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Abstract 

 

 

The performance of two conceptually-simple uncertainty quantification techniques are tested 

against the rigorous nested-loop sampling technique of Roy and Oberkampf (Comput Methods 

Appl Mech Eng, 200: 2131-2144, 2011) (herein called full-sampling) using two very small-scale 

DEM-based models of particulate flow (one gas-solid flow and one granular flow).  The first 

simplified forward uncertainty propagation technique, reduced-sampling, uses a sensitivity 

analysis to eliminate uncertain inputs that have little impact on the model output prior to 

nested-loop sampling.  The second technique, boundary-sampling, uses a sensitivity analysis to 

inform the selection of two bounding cases for each key model output.  The uncertainties in the 

model outputs obtained via the reduced- and boundary-sampling methods agree well with 

those from full-sampling for both the gas-solid and granular flow models while yielding 

computational savings of 65-75% (reduced sampling) and 94-97% (boundary sampling).  
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1. Introduction 
 

CFD-DEM gas-solid models, which use computational fluid dynamics (CFD) for the fluid phase 

and the discrete element method (DEM) to represent each individual particle, offer the ability 

to simulate the flow behavior of particulate systems in exquisite detail.  As such, CFD-DEM 

modeling in support of design, optimization, and troubleshooting of multiphase gas-solid 

particulate flow systems (e.g., fluidized beds) and granular systems (e.g., tumblers) is becoming 

more popular [1,2].  As model capability and computational efficiency continue to improve, 

there is increasing interest in applying robust verification, validation and uncertainty 

quantification (VV&UQ) methods to CFD-DEM simulations (e.g., [3, 4, 5, 6, 7]).  Quantifying the 

inherent uncertainty in the predictions of CFD-DEM simulations is analogous to quantifying the 

uncertainty in experimental results, and understanding the level of uncertainty and its sources 

can allow for better risk-based engineering decisions and improved investment outcomes.   

Roy and Oberkampf [8] describe a complete framework for VV&UQ of numerical models.  Their 

framework accounts for three principal sources of uncertainty: (i) numerical approximation 

error, (ii) model form error, (iii) and uncertainty in the model inputs. Numerical approximation 

error stems from the fact that most models use a numerical algorithm to approximate the exact 

solutions of complex equations.  Thus, the choice of numerical algorithm and its 

implementation (i.e., spatial and temporal discretization, convergence criteria, numerical 

precision) can lead to error in the model output. Second, all models are mathematical 

descriptions of physical phenomena, and the mathematical formulations themselves include 

error. Model form error represents the error implicit in the underlying model philosophy, 

assumptions, and structure relative to the actual physical phenomena. Finally, numerical 

models typically require several input values (e.g., initial conditions, boundary conditions, 

physical properties) and uncertainty in the input parameters contributes to uncertainty in the 

model outputs.  While all aspects of VV&UQ must be considered in a thorough analysis, the 

current effort focuses solely on the evaluation of model output uncertainty due to the 

uncertain model inputs (source (iii) of uncertainty). 

 

Quantifying the output uncertainty due to uncertain input parameters, a task often referred to 

as “forward uncertainty propagation” or simply “forward propagation”, is generally done via 

either direct sampling of the input uncertainty space (e.g., running the model repeatedly with 

different sets of the input variables and observing the range of model output) or by the 

development of surrogate models which are based on a small set of direct samples of the full-

scale model.  The ideal surrogate model would be computationally efficient while generating 

results identical to those from the full-scale model, allowing it to be used for forward 

uncertainty propagation in lieu of the full-scale model.  Given the high computational expense 

of CFD-DEM models, forward uncertainty propagation via surrogate models is an area of active 



 

 

research (e.g., [3, 5, 6, 7]).  On the other hand, while it can be computationally burdensome, 

forward uncertainty propagation via direct sampling of the full-scale model is more 

straightforward (e.g., no need to design and tune a surrogate model) and therefore more 

approachable for general practitioners.  Thus, the current effort is directed at testing simple 

techniques to trim the computational cost of direct sampling with the full-scale model. 

Roy and Oberkampf [8] developed a well-known and rigorous direct-sampling forward 

propagation method that accounts for two fundamental types of uncertain input parameters, 

referred to as aleatory and epistemic.  The uncertainty in aleatory inputs is irreducible as it 

occurs from natural variation (e.g., particle size distribution) and the variation can be 

mathematically described with a probability distribution function.  The uncertainty in epistemic 

inputs is due to a lack of knowledge, and thus epistemic inputs are mathematically described as 

being of uniform probability in the interval representing their limits of measurement.  The 

magnitude of epistemic uncertainties can be reduced through more extensive or improved 

measurements.  The Roy and Oberkampf input sampling method, hereafter called “full-

sampling”, uses a nested-loop sampling technique where the “outer-loop” samples the 

epistemic input uncertainty space (often with a space-filling technique) and the “inner-loop” 

samples the aleatory uncertainties via a Monte Carlo technique at each epistemic sample point.  

The recommended number of epistemic sample points scales with N3, where N is the number 

of epistemic uncertain inputs.  Clearly, the number of uncertain input parameters has a 

dramatic impact on the number of simulations required for rigorous forward propagation via 

direct sampling.   

Accordingly, reducing the number of uncertain inputs that are sampled may significantly reduce 

the computational expense of forward propagation.  Unfortunately, it is not always obvious 

which, if any, uncertain inputs can safely be excluded from sampling.  The current effort seeks 

to formally test the performance of two conceptually simple methods for reducing the costs of 

forward propagation in DEM-based simulations.   The first method we refer to as “reduced 

sampling” and it involves the addition of a simple sensitivity analysis prior to engaging in the 

nested-loop input sampling process.  Only uncertain inputs whose uncertainty results in a 

significant impact on the key model outputs are carried forward into the nested-loop sampling 

procedure.  The second method is referred to as “boundary sampling” as its objective is to use a 

minimum number of simulations to identify only the bounding values of the model output (e.g., 

minimum and maximum).  The boundary sampling method again begins with a simple 

sensitivity analysis, but the findings of the sensitivity study are directly used to identify two 

bounding cases (i.e., two sets of input parameter values) for each key model output.  

Thereafter, only the two bounding simulations are run to estimate the minimum and maximum 

for each model output.  The proposed boundary-sampling technique is admittedly simplistic, 

but a potentially practical means of substantially reducing the computational burden of forward 

propagation.  The current effort represents an effort to test the performance of these more 

efficient approaches.   



 

 

Because CFD-DEM is computationally expensive method with many uncertain inputs, the 

system size must be very small in order to apply the full-sampling technique.  Direct comparison 

of the three input sampling techniques (i.e., full-, reduced-, and boundary-sampling) is 

accomplished herein by applying each method to two small-scale test systems: particulate 

segregation in a fluidized bed (gas-solid system simulated via CFD-DEM) and the mixing of 

identical particles in a tumbler (granular system simulated via DEM). The model form and 

numerical approach remain fixed for each model, allowing the performance of the forward 

uncertainty propagation techniques to be isolated and directly compared.   

