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Abstract

Functional data analysis (FDA), which is a branch of statistics on modeling infinite dimensional random vectors
resided in functional spaces, has become a major research area for Journal of Multivariate Analysis. We review
some fundamental concepts of FDA, their origins and connections from multivariate analysis, and some of its recent
developments, including multi-level functional data analysis, high-dimensional functional regression, and dependent
functional data analysis. We also discuss the impact of these new methodology developments on genetics, plant
science, wearable device data analysis, image data analysis, and business analytics. Two real data examples are
provided to motivate our discussions.
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1. Introduction

In celebrating the 50 year anniversary of Journal of Multivariate Analysis (JMVA), we provide a review on recent
developments of functional data analysis (FDA), an important research area within the scope of the journal. Data
considered in FDA include curves and images, which are commonly viewed as infinite-dimensional random vectors in
a functional space [47]. Nonparametric smoothing techniques are also routinely used in FDA to recover functions from
discrete and noisy measurements. JMVA has a long history of publishing cutting-edge statistical theories and methods
in the aforementioned areas. An early JMVA paper by [23] studied asymptotic properties of principal component
analysis for a vector of random functions, including almost sure consistency and asymptotic normality, which paved
the road for functional principal component analysis (FPCA), the most widely used technique in FDA. JMVA is also
known for publishing high-quality research papers on nonparametric smoothing, such as early work on M-smoothing
by [42].

While statistical theory on infinite-dimensional random variables and nonparametric smoothing methods are the
pillars for modern FDA, other commonly used statistical methods at the center stage of JMVA have also been extended
to functional data, including dimension reduction, penalization, canonical correlation analysis, clustering, classifica-
tion, and regression. FDA has become such an active research area on JMVA that a keyword search for “functional
data” on the journal website results in over 800 papers, including those collected in a recent special issue on func-
tional data analysis in 2019. Some recent JMVA publications on FDA cover topics such as, statistical inference on the
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mean and covariance functions [13, 107], nonlinear principal component analysis [97], canonical correlation analysis
[44, 95, 128], functional linear models [15, 61], functional quantile regression [119] and high-dimensional functional
regression [75], just to name a few.

For comprehensive accounts of FDA theory and methods, we refer the readers to the classic textbook by Ramsay
and Silverman [87], recent monographs by [46, 52] and review papers by [78, 108]. Hsing and Eubank [47] provided
a comprehensive introduction to the theoretical foundation of FDA, especially from the perspective of operator theory.
In this article, we review the fundamental theory and methods in FDA from our own relatively narrow expertise in this
broad research area, including recent contributions from JMVA. We also introduce a few emerging new areas of FDA
which we believe will be research active in the near future and have increasingly greater impacts on many scientific
areas. We hope this paper can serve as a tutorial for researchers and domain field practitioners.

To facilitate the discussion, we first introduce two motivating data examples.

Example 1: TERRA-REF Data. Transportation Energy Resources from Renewable Agriculture (TERRA-REF)
program aims at generating open-access reference data for the study of plant sensing, genomics, and phenomics [55].
Data were generated by a field scanner sensing platform at the University of Arizona Agricultural Center in Maricopa,
Arizona. The site hosts a large field scanner with fifteen sensors, many of which are capable of capturing mm-scale
images at daily to weekly intervals.

Fig. 1 (a) shows the growth of 1208 maize plants based on a data set collected by the TERRA-REF program. Plant
heights were extracted from raw images from 302 maize genotypes during a period of 85 days. The data are trait
trajectories and have a multi-level structure among the observations, with plants nested in genotypes. The experiment
also has an irregular sampling design, where on average each plant only has observations on approximately half of
the days during the 85-day period. Studies of trait processes and their associations with genetic variations are of
great interest to plant scientists [74, 115], and those findings are important to understand the underlying biological
mechanism of plant growth and produce better lines in plant breeding. Fig. 1 (b) shows the growth of plants from three
selected genotypes. Notice that the growth patterns are obviously different across genotypes: plants with genotype
G1 grow faster than plants with genotype G3; the growth of plants with genotype G2 has more variation than the ones
with genotype G3. These growth curves can be modeled as functional data with a plant-genotype nested hierarchical
structure.

Example 2: Zillow Real Estate Data. Zillow is an online real estate company that publishes real estate data for
research purposes for all major cities in the U.S. (https://www.zillow.com/research). A variable of particular
interest in economics and social sciences [51] is the “home price-to-rent ratio”, defined as the ratio of residential real
estate price to the annual rent. It has strong relationships with market fundamentals, and has been widely used as an
indicator for housing market bubbles. The home price-to-rent ratio in most major U.S. cities fluctuates between 15
and 25, and a higher ratio signifies a housing bubble. This variable is updated monthly for geographical units called
“neighborhoods” defined by Zillow.

