid around the particle. The
domain length in the transverse directions is 15 particle diameters,
which ensures that there is no interference with reflections along the
side boundaries during the simulations. The computational domain
extends 7.5 and 15 particle diameters upstream and downstream of
the particle along the streamwise direction. The boundaries of the
computational domain in the x-direction are sufficiently far away to
allow the force on the particle to reach a post-shock constant value.

ARTICLE scitation.org/journal/phf

For the initial condition, the computational domain is split into two
distinct regions: (i) shocked fluid that is upstream of the incident (pri-
mary) shock referred to as state 2 (red region) and (ii) pre-shock quies-
cent ambient fluid into which the incident shock will move referred to
as state 1 (blue region). Once the incident shock hits the particle, it will
diffract around it, while compressional waves reflect off the particle.
The upstream boundary is considered a constant inflow boundary with
properties equal to the post-shock flow that will sustain the shock. The
downstream boundary is taken to be quiescent. Meanwhile, all other
boundaries, including the particle surface, are treated as slip walls.

Two different shock Mach numbers of M, = 1.22 and 3.0 are
considered. The quiescent pre-shock state in water is chosen to be p;
= 101325Pa and p;, = 998.0 kg/m?, and in air, the ambient pressure
is the same but p; = 1.205 kg/m?>. Table I gives the post-shock condi-
tions calculated using Rankine-Hugonoit relations (see Table I) for all
four cases to be considered. The naming convention for the cases
begins with the fluid medium, W for water and A for air, then the
shockwave speed, LM for lower Mach number and HM for higher
Mach number.

B. Grid resolution

The particle-resolved three-dimensional simulations were per-
formed using an unstructured tetrahedral grid. To generate the mesh
on the sphere’s surface, DistMesh™ is used. After this step is com-
pleted, TetGen™ is utilized to create the body-conforming unstruc-
tured tetrahedral mesh to span the computational domain. The two
biggest factors that impact the solution accuracy and shock sharpness
are the elements’ quality and size. Also, mesh resolution on the particle
must be refined to calculate the net force correctly. The aspect ratio
and maximum element volume control each element’s quality and size
in the domain. A specified maximum allowable element size con-
strains the mesh resolution on the particle.

There have already been several studies that have evaluated the
grid resolution requirements for inviscid shock-particle interaction.
Of particular importance is the study by Ref. 51 who investigated grid
resolution requirement in the context of a face-centered cubic (FCC)
array of particles to determine how the element size and surface mesh
resolution influenced the particle force. In summary, twenty-five dif-
ferent grids were tested that varied the volume and surface meshes.
The optimal cell count that had the best balance between numerical
error and computation cost was identified based on the information
presented. Using their recommendation, we employ 3 913 694 tetrahe-
dral elements within the domain and 14 888 elements on the particle
surface. In addition, we have performed a grid independence study for

TABLE II. Values for primary shock Mach number Mg, post-shock pressure pps;
post-shock density pps; post-shock velocity u,s; post-shock Mach number M,
= Ups/Cps, Where ¢, is the post-shock speed of sound; shock velocity ug; and «
= dp/Us.

P2 P2
Case M, (10°Pa) (kg/m®) u,(m/s) M, us(m/s) t(ms)

W-LM 122 477.73 1136.1 2412 0.118 1984.4 0.0403
W-HM 3.0 7823.7 1487.8 1606.5 0.322 4879.7 0.0163
A-LM 122 0.1591 1.6582 11447 0.312 418.63 0.1911
A-HM 3.0 1.0470 4.64700 762.53 1.358 1029.4 0.0777
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an isolated particle in water, to investigate the effect of grid resolution
with varying EOS. Changing the material from air to water did not sig-
nificantly impact the grid convergence results. A converged grid for air
was also able to produce converged results in water.

C. Simulation flow fields

To understand the flow around the particle for both the water
and air cases, nondimensional pressure and velocity magnitude con-
tour plots for the Mach 3 cases are shown in Figs. 3 and 4. The pres-
sure and velocity plots were normalized by the ambient pre-shock
pressure and sound speed, respectively. Due to the axisymmetric
nature of the problem, the pressure and velocity fields are shown only
on a single plane passing through the particle center. The results are
shown at two different times, immediately and sometime after the
incident shock passage. In the pressure plots, outward radiation of
compressional and rarefaction waves can be seen in the case of water,
Figs. 3(a) and 3(b). In the velocity plots, Figs. 3(c) and 3(d), it can be
seen that the flow velocity is small at the front and back stagnation
points, while it increases as the flow accelerates around the particle.
However, in the case of water, the flow remains subsonic everywhere.
The effect of the outward radiating waves can also be observed. The
results for the two other cases not shown (water and air at M = 1.22)
are qualitatively similar to those shown in Fig. 3, where the post-shock
flow in all three cases is subsonic. The case of air at M =3 shown in
Fig. 4 is different due to the supersonic nature of the post-shock flow.
A bow shock can be seen to develop ahead of the particle since the
compression, and rarefaction waves cannot propagate upstream into
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the supersonic post-shock flow. At the later time shown, the bow
shock is nearly fully formed. The effect of the permanent bow shock
on the structure of the velocity field around the particle can also be
observed. The time history of the particle’s net force due to the flow
field is the object of modeling interest.

The resulting force for all four cases calculated from Egs. (13),
(15), and (18) is shown in Fig. 5. These figures show notable similari-
ties and differences between the air and water cases. The similarities
include a sharp rise to a peak value and a distinct peak when the shock
is about halfway past the particle. The clearest difference between the
two media is the peak force in water that is about 2.5 times greater
than in air. With a Mach 1.22 shock, the peak drag in air is 7.49 and in
water the peak value is 19.22. Note that the drag coefficient, because of
its nondimensionalization, already accounts for the post-shock condi-
tion’s density and velocity. Thus, the large difference in Cp, between air
and water highlights the EOS’s importance. In the present simulations,
though the shock Mach number remains the same, both p; and y are
different between water and air. In essence, for the same shock Mach
number, the much larger jump in pressure across the shock is respon-
sible for the higher pressure-gradient force F,,, and the higher speed
of sound contributes to higher inviscid unsteady force F;,. Clearly, it
would be an error to use the inviscid Cp, obtained for one fluid to
another with a different EOS.

