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Abstract

Statistical level density ρ(E, A) is derived for nucleonic system with a given energy E, particle number A and other
integrals of motion in the micro-macroscopic approximation beyond the standard saddle-point method of the Fermi
gas model. This level density reaches the two limits; the well-known Fermi gas grand-canonical ensemble limit for
a large entropy S related to large excitation energies, and the finite micro-canonical limit for a small combinatorical
entropy S at low excitation energies. The inverse level density parameter K as function of the particle number A in the
semiclassical periodic orbit theory, taking into account the extended Thomas-Fermi and Strutinsky shell corrections,
is calculated and compared with experimental data.
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1. Introduction

Many properties of heavy nuclei can be to large extent described in terms of the statistical level density [1–24].
Usually, the level density ρ(E, A), where E and A, are the energy and nucleon number, respectively, is calculated
by the inverse Laplace transformation of the partition function Z(β, α) of the corresponding Lagrange multipliers.
Other integrals of motion, e.g., the orbital angular momentum projection M, or separately, the number of neutrons
and protons instead of A can be considered in a similar way by introducing other Lagrange multipliers. Within the
grand canonical ensemble, the standard saddle-point method (SPM) was used for the integration over all variables,
including β, which is related to the total energy E [2, 4]. This method assumes a large excitation energy U, so that
the temperature T can be defined through a well-determined saddle point in the integration variable β for a finite
Fermi system of large particle numbers. However, many experimental data are also related to the low-lying part of
the excitation energy U, where such a saddle point does not exist. For presentation of experimental data on nuclear
spectra, the cumulative number of quantum levels below a given excitation energy U is conveniently often used for
a statistical analysis [25–27], e.g., of the experimental data on the collective excitation energies of rare-earth and
actinide nuclei excited in two-neutron transfer (p,t) reactions [28]. For calculations of this cumulative number one
has to integrate the level density over a large interval of the excitation energy U from small values where there is
no thermodynamical equilibrium to large values where the standard approach can be successfully applied in terms
of the temperature T in a finite Fermi system. Therefore, to simplify the level density, ρ(E, A), calculations we will
integrate over the Lagrange multiplier β in the inverse Laplace transformation of the partition function Z(β, α) more
accurately beyond the SPM. It is worthwhile to unify the standard Fermi-gas model for large excitation energies U
with the empiric constant temperature model at small U as suggested in Ref. [3], see also Refs. [17, 20, 21].

More general microscopic formulation of the energy level density for mesoscopic systems, in particular for nuclei,
which removes the singularity at small excitation energies, is discussed in Ref. [21], see also references therein. One
of the microscopic ways for accounting for interparticle interactions beyond the mean field (shell model) in the level
density calculations was suggested within the Monte-Carlo Shell Model [12, 15, 29]. Another successful approach
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for taking into account the interparticle interactions above the simple shell model is given by the moments method
[18, 20, 23, 25, 30]. The main ideas are based on the random matrix theory, see Refs. [25, 30–32].

A micro-macroscopic approximation (MMA) which unifies micro- and macroscopic ensembles, for the statistical
level density ρ was suggested in Ref. [33]. This MMA approach is based on the Strutinsky shell correction method
[34–36] within the Landau-Migdal quasiparticle theory called as the Finite Fermi System Theory [37, 38]. A mean
field potential is used for calculations of the energy shell corrections, δE. The total nuclear energy, E, is the sum of
these corrections and smooth macroscopic liquid-drop component [39] which can be well approximated by the Ex-
tended Thomas-Fermi ((E)TF) approach [40, 41]. Thus, within the semiclassical approximation to the Strutinsky shell
correction method, the interactions between particles, in particular interparticle collision-like interactions, averaged
over particle numbers, i.e. over many-body microscopic quantum states in realistic nuclei, are approximately taken
into account through the extended Thomas-Fermi component beyond the mean field. In this way, one can present
[33] the level density ρ in terms of the modified Bessel function of the entropy variable in the case of small thermal
excitation energy U as compared to the rotational energy Erot. The shell-correction method [34, 35] was applied [33]
for studying the shell effects in the nuclear moment of inertia. For a deeper understanding of the correspondence
between the classical and the quantum approach, it is also worthwhile to analyze the shell effects in the level density
ρ within the semiclassical periodic-orbit theory (POT) [41–45].

In the present study we extend, in a simple transparent way, the MMA approach [33] for the description of shell
effects in terms of the level density itself from small to large excitation energies U, see also detailed derivations
accounting for the rotational and isotopically asymmetric effects in Refs. [46, 47]. The level density parameter a is
one of the key quantities under intensive experimental and theoretical discussions [7, 9, 13, 17, 19, 24]. Properties of
the smooth inverse level density parameter, K = A/a, as function of the nucleon number A have been studied within
the framework of the self-consistent ETF approach [9, 19]. However, shell effects in the statistical level density is still
an attractive subject, especially important near nuclear magic numbers.

The structure of the paper is the following. In Sec. 2, the level density ρ(E, A) is derived within the MMA for the
one-component nucleon system by using the POT. We discuss general properties of the statistical level density ρ(S )
and its approximations as function of the entropy S . In Section 3, we compare our analytical MMA results for the
level density ρ(E, A), and the inverse level density parameter K with experimental data for several nuclei as typical
examples. Our Conclusions are presented in Section 4. Some details of the periodic orbit theory are presented in
Appendix A.