We focus on New York-Newark-Jersey City Metropolitan Statistical Area defined by the U.S. Office of Manage-
ment and Budget, including a population of 20.2 million people by the 2015 U.S. Census. There are 278 neighbor-
hoods identified in the New York metropolitan area, the locations of which are illustrated in Fig. 2 (a) obtained by
Google Maps API. The definition of the neighborhoods can be found at https://www.zillow.com/howto/api/
neighborhood-boundaries.htm. The data consist of monthly records of median home price-to-rent ratios for
each neighborhood from October 2010 to September 2017. The longitudinal trajectories of price-rent ratio curves are
shown in Fig. 2 (b), which we model as functional data. A similar data set was analyzed by [122].

The rest of the paper is organized as follows. In Section 2, we introduce the foundations of FDA and describe
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(a) (b)

Fig. 1: Maize growth curves. (a) Growth curves for all maize; (b) Growth curves for maize of three selected genotypes.
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Fig. 2: New York City Zillow price-to-rent ratio data. (a) Google Map of the New York Metropolitan Area and the locations of the 278 neighbor-
hoods; (b) A collection of home price-to-rent ratio curves during October 2010 – September 2017, discriminated by colors.
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its connection to multivariate analysis. In Sections 3 to 5, we summarize the state-of-the-art methods and theory for
multi-level functional data analysis, functional regression with high-dimensional covariates, and dependent functional
data, respectively. Some concluding remarks are provided in Section 6.

2. Foundations of FDA and their connection to MVA

In functional data analysis, we consider data consist of curves or images that are realizations of a stochastic
process. Let X1, . . . , Xn be independent and identically distributed (i.i.d.) copies of a stochastic process X(t) defined
on a compact domain T . For curve data, T is usually a continuous interval while, for image data, T can be a compact
closed domain in R2. One can define the mean and covariance function of X(t) as

µ(t) = E{X(t)}, C(t1, t2) = cov{X(t1), X(t2)}, ∀t, t1, t2 ∈ T .

We do not assume the covariance C to be stationary, which is fundamentally different from time series analysis. Recall
that, to be a valid covariance function, C(·, ·) needs to be positive semi-definite with

∑k
j1, j2=1 a j1 a j2C(t j1 , t j2 ) ≥ 0 for

any {t1, . . . , tk} and any constants {a1, . . . , ak}.
Let L2(T ) be the functional space of all square integrable functions on T . The covariance function defines an

integral operator TC on L2(T ) such that

(TC f )(t) =

∫
T

C(s, t) f (s)ds, for any f ∈ L2(T ).

By the Mercer’s theorem, C has an eigenvalue decomposition C(t1, t2) =
∑∞

k=1 ωkψk(t1)ψk(t2), where ω1 ≥ ω2 ≥

· · · ≥ 0 are the eigenvalues, and ψk(·)’s are the corresponding eigenfunctions, also known as the functional principal
components, such that

∫
T
ψk1 (t)ψk2 (t)dt = δk1k2 , where δk1k2 = 1 if k1 = k2 and 0 otherwise. By the Karhunen–Loève

Theorem [47],

Xi(t) = µ(t) +

∞∑
k=1

ξikψk(t), t ∈ T , (1)

where the sum converges uniformly in t, and ξik =
∫
T
{Xi(t)−µ(t)}ψk(t)dt are the functional principal component (FPC)

scores such that
E(ξik) = 0, ∀k ∈ N, E(ξik1ξik2 ) = δk1k2ωk1 , ∀k1, k2 ∈ N.

The Karhunen–Loève expansion in (1) is the theoretical foundation for functional principal component analysis
(FPCA). The leading principal components {(ωk, ψk)} explain the maximal modes of variation in the data. The prin-
cipal component scores {ξik} can be considered as subject-specific random effects on the direction of the principal
components, and they explain how one curve or image deviates from the population mean. These quantities play
crucial roles in the visualization, interpretation, and inference in functional data analysis.