When looking at the air Mach 3.0line (dashed black), it is the
only one to have a nonzero drag long after the shock has passed. This
is because the post-shock flow in this simulation is in the supersonic
regime. A comparison between the post-shock states for water and air
as a function of incident Mach number is shown in Fig. 6, where the
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FIG. 3. (a) and (b) Contour plots of normalized pressure p/p; in water at t/z = 2, 6; Ms = 3.0, P; = 101 325 Pa; the axes are scaled by particle diameter d,,. Frames (c) and

(d) show the corresponding normalized velocity magnitude, u/cs.
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FIG. 4. (a) and (b) Contour plots of normalized pressure u/cip/py in air at t/ = 1
(c) and (d) show the corresponding normalized velocity magnitude, u/cs.

stiffened gas result is the red line and ideal gas is the blue line. The hor-
izontal dashed black lines at 0.6 and 1.0 show the cutoffs for the 3.0
post-shock regimes, subcritical, supercritical, and supersonic. If the
post-shock flow is in the supercritical or supersonic regime, there will
be formation of shocklets or bowshocks, causing nonzero force on the
particle. The vertical dashed black lines are at the shock Mach num-
bers used in the simulations, 1.22 and 3.0. One can see that the ideal
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——Water 3.0
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FIG. 5. Cp vs t/< for all cases, air 1.22 (dashed blue line), water 1.22 (solid blue
line), air 3.0 (dashed black line), and water 3.0 (solid black line).
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5,4.5; Ms = 3.0, P; = 101325 Pa; the axes are scaled by particle diameter d,,. Frames

gas EOS goes through each of the three different areas. However, with
the stiffened gas EOS and the parameters presented, it is in the subcrit-
ical regime for all Mach numbers considered. For air Mach 3.0, the
post-shock flow is supersonic, leading to a nonzero force at all times
after the shock has passed. The other three cases are in the subcritical
range and have similar drag curves but different levels of magnitude.
As stated previously, the goal is to find an accurate model that can

2.5

- Stiffened Gas
—|deal Gas

Postshock Mach Number

0 2 4 6 8 10
Shock Mach Number

FIG. 6. Comparing the post-shock Mach numbers of stiffened gas EOS for water
(red) vs the ideal gas EOS of air (blue).
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predict these drag curves without performing a particle-resolved
simulation.

V. MODEL PREDICTION AND PERFORMANCE

This section compares the different force models to the drag cal-
culated from the simulations. Only the I-MRG and C-MRG models
can be used because the gradients in the BBO models cannot be evalu-
ated when studying a sharp discontinuity like a shockwave. For the
MRG equations, each force component is calculated then, using super-
position, the overall force prediction is computed by adding the com-
ponents together. The accuracy of the models is determined by
comparing the force prediction and impulse of the models to the parti-
cle resolved (PR) Direct Numerical Simulation (DNS) results.

A. I-MRG and C-MRG model predictions

In Fig. 7, the three different force components of the - MRG
model are shown for the four cases listed in Table II, where
Cp,un, Cp gs» and Cp j, were computed using (13), (15), and (17) with
the zero Mach kernel (8). The difference between the two kernels will
be evaluated later when compared to the particle-resolved results.

scitation.org/journal/phf

According to (17), the inviscid unsteady force Cp, can be divided
into a linear contribution Cp;; and a nonlinear contribution
Cp,iunn1- Both of which are plotted in Fig. 7. First and foremost, all the
force components are nonzero only when the particle interacts with
the shock, except the quasi-steady force in the air Mach 3.0 case. This
is due to the instantaneous relationship between the flow state and the
particle’s force, with no memory effect from the past flow states. This
contrasts with experimental and particle-resolved simulation results. It
is observed that the inviscid force persists after the shock has moved
past the particle.

In all four cases, the ordering of the forces is as follows:
Cp,iunt > Cpun > |Cp junn |, where the nonlinear portion of the invis-
cid unsteady force is negative (i.e., directed opposite to the flow) and
its magnitude is substantially smaller than the other two. Also, while
Cp,iun and Cp,, are symmetric about #/7 = 1/2 and parabolic in
shape, the nonlinear contribution Cp jy i is asymmetric and skewed
toward later time when the shock is located at the back section of the
particle. As a result, the total inviscid force is also asymmetric, with
the peak force occurring slightly before the ambient shock arrives at
the center of the particle. This asymmetry of the total force may not be
readily apparent due to the small magnitude of Cp j, 1. The only case
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FIG. 7. Plot of each force component in I-MRG model on an isolated particle as a function of /7, Cp, (dashed blue), Cp 4s (dashed green), Cp 1 (dashed magenta),
Cp,unn (dashed cyan), total force (solid red), (a) air 1.22, (b) water 1.22, (c) air 3.0, and (d) water 3.0.
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where the quasi-steady force is nonzero is the Mach 3.0 air because of
the supersonic nature of the post-shock flow. The presence of a perma-
nent bow shock ahead of the particle (after the incoming ambient
shock passage) leads to a sustained nonzero force on the particle.
According to the I-MRG model, only the quasi-steady force is mono-
tonic, while the other forces are nonmonotonic.