The remainder of this work is outlined as follows.  Section 2 discusses the three forward 

uncertainty propagation methods in detail and Section 3 introduces the two test systems to 

which the sampling methods were applied.  The detailed results are provided and discussed in 

Section 4, followed by a brief summary with concluding remarks. 

2.0 Forward uncertainty propagation methods 
 

2.1 Full-sampling method 

 

Roy and Oberkampf [8] documented a rigorous VV&UQ methodology for scientific models.  

Their recommended technique for forward uncertainty propagation involves using a nested-

loop sampling approach that accounts for aleatory and epistemic input uncertainties.  Epistemic 

uncertainties arise from a lack of knowledge and the range of uncertainty can be reduced 

through additional measurements.  As such, epistemic uncertainties are treated as having a 

uniform probability (i.e., no value is more probable than any other) between the lower and 

upper limits of measurement precision.   Aleatory uncertainties arise from natural variations 

(e.g., particle size distribution) and the magnitude of aleatory uncertainties cannot be reduced 

via additional measurements.  The full-sampling technique describes aleatory uncertainties 

using their cumulative probability distribution functions (CDF).  

The full-sampling method involves three main steps.  First, a collection of epistemic sample 

points is identified within the multi-dimensional parameter space of the epistemic inputs.   

Since each point in the epistemic input parameter space is equally probable, some sort of 

space-filling or Latin Hypercube sampling technique is normally applied in order to select 

specific epistemic sample points.  Oberkampf and Roy [9] recommend a minimum number of 

epistemic samples of N3+2, where N is the number of uncertain epistemic input parameters.  

The second step in the nested sampling method addresses the aleatory input uncertainties, 

which are fully sampled at each epistemic point.  A Monte Carlo approach can be used, for 

example, to sample the CDF for each aleatory input at each epistemic point.  After the nested 

sampling is completed, the third step involves using the results to generate a CDF for each key 

model output at each epistemic sample point.  This CDF represents the conditional probability 

distribution for the output assuming the epistemic input variables match their sampled values.  



 

 

Plotting the CDFs for all epistemic sample points on a common plot produces an “envelope” of 

potential outcomes for the model output.  The boundaries of this envelope are referred to as 

the “p-box” or probability box, and simply represent the range of predicted outcomes and their 

associated probabilities.   

 

2.2 Reduced-sampling method 

 

The reduced-sampling method is a variation of the full-sampling method that attempts to 

identify input variables that have little impact on the model output using a simple sensitivity 

analysis.  The idea is to test the overall sensitivity of the key model outputs to each of the 

uncertain model inputs.  This allows the uncertain inputs that have little apparent effect on the 

model outputs to be identified and excluded from further sampling.  The exclusion of inputs 

from nested-loop sampling is particularly advantageous if the excluded uncertainties are 

epistemic, as the sampling requirements scale as N3 (where N = number of epistemic 

uncertainties).  

For the current effort, the simplest possible local, linear, one-at-a-time sensitivity analysis is 

used. First, the base-case values for the key model outputs are determined by performing one 

or more simulations using the base-case values for all the uncertain model inputs.  The 

influence of each individual uncertain input is then evaluated by running simulations using the 

lower bound value for the input parameter and again at the upper bound value for the input 

parameter while holding all the other uncertain inputs at their base-case values.   In the current 

effort, an uncertain input was considered “important” if using either the upper-bound or lower-

bound value for the input changed the key model output by 5% or more relative to the base 

case.  Following this simple sensitivity analysis, nested-loop sampling (identical to that from the 

full-sampling method) is carried out using only those input parameters that remain after the 

low-impact uncertain inputs are excluded from consideration.   

Note that using multiple “repeat” simulations for each point in the sensitivity analysis may be 

appropriate if the key model output is expected to be sensitive to the initial conditions (e.g., 

initial particle positions).  Model outputs that represent averages over large numbers of 

particles or time (e.g., average pressure drop, average bed height) are likely insensitive to the 

initial conditions.  At the other extreme, output parameters that depend on the movement of a 

single particle (e.g., segregation times) may be sensitive to the initial conditions.  Ensemble 

averaging, i.e., averaging the results of a few repeated simulations, can dampen the influence 

of initial conditions and better highlight the sensitivity of the system to the uncertain input 

parameters.    



 

 

 

2.3 Boundary-sampling method 

 

The boundary-sampling method is envisioned as a conservative, lowest-possible-

computational-cost technique and is intended for computationally expensive applications 

where only “bounding” values for the key simulation outputs are desired.  In these cases, a 

precisely shaped probability envelope constructed from either the full-sampling or reduced-

sampling methods may be of little value.   The boundary-sampling method attempts to identify 

two sets of uncertain input values for each key model output, one set that will lead to the 

minimum value of the key model output and one set that will lead to a maximum value of the 

key model output.  The values for the uncertain inputs for each set are selected by noting, for 

each uncertain input, which values in the simple sensitivity analysis (e.g., the low-bound, base-

case, or upper-bound) resulted in the lowest/highest values of the model output.   The 

uncertain input values that resulted in the lowest values of the model output are assembled 

into one set, and an analogous approach is used to generate the set that should maximize the 

model output.  Note than no consideration is given to the magnitude of the influence of each 

input (i.e., no inputs are excluded based on having little influence on the model output).  Once 

identified, only the two bounding cases are then simulated for each model output, aiming to 

capture the minimum and maximum values for the key model output in a single attempt.   

 

3.0 Test systems and uncertainties 
 

The full-, reduced-, and boundary-sampling methods were applied to two very small test 

systems in order to test their relative performance.  The following subsections discuss the two 

test systems and their uncertain inputs.    

 

3.1 Test system 1:  segregation in a fluidized bed (gas-solid) 

 

The first forward propagation testbed was a small-scale CFD-DEM model of the upward 

segregation of one large high-density polyethylene (HDPE) particle in a fluidized bed of smaller 

glass beads.  The CFD-DEM model and input parameters were informed by the experimental 

effort of LaMarche et al. [10], which is briefly summarized below. 

Figure 1 includes a simple schematic of the LaMarche et al. [10] experimental apparatus. The 

fluidized bed was a cuboid fabricated of transparent acrylic with a square cross-section.  The 

distributor plate was designed to generate a uniform velocity distribution at the inlet.  Air was 

provided from the building compressed air supply, and flowed through a pressure regulator, an 



 

 

on/off valve, a throttle valve (embedded in the flow meter), a flow meter, and then onward to 

the intake plenum. The HDPE particle started at the bottom of the stagnant bed (roughly 

centered on the distributor plate) and quickly segregated to the top of the bed once air flow 

was initiated.  The key experimental output was the segregation time as measured via high-

speed video.  LaMarche et al. [10] reported the uncertainties in the experimental system 

(inputs) and the experimental results (outputs).  