2. Micro-macroscopic approach

For a statistical description of level density of a nucleus in terms of the conservation variables – the total energy,
E, and nucleon number, A, one can begin with the microcanonical expression for the level density,

ρ(E, A) =
∑

i

δ(E − Ei) δ(A − Ai) ≡
∫

dβdα
(2πi)2 exp[S (β, α)], (1)

where Ei and Ai present the system spectrum, S (β, α) = lnZ(β, α) + βE − αA is the entropy with Z(β, α) being the
partition function. Integrating over α for a given β by the standard SPM in Eq. (1), we use the expansion for this
entropy as: S (β, α) = S (β, α∗) +

(
∂2S/∂α2

)∗
(α − α∗)2 /2 + . . . . The first order term of this expansion disappears

because the Lagrange multiplier, α∗, is defined by the saddle point condition,
(
∂S
∂α

)∗
≡

(
∂ lnZ
∂α

)∗
− A = 0 . (2)

Introducing, for convenience, the potential Ω = −lnZ/β, one can define the system partition functionZ through

Ω = Ω0 −
a
β2 , Ω0 = E0 − λA , (3)

where E0 is the energy of a non-excited ground-state system, a is the level density parameter, and λ = α∗/β is
associated with the chemical potential as function of the particle number A at arbitrary β through Eq. (2). Substituting

2



the expansion of the entropy near the saddle point into Eq. (1), and taking the error integral over α in the infinite limits,
one obtains

ρ(E, A) ≈
∫

dβ β1/2

2πi
√

2π
J−1/2exp

(
βU +

a
β

)
, (4)

where U = E − E0 is the excitation energy. In the thermodynamic limit for a large excitation energy U one finds
the temperature T = 1/β∗ through the saddle point β = β∗, and the well-known expression for the grand-canonical
potential Ω, Ω∗ = Ω0 − aT 2 = Ω0 − U. In this limit, λ = α∗T is the usual chemical potential at the thermodynamic
equilibrium with temperature T . In Eq. (4), the one-dimensional Jacobian determinant J (c number) is taken at the
saddle point (2), i.e.,

J ≡ β
(
∂2S
∂α2

)∗
≡ −

(
∂2Ω

∂λ2

)∗
= J1 +J2 , J1 = −

∂2Ω0

∂λ2 , J2 =
1
β2

∂2a
∂λ2 . (5)

The level density parameter a can be expressed in terms of the ETF level density and shell correction,

a =
π2

6
g(λ), g (λ) = g̃(λ) + δg(λ), (6)

where g̃(ε) is the Strutinsky smooth level density, approximately equal to the ETF one (including the spin or spin-
isospin degeneracy). The slightly averaged oscillating (shell) component δg(ε) of the level density g (λ) can be cal-
culated using the shell-correction method [35] or approximately, within the semiclassical periodic orbit theory, see
Appendix A and Refs. [41, 43]. Thus, for the level density parameter a one has a decomposition of the Strutinsky
shell correction method [34, 35]:

a = ã + δa , ã =
π2

6
g̃, δa =

π2

6
δg , (7)

where ã is the smooth ETF component of the level density parameter a, ã = aETF, and δa is its shell correction. Both
components of the level density g (λ) are taken at the chemical potential ε ≈ λ. The shell correction part is averaged
with Gaussian having the average parameter γ which is much smaller than the distance between major shells. Using
the mean field expressions for the energy E0 and particle number A in terms of the level density g(ε), one has

E0 =

∫ λ

0
dεε g(ε), A =

∫ λ

0
dε g(ε) . (8)

For the Jacobian component J1, one arrives at the approximation of smooth ETF level density, g ≈ g̃, neglecting
its derivatives contribution [4], J � J1 ≈ g(λ) . This approximation is named below as the case (i). According to
Eq. (6), for the case (ii) of the dominating second term (5) of the Jacobian J one writes

J ≈ J2 ≈ (π2/6)g′′(λ)/β2 ≈ (π2/6)δg′′(λ)/β2, (9)

see Eq. (A.13) for δg′′(λ). For following derivations it is helpful to introduce the Jacobian ratio1 given by

ξ = J2/J1 ≈ (π2/6)δg′′(λ)/β2g̃(λ) ∼ (4π6/3)(T/λ)2A1/3Esh , Esh = −δE A/EETF , (10)

where T = 1/β∗ =
√

U/a is the temperature evaluated through the saddle point β = β∗ , δE ≈ δEscl is the semiclassical
POT energy shell correction, Eq. (A.12), for major shell structure [41, 43–45], and EETF is the smooth ETF energy,
EETF ∼ g̃(λ)λ2. The derivatives δg′′ are given in Eq. (A.13). For typical values of parameters λ = 40 MeV, A ∼ 200,
and relative energy shell correction Esh ∼ 0.2−2.0 [48], one finds the estimate ξ ∼ 1−10 for temperature T ∼ 1 MeV,
much smaller than λ, and ξ ∼ 0.01 − 0.1 for very small temperature T ∼ 0.1 MeV. In line with the shell correction
method [35] and extended Thomas-Fermi approach [41], these values are given finally using the realistic smooth
energy EETF for which the binding energy approximately equals EETF + δE.

1We shall present the main case of δE < 0 near the minimum of shell correction energy, as mainly applied below. For the case of a positive δE
we change, for convenience, signs so that we will get ξ > 0.
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Figure 1: Level density ρ in units of ρν, (a) and (b) for ν = 3/2 and 5/2 (solid “1”), respectively, are shown as functions of the
entropy S in different approximations: 1) S � 1 (dashed “2”, Eq. (17), and 2) S 	 1 (dots and thin solid), Eq. (16), “3” and “4”,
are expansions over 1/S up to zero and first [in (a)] or second [in (b)] order terms in Eq. (16), respectively.