The results presented in Fig. 7 capture the nonmonotonic nature of
the unsteady contributions to the inviscid force. However, they do not
include the important effect of flow compressibility. Figure 8 presents the
three contributions to the inviscid force and the total computed with the
compressible MRG model. When comparing the I-MRG and C-MRG
models, their differences are only the inviscid unsteady contribution,
while the undisturbed flow and quasi-steady forces are identical between
the two models. In the C-MRG model, the inviscid unsteady force is
given by (18). Unlike in the incompressible model, the inviscid unsteady
force now extends even after the shock passage, and it exhibits an oscilla-
tory decay following the nature of Kj,. The effect of compressibility is
that Cp j, depends on the past history of density-weighted acceleration.
This history effect significantly changes the shape of the linear part of the
inviscid unsteady force.
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In the C-MRG model, Cp iy = Cp,iun + Cpiu 2 rises with the
undisturbed flow force initially, but around ¢ = 0.257 the force
reaches a local maximum and starts to decrease. The reduction contin-
ues until about t = 0.757, after which the force again increases to
reach a second maximum at ¢ = 7. Even after the shock has passed,
the linear portion of the inviscid unsteady force is nonzero until about
37. This behavior is not seen in the I-MRG model. Finally, the nonlin-
ear portion of the inviscid unsteady force is also different between
them. The I-MRG model reaches its minimum at 0.75 t, while the
minimum in the C-MRG model is reached at 1t and is nonzero for a
period after the shock has passed. The nonlinear contribution Cp jy, u
is negative and increases in magnitude as the shock travels from the
front to the particle’s rear. Once the shock is past the particle,
Cp,iunt = Cp,junnt + Cpjun2 shows the expected oscillatory decay.

The important effects of compressibility in the total inviscid force
on the particle (the red curves) can be summarized as follows: (i) The
peak force in the C-MRG model is substantially lower than the I-MRG
model, and this is due to the reduction in the peak value of the inviscid
unsteady force; (i) on the other hand, even without the quasi-steady
contribution, the total force remains substantial after the passage of
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FIG. 8. Plot of each force component in C-MRG model on an isolated particle as a function of t/7, Cp ,, (dashed blue), Cpgs (dashed green), Cpun + Cp,iue (dashed
magenta), Cp a1 + Cp,iuni2 (dashed cyan), total force (solid red), (a) air 1.22, (b) water 1.22, (c) air 3.0, and (d) water 3.0.
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the shock and shows the characteristic oscillatory decay; (iii) the asym-
metric nature of the total force about t = 7/2 is amplified with the
inclusion of compressibility effects, and as a result, the peak total force
occurs noticeably before t /1 = 1/2.

There have been past efforts where the force on a particle during
shock particle interaction has been taken to be simply the sum of
quasi-steady and undisturbed flow force contributions. This approxi-
mation is generally due to a lack of complete knowledge on the form
of the inviscid unsteady force. From the figures, it is clear that such an
approach, which ignores the inviscid unsteady contribution, does not
capture the entire flow physics responsible for particle force. In partic-
ular, ignoring the inviscid unsteady contribution will underestimate
peak force’s magnitude and mispredict the time of the peak force. Also
comparing the two figures shows the importance of the convolution
integral to the drag model. The drag on a particle does not go to zero
right after the shock moves downstream of the particle. Considering
the past history of density-weighted relative acceleration in the C-
MRG equation allows for the compressibility effects to be included in
the prediction of the force.

A closer look will now be taken into the four parts that go into
the inviscid unsteady force of the C-MRG model given in (18). In
Fig. 9, the two linear and the two nonlinear contributions that makeup
the inviscid unsteady force are shown for the Mach 1.22 case in water.
From the figure, one can clearly see the linear terms to contribute a
larger portion of the force than the nonlinear terms. Cp ;1 (the blue
line) contributes positively when the shock is located over the particle,
and it qualitatively resembles the parabolic shape of the incompressible
model. This force remains positive immediately after the shock pas-
sage and continues to undergo oscillatory decay. In contrast, Cp 12
(the green line) shows the largest variation throughout the shock-
particle interaction. It quickly reaches a positive peak, then becomes
negative to a minimum value of —6.5, and then reaches a second peak
value of about 2 at t = 7. Once the shock passes the particle, this com-
ponent also undergoes oscillatory decay. It is clear that the dramatic
change in the linear contribution from the incompressible to the com-
pressible MRG model is due to the addition of Cp j, 12, which is absent
in (2). The two nonlinear terms, Cpjy s and Cp jy ., are somewhat
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FIG. 9. Plot of each component of inviscid unsteady force for water 1.22 case,
Co.ius (blue), Cp 2 (green), Cp uqn (Magenta), and Cp a2 (Cyan).
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different while the shock is over the particle, but after the shock has
passed, these terms are almost identical.

B. Comparison with particle-resolved simulations

In this section, we compare the results of the particle-resolved
simulations with the predictions of the following models: (i) incom-
pressible MRG, (ii) compressible MRG with the zero-Mach kernel,
and (iii) compressible MRG with the variable-Mach kernel. For air
shock at M = 1.22, a further comparison is made with available experi-
mental results. However, the experiments include viscous quasi-steady
and unsteady contributions, which are ignored in the inviscid models.
The comparison of the different drag coefficients is shown in Fig. 10
for all four cases considered. The incompressible MRG model always
substantially overpredicts the peak drag force. By construction, it is
symmetric about the time when the shock is over the center of the par-
ticle and does not capture the nonzero drag force after the shock has
moved past the particle. The compressible MRG models capture the
initial rise, peak drag magnitude, and peak drag time exceptionally
well.