For the purposes of the current effort, the LaMarche et al. [10] experiments provided a 

complete set of characterized uncertain inputs for a small-scale gas-solid system that could be 

simulated using CFD-DEM at low computational expense.  The low computational cost 

permitted running thousands of simulations to directly compare the output uncertainties 

generated by the three input sampling techniques (i.e., full-, reduced-, and boundary-sampling) 

when applied to a CFD-DEM model.  

 

3.1.1 CFD-DEM governing equations    

 

The fluidized bed model employed the open-source MFiX-DEM software developed by the 

National Energy Technology Laboratory (MFiX release 2016.1). The details of the CFD-DEM 

implementation within MFiX are available elsewhere [11, 12, 13, 14] and thus only a brief 

summary of the fundamentals are included here.  The solid phase in CFD-DEM is composed of 

discrete particles which are modeled individually and whose dynamics are described by 

Newton's equations of motion, given by  
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where m, vs, I and ωs are, respectively, the particle mass, translational velocity, moment of 

inertia and angular velocity. Fc and Ff are, respectively, the total contact force and particle-fluid 

interaction force. Tc is the total torque acting on the particle while g represents the acceleration 

due to gravity.  The forces due to particle contacts are resolved via the soft-sphere approach 

based on the linear spring dashpot model in both normal and tangential directions [15].  

Particle-wall contacts are treated the same as particle-particle contacts except using particle-

wall properties for the key parameters (i.e., spring constant, friction coefficient, and restitution 

coefficient).  The particle-fluid interaction force Ff is given by 
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where V is the volume of the particle, Pg is the gas pressure, β is the gas-solid drag coefficient, 

vg is the gas velocity and ε is the porosity. Within MFiX, β can be obtained from several 

different drag models. In the current study, the Gidaspow-Blend option [16] was employed.  

The effect of particle shape on gas-solid drag is accounted for by multiplying the particle 

diameter in the expression for β by the particle sphericity, similar to the study by Li et al. [14].  

The gas phase behavior flow is described by the governing equations 
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where τg is the gas shear stress tensor and Igs represents the gas-solid momentum transfer.  The 

gas phase equations are solved within MFiX via a control volume formulation (e.g., [17]).  

 

3.1.2 Fluidized bed model and simulation methodology  

 

The current effort focused on the CFD-DEM simulation of one set of the LaMarche et al. [10] 

experiments which recorded the segregation of a single large HDPE particle (diameter ~0.94 

cm) in a bed of 3,000 to 7,500 smaller glass particles (diameter ~0.31 cm, total combined mass 

of ~177.5 grams).  The simulation domain for the fluidized bed model was defined as a 

rectangular cuboid with a width of 3.811 cm, depth of 3.809 cm, and height of 22.86 cm.  The 

domain was then discretized using a regular rectangular CFD grid of 6, 36, and 6 cells in the x, y, 

and z directions respectively.  The CFD cells were therefore roughly two glass bead diameters in 

each direction.  The CFD gas-phase boundaries at the four vertical walls of the domain were 

specified as free-slip because the CFD grid was quite coarse and therefore unable to suitably 

resolve the narrow boundary-layer associated with no-slip at the walls.  Previous work by 

Beetstra et al. [18] demonstrated that free-slip boundaries better approximate the near-wall 

gas velocity when a coarse grid is applied to a discrete particle model.  The CFD domain outlet 

boundary (top) was specified as a constant pressure boundary while the CFD inlet boundary 

(distributor plate) was specified as a mass-inlet boundary impenetrable to particles.  Figure 2 



 

 

contains three snapshots of the fluidized-bed model from a typical simulation showing the 

progression from the initial stagnant bed to a fully segregated end state.  

The key input variables for the system geometry included the internal height, width, and depth 

of the fluidized bed apparatus.  These values were measured to an accuracy of 0.002 cm, which 

is approximately 0.6% of the diameter of a glass bead and 0.05% of the width of the bed.  Given 

the high accuracy of the measurements, the basic dimensions are considered “known” 

quantities.  Similarly, the overall mass of glass beads within the experiments was carefully 

maintained at 177.46 grams for all experimental repeats.  The uncertainty in this measurement 

of 0.01 grams was negligible and thus the overall mass of glass beads was treated as a known 

input and remained the same for all fluidized-bed simulations. 

The gas phase was modeled as compressible air (molecular weight 28.97 g/mol), and no 

turbulence model was included given the high solids concentration within the bed.  For the 

solid phase, the normal spring constants for particle-particle and particle-wall contacts 

determine the integration time step in DEM. In the current study, both spring constants were 

set to 1000 N/m for computational efficiency. In bubbling beds of non-cohesive particles, 

previous studies show that artificially soft particles may be used without noticeably impacting 

the numerical solution [19, 20, 21] . Thus, though the true material stiffness of glass beads 

(estimated as 7000 N/m by Kobayashi et al. [22]) may not be precisely captured by the spring 

constant applied herein, the errors associated with using a different spring constant are 

considered modest in the current simulations.   

Prior to each fluidized bed simulation, the particle bed was initialized in two steps.  The first 

step used a MATLAB script to place the particles within the simulation domain.  The single HDPE 

particle was placed centered on the distributor plate.  Monodisperse glass beads (all with 

identical properties) numbering 3,000-7,500 (precise number determined via the selected glass 

bead diameter and material density) were placed above the HDPE particle on a regular 

rectangular lattice with small random displacements from the lattice node points.  The second 

step used a short MFiX simulation (two seconds of simulated time without air flow) to allow the 

glass beads to fall under the influence of gravity from their assigned positions into a close-

packed stagnant bed around and above the HDPE particle.  The cumulative collisions between 

the glass beads and the HDPE particle during the settling process displaced the HDPE particle 

slightly from the precise center of the distributor plate.  

The fluidized bed simulations started with the stagnant, packed bed as established above.  Air 

flow was initiated instantly (at t=0 seconds) through the bottom boundary at the specified mass 

rate to mimic the rapid on/off valve used in the experiments.  The air flow then continued 

unchanged for a full 12 seconds of simulated time.  All particle positions were written to a file 

after each 0.02 seconds of simulated flow, and these “snapshots” of the particles were post-

processed using a MATLAB script to identify the segregation time for each simulation.  As with 

the experiments, segregation of the HDPE particle was considered complete once 25% of the 

HDPE particle’s radius extended above the bed surface (defined as the average center-point 



 

 

elevation of the highest 20 glass beads).  A typical simulation required roughly four hours of 

CPU time using a single core on the SUMMIT supercomputer at the University of Colorado.    