For calculations of the JacobianJ , Eq. (5), we will consider two different limiting cases (i) and (ii) (see above and
more details in Refs. [46, 47]). In the case (i) of small contribution of the β-dependent component J2 of the Jacobian
(5), ξ � 1, Eq. (10), that is related, for instance, to small heat excitations with respect to the collective (rotational)
motion, we will approximate the Jacobian J by the constant J1 (independent of β), J ≈ J1. Then, one takes the
Jacobian factor J−1/2 off the integral in Eq. (4), done as in Ref. [33]. Transforming β to a new variable τ = 1/β, we
recognize in Eq. (4) the standard Laplace transform. Evaluating this integral over τ, one finally arrives at

ρ ≈ ρMMA(S ) = ρν fν(S ) , fν(S ) = S −νIν(S ) , (11)

where S is the entropy, S = 2
√

a U with U being the excitation energy defined above, U = E−E0. This entropy S can
be expressed in terms of the level density parameter a and excitation energy U as in the mean field approach. However,
the level density parameter a [Eq. (7)] in our MMA approach contains the ETF part ã related to the liquid drop energy
through the ETF level density g̃. In Eq. (11), ρν is a constant, independent of the entropy S , ρν = 2aνπ1−ν

∣∣∣J (2ν−2)
1

∣∣∣−1/2
,

where 2ν−2 is the determinant dimension [this superscript is omitted in Eqs. (4) and (5)]. The modified Bessel function
Iν(S ) of the order of ν, ν = (n + 1)/2, is determined by the number of integrals of motion n (n = 2, and therefore,
ν = 3/2 for this case of the two integrals of motion E and A ). Expression (11) is written in a general form for arbitrary
number of integrals of motion n. For the specific case n = 2 here (ν = 3/2), within the same case (i) for relatively
small shell-corrections contributions, named below also as the MMA1 approximation, one obtains

ρMMA1(E, A) = a
√

2π/3 I3/2(S )/S 3/2 , (i); (12)

see also Ref. [33] for the case of n = 3 (ν = 2, ρ = ρ(E, A,M)) in Eq. (11).
In the opposite case (ii) of the dominating shell-corrections contributions, ξ 	 1, see Eq. (10), assuming a

relatively large (heat) excitation energy with respect to the collective rotational energy, one obtains Eq. (9) for the
Jacobian. The inverse Laplace integrand requires the additional power of β. Therefore, after transformation of the
variable, β = 1/τ, and taking explicitly the inverse Laplace transform we arrive at the same expressions of Eq. (11)
but with ν = 5/2 (MMA2 approximation),

ρMMA2(E, A) = ρ5/2S −5/2I5/2(S ) , ρ5/2 = 4a2
(
π/6ξ

)1/2
, (ii); (13)

where

ξ = β2ξ ≈
4π6A1/3Esh

3λ2 , (14)
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see Eq. (10) for Esh.
We will specify MMA2 approach (ii), Eq. (13), as MMA2a one for Esh taken in Eq. (14) from Ref. [48]. For the

TF approximation to the coefficient ρ5/2 within the same case (ii) one finds (MMA2b approximation) [46]

ρMMA2b(S ) = ρ(2b)
5/2 S −5/2I5/2(S ), ρ(2b)

5/2 ≈ 2
√

2/π λ a2 , (ii). (15)

For derivations of the coefficient, ρ(2b)
5/2 , we assumed in Eq. (13) for ρ5/2 that the magnitude of the relative shell

corrections Esh, ξ ∝ Esh; see Eq. (14), is extremely small but their derivatives yield large contributions through
the level density derivatives g′′(λ) [Eqs. (A.13)], g ∝ A/λ, as in the TF approach. In this case for the spin-
projection-dependent level density ρ(E, A,M), one obtains the same expressions of Eq. (11) but with ν = 3 and
ρ3 ≈ (4

√
2a3

�/π2)
(
λ3/AΘ

)1/2
in Eq. (11), where Θ is the moment of inertia, which is approximated by the TF nuclear

moment of inertia ΘTF, Θ ≈ ΘTF, see Ref. [46]. The values of ν in the case (ii) correspond to ν − 1 of the case (i).
Subscript ν of the Bessel functions in Eq. (11) is increased by 1/2 for isotopically asymmetric neutron-proton systems.

The asymptote for large entropy S is given by

fν(S ) =
exp(S )

S ν
√

2πS

[
1 +

1 − 4ν2

8S
+ O

(
1

S 2

)]
. (16)

This approximation at zero order in expansion over 1/S is identical to that obtained directly from Eq. (4) by the SPM
over all variables. At small entropy, S � 1, one obtains also from Eq. (11) the finite combinatoric power expansion
[2, 49, 50]:

fν(S ) =
2−ν

Γ(ν + 1)

[
1 +

S 2

4(ν + 1)
+ O

(
S 4

)]
, (17)

where Γ(x) is the gamma function. This expansion over powers of S 2 ∝ U is similar to that of the “constant tem-
perature model” [3, 17, 20, 21], used often for the level density calculations at small excitation energies U, but here
we have it without free fitting parameters. Moreover, we do not need to match asymptotes for large, Eq. (16), and
small, Eq. (17), excitation energies U because they are connected analytically by the Bessel function, Eq. (11), and
therefore, have no extra free fitting parameters for their matching in the MMA. Using the asymptotes of Eq. (16) in
the case (i), Eq. (12), for large S , one arrives at the Bethe expression for the level density [1, 2, 4],

ρFG(E, A) =
exp (S )
√

48U
. (18)

This asymptotic expression is obviously divergent at U → 0, in contrast to the finite MMA limit (17) for the level
density, Eq. (11).