The eigenvalues and eigenfunctions can be estimated by a spectral decomposition of the sample covariance func-
tion

Ĉ(t1, t2) =
1
n

n∑
i=1

{Xi(t1) − X̄(t1)}{Xi(t2) − X̄(t2)} =
∑

k

ω̂kψ̂k(t1)ψ̂k(t2),

where X̄(t) = (1/n)
∑n

i=1 Xi(t). One can also estimate the sample principal component scores by ξ̂ik =
∫
T
{Xi(t) −

X̄(t)}ψ̂k(t)dt. Hall and Hosseini-Nasab [39] developed asymptotic expansions for the sample eigenvalues and sample
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eigenfunctions, which are very useful in understanding the randomness and variability in these estimators. For the
purpose of dimension reduction, the number of principal components in (1) is always truncated at a finite number,
which can be selected using various methods, such as the proportion of variance explained (PVE) method and the
cross-validation approach [118]. Li et al. [64] proposed various information criteria to choose the number of FPCs.
The sample FPC scores are widely used as predictors in linear or nonlinear regression models to predict other variables
of interest [12, 71, 111].

In real life, we only have discrete measurements on the functions and the measurements are subject to measurement
error. Suppose the observed data are

Yi j = Xi(ti j) + εi j, j ∈ {1, · · · , ni}, (2)

where εi j are i.i.d. random errors with mean 0 and variance σ2
ε . Note that the observation points {ti j} and the number of

observations ni in (2) are not required to be the same across different functions. Based on the number of observations
on each curve, functional data are typically classified as sparse functional data [118], where ni’s are bounded by a
finite number, or dense functional data [40], where mini ni → ∞.

Nonparametric smoothing methods have been proposed to estimate various functional parameters (such as the
mean function, the covariance function, and functional principal components), including kernel methods [118] and
spline methods [14]. Hall et al. [40] showed that the convergence rates for various functional estimators were different
under sparse and dense functional data. Reference [106] also showed that nonparametric hypothesis tests had different
properties under sparse and dense functional data, in terms of asymptotic null distribution and power. However, sparse
and dense functional data are asymptotic concepts, which are not clearly defined in any practical contexts. A lot of
recent research efforts focused on developing unified estimation and inference strategies for all types of functional
data [62, 106, 124].

3. Multi-level functional data analysis

3.1. Introduction to multi-level functional data analysis

The basic concepts of uni-level functional data analysis described in Section 2 are based on a fundamental as-
sumption that the underlying functions are i.i.d. copies of a stochastic process. However, the i.i.d. assumption may
not always hold in real life. In Fig. 1 (a), the 1208 maize plants are samples from 302 maize genotypes, with 4 plants
for each genotype. The data have a multi-level structure, with plants nested in genotypes. Fig. 1 (b) illustrates dif-
ferent growth characteristics of plants with different genotypes. In the literature, multi-level functional data analysis
(MFDA) is often used for analyzing data of such characteristics.

Multi-level functional data analysis has been widely used in the applications of many fields. Di et al. [24] adopted
MFDA to study electroencephalographic (EEG) curves from sleep heart health studies where hospital visits of patients
were nested in subjects. Zipunnikov et al. [129] studied data obtained using Magnetic Resonance Imaging (MRI) with
a similar multi-level structure as in [24]. Li et al. [57] and Xiao et al. [112] studied physical activities that were
measured over time using wearable devices, where the activity curves have a hierarchical structure with days nested
in subjects. Motivated by a plant science root image study, Xu et al. [113] studied the bending process of seedling
roots in response to gravity and the phenotypic data have a three-level nested hierarchical structure, with seeds nested
in groups and groups nested in genotypes. Inspired by a scientific experiment on spectral backscatter from long-range
infrared light detection and ranging data, a methodology for the analysis of multi-level binary data observed over time
was proposed in [94]. Shou et al. [96] analyzed functional pitch linguistic data from a phonetic study where syllables
were nested in words and words were nested in subjects.
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In this section, we focus on the review of recent research in the area of multi-level functional data analysis. The
TERRA-REF data in Example 1 are used to motivate the framework of our review. The motivating data have a two-
level nest structure, where plants are nested in genotypes. This could be generalized to more complex structures. For
examples, [57, 113] investigated functional data with a three-level structure and [96] considered models with crossed
or structured design. Also, our review is from a frequentist perspective, for multi-level functional data analysis in the
Bayesian framework, see [56, 79, 80].