  

3.1.3 Fluidized bed uncertain input parameters 

 

The experimental effort published by LaMarche et al. [10] provided detailed measurements of 

the physical properties of the HDPE and glass particles, the system dimensions, and the gas-

phase flow conditions.   This detailed experimental dataset provided the basis for the uncertain 

model inputs in the fluidized-bed model. Table 1 summarizes the uncertain model input 

parameters for the fluidized-bed model, including the base-case value (most likely value), lower 

bound, upper bound, and uncertainty type.  Consistent with the nested-loop sampling 

methodology of Roy and Oberkampf [8], the aleatory and epistemic uncertain inputs were 

identified and treated differently. Epistemic uncertainties (i.e., uncertainties due to 

measurement precision or a lack of better knowledge) were given a uniform distribution, 

meaning that any value between the minimum and maximum values was equally likely.  

Aleatory uncertainties (i.e., uncertainty due to a known natural variation) were characterized by 

the experimentally measured cumulative distribution function (CDF).  The lower bound, base 

case, and upper bound values for the aleatory parameters represent the minimum, average, 

and maximum measured value for each parameter respectively.   

Simulation input parameters that require additional explanation are discussed briefly below:  

• HDPE density:  The material density of the HDPE particles was not directly measured by 

LaMarche et al. (2021).  The bounding values listed in Table 1 encompass the full range 

of standard densities for HDPE [23].    

• HDPE restitution coefficients:  Since the fluidized-bed experiments simulated herein 

included only a single HDPE particle, HDPE-HDPE interactions were not possible in the 

model of this system and their inputs and associated uncertainties were not considered.  

• Glass density:  LaMarche et al. [10] took a relatively small number of measurements of 

the density of the glass beads. The values listed in Table 1 represent a minimum based 

on the average measured value minus two standard deviations (slightly lower than the 

lowest measured density), the average measured density, and the maximum measured 

value (which was slightly larger than the average plus two standard deviations).  

• Sphericity:  The sphericity of the particles was a common property assigned to both the 

HDPE and glass particles within the simulations.  The particle sphericity CDF included all 

88 individual measurements of the sphericity in HPDE and glass particles [10].   

• Coefficients of friction:  MFiX 2016-1 provides only for a single coefficient of friction for 

particle-particle interactions.   A second coefficient of friction is applied to all particle-

wall interactions.  Since most particle-particle interactions in the simulated system were 

glass-glass, only the LaMarche et al. [10] measured data for glass-glass interactions were 



 

 

used.  Similarly, the coefficient of friction for all particle-wall interactions was based on 

55 measurements of glass-acrylic interactions [10].   

• Air temperature:  The air from the building air supply had a nominal temperature of 

68°F during the experiments.  A potential variation of +/- 10°F was used to define the 

upper/lower bounding values for this epistemic uncertainty.  The air temperature was 

used to specify the initial temperature of the system and the inlet air temperature in the 

fluidized-bed model.  In addition, the air temperature was used to calculate the inlet 

mass flow rate and the dynamic viscosity of the air.  

• Atmospheric pressure:  The atmospheric pressure at the University of Colorado, 

Boulder is nominally 12.15 psia.   Measurements at the Boulder airport for the date of 

the experiments suggest the atmospheric pressure was as high as 12.41 psia.  As such, a 

wide band of uncertainty was used for the atmospheric pressure, which was treated as 

an epistemic uncertainty with a low bound of 12.0 psia and an upper bound of 12.45 

psia.  The atmospheric pressure was used as the initial pressure for the system (prior to 

flow) and as the outlet pressure for the model.  In addition, the atmospheric pressure 

was used to calculate the inlet mass flow rate.   

• Air viscosity:  The dynamic viscosity of the air was calculated and specified separately 

for each simulation based on the inlet air temperature.  The dynamic viscosity ranged 

from 1.78x10-4 to 1.84x10-4 with a base-case value of 1.81x10-4 g/cm-s.     

• Gas mass rate variation:  The air flow for the experiments was tuned via adjustment of 

the pressure regulator and an embedded throttle valve in the flow meter.  The 

combination of adjustments resulted in a fixed reading of 3.6 SCFM on the flow meter 

and a fixed reading of 12.5 psig on the associated pressure gauge.  Both meters had a 

potential error of ± 2% of their full-scale readings [10]. Accounting for meter errors, the 

flow ranged between 3.436 SCFM and 3.764 SCFM.  Similarly, the pressure ranged 

between 11.9 psig and 13.1 psig.  Clearly each of these measurement errors could be 

viewed as an epistemic uncertainty.   However, since both the air temperature and the 

atmospheric pressure are required to calculate the air mass flow, it was advantageous 

to consolidate the measurement uncertainties into a single epistemic variable called 

“gas mass rate variation.”  The base mass-rate for each simulation was first calculated 

using the chosen atmospheric pressure and air temperature, while assuming the fixed 

readings from the flow meter and pressure gauge were correct.  The final inlet mass-

rate was then calculated by adding the “gas mass rate variation” to the base mass-rate, 

thus accounting for the errors in the flow and pressure measurements. The bounding 

values of the “gas mass rate variation” input uncertainty were determined by calculating 

the mass rate at all combinations of the measurement conditions (e.g., both meters 

correct, both meters read low, both meters read high, flow meter reads high while 

pressure gauge reads low, flow meter reads low while pressure gauge reads high) for all 

nine combinations of atmospheric pressure (base, high, low) and air temperature (base, 

high, low).  In total, 45 calculations were done to understand how the inlet-mass-rate 



 

 

varies from the base mass-rate with the inclusion of measurement error.  The maximum 

deviation calculated was 0.156 g/sec.  As such the “gas mass rate variation” input 

uncertainty was implemented as an epistemic input with a slightly conservative value of 

0 ± 0.159 g/sec.   

 

3.2 Test system 2:  mixing in a tumbler (granular) 

 

A second small-scale model was utilized to test the UQ direct input sampling techniques (e.g., 

full-, reduced-, and boundary-sampling) in a system with granular flow mechanics (as opposed 

to gas-solid flow mechanics).  As such, the gas-phase Navier-Stokes Eqs. (4) and (5) were 

eliminated as part of the system of governing equations and the interfacial drag force of Eq. (3) 

dropped out of Newton’s Eqs. (1) and (2) for the particles. Specifically, the second study used 

DEM-only simulations in MFiX 2016.1 to examine the mixing of identical glass beads in a 

rotating tumbler. Unlike the fluidized bed simulations, the tumbler simulations were not 

informed by any experiment.    