Though the agreement between the particle-resolved simulation
results and those of C-MRG models is quite good, the model systemat-
ically underpredicts the force, during the decay phase after the shock
has moved past the particle. The underprediction is small in the case
of M = 1.22 water but is larger in the M; = 1.22 air and M, = 3
water cases. In both these cases, the post-shock Mach number is higher
at 0.312 and 0.322, respectively. In the case of air at Mach 3, the C-
MRG initially under-predicts, followed by over-prediction and then
under-prediction. Unlike the other cases, there is substantial quantita-
tive difference. There are two important reasons why the prediction is
weaker in this cases. First, the Mach number of post-shock flow is
supersonic. Thus, as the shock propagates over the particle, the Mach
number of the flow changes from the initial zero value to greater than
one. Even though the effect of this variable Mach number is expected
to be strong, currently there does not exist a variable Mach number
kernel that extends to the supersonic regime. In addition, the post-
shock flow is characterized by the formation of a bow shock, whose
presence is not accounted for in the models. These two effects must be
accounted for with an improved kernel in order to achieve better pre-
diction. The underprediction of the particle-resolved inviscid force
(red curve) by the C-MRG constant kernel model (black curve) can be
expected to be related to the finite Mach number of the post-shock
flow. In particular, the use of the zero-Mach number kernel (8) results
in a faster decay. The variable-Mach kernel slightly improves the
model as expected based on the findings of Ref. 44, where they
obtained K, for a range of Mach numbers and showed the kernel
decay to slow down with increasing Mach number. For the Mach 3.0
air case, the post-shock Mach number was larger than 0.6, and the var-
iable Mach kernel K, at such Mach number is unavailable. The differ-
ence between the simulation results and the C-MRG model indicates
that the nonlinear effects are still not precisely captured by the
variable-Mach kernel. This is due to the fact that the kernels were
derived for a uniform flow. Therefore, one may need to develop modi-
fied kernels for application to the shock-particle interaction problem.

A comparison between drag calculated by C-MRG variable Mach
kernel (solid green), PR simulation drag (solid red), and experimental
results (solid blue) is shown in Fig. 11. The experimental data are taken
from Ref. 12. Sun et al. measured the drag using an accelerometer in a
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FIG. 10. Plot of each force component in the C-MRG model on an isolated particle as a function of ¢ /7, C-MRG constant Mach kernel (solid black), C-MRG variable Mach ker-
nel (solid green), I-MRG (solid blue), and PR simulation (solid red), (a) air 1.22, (b) water 1.22, (c) air 3.0, and (d) water 3.0.
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FIG. 11. Plot of Cp as a function of t/t comparing C-MRG variable Kernel (solid
green), PR simulation (solid red), and experimental data (solid blue).

vertical test tube using an 80 mm sphere with an incident shock Mach
number of 1.22. The three lines show excellent agreement between the
rise to the peak, the peak drag value, and the drag decay to zero. The
small difference in the experimental data is caused by real-life factors
that the simulation and force model do not consider, including
viscosity.

While there are differences among the MRG model predictions
and their approximation of the actual inviscid force, it is important to
study how significant these differences are in the particle’s long-term
motion, which depends on the net impulse imparted to the particle.
The impulse to the particle is the area under the drag force curve. In
nondimensional terms, it is given by

I(t) = Ji Cp(t') dt', (25)

where integration starts when the shock first touches the particle,
which is also the moment when the particle force becomes nonzero.
The four cases’ impulse results are shown in Fig. 12. Plotted in the
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FIG. 12. Plot of impulse from C-MRG constant Mach kernel (solid black), C-MRG variable Mach kernel (solid green), I-MRG (solid blue), and Cp,u, + Cp gs (solid cyan) models

as a function of t/z, (a) air 1.2, (b) water 1.22, (c) air 3.0, and (d) water 3.0.

figure are five curves corresponding to the C-MRG with the zero-
Mach kernel in black, C-MRG with the variable-Mach kernel in green,
I-MRG zero-Mach kernel in blue, the undisturbed flow plus quasi-
steady force in cyan, and the simulation results as a red line. From the
drag curves, it is known that the I-MRG impulse will be the same for
t > 1, except when the quasi-steady force is nonzero. However, in the
C-MRG models, the impulse is expected to show an oscillatory con-
vergence to the terminal value. The difference in impulse is clear from
the figures. The I-MRG impulse is about 25% higher than the C-MRG
impulses in all the cases. In the Mach 3.0 air case, the I-MRG is still
25% higher, but this is hard to see because of the nonzero quasi-steady
inviscid force. There is only a slight difference in impulse between the
zero-Mach and variable-Mach C-MRG models. The figures also show
the total impulse computed only with the undisturbed flow force plus
the inviscid quasi-steady force. This approximation has been used to
compute particle force in incompressible and compressible flows.
From the figures, one can see that the undisturbed flow and quasi-
steady force substantially underestimate the total impulse. Thus, ignor-
ing the inviscid unsteady force leads to a substantial underprediction
of the net impulse.

VI. MODEL IMPLEMENTATION IN AN
EULER-LAGRANGE SIMULATION

The force models described in Sec. [T are now considered in the
context of an Euler-Lagrange (EL) simulation of shock-particle
interaction. Unlike the particle-resolved simulation, the flow around
the particle will not be resolved in an EL simulation, and the force
on the particle must be modeled. We will investigate how well the
undisturbed and inviscid unsteady forces that are numerically com-
puted with implementations of the different models compare with
the analytical force calculated for an ideal shock of an infinitesimal
thickness. (We will take the C-MRG model as the correct analytical
force.) So the interest is twofold: (i) identity the grid resolution
needed in an EL simulation to carry out the surface and volume
averages of the C-MRG formulation and (ii) investigate the lack of
convergence of the BBO models. Here, we point out that while the
BBO models were not suitable in the analytical calculation of shock-
induced force in Sec. 1], the BBO models are easily implemented in
the present EL simulations due to the finite thickness of the simu-
lated shock.
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The evaluation of the numerical implementations will be tested
for the case of M=1.22 air shock. The convergence behavior to be
described is similar in all other cases and, therefore, will not be dis-
cussed. The key parameter of the EL problem is #, given by

_ dP
T Ax’

where d,, is the particle diameter and Ax is the grid cell-spacing. We
will separately investigate the small particle (7 < 1) and the large par-
ticle (7 > 1) regimes. In the small particle regime, when 7 < 1, the
particle surface and volume averages of flow properties approach the
particle center values, leading to the BBO and MRG formulations
being identically the same. On the other hand, when > 1, the parti-
cle diameter is larger than the grid cell-spacing, the MRG model appli-
cable since the surface and volume averages can be better
approximated.