Notice that the MMA1 approximation for the level density, ρ(E, A), Eq. (12), can be applied also for large excita-
tion energies, U, with respect to the collective rotational excitations, as the FG approximation if one can neglect shell
effects, ξ � 1. Thus, the level density ρ(E, A) in the case (i), Eq. (12), has a wider range of the applicability over
the excitation energy variable U than the MMA2 case (ii). The MMA2 approach has, however, another advantage of
describing the important shell structure effects. We emphasize also that the main effects of the interparticle interaction,
statistically averaged over particle numbers, beyond the shell correction of the mean field within the Strutinsky’s shell
correction method was taken into account by the extended Thomas-Fermi components of MMA expression (11) for
the level density, ρ(E, A). These components are given by the extended Thomas-Fermi potential, ΩETF, Eq. (A.6), and
the level-density parameter, aETF, counterparts of the corresponding total quantities, Eqs. (A.4) and (7).

3. Results and discussions

In Fig. 1 we show the level density dependence ρ(S ) [Eq. (11), for ν = 3/2 in Fig. 1 (a) and ν = 5/2 in Fig. 1 (b)
panels] on the entropy variable S and its different asymptotes. In this figure, the results of a small [S � 1, Eq. (17)]
and large [S 	 1, Eq. (16)] entropy S behavior are presented. For large S 	 1 we neglected the corrections of
the inverse power expansion of the pre-exponent factor in square brackets of Eq. (16), lines “3”. We also took into
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Figure 2: The inverse level-density parameter K = A/a (solids “1” for SKM∗ and “2” for KDE0v1 forces) is shown as function of the
particle number A. The smooth part in the ETF approach is taken from Ref. [19] for these two versions of the Skyrme forces SKM∗

(“3” dashed) and KDE0v1 (“4” dashed). The solid oscillating curves are obtained by using the semiclassical POT approximation,
Eq. (A.2), for the level density shell corrections, Eq. (A.3), at Gauss width averaging parameter γ = 0.3, and dashed curves “3”
and “4” for a smooth part, both including the effective mass contribution. Experimental values, shown by solid points, are taken
from Ref. [13].

account the corrections of the first [ν = 3/2, (a)] and up to second [ν = 5/2, (b)] order in 1/S to show their slow
convergence to the exact MMA result “1” [Eq. (11)]. It is interesting to find almost a parallel constant shift of the
simplest, ρ ∝ exp(S )/S ν, SPM asymptotic approximation at large S (dots “3”) with respect to the solid curve of
the exact MMA result (11). This may clarify one of the phenomenological models, e.g., the back-shifted Fermi-gas
(BSFG) model for the level density [8, 13, 51].

Fig. 2 shows the inverse level-density parameter, K = A/a, with a of Eq. (6) as function of the particle number A
in the semiclassical POT approximation (see Appendix A). The result of these calculations are largely in a qualitative
agreement with the recent experimental data [13], which, as compared to Ref. [5], included in the analysis of many
other excited nuclei and different reactions with nuclear excitation energies being significantly smaller than the neutron
separation energy. The sets with reliable completeness of levels in the limited energy range below the neutron binding
energy were selected for each nucleus, and neutron resonance level densities were included in the analysis. We
added the smooth self-consistent ETF values ã of a [Eq. (7)] for the KDE0v1 [52] and the SkM∗ [40] Skyrme forces
from Refs. [19, 24] to their shell corrections, δg(λ), through the total level density g(λ) of Eq. (6). Its oscillating
component δg(λ) was approximated by the analytical POT trace formula [41–43] for the infinitely deep spherical
square-well potential; see Eqs. (A.3) and (A.2). This formula reproduces, almost identically, the quantum results of
the shell correction method for the level density g in the same potential [41]. The major closed shell nuclei are clearly
recognized in Fig. 2 by the maxima of K(A) , which correspond to minima of the level density parameter a, or the
oscillating level density component δg(λ), see Eqs. (6) and (A.2). The relationship between the chemical potential λ,
through kFR, where �kF = (2mλ)1/2 ≈ (2mεF)1/2 is the Fermi momentum, εF is the Fermi energy, and m the nucleon
mass. The particle numbers A for this potential [41, 43] is given by the second equation of Eq. (8). In the transfor-
mation of kFR (or λ) to A, Eq. (8), one can conveniently use the quantum shell-correction level density [35]. The
Gaussian averaging width of the oscillating level density δg in Fig. 2 [see Eq. (A.3)] is the same, γ = 0.3, as that
adopted in previous POT calculations [45]. It corresponds to the dimensional Gaussian width Γ ≈ 2γλ/kFR ≈ 3
MeV (λ = 40 MeV, R = r0A1/3, r0 = 1.14 fm, and A = 100 − 200). In calculations results presented in Fig. 2, only
short planar POs yield the main major-shell contributions into the PO sum, Eqs. (A.3) and (A.2), for the oscillating
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Figure 3: Level density, lnρ(E, A), obtained for low energy states in nuclei 150Sm (a), 166Ho (b), and 240Pu (c) in the MMA for
the smallest σ, Eq. (19), in each nucleus among all MMA approximations, MMA1 [Eq. (12)], MMA2b [Eq. (15)], and MMA2a
[Eq. (13)] with the realistic relative shell-energy corrections, Esh from Ref. [48]), respectively; the chemical potential is constant,
λ = 40 MeV, independent of particle numbers. The MMA is compared with the standard Fermi gas formula, Eq. (18). The relative
shell corrections, Esh, are taken from Ref. [48], Esh = 0.2, 0.5 and 0.7 for the 150Sm (a), 166Ho (b) and 240Pu (c) nuclei, respectively.
Experimental dots are obtained from the excited states spectrum of these nuclei (see Ref. [54]) by using the sample method, see
text.