 

3.2.1 Tumbler model and simulation methodology  

 

The tumbler itself was a simple cube, measuring 8.942 cm in each of the principle directions (x, 

y, z), containing a fixed total mass of particles (518.1 grams).  The rotation of the tumbler about 

a central axis was simulated by rotating the direction of gravity as opposed to rotating the 

simulation domain.  All the glass beads within the tumbler were physically identical, however 

each particle was assigned a “type” based on its initial position such that the particles in the 

bottom half of the particle pile at time zero were one type (green) while the particles in the top 

half were another type (blue).  Figure 3 includes three snapshots of a typical simulation showing 

the progression from the initial condition through to the well-mixed state (the two particle 

types are shown via blue and green coloring). 

Prior to each tumbler simulation, the bed was initialized in two steps.  The first step used an 

external particle generator code (a MATLAB script) to place 8,800-22,000 monodisperse glass 

beads (number determined via the glass-bead diameter and material density) inside the 

simulation domain and on a regular rectangular lattice with small random displacements from 

the lattice node points.  The second step used a short MFIX simulation (one second of 

simulated time with no tumbler rotation) to let the glass beads fall under the influence of 

gravity into a random close-packed pile at the bottom of the tumbler.   

The simulation of mixing within the rotating tumbler started with the stagnant, segregated 

particle pile as established above.  The direction of gravity (magnitude of 980 cm/sec2) was 

continuously changed to emulate rotation of the tumbler at the specified rate (29-31 

revolutions per minute).   The simulations terminated after 30 seconds of simulated flow. The 



 

 

particle positions were written to a file after every 0.01 seconds of simulated time, and these 

“snapshots” of the particles were used during post-processing to assess the state of mixing.  

The current effort used the average “Alike Neighbor Fraction” (ANF) as a measurement of the 

degree of mixing.  The ANF was calculated for each individual particle at each snapshot using a 

MATLAB script.  The ANF for each individual particle was calculated in two steps. First, the 

number of neighboring particles (center-to-center distance of less than 2.5 radii) of each type 

were counted. Second, the ANF was calculated as the ratio of neighboring-particles-of-the-

same-type to neighboring-particles-of-both-types.  The average ANF was then calculated by 

averaging the individual ANF values for all particles with four or more neighbors.  The average 

ANF approaches a value of 1 in systems that are completely segregated (e.g., all neighboring 

particles are of the same type).  Likewise, the average ANF approaches a value of 0.5 in a 

perfect mixture (e.g., half of the neighboring particles are of the same type while half of the 

neighboring particles are of the opposite type). 

The model output of interest for the tumbler simulations was the initial rate of mixing, which 

was calculated as the slope of the average ANF curve vs number of rotations.  Specifically, the 

slope of the best-fit line in the period between 0.5- and 2.5-revolutions was calculated and 

reported via the MATLAB post-processing script.  Figure 4 includes a typical output average ANF 

curve and the best-fit line used to calculate the initial rate of mixing for one simulation. A 

typical simulation required between 6- and 22-hours of CPU time using a single core on the 

SUMMIT supercomputer at the University of Colorado.      

3.2.2 Tumbler uncertain input parameters 

 

The tumbler model directly used the glass bead properties from the fluidized-bed model.  The 

only other uncertain input was the rotation rate of the tumbler, which was simply assumed to 

have a broad uncertainty of between 29 and 31 rotations per minute and a most-likely value of 

30 rotations/minute.  The dimensions of the tumbler and the total mass of particles within the 

tumbler were assumed to be known (i.e., negligible uncertainty analogous to the fluidized-bed 

model).  As discussed for the fluidized-bed model, the uncertainties were characterized as 

either epistemic or aleatory.  The cumulative distribution functions for the aleatory variables 

herein came from the experimental work of LaMarche et al. [10] as previously discussed for the 

fluidized-bed model. Table 2 provides a summary of the model input parameters for the 

tumbler model, including the base-case value (most likely value), lower bound, upper bound, 

and uncertainty type.   

All the glass beads within each tumbler simulation were assigned the same properties.  As an 

example, the value of the glass particle diameter was sampled from the cumulative distribution 

function and varied between simulations, but all particles in a single simulation were assigned 

the same diameter.  

 



 

 

4.0 Results 
 

The current effort was designed to test the performance of two simplified input sampling 

techniques for forward uncertainty propagation in discrete particle models.  Both techniques 

use a sensitivity analysis to guide further sampling, and both are intended to reduce the 

number of simulations required for input sampling.  As a benchmark for performance 

assessment, the rigorous direct sampling technique of Roy and Oberkampf [8], herein called 

“full-sampling”, was applied to the fluidized bed model (CFD-DEM) and the tumbler model 

(DEM-only). Both the “reduced-sampling” and “boundary-sampling” techniques were then 

tested using the same models and uncertain input parameters.  The following paragraphs 

summarize the performance of the forward propagation techniques as applied to each of the 

two systems.   

4.1 Test system I:  Segregation in a fluidized bed (gas-solid) 

 

Application of the full-sampling method to the CFD-DEM fluidized bed model required sampling 

the five epistemic inputs and eight aleatory inputs listed in Table 1.   Thus, as a first step, a total 

of 53+2 = 127 epistemic sample points were selected using the Latin Hypercube Sampling (LHS) 

technique.  In order to ensure the entire range of each epistemic uncertainty was sampled, the 

epistemic points with the lowest and highest values for an epistemic uncertainty (e.g., glass 

density) were adjusted to match the low bound and high bound values for that uncertainty.    At 

each of the 127 epistemic sample points, a Monte Carlo technique was then used to sample the 

cumulative distribution function for each aleatory input 100 times.  Thus, in total, 12,700 

simulations were required to complete the input propagation via the full-sampling method. 

Figure 5 contains the “conditional” cumulative distribution function for the segregation time as 

generated from one of the 127 epistemic sample points and its corresponding 100 simulations 

of different aleatory inputs.  In other words, if we assume the actual values of the epistemic 

inputs match the chosen epistemic sample point, the CFD-DEM model segregation times would 

have the CDF shown based on the natural variation of the aleatory input variables.    

Figure 6 combines all 127 “conditional” CDF curves for the segregation time as generated via 

the full-sampling propagation methodology.  The CFD-DEM results show a wide spread in the 

possible segregation times from 2.58 seconds to infinity.  Infinite segregation times are 

observed in simulations in which the particles do not move at all (roughly 8.2% of the 

simulations did not fluidize).  The envelope representing the bounding values of the conditional 

CDFs, which does not necessarily represent single conditional CDFs, is referred to as the 

probability-box or p-box and is the cumulative product of the input sampling effort.  The p-box 

graphically represents the full range of uncertainty in the segregation time (key model output) 

as a result of the uncertainty in the 13 uncertain inputs.  Interpreting a p-box can be challenging 

since it represents a collection of underlying CDFs that are each equally likely.  A p-box can be 



 

 

read vertically to give a range of probabilities for a given outcome or horizontally to give a 

range of outcomes for a prescribed probability. Using Figure 6 as an example, one could state 

that the probability that the segregation time is 6 seconds or less is between 15% and 98% 

(read vertically).  Likewise, once could read the p-box in Figure 6 and infer that there is a 30% 

probability that the segregation time will not exceed a value between 3.5 seconds and 7.5 

seconds (read horizontally).   