As mentioned in Sec. IT A, the standard particle force model used
in EL simulations is the I-BBO model, which relies on the instanta-
neous flow at the particle center to predict the force. In the more com-
plex C-MRG formulation, the force depends on time-integrated
surface and volume averages of the flow and, thus, represents a signifi-
cant extension to the standard point-particle model. It must be
stressed that the 7 >> 1 results must be carefully interpreted. Clearly,
in a simulation where the grid size is much smaller than the particle
diameter, one could perform a fully resolved simulation. The purpose
here is to demonstrate that if the undisturbed compressible flow varia-
tion on the scale of d,, is known then the force on a particle placed in
such a flow can be predicted accurately with the C-MRG force
expression.

In the following, we will briefly mention the surface and volume
averages used in the EL simulation when the particle diameter is bigger
than the grid spacing. Implementing the particle force models in the
EL hydrocode is not the focus of this work, so only a brief description
is given here. The surface and volume averaging techniques used in
this work were inspired by the particle discretization methodology pre-
sented in Refs. 42 and 52. A computational particle is discretized using
a nearly uniform distribution of marker points defined on the surface
and throughout the particle’s volume. The undisturbed flow properties
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are evaluated at these marker points, and then the particle surface or
volume average is computed by averaging the requisite quantities over
these points. The methodology implemented in this work displayed
the same marker point density convergence behavior as.”” The EL sim-
ulations in this work are one-way coupled, meaning that the fluid
exerts a force on the particle, but the particle does not apply a force
back to the fluid. Thus, the flow seen by the particle is indeed the
undisturbed flow. In the limit when the particle is smaller than
the grid spacing, for simplicity, we take the MRG formulation to be the
same as the BBO formulation. However, more complex surface or vol-
ume averages can be calculated, but the difference is not substantial.

A. EL simulation results

First, we investigate the force on the particle when the grid size
substantially smaller than the particle, so that surface and volume aver-
ages can be numerically calculated in the EL simulation. Figure 13
shows the comparison of pressure-gradient (undisturbed flow) force
predictions of the I-BBO and C-MRG model formulations given in (1)
and (5). Also the analytical pressure-gradient force computed as (13)
is shown in the figures. The corresponding inviscid unsteady forces of
I-BBO and C-MRG are shown in Fig. 14, where the analytical result is
given in (18). From the results, it is apparent that the I-BBO formula-
tion of pressure-gradient force does not converge—with increasing 7
the force magnitude continues to increase due to the sharp pressure
jump of the shock front being better resolved, but the duration of
pressure-gradient force correspondingly decreases to only when the
shock is located near the particle center. The C-MRG formulation
approaches the analytical limit for increasing #, and in particular, 1
= 40 provides an adequate approximation.

We now investigate the numerical implementation of the force
models in the limit when the particle is comparable or smaller than
the grid spacing. Typically, this is the limit in which most EL simula-
tions are operated. In this limit, we only investigate the I-BBO and C-
BBO models with their difference being in the latter the inviscid
unsteady force is evaluated as a convolution integral in time. In this
limit, since the flow is not resolved on the scale of the particle, surface
and volume averages are the same as those evaluated at the particle
center and, therefore, the MRG force expressions reduce to their BBO

b
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FIG. 13. Undisturbed (pressure-gradient) force prediction for a shock moving over a stationary isolated particle in an EL simulation of Mach 1.22 shock in air (i.e., A-LM config-
uration of Table II). Simulation results are plotted and labeled by their defining # value, with (a) I-BBO and (b) C-MRG theory.
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FIG. 14. Inviscid-unsteady force prediction for a shock moving over a stationary isolated particle in an EL simulation of Mach 1.22 shock in air (i.e., A-LM configuration of
Table I1). Simulation results are plotted and labeled by their defining # value, with (a) I-BBO and (b) C-MRG theory.

T (a) T

(c)

6 - . 25 25
——7 =4
——p =1
5 ——n=1/3 2
- - n=1/10
4 n=1/30 1.5
" — Analytical 1 .
53 S S
S S S
2 0.5
1 0 Fossosovtosoosced ""r\w
0 B -0.5
6 -4 -2 2 4 6 8 6 -4 2 0 2 4 6 8

FIG. 15. EL simulation BBO force predictions for particles with ;7 < 4, (a) undisturbed force, (b) inviscid-unsteady I-BBO force, and (c) inviscid-unsteady C-BBO force.

counterpart. However, both these forces are evaluated with the
density-weighted fluid acceleration evaluated at the particle center.
Figure 15(a) shows the time history of pressure-gradient force for
varying values of #, which remains the same for I-BBO and C-BBO.
Again the analytical pressure-gradient force given in (13) is shown.
Contrary to the behavior seen for 1 > 1, when the particle size is
much smaller than the grid, the pressure gradient is significantly
weaker, leading to a much lower magnitude of the force. This force
lasts for a much longer time and is not limited to only the period
when the real shock is crossing the particle. Figures 15(b) and 15(c)

C-MRG simulation of similar computational expense. To avoid the
computational burden, one might consider the I-BBO model. The dif-
ference between the I-BBO and C-BBO model predictions is small,
with the main difference lying in the time history of the force predic-
tions [see n >1 results in Figs. 15(b) and 15(c)]. While the I-BBO

TABLE |lI. EL simulation nondimensional particle force impulses, /(cc), for varying
1 are shown.