level density in Eq. (6). Mean value of oscillating K(A) in Fig. 2 is about 8 MeV, as predicted in Ref. [9]. This is in
accordance with the ETF (SkM∗ or KDE0v1) value, associated with the effective mass m∗. As shown in Ref. [19],
the effect of the effective mass m∗ on the inverse level density parameter K is strong, decreasing of K by a factor
of about 2, that leads approximately to mean values of the experimental data [13]. However, we should not expect
that for the infinitely deep spherical square-well potential. The positions of the maxima [minima of a, i.e., of the
single-particle level density δg(ε) at ε = λ, related to magic nuclei in that potential] can not be correctly reproduced
in such shell-correction calculations, because of neglecting the spin-orbit interaction. As shown in Refs. [44, 45],
in order to reproduce the experimental value of K for the magic nucleus 240Pu in the semiclassical calculations, we
should shift the curves K(A) along the A axis [through kFR, Eq. (8)]. Therefore, we shifted the semiclassical curves
in Fig. 2 with about ΔA = 20 along the particle number A axis. This shift is of the order of the period Ash, Eq. (A.11),
related to the distance Dsh, Eq. (A.10), between major shells near the Fermi surface in the particle number variable A.
According to the POT estimations (see Appendix A and Ref. [43]) for the period Dsh and TF level density gTF ∼ A/λ,
one finds Eq. (A.11) for the particle number period of the major shell structure, Ash. For A = 100 − 200, one obtains
Ash ≈ 20 − 30, which is of the order of the realistic period of the nuclear major shell structure; see also Ref. [48]. The
position of a maximum over the particle number variable, as related to the value of kFR, is the only one parameter
needed to adjust the semiclassical solid curves in Fig. 2 and compare with the experimental data. This is similar to
the discussions in Ref. [45] where the magic number for 240Pu was obtained semiclassically by using a similar shift.
Therefore, three minima of the level density shell corrections δg for the major shell closures in the semiclassical cal-
culations at A ≈ 45 − 150 shown in Fig. 2 correspond to the maxima of the inverse level density parameter, K ∝ 1/a,
experimentally obtained in Ref. [13]. In spite of very simple explicitly given analytical formulas (A.3) and (A.2)
(Refs. [41–43]) for the level-density shell corrections in the spherical cavity, one obtains largely good agreement of
the semiclassical approximation, which is almost identical to the quantum result of the shell-correction method for
the same cavity, with the experimental data in this range of nuclear particle numbers A. The magnitudes of periods
and amplitudes for the oscillations of K(A) are basically in good agreement with experimental data. However, there is
a discrepancy between experimental and theoretical results for K(A) in the range of particle numbers A ≈ 150 − 240.
One of possible reasons is that different approximations for the statistical level density ρ are used in fitting procedure
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to obtain the experimental prediction of K with respect to those of the MMA approach (11). Experimental data for K
are in good agreement with those of neutron resonances, see Refs. [5, 19], which are dominating in the results of the
calculations of Ref. [13]. The specific reason for the discrepancy might be that the level density parameter a (or K)
was obtained by three free parameter fit of these experimental data to the level density within the BSFG and constant
temperature models. Another reason is that the pairing effects which, as well known, are strong in 208Pb should be
accounted for such nuclei with a large pairing gap in the excited spectra, see Ref. [46].

In Fig. 3 we present results of the MMA and standard FG approximations to the statistical level density ρ(E, A)
(in logarithms) as functions of the excitation energy U versus the experimental data. They are calculated employing
the inverse level density parameter K deduced from fits to experimental data on the excited energies in a low energy-
states (LES) range for several nuclei. The experimental data used for the statistical level density ρ(E, A) are obtained
from Ref. [54] for the excitation energies U and spins with accounting for spin degeneracies by using the sample
method [8, 46, 47]. In Fig. 3 we present the two opposite situations concerning the states distributions as functions of
the excitation energy U. We show results for 150Sm in Fig. 3(a) for the case of almost no states with extremely low
excitation energies, similarly as for 208Pb where there is no such levels at all. Only a few levels in 150Sm can be found
at U∼< 1 MeV, which yield entropies S ∼< 1. For 166Ho in Fig. 3(b), one finds the opposite situation when there is a lot
of such LESs. An intermediate number of LESs is observed, e.g., in heavy 240Pu (Fig. 3(c)). Thus, we present the
results for nuclei, 150Sm (166Ho), and 240Pu, from both sides of the desired particle number interval A ≈ 150 − 240.
In Fig. 3, we present the results of the MMA, Eqs. (12), (15) and (13), at the minimal control relative error-dispersion
parameters of the least mean square fit:

σ2 =
χ2

ℵ − 1
, χ2 =

∑

i

(y(Ui) − yexp
i )2

(Δyi)2 , y = ln ρ , (19)

where Δyi ∼ 1/
√

Ni, Ni is the number of the excited states in the ith sample, and ℵ is the sample number, i =

1, 2, ...,ℵ. The number Ni is large, according to the statistical condition of the sample method. The errors Δyi in
statistical distributions of the exited states of the available experimental data over samples were evaluated as units of
the theoretical versus experimental differences y(Ui) − yexp

i . We determine σ, Eq. (19), at the minimum of χ2 over the
unique parameter, K = Kmin, having a definite physical meaning as the inverse level density parameter K (see Fig. 2).
Then, we may compare the σ value of several different MMA approaches, which were found independently of the
data, under certain statistical conditions mentioned above. For this aim we are interested in relative values of the
σ(Kmin) for different compared approximations rather than their absolute values. The MMA results for the minimal
values of σ, Eq. (19), are shown in plots of Fig. 3 by red solid lines as best, among the MMA, approaches agree with
the experimental data. The results of our calculations are almost independent of the sample number, ℵ = 5− 7, which
plays the same role as an averaging parameter on the plateau condition, as in the Strutinsky averaging procedure [35].