Figure 6 also includes the actual CDF for the segregation time as observed in the experiments of 

LaMarche et al. [10].  Comparing the experimental CDF against the CFD-DEM p-box of results 

suggest that there is a disparity between the simulations and experiments, with the model 

biased toward more rapid segregation than observed in the experiments.  Because the 

experimental uncertainties were reported by LaMarche et al. [10] and the influence of the input 

uncertainties were propagated forward in the CFD-DEM model (via the full-sampling technique 

in this case), the disparity results from model form error.  No attempt was made to isolate and 

identify the precise source of the error since it is outside of the current scope, but the 

treatment of interparticle friction (one friction coefficient for all particle species) and the gas-

phase free-slip boundary conditions (due to the coarse grid model) represent two of many likely 

sources.    

Application of the reduced-sampling technique to the CFD-DEM fluidized-bed model began with 

a sensitivity analysis for the 13 uncertain input parameters.  At a minimum, our simple 

sensitivity analysis for this system requires 27 simulations (e.g., one base-case simulation, then 

low-bound and high-bound simulations for each input variable).  Recognizing that the 

simulation results might be influenced by both the uncertain input variables and by small 

variations in the initial conditions of the bed, 10 repeat simulations of each point in the 

sensitivity analysis were completed and the average of the segregation times was used.  Thus, 

in total, 270 simulations were required to complete the simple sensitivity analysis. It is worth 

noting that replication of each condition was not considered in the full-sampling method, as the 

uncertainty in the initial conditions was assumed to be inherently captured in the natural 

variation of the 12,700 simulations.  Table 3 summarizes the results of the sensitivity analysis 

for the fluidized-bed model. The influence of each uncertain input was assessed by comparing 

the base-case average segregation time (for the 10 repeats) against the average segregation 

time (for the 10 repeats) obtained from the model with each uncertain input at its upper and 

lower bound values.  The influence of an uncertain input was considered negligible and the 

input was omitted from further sampling if the upper or lower bound values failed to change 

the resulting segregation time by more than 5%.   The 5% cutoff was selected to be 

slightly conservative and was selected after analyzing the 10 repeats of the base-case, for which 

the variation in the initial conditions resulted in a CI95%/mean value of 5.77%. After omitting the 

inputs with negligible influence, the number of epistemic variables dropped to three (versus 

five) and the number of aleatory variables dropped to three (versus eight).   



 

 

Nested sampling of the remaining uncertain input parameters required 33+ 2 = 29 epistemic 

sample points.  As before, each epistemic sample point was coupled with 100 samples of the 

aleatory uncertain inputs, resulting in a total of 2,900 simulations to complete the reduced-

sampling forward propagation for the segregating fluidized bed.  Inputs that were omitted from 

sampling were held constant at their base-case values for all nested-loop sampling simulations.  

In total, the reduced-sampling method required 3,170 simulations when applied to the fluidized 

bed model.  This represents a significant computational savings relative to the 12,700 

simulations required for the full-sampling method.  Figure 7 contains the conditional CDF curves 

for the segregation time from all 29 epistemic sample points.  Figure 7 also includes the 

experimentally measured CDF for the segregation time.  The overall envelope of results 

obtained using the reduced-sampling method is quite similar to that obtained using the full-

sampling method (results shown in Figure 6). 

As required for the boundary-sampling method, the results of the simple sensitivity study for 

the fluidized bed model were used to identify two sets of input values meant to 

minimize/maximize the segregation time.  All the uncertain input values that would tend to 

reduce the segregation time were identified and combined to create one bounding case.  

Likewise, all the input values that would tend to increase the segregation time were identified 

and combined for a second bounding case.  Table 4 provides a summary of the uncertain input 

values used when applying the boundary-sampling method to the fluidized bed model. 

Similar to the sensitivity-analysis, 10 repeats of each bounding case were run to sample some 

variation in the initial conditions.  All the “maximum boundary case” simulations failed to 

fluidize the bed, leading to a maximum segregation time of infinity.   The quickest of the 

“minimum boundary case” repeats resulted in full segregation within 2.7 seconds.   

Figure 8 includes the p-boxes for all three sampling methods (the bounding values obtained 

from the boundary-sampling method are shown as vertical lines).  The p-boxes for the reduced-

sampling and full-sampling techniques are quite similar, with the full-sampling p-box 

encompassing slightly faster/slower segregation times as might be expected due to its 

increased sampling.  The bounding values from the boundary-sampling method almost 

completely encompass the p-box obtained from the full-sampling method.   

In total, application of the full-sampling method to the segregating fluidized bed model 

required 12,700 simulations (50,800 CPU hours).  In contrast, the reduced-sampling forward 

propagation technique used only 25% of the computational resources required by full-sampling 

while the boundary-sampling method required only 290 simulations, which represents a 97% 

savings relative to the full-sampling technique. 

4.2 Test system 2:  mixing in a tumbler (granular) 

 



 

 

Application of the full-sampling technique to the tumbler model required sampling two 

epistemic inputs and five aleatory inputs (see Table 2).  In this case, a total of 23+2 = 10 

epistemic sample points were selected using the space filling technique.  Figure 9 includes a 

graphical representation of the epistemic sample points selected.  Note that the extreme values 

of both epistemic variables were sampled.   

A Monte Carlo technique was used to sample the cumulative distribution function for each 

aleatory input 100 times for each epistemic point.  Thus, in total, 1,000 simulations (and 14,000 

CPU hours) were required to complete full sampling for the tumbler model.  Figure 10 includes 

the 10 CDF curves for the initial rate of mixing (see Sect. 3.2.1) as generated via the full-

sampling methodology. The overall p-box for the full-sampling method is also shown in Figure 

10. 

Application of the reduced-sampling method to the tumbler model began with a simple 

sensitivity analysis.  The tumbler model included seven uncertain input parameters and three 

“repeat” simulations were used for all the sensitivity analysis sample points. Thus, in total, 45 

simulations were required to complete the simple sensitivity analysis for the input 

uncertainties. Table 5 summarizes the results of the sensitivity analysis for the tumbler model.  

Note that the tumbler model was less sensitive to the initial conditions (compared to the 

fluidized bed model) and the most extreme of the 3 repeats for each point was used for the 

sensitivity analysis (rather than the average of the repeats).   The number of epistemic variables 

dropped to one (versus two) and the number of aleatory variables dropped to three (versus 

five).   