show inviscid unsteady force calculated with numerical implementa- N BBO Fy, MRG F,, I-BBO Fj, C-BBO Fi, C-MRG F,
tion.s of (.1) and (3). Again we see .the behavior that ‘.Nith decreasing 1/30 2.57 2.20 14.39

particle size c.ompared to ‘the grid size, the force magnitude decreases, 110 258 220 416

and the duration of force increases. 3 258 2920 236

A numerical challenge arises in implementing C-BBO for ’ ’ ’

n < 1/3. The EL simulation time step was determined by the 1 2.58 215 2.20 2.22 2.38
Courant-Friedrichs-Lewy (CFL) stability condition for converged 4 2.58 2.83 2.20 2.20 2.37
shock calculation. At smaller values of #, the time step needed for an 10 2.58 3.57 2.20 2.20 2.10
accurate evaluation of the convolution integral becomes smaller than 20 2.58 3.55 220 220 2.10
that required for CFL criterion. Table III displays the divergence of the 40 2.58 3.54 2.20 2.20 2.10
total impulse for # < 1/3 in such cases. This is a situation to be 80 2.60 3.55 2.20 2.20 2.09
avoided since even with a small enough time step the inviscid unsteady Analytical ~ 3.54 3.54 2.13 2.13 2.13

force computed with the C-BBO equation will lack the accuracy of a
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model results in a monotonic decay of inviscid unsteady force follow-
ing the peak value, the kernel of the C-BBO model contributes to a
nonmonotonic decay following the peak value. The total impulse for
the C-BBO model is shown in Table III for several values of #. It is
demonstrated that the C-BBO total impulse prediction converges to
that of the I-BBO model when adequate temporal resolution is avail-
able for the evaluation of the convolution integral. For 1/3 < < 1,
there is only very minor difference in time-history between I-BBO and
C-BBO, and the total impulse follows this behavior. For cases of
1 < 1/3, the evaluation of the C-BBO convolution integral with ade-
quate temporal resolution would be an expensive procedure with neg-
ligible advantage. Thus, it appears that if the particle in an EL
simulation will be much smaller than the grid size, then it is appropri-
ate to use the I-BBO approach and avoid the more stringent time step
requirement of the convolution integral.

It is clear from the above discussion that it is not feasible to accu-
rately capture the true time evolution of the pressure gradient and the
inviscid unsteady forces when the particle is much smaller than the
grid size—this is the penalty to be paid for inadequate resolution. It is
then of interest to see if the time-integrated force or the net impulse
on the particle is accurately computed by the models. The EL simula-
tions’ impulses are presented in Table III. The table shows a fascinat-
ing behavior that though the time history of forces shows great
variation between different values of #, the net impulse remains nearly
the same. This suggests that if one is not interested in time-accuracy, it
is unnecessary to resolve the particle with a fine grid—the choice of
the grid can be made independent of particle size. However, the undis-
turbed force of the BBO model is underpredicted by about 27%. This
is due to the BBO formulation using the WENO-reconstructed pres-
sure gradient at the particle center. The gradient reconstruction is
required in the hydrocode to maintain stability as flow discontinuities
propagate through the domain, but it somewhat smears the gradient at
the particle location. This results in a loss of pressure-gradient impulse
to the particle. This loss depends only on the gradient reconstruction
methodology, and thus, once the error is established with a test prob-
lem whose exact solution is known (i.e., interaction with a planar
shock), the error can be undone with a simple correction factor. For
example, in the present code, the pressure-gradient force given by the
first term on the right-hand side of (1) can be multiplied by a factor
1.37 to undo the gradient reconstruction error. In general, for EL sim-
ulations with particles much smaller than the grid size (7 < 1), one
cannot expect to determine a time-accurate force precisely because the
time step will be larger than the time for the shock to traverse the par-
ticle. Hence, one can only realistically speak of conserving the impulse
in these cases.

For simulations with 1 > 1, hydrodynamic information with
increased spatial and temporal resolution becomes available for parti-
cle force computation. The C-MRG model can capture the analytical
particle force behavior with ten grid points across the particle due to
the force’s accurate representation with a surface integration of pres-
sure, which does not involve evaluation of spatial gradients across the
shock. For the inviscid unsteady force, the EL implementation of the
C-MRG model slightly underpredicts the analytical impulse, which
displays a strong kink as the shock pass the trailing edge of the particle.
Capturing this discontinuous force behavior perfectly in the EL simu-
lation is challenging. The I-BBO model for all values of # overpredicts
the inviscid unsteady force by about 3.3%, which is again due to

scitation.org/journal/phf

numerical approximations in calculating the derivatives. Nevertheless,
the error in impulse is quite small and, therefore, can be ignored.

VII. MODEL PERFORMANCE IN THE CASE OF A FREELY
MOVING PARTICLE

So far we have evaluated the different models in the context of
shock moving over a stationary particle. In this section, we demon-
strate the applicability of these models for the case of freely moving
particles as well. In particular, we will demonstrate the ability of the C-
MRG model to accurately predict the time history of force even in the
case of freely moving particles.

When considering the free motion of a particle in response to the
force exerted on it by the shock, the density ratio between the particle
and the post-shock fluid (p = p, /p,) comes as an additional impor-
tant parameter. The stationary particle considered in Secs. IV, V, and
VI can be considered as the infinite density ratio limit (ie., as
p — 00). When the density ratio is small, the particle will readily
move as soon as the shock touches the upstream end. Due to the
downstream particle motion, on the one hand, the shock (and the
associated pressure jump) stays with the particle for a longer duration
of time than in a stationary particle. On the other hand, with the parti-
cle motion, the relative velocity between the post-shock fluid and the
particle decreases. It is of interest to see how well the C-MRG model is
able to capture these complex competing effects.