In all panels of Fig. 3, one can see the divergence of the FG level density, see Eq. (18), near the zero excitation
energy U → 0, in contrast to the finite combinatoric MMA expressions (Refs. [2, 49, 50]) of Eq. (17) in this limit, see
Eq. (11). We do not use empiric fitting parameters of the BSFG, in particular, spin cut-off parameter and those of the
empiric constant temperature model [13]. As an advantage, as mentioned above, one has only one fitting parameter K
which has a certain physical meaning as the inverse level density parameter. The variations of K are related, e.g., to
those of the mean field parameters through Eq. (6), see Appendix A. All the MMA densities ρ(E, A) do not depend
on the cut-off spin factor and moment of inertia because of summation (integrations) over all spins (with accounting
for the spin degeneracy factor) which could appear in the spectrum. The MMA results for 150Sm (MMA1, case (i)),
166Ho (MMA2b, case (ii)), and 240Pu (MMA2a, case (ii)) are compared with the results of the FG approximation and
the experimental data in Fig. 3. Obviously, much better agreement with data is obtained for 166Ho (Fig. 3(b)) with a
lot of states in the very LESs range. The MMA1 results are mainly agreed with experimental data for 150Sm (Figure
3(a)), as well the FG approach, for which one has the opposite situation. For 240Pu (Figure 3(c)), one obtains within
the MMA (MMA2a) a better agreement with the experimental data at LESs than with the results of the FG formula
(18). In any case, in the MMA, we removed the divergence of the statistical level density, ρ(E, A), at small excitation
energies U. Notice that the shell corrections effects measured by Esh, Eq. (10), increase going from (a) to (c) panels
of Fig. 3, largely in agreement with the derivations of the MMA approaches.

In line with the results of Refs. [17, 21], the MMA results for K can be significantly larger than the FG ones, and
those obtained mainly for the neutron resonances. For instance, for very low excitation energy states in 166Ho, for the
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MMA2b approach one obtains K ≈ 17.6 MeV (σ ≈ 1.9) while for the FG approach one finds K ≈ 5.5 MeV (σ ≈ 11.1),
cf. with the experimental data for neutron resonances, K = 9.7 MeV in the same nucleus, see Fig. 2 and Ref. [13].
For MMA1, one finds K of the same order of magnitude as that of the FG approach, in contrast to the MMA2b. The
MMA1 (K ≈ 5.4 MeV, σ ≈ 12.1 for 166Ho) and FG values of K are mostly close to those of neutron resonances in
order of magnitude (Fig. 2). For the FG case it is obviously because they occur at large excitation energies U. Notice
that in all our calculations of the statistical level density, ρ(E, A), we did not use a popular assumption of small spins
at large excitation energies which is valid for the neutron resonances. Large deformations, neutron-proton asymmetry
and pairing correlations [2, 7, 8, 11, 12, 20, 21] of the rare earth and actinide nuclei should be also taken into account
[46, 47] to improve the comparison with experimental data.

4. Conclusions

We derived the statistical level density ρ(S ) as function of the entropy S within the micro-macroscopic approxima-
tion using the mixed micro- and grand-canonical ensembles beyond the standard saddle point method of the Fermi gas
model. This function can be applied for small and, relatively, large entropies S or excitation energies U of a nucleus.
For a large entropy (excitation energy), one obtains the exponential asymptotes of the standard Fermi-gas model,
however, with the significant inverse 1/S power corrections. For small S one finds the usual finite combinatoric ex-
pansion in powers of S 2 ∝ U. Functionally, the results of the MMA approach at linear approximation in S 2 expansion,
and at small excitation energies, coincide with those of the empiric constant “temperature” model, but without using
free fitting parameters. Thus, the MMA unifies the commonly accepted Fermi-gas approximation, for large entropies
S , with the empiric constant temperature model for small entropies S , respectively, in line with the suggestions in
Refs. [3, 20, 21]. The MMA results clearly manifest an advantage over the standard saddle point approaches, for the
case of low excitation energies, because of no divergences of the MMA in the limit of small excitation energies, in
contrast to the FG asymptote. Another advantage takes place for nuclei which have much more states in the very LES
range. The values of the inverse level density parameter K are compared with experimental data for LESs which are
significantly below neutron resonances in nuclear spectra of several nuclei. The MMA results with only one physical
parameter in the least mean-square fits - inverse level density parameter K - are usually the better the larger number
of the extremely low energy states, certainly much better than for the FG model in this case. The MMA values of the
inverse level density parameter K for LESs can be significantly larger than those of the neutron resonances within the
FG model. Major shell oscillations of the inverse level density parameter K are compared with modern experimen-
tal data, basically for neutron resonances. We found qualitatively good agreement between semiclassical POT and
quantum-mechanical results with experimental data on the inverse level density parameter K for neutron resonances,
after overall shift of all K(A) curves between particle numbers A ≈ 45 − 150 by only one parameter because of the
spin-orbit interaction.