The reduced sampling method required 13+ 2 = 3 epistemic sample points, where each was 

again coupled with 100 samples of the aleatory uncertain inputs.  The low-bound, base case, 

and upper-bound values for the glass density were used as the epistemic sample points.  Again, 

inputs that were omitted from sampling were held constant at their base-case values for all 

simulations.  In total, the reduced-sampling technique required 345 simulations compared to 

1,000 simulations for the full-sampling method.  Figure 11 contains the conditional CDF curves 

for the initial rate of mixing from all three epistemic sample points.  Note that, in this case, the 

left and right curves in Figure 11 also represent the p-box for the reduced-sampling method. 

Application of the boundary-sampling method to the tumbler model involved using the results 

of the simple sensitivity study to identify two sets of input values meant to minimize/maximize 

the initial rate of mixing. Input values that increased the initial rate of mixing were lumped 

together into one bounding case, while input values that appeared to decrease the initial rate 

of mixing were combined into a separate bounding case.  Table 6 provides a summary of the 

uncertain input values employed for the boundary-sampling cases as applied to the rotating 

tumbler.  Like the tumbler model sensitivity-analysis simulations, three repeats of the minimum 

and maximum cases were run to account for the variation in initial conditions, resulting in six 

simulations beyond the 45 performed for the sensitivity analysis.   



 

 

Figure 12 includes the bounding values for the initial rate of mixing obtained via the boundary-

sampling method (plotted as vertical lines) along with the p-boxes generated by the full-

sampling and reduced-sampling techniques.  For the tumbler model, the reduced-sampling 

forward propagation technique generated nearly the same initial-rate-of-mixing uncertainty 

envelope as the full-sampling method, while using only 35% of the computational resources 

required by full sampling.  The boundary-sampling method required only 51 simulations and 

generated a range of initial rates of mixing that encompassed almost the entire full-sampling p-

box (from 1,000 simulations).  

5.0 CONCLUSIONS 
 

Understanding the uncertainty in CFD-DEM model predictions can lead to a better 

understanding of design risk and improved investment outcomes. A key step in verification, 

validation, and uncertainty quantification (VV&UQ) for CFD-DEM models is estimating the 

model output uncertainty caused by uncertainty in the model input parameters.  This forward 

uncertainty propagation can be accomplished via direct sampling of the inputs (e.g., varying the 

input parameters and running multiple simulations to explore the range of outputs observed), 

but CFD-DEM models are often computationally expensive and include a large number of 

uncertain input parameters. Techniques that can reduce the number of simulations required for 

direct input sampling are needed.  The current effort tested two conceptually-simple direct 

sampling techniques which may reduce the total number of simulations required for forward 

uncertainty propagation in some cases.  The two simplified techniques (reduced-sampling and 

boundary-sampling) were tested against a rigorous full-sampling technique (benchmark) by 

applying all three sampling techniques to two test systems: a small-scale fluidized bed model 

(CFD-DEM) and a small-scale tumbler model (DEM-only).  

The reduced-sampling method tested herein is identical to the full-sampling method except 

that a simple sensitivity analysis is used to identify input parameters with relatively little impact 

on the model outputs.  These low impact input parameters are then omitted from the nested-

loop sampling process, reducing the number of simulations needed for forward propagation.  

When applied to the two small-scale models, the reduced-sampling technique generated p-

boxes (output uncertainty envelopes) that were very similar to those generated by the full-

sampling approach for both the fluidized bed model (CFD-DEM) and the tumbler model (DEM-

only).  The full-sampling approach, which includes all uncertain inputs in the nested-loop 

sampling, did generate slightly broader uncertainty envelopes as would be expected.  

Nevertheless, the close agreement between the reduced-sampling and full-sampling p-boxes is 

impressive given that the reduced-sampling technique lowered the computational expense by 

65% (tumbler model) and 75% (fluidized bed model) relative to the full-sampling technique.  

These results suggest the reduced-sampling approach can significantly lower the computational 

expense of forward propagation for some models (more on this below).   



 

 

The boundary-sampling technique is intended for situations where a precisely shaped 

probability envelope constructed from either the full-sampling or reduced-sampling methods 

may be of little value.  The boundary-sampling technique therefore uses a sensitivity analysis to 

identify two sets of values for the uncertain inputs, one set intended to minimize the key model 

output and one set intended to maximize the key model output.  When applied to the fluidized 

bed model (CFD-DEM), the boundary-sampling method predicted a range of segregation times 

that almost completely enclosed the p-box produced by the full-sampling technique.  

Furthermore, the computational savings of the boundary-sampling method (relative to full-

sampling) was more than 97%.  When applied to the tumbler model (DEM-only), the boundary-

sampling method produced minimum and maximum values for the initial rate of mixing that 

encompassed nearly all the full-sampling results at a computational savings of more than 94% 

(relative to full-sampling).  Thus, the results of the current effort suggest that the boundary-

sampling technique can dramatically lower the computational cost of forward propagation of 

input uncertainties when the detailed shape of the output uncertainty envelope (i.e., p-box) is 

not required.   

Both the reduced- and boundary-sampling techniques discussed herein employ a sensitivity 

analysis to either eliminate uncertain inputs from further sampling (reduced-sampling) or to 

select specific input values for bounding cases (boundary-sampling).  In the current effort, the 

sensitivity analysis is accomplished using the simplest possible, local, linear, one-input-at-a-time 

approach.  This approach is advantageous because it is simple to implement and the number of 

simulations required for the sensitivity analysis is proportional to 2P+1, where P is the number 

of uncertain input parameters.  This simple sensitivity analysis has obvious drawbacks, 

however, most notably that it samples the influence of each variable only at the base-case, 

lower-bound and upper-bound values (i.e., it implicitly assumes the extreme values of the input 

are those that produce the largest effect on the model output).  In addition, this technique 

provides no information about potential interactions between the inputs.  Despite these 

shortcomings in the underlying sensitivity analysis, both the reduced-sampling and boundary-

sampling techniques performed quite well for both test systems studied herein.  In practice, 

more sophisticated sensitivity analysis techniques, like the methods of Morris [24] or Sobol 

[25], may provide a higher level of confidence in the sensitivity analysis where the extra 

computational expense is acceptable.   