Apart from the stationary case of p — 0o, we studied two other
density ratios of p = 20 and 2, for a Mach 1.22 shock in air. Particle-
resolved simulations of these cases were performed in a coordinate
system that is attached to the moving particle. The drag coefficient for
these cases is shown in Fig. 16 as PR-p = oo, PR-p = 20, and PR-p
= 2. From the figure, it is clear that the density ratio 20 is large enough
that its time history of force is almost the same as that of a stationary
particle. It can also be seen that the PR simulation of density ratio 2
yields a lower Cp, which indicates a lower net force being imparted on
the moving particle due to the shock.

8 . .
== DNS p=c
— DNS p=2
= = = DNS p=20
- 7 25 . " (S E— C-MRG p=2
@ X% | ] e C-MRG p=20
n 4
Q
2
0 __‘) 200CLOS
0 1 2 3 4 5
t/T

FIG. 16. Comparing force between moving particle and stationary particle simula-
tions as a function of ¢/, PR simulation (red line with circles), PR simulation p = 2
(solid blue line), PR simulation p = 20 (dashed black line), C-MRG model p = 2
(dotted green line), and C-MRG model p = 20 (dot-dash magenta line).
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Also shown in Fig. 16 is the Cp, predicted by the C-MRG model
for p = 20 and 2. In the case of a moving particle, both the velocity
and the acceleration of the particle influence the force model. In the
case of quasi-steady force, F,; must be correctly based on the relative
velocity between the fluid velocity averaged over the surface of the par-
ticle (which must account for the particle motion) and the particle
velocity. In the present inviscid investigation, the quasi-steady force is
identically zero for the low Mach number shock. The inviscid unsteady
force must account for the time rate of change in particle motion and
the inviscid unsteady force given in Eq. (5) must be modified as

N N
d(psuf - _
d(pgdbf;?x) (p 6Z’mc) +pg(uguP)V~V(u§1xS) dé

<
Fiy=F; j+Fiyn+Fiyp

t
Fiu:3VPJ K,’
—00

27)

where the superscripts g and P represent the fluid and particle proper-
ties, respectively. In the above, the inviscid unsteady force has three
contributions—apart from the linear and nonlinear contributions, the
second term on the right-hand side is a third contribution due to parti-
cle motion. The definition of undisturbed flow force remains the same.
The sum of the undisturbed flow force and the inviscid unsteady force
is used to calculate the total Cp, predicted by the C-MRG model, which
are shown in Fig. 16. For the p = 20 particle, the agreement between
the C-MRG model and the PR simulation results is similar to those of
the stationary particle, due to the very slow motion of the particle. It is
clear that the C-MRG model is quite accurate in capturing the magni-
tude and timing of the peak force even in the case of a moving par-
ticles, which are substantially different from those of the stationary
particle. It can be noted that as a result of particle motion, the negative
loop of Cp, is substantially reduced. The slight under-prediction of the
force at intermediate times by the C-MRG model still persists.

The results of p = 2 case can be broken down into separate com-
ponents to determine what causes the deviation from the stationary
particle case. Shown in Fig. 17(a) is the breakdown of forces into the
undisturbed flow force and the inviscid unsteady force for both the

6
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p — oo and p = 2 cases. The dotted green and solid blue lines repre-
sent the undisturbed force, which is approximately the same between
the stationary and moving particle cases. Also the undisturbed flow
force remains nonzero for a slightly longer time for the moving parti-
cle. On the whole, the effect of the particle moving with the shock, and
as a result experiencing the jump in pressure for a longer duration of
time, is not significant. However, the inviscid unsteady force shown as
dashed green and dotted blue lines in Fig. 17(a) shows significant dif-
ference between the two cases. The three components of the inviscid
unsteady force, given in (27), are shown in Fig. 17(b) along with the
stationary inviscid unsteady force. The linear portion on the force, rep-
resented by the solid black and dashed green lines, is approximately
the same. The second sharp peak is not as distinct in the moving parti-
cle case. Additionally, the nonlinear force contribution is close
although a systematic reduction in both the linear and nonlinear con-
tributions result due to particle motion. The cause for the noticeable
difference in the inviscid unsteady force is due to the additional term
that arises from particle motion. The magenta line with circles shown
in Fig. 17(b) corresponds to the portion of the inviscid unsteady kernel
that accounts for the particle movement.

The other important variables in a moving particle simulation
are the velocity and the position of the particle. Shown in Fig. 18 are
plots showing the velocity and particle position for the different cases.
The solid blue line represents PR simulation of p = 2, and it is in great
agreement with the dotted green line of the corresponding C-MRG
prediction. The velocity and particle position for p = 2 case are much
greater than those of p = 20 PR simulation represented by the dashed
black line and the C-MRG model shown by the dot-dash magenta
line. In Fig. 18(a), the particle velocity is scaled by the speed of sound
in the ambient air. It is seen that the velocity for the density ratio 2
case reaches a maximum value of about 18% of ambient speed of
sound then stays constant after the shock has passed. As expected, for
the p = 20 case, the peak value is a small value of 2.5% the ambient
speed of sound. Additionally, when looking at the particle movement
scaled by the particle diameter in Fig. 18(b), the density ratio 20 case
has not significantly moved during interaction with the shock, thus
explaining the closeness of the Cp plots with that of a stationary

6
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FIG. 17. Comparing force components between the moving and stationary particle simulations as a function of ¢/z, (a) Cpu, (dot-dash green line), Cp» p = 2 (solid blue
line), Cp,, (dashed green line), and Cp,, p = 2 (dotted blue line). (b) Breakdown of inviscid unsteady force moving particle vs stationary particle Cp s (solid black line), Cp
p = 2 (dot dash blue line), Cp . (dashed green line), Cpum p = 2 (dotted cyan line), Cpup p = 2 (Magenta line with circles).
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FIG. 18. Comparing particle velocity (a) and position (b) for the PR simulation p = 2 (solid blue line), PR simulation p = 20 (dashed black line), C-MRG model rho = 2 (dotted

green line), C-MRG model p = 20 (dotted green line), and as a function of ¢/ .

particle. Even the p = 2 particle has moved by less than 0.1d, over
one shock interaction time.