We have found significant shell effects in the MMA level density for the nuclear low excitation states (LES) range
within the semiclassical periodic-orbit theory (POT). Therefore, a reasonable description of the LES experimental data
for the statistical averaged level density obtained by the sample method within the MMA approach with the help of the
semiclassical POT was achieved for several typical nuclei in the A ≈ 150 − 240 range. We emphasize the importance
of the shell effects in these calculations. We obtained values of K that are significantly larger than those obtained
for neutron resonances, due mainly to accounting for the shell effects. We show that the semiclassical periodic orbit
theory is helpful in the LES range for analytical description of the level density and energy shell corrections. They
are taken into account in the linear approximation up to small corrections due to the residual interaction beyond the
mean field and extended Thomas-Fermi approximation within the shell-correction method, see Refs. [35, 36]. The
main part of the interparticle interaction is described in terms of the extended Thomas-Fermi counterparts of the
statistically averaged nuclear potential, and in particular, of the level density parameter. We obtained values of the
inverse level density parameter K for the LES range which are essentially different from those of neutron resonances.
We found significantly larger K values, than those for neutron resonances because of accounting for the shell effects.

As perspectives, the neutron-proton asymmetries, large nuclear angular momenta and deformations, as well as
pairing correlations, will be taken into account in future work to significantly improve the comparison of the theoretical
evaluations of the level density parameter with experimental data below the neutron resonances. Following the ideas
of Refs. [6, 10, 14, 22, 53] and using the MMA results of Ref. [46], we are going to derive the spin-dependent level
density for collective rotations of the axially symmetric deformed nuclei. We will study the enhancement factors of the
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level density due to their collective rotations and vibrations within the analytical MMA in the adiabatic approximation.
Our approach can be applied also to the statistical analysis of the experimental data on collective nuclear states
obtained in several nuclear reactions. The MMA approach with essential shell effects can be applied also for metallic
clusters and quantum dots, and therefore, in solving several problems in nuclear astrophysics.
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Appendix A. The semiclassical POT

The level density shell corrections for a finite nucleon one-component system describing in the mean field ap-
proximation can be presented analytically within the periodic orbit theory (POT) in terms of the sum over classical
periodic orbits (PO) [41, 43, 45],

δgscl(ε) =
∑

PO

gPO(ε), gPO(ε) = APO(ε) cos
[

1
�
SPO(ε) −

π

2
μPO − φ0

]
. (A.1)

Here SPO(ε) is the classical action along the PO in the potential well of radius, R = r0A1/3 (r0 ≈ 1.1 fm), μPO is the
so called Maslov index determined by the catastrophe points (turning and caustic points) along the PO, and φ0 is an
additional shift of the phase coming from the dimension of the problem and degeneracy of the POs. The amplitude
APO(ε), as the action SPO(ε), are smooth functions of the single-particle energy ε, but, in addition, depend on the
PO stability factors. The oscillating component, δg(ε), Eq. (A.1), was approximated, with good accuracy, by the
analytical POT trace formula [41–43] for the infinitely deep spherical square-well potential,

δgscl(kR) =
2mR2ds

�2

⎡⎢⎢⎢⎢⎢⎢⎢⎣

√
kR
π

∑

p,t

(−1)tsin
(
2ϕpt

)
√

sin(ϕpt)
p

sin
(
kLpt − 3p

π

2
+

3π
4

)
−

∑

t

sin(4tkR)
2πt

⎤⎥⎥⎥⎥⎥⎥⎥⎦ , (A.2)

where ds is the spin (spin-isospin) degeneracy, k =
√

2mε/�2 is the wave number, Lpt = 2pR sin(ϕpt) is the PO
length, R is the radius of the spherical cavity, ϕpt = πt/p, and p and t are the numbers of turning points and rotations
around the center of the PO (winding number) in the spherical cavity, respectively. The first and second terms in
square brackets of Eq. (A.2) are the contributions of families of the planar orbits and diameters. The Gaussian local
averaging of the level density shell correction, δgscl(ε), with a width Γ, over the single-particle energy spectrum εi near
the Fermi surface εF , for Γ smaller than a distance between major shells, Dsh, can be done analytically [41, 43, 45].
Similarly, one can average δgscl(kR) for cavity potentials over kR variable with dimensionless γ ≈ ΓkFR/2λ, having

δg(γ)
scl (kR) �

∑

PO

gPO(kR) exp

⎡⎢⎢⎢⎢⎢⎣−
(
γLPO

2 R

)2⎤⎥⎥⎥⎥⎥⎦ , (A.3)

where LPO is the length of the PO in a given cavity potential well, e.g. Lpt for the PO(p, t) in the infinite square well
potential.

Using the MMA approximation for calculations of the potential Ω, one can express it in terms of the level density
g(ε), as

Ω ≈ −β−1

∞∫

0

dε g(ε) ln
{
1 + exp

[
β (λ − ε)

]}
. (A.4)
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The level density g(ε), within the Strutinsky shell-correction method [35] is a sum of the smooth, g̃(ε), and oscillating
shell, δg(ε), components as

g(ε) � g̃(ε) + δg(ε) . (A.5)

The oscillating part δg(ε) is averaged over the single-particle energies near the Fermi energy using a small Gauss
width, Γ ∝ γ; see Eq. (A.3) for cavities in the POT and Ref. [35] for quantum-mechanical case of any potential
well. Within the semiclassical POT [41, 43, 44, 46], the smooth and oscillating parts of the level density g can be
approximated, with good accuracy, by the ETF level density, g̃ ≈ gETF, and the PO contribution, δg ≈ δgscl [see
Eq. (A.1)], respectively. Using the POT decomposition, Eq. (A.5), one finds from Eq. (A.4) that Ω = Ω̃ + δΩ, where
Ω̃ ≈ ΩETF is the smooth ETF component [24, 33], given by

Ω̃ = Ẽ − λA −
π2

6β2 g̃(λ) . (A.6)