The reduced-sampling technique discussed herein is admittedly a conceptually simple variation 

of the nested-loop sampling technique described by Roy and Oberkampf [8].  It seems logical to 

suggest that the reduced-sampling method will be most successful in situations where the 

model output is strongly influenced by a few input parameters and only very slightly influenced 

by the remaining uncertain inputs.  The reduced-sampling method is only computationally 

advantageous in situations where one or more epistemic inputs are eliminated from nested-

loop sampling and/or when all aleatory inputs are eliminated from nested-loop sampling.  It is 

also worth noting that there is no computational advantage in eliminating any aleatory input 

from nested-loop sampling if at least one aleatory input must be sampled.  In other words, in 



 

 

models where all epistemic uncertainties and at least one aleatory uncertainty are known (via 

prior experience) to have a significant impact on the model outputs, there is no reason to 

perform a sensitivity analysis prior to nested-loop sampling.  In models where at least one 

aleatory uncertainty is known (via prior experience) to have a significant impact on the model 

outputs, the sensitivity analysis can be limited to the epistemic variables only, as all remaining 

aleatory inputs can be included in nested-loop sampling at no incremental cost.   

The performance of the boundary-sampling technique is especially dependent on the accuracy 

of the sensitivity analysis.  This is because the sensitivity analysis results are used to infer two 

points in the multidimensional input space that should lead to the minimum and maximum 

model output values.  Using a simple sensitivity analysis as in the current effort carries 

significant risk of obtaining bad bounding values for the model output.  The overall risk of 

boundary-sampling technique is likely lowest when the sensitivity analysis implies a strong 

linear relationship between the model output and one or two uncertain model inputs (while all 

other uncertain inputs have little influence on the model output).  The risk seems especially 

high in models where all input parameters have a modest influence on the model output 

and/or where the sensitivity analysis reveals non-linear behavior (e.g., base-case model output 

is higher or lower than both the low-bound and high-bound output values).    While not tested 

herein, the reliability of the boundary-sampling technique would almost certainly be improved 

by using more sophisticated (and more computationally expensive) sensitivity analysis 

techniques like the methods of Morris [24] or Sobol [25]. 

Finally, it is worth noting that the results of the forward uncertainty propagation in the CFD-

DEM model of the fluidized bed were compared to the experimental results (LaMarche et al. 

[10]), revealing a discrepancy between the simulations and the experiments.  The simulations 

tend to predict faster segregation than observed in the experiments, and this is almost certainly 

due to model form error.  No attempt was made to isolate and identify the precise source of 

the error since it is outside of the current scope, but the treatment of interparticle friction (one 

friction coefficient for all particle species) and the gas-phase free-slip boundary conditions (due 

to the coarse grid model) represent two likely sources.    
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Parameter Lower bound Base case Upper bound Type 

HDPE particle diameter (cm) 0.898389 0.943045 0.953396 aleatory 

HDPE density (g/cm3) 0.93 0.95 0.97 epistemic 

Glass particle diameter (cm) 0.270057 0.310134 0.340163 aleatory 

Glass density (g/cm3) 2.2835 2.513 2.85 epistemic 

Glass-glass coeff of restitution 0.926186 0.969565 0.993185 aleatory 

Glass-wall coeff of restitution 0.629237 0.954934 0.989071 aleatory 

Sphericity, all particles 0.848242 0.936138 0.947962 aleatory 

HDPE-glass coeff of restitution 0.741038 0.822966 0.840229 aleatory 

Particle-particle coeff of friction 0.131000 0.273370 0.414350 aleatory 

Particle-wall coeff of friction 0.057700 0.251369 0.382600 aleatory 

Air temperature (K) 287.59 293.15 298.71 epistemic 

Atmospheric pressure (psia) 12 12.15 12.45 epistemic 

Viscosity (g/cm-s x 10-4) 1.78 1.81 1.84 known, from T 

Raw flow measurement (SCFM) 3.436 3.6 3.764 indirect 

Meter pressure (psig) 11.9 12.5 13.1 indirect 

Gas mass rate variation (g/s) -0.159 0 0.159 epistemic 

 



Parameter Lower bound Base case Upper bound Type 

Rotation rate (rev/min) 29 30 31 epistemic 

Glass diameter (cm) 0.270057 0.310134 0.340163 aleatory 

Glass density (g/cm3) 2.2835 2.513 2.85 epistemic 

Glass-glass coeff of restitution 0.926186 0.969565 0.993185 aleatory 

Glass-wall coeff of restitution 0.629237 0.954934 0.989071 aleatory 

Particle-particle coeff of friction 0.131000 0.273370 0.414350 aleatory 

Particle-wall coeff of friction 0.057700 0.251369 0.382600 aleatory 

 



Parameter 

Maximum absolute change 

in segregation time 

relative to base case 

Sampling status based on 

sensitivity analysis 

HDPE particle diameter 4.3% omitted 

HDPE density 4.9% omitted 

Glass particle diameter 45.3% aleatory 

Glass density 8.3% epistemic 

Glass-glass coeff of restitution 2.3% omitted 

Glass-wall coeff of restitution 2.6% omitted 

Sphericity, all particles 16.2% aleatory 

HDPE-glass coeff of restitution 3.3% omitted 

Particle-particle coeff of friction 7.7% aleatory 

Particle-wall coeff of friction 2.6% omitted 

Air temperature 5.3% epistemic 

Atmospheric pressure 3.8% omitted 

Gas mass rate variation 40.9% epistemic 

 



Uncertain input parameter 

Minimum boundary 

case, value used 

Maximum boundary 

case, value used 

HDPE particle diameter Upper bound Lower bound 

HDPE density Lower bound Upper bound 

Glass particle diameter Lower bound Upper bound 

Glass density Upper bound Lower bound 

Glass-glass coeff of restitution Upper bound Lower bound 

Glass-wall coeff of restitution Upper bound Base value 

HDPE-glass coeff of restitution Upper bound Base value 

Sphericity, all particles Lower bound Upper bound 

Particle-particle coeff of friction Lower bound Upper bound 

Particle-wall coeff of friction Lower bound Base value 

Gas Mass Rate Variation Upper bound Lower bound 

Atmospheric pressure Lower bound Upper bound 

Air temperature Upper bound Base value 

 



Parameter 

Maximum absolute change 

in initial rate of mixing 

relative to base case 

Sampling status based on 

sensitivity analysis 

Rotation rate 2.5% omitted 

Glass diameter 4.9% omitted 

Glass density 20.0% epistemic 

Glass-glass coeff of restitution 7.0% aleatory 

Glass-wall coeff of restitution 2.2% omitted 

Particle-particle coeff of friction 5.9% aleatory 

Particle-wall coeff of friction 14.0% aleatory 

 



Uncertain input parameter 

Minimum boundary 

case, value used 

Maximum boundary 

case, value used 

Rotation rate Upper bound Lower bound 

Glass diameter Upper bound Lower bound 

Glass density Lower bound Upper bound 

Glass-glass coeff of restitution Lower bound Upper bound 

Glass-wall coeff of restitution Base value Upper bound 

Particle-particle coeff of friction Upper bound Base value 

Particle-wall coeff of friction Lower bound Upper bound 

 



Forward uncertainty propagation in 
DEM-based models of gas-solid and granular flow

Conceptually simple techniques perform well 
with reduced computational cost.