Vill. CONCLUSION

This paper investigates modeling the drag force experienced by
an isolated particle when interacting with an incident shock wave.
Particle-resolved simulations were carried out at two different shock
Mach numbers for water and air as the fluid medium. These results
were then compared to four different force prediction models that pro-
gressively included more physics. These models focus only on the
inviscid mechanisms that occur at early times of shock-particle inter-
action and aim to capture the particle’s inviscid drag. The four models
considered are (i) incompressible BBO model, which ignored the com-
pressibility effects as well as the finite particle size compared to shock
thickness, (ii) compressible BBO, which only overlooks the finite parti-
cle size, (iii) incompressible MRG, which ignores the compressibility
effects, and finally (iv) compressible BBO model, which is the most
accurate. Immediately following the interaction with the shock, the
drag rapidly increases reaches a peak, whose magnitude and time of
occurrence are well predicted by C-MRG model. The simulation
results and C-MRG model prediction are almost identical at lower
shock Mach numbers. In comparison, at higher Mach numbers, non-
linear effects become important, and the late time decay is slightly dif-
ferent between the simulation results and the model prediction. The
force prediction model performs well both for air as the fluid medium,
modeled with an ideal gas equation of state and for water, modeled
with a stiffened gas equation of state. The results also clearly reveal the
vital fact that the drag coefficient for shock-particle interaction is
strongly dependent on the equation of state, so that Cp for one
medium cannot be used for the other. One must apply the force model
with the appropriate unsteady contribution to accurately capture the
force’s time evolution. One of the major reasons to use these models
for predicting particle force is that it is EOS independent. The only
inputs in the model are the fluid properties on both sides of the shock.

The paper also investigates the implementation of the different
force models in a one-way coupled Euler-Lagrangian simulation of
shock particle interaction, where the flow around the particle is not
resolved. In MRG models, the surface and volume averages of the

undisturbed fluid quantities are obtained by distributing surface and
volume marker points and appropriately integrating the interpolated
values. In the EL simulations, the parameter 1 = d, /Ax representing
the number of grid points per particle diameter was varied over a wide
range. For 1 > 10, we observe that the numerical implementation of
the C-MRG model captures the particle’s force in a time-accurate
manner. The other models cannot recover the time variation of parti-
cle force accurately even with a number of grid points resolving the
particle. The more appropriate regime of interest to EL simulations is
when # < 1. In this limit, surface and volume averages are not possi-
ble since the particle is much smaller than the grid and the recom-
mended force modeling approach is I-BBO. Although the time history
of force calculated with this model will not be accurate, the quest is to
compute the particle’s net impulse. We observe that the I-BBO model
recovers the inviscid unsteady force’s impulse accurately. The impulse
of the pressure gradient is underpredicted due to the dissipative nature
of WENO-reconstruction of pressure gradient at the particle center.
One possible remedy is to apply a correction factor of 1.37 to undo the
gradient reconstruction error. Nevertheless, it must be cautioned that
matching the impulse may be sufficient for a nearly stationary particle.
In the case of particles undergoing substantial motion due to the initial
inviscid force, the time history of force becomes essential, and the net
impulse depends on the particle motion. This requires further detailed
investigation.

When considering the movement of a particle, the density ratio
between the particle and the fluid plays a key role. It was shown that
for a case where p = 20, the C-MRG model for a stationary particle
produces almost identical results to a PR simulation. When the value
of p is smaller, the difference in drag from the stationary case can be
attributed to the additional term in the inviscid unsteady force that
accounts for particle acceleration.
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APPENDIX: SURFACE AND VOLUME INTEGRATION
IDENTITIES

Consider a sharp planar front, such as a shock, located at a
nondimensional distance X(¢) from the origin as shown in Fig. 2.
Let fluid properties abruptly change across the discontinuity. For
example, the fluid property f to the right (or ahead) of the front is
f1» while it is f, to the left (or behind) the front. We now define vol-
ume and surface-averaged fields as

fv(x, ) = ‘ifi;vf(x', t)dx and fs(x, t) = éif(x’,t) dx’, (A1)

where the volume and surface averages are over a sphere of unit radius
centered around the origin. Due to the 1D nature of the sharp planar
front, the resulting volume or surface average is also 1D. When the
averaging sphere is fully to one side of the sharp planar front, the aver-
aging process simply yields the local uniform value. Provided —1 < X,
< 1 the sharp front intersects the particle. In this limit, when the front
is located within the particle, the following two identities for the volume
and surface averages of the fluid property can be obtained:
v 3

f :f(%s—éfcf)(ﬁ—ﬁ)%(fl +£), (A2)

4
S

f =% rﬁ)+%(f1+f2). (A3)
The above identities can be readily proven by noting that the nondi-
mensional volume of the spherical cap of the particle that is
immersed in f; is (1 — %,)*(2 + X,)/3 and the corresponding non-
dimensional surface area of the spherical cap is 27(1 — Xy).

The time and x derivatives of the volume and surface averages
can be obtained by making the substitution ¥, = ¢,() — X, then
taking the derivative, and setting X = 0 for a stationary particle
located at the origin to obtain the following identities:

9 - s

ot S:%% —h)s (A4)
%fv :%ZMS(I — %)k~ f), (A5)
0 -
&fV:*RipZ(lfif)(fz*ﬁ)- (A6)

The derivation of the above identities makes use of the definition
that the shock Mach number is the nondimensional speed of the
shock. Also the particle is taken to be stationary at the origin.
Similarly, we can also prove the following two identities:
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——V
%(x’%) :C_Zi 5(3&3_1)%_f1)7 (A7)
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These identities can be derived by letting 9f/0x" = (fi — f2)
d(x" — &) and performing integral of the generalized function.
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