The nuclear ETF energy component, Ẽ ≈ EETF =
∫ λ

0 dε ε gETF(ε), or the corresponding liquid-drop energy, is deter-
mined by a smooth chemical potential λ ≈ λ̃ in the shell correction method. With the help of the POT [41, 43, 44, 46],
one obtains [33, 46] for the oscillating (shell) component, δΩ, see Eq. (A.4),

δΩ = −β−1

∞∫

0

dε δg(ε) ln
{
1 + exp

[
β (λ − ε)

]}
� δΩscl = δFscl. (A.7)

For the semiclassical free-energy shell correction, δFscl, or δΩscl, we incorporate the POT expression [33, 41]:

δFscl �
∑

PO

FPO , with FPO = EPO
xPO

sinh (xPO)
, xPO =

πtPO

�β
, (A.8)

where EPO is a PO component of the semiclassical shell correction energy, δEscl, given by

EPO =
�

2

(tPO)2 gPO(λ) , δEscl =
∑

PO

EPO . (A.9)

Here tPO = M tM=1
PO (λ) is the period of particle motion along a PO (taking into account its repetition, or period number

M), and tM=1
PO (λ) is the period of the particle motion along the primitive (M = 1) PO in the potential well with the

radius R = r0A1/3. The period tPO (and tM=1
PO ), and the partial oscillating level density component, gPO, are taken at

the chemical potential, ε = λ; see also Eq. (A.1) for the semiclassical level-density shell correction (Refs. [41, 43]).
The semiclassical expressions, Eqs. (A.6) and (A.7), are valid for a large relative action, SPO/� ∼ A1/3 	 1. Then,
expanding xPO/sinh(xPO), Eq. (A.8), in the shell correction δΩ [Eqs. (A.7) and (A.8)] in powers of 1/β2 up to the
quadratic terms, ∝ 1/β2, for the excitation energies much smaller than the chemical potential, U � λ, see Ref. [46],
one obtains Eq. (3). The chemical potential λ (or λ̃) is the solution of the conservation of particle numbers equation in
Eq. (8). The POT shell component of the free energy, δFscl, Eq. (A.8), is related in the nonthermal and nonrotational
limit to the shell correction energy of a cold nucleus, δEscl; see Eq. (A.9) and Refs. [41, 43, 45]. Within the POT,
δEscl is determined, in turn, through Eq. (A.9) by the oscillating level density δgscl(ε) at the chemical potential, ε = λ;
see Eq. (A.1). The chemical potential λ can be approximated by the Fermi energy εF up to small excitation-energy
corrections (T � λ for the saddle point value T = 1/β∗ if exists). It is determined by the particle-number conservation
condition, Eq. (8), where g(ε) � gscl = gETF + δgscl is the total POT level density. One now needs to solve the second
equation of Eq. (8) to determine the chemical potential λ as function of the particle numbers, A, since λ is needed in
Eq. (A.9) to obtain the semiclassical energy shell correction δEscl.

For a major shell structure near the Fermi surface, ε ≈ λ, the POT shell corrections, δEscl [Eq. (A.9)] and δgscl(λ)
[Eq. (A.1)] are, in fact, approximately proportional to each other. Indeed, the rapid convergence of the PO sum in
Eq. (A.9) is guaranteed by the factor in front of the density component gPO, Eq. (A.1), a factor which is inversely
proportional to the period time tPO(λ) squared along the PO. Therefore, only POs with short periods which occupy
a significant phase-space volume near the Fermi surface will contribute. These orbits are responsible for the major
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shell structure, that is related to a Gaussian averaging width, Γ ≈ Γsh, which is much larger than the distance between
neighboring single-particle states but much smaller than the distance Dsh between major shells near the Fermi surface.
Eq. (A.3) for the averaged level density δg(kR) as function of the wave-number variable kR was derived under these
conditions for averaging parameter γ, or dimensional Gauss width Γ which are related to each other as described
above. According to the POT [41, 43, 45], the distance between major shells, Dsh, is determined by a mean period of
the most short and degenerate POs, 〈tPO〉 (Refs. [41, 43]):

Dsh �
2π�
〈tPO〉

≈
λ

A1/3 . (A.10)

The period, Ash, of the oscillating part, δK(A), of the inverse level density parameter, δK ∝ −Aδg/g̃2 [see Eq. (6) for a
and Eq. (A.1) for δg(λ)] is defined approximately by the shell structure period Dsh of the level density g, Eq. (A.10),
as function of the single-particle energy ε near the Fermi surface, ε ≈ λ. Using the relationship between the particle
number A and the chemical potential λ through Eq. (8), for the particle number period of the shell structure, Ash, one
obtains

Ash ≈ Dsh g̃ ∼ A3/2 , (A.11)

where the TF estimate, g̃ ≈ gTF ∼ A/λ, was used.
Taking the factor in front of gPO in Eq. (A.9) of the shell correction energy δEscl off the sum over the POs for the

semiclassical energy-shell correction [43–45], one arrives at

δEscl ≈
(Dsh

2π

)2

δgscl(λ) . (A.12)

Differentiating Eq. (A.1) for gPO(λ) over λ in Eq. (A.9), one can keep only the dominating terms coming from differ-
entiation of the cosine of the action phase argument, S/� ∼ A1/3. Finally, one finds the relationships which are useful
in our derivations (Sec. 2):

∂2δEPO

∂λ2 ≈ −δgPO ,
∂2gscl

∂λ2 ≈
∑

PO

∂2δgPO

∂λ2 ≈ −
(

2π
Dsh

)2

δgscl(λ) . (A.13)
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