3.2. Multi-level functional principal component analysis

In this section, a superscript [`] is used to denote the `-th level of the hierarchy for ` ∈ {1, 2}. The genotype
level and the first level are used interchangeably and the plant level is used interchangeably with the second level.
The nested structure notation used by [10] is adopted for the multi-level modeling of the trait trajectories. Let g(·)
be an index function such that g(i) represents the genotype of the i-th plant, i ∈ {1, . . . , n} and g(i) ∈ {1, . . . , nG},
where nG is the total number of genotypes. The true trait trajectory of the i-th plant is represented by a smooth and
square-integrable random process Xi(t), t ∈ T , with an additive form

Xi(t) = µ(t) + W [1]
g(i)(t) + W [2]

i (t), (3)

where µ(t) is an unknown overall mean function of Xi(t), and W [1]
g(i)(t) and W [2]

i (t) are zero-mean random processes
representing functional random effects associated with the g(i)-th genotype and the i-th plant, respectively. Assume
that {W [1]

g (t)}nG
g=1 and {W [2]

i (t)}ni=1 are independent and denote the covariance function of the random process W [`](t) as
C[`](t1, t2) = cov{W [`](t1),W [`](t2)}, ` ∈ {1, 2}. If the trajectories in (3) are fully observed or the sampling time points
are reasonably dense and equally spaced for each plant, method of moments estimators can be easily constructed for
the estimation of µ(t) and C[`](t1, t2) [24].

In a large scale high-throughput phenotyping experiment, the extracted plant traits are subject to measurement
errors [115], so we write the observed trait trajectory as, Yi(t) = Xi(t) + εi(t), where εi(t) is a white noise measurement
error with variance σ2

ε . The images used for extracting plant traits are often taken on different dates for different
plants. To reflect the possible irregular sampling design, let Yi j be the j-th observation on trajectory Xi at time ti j for
i ∈ {1, . . . , n} and j ∈ {1, . . . , ni}, where ni is the total number of time points for the i-th plant. The model for the
observed trajectories is

Yi j = µ(ti j) + W [1]
g(i)(ti j) + W [2]

i (ti j) + εi j, (4)

where εi j = εi(ti j) are measurement errors.
The first step in MFDA is to estimate the mean function µ(t) using a smoothing method, e.g., local polynomial

smoothing [28] or penalized spline smoothing [91]. When local polynomial smoothing is adopted, cross-validation
method is often used to choose the bandwidth [118] and when penalized spline smoothing is used, generalized cross
validation (GCV) [105] is usually used to select the tuning parameter. Denote the resulting estimate of the mean
function as µ̂(t) and define the residuals as Yi j − µ̂(ti j) for i ∈ {1, . . . , n} and j ∈ {1, . . . , ni}. The second step is to
estimate the covariance functions C[`](t1, t2), ` ∈ {1, 2}. The covariance functions were not obtained directly but were
derived as linear transformations of smooth surfaces based on selected products of residuals using similar smoothing
methods [24, 114]. For example, [118] used a local quadratic regression to obtain a smooth estimate of the covariance
surface, [113] used tensor-product spline smoothing, and [107] adopted polynomial spline estimation. By the Mer-
cer’s theorem, the covariance functions C[`](t1, t2), ` ∈ {1, 2}, are positive semidefinite with spectral decomposition
C[`](t1, t2) =

∑∞
k=1 ω

[`]
k ψ[`]

k (t1)ψ[`]
k (t2), where ω[`]

k are nonincreasing eigenvalues of C[`] such that ω[`]
1 ≥ ω

[`]
2 ≥ · · · ≥ 0,
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and ψ[`]
k are the corresponding orthonormal eigenfunctions, i.e., ∫T ψ

[`]
k1

(t), ψ[`]
k2

(t)dt equals to one if k1 = k2 and equals
to zero otherwise. The infinite sum is truncated and approximated by a finite sum in practice and the details of trunca-
tion methods are discussed in Section 3.3. As a third step, ω̂[`]

k and ψ̂[`]
k (t) are solved using the traditional eigenvalue

decomposition [87]. The negative eigenvalues of Ĉ[`](t1, t2) are trimmed to zero to ensure that the estimated covariance
functions Ĉ[`](t1, t2), ` ∈ {1, 2}, are positive semidefinite [41, 118].

The final step in multi-level functional principal component analysis is the estimation of the functional principal
component scores of W [`](t) for ` ∈ {1, 2}. If ni is sufficiently large for each plant, FPC scores ξ[`]

k = ∫T W [`](t)ψ[`]
k (t) dt

can often be estimated well using numerical integration [87]. If only a few observations are available for each plant,
numerical integration may perform poorly. Yao et al. [118] proposed the method of principal components analysis
through conditional expectation to solve this problem for uni-level functional data and the idea can be generalized to
the analysis of multi-level functional data. Assuming that W [`](t) is truncated at the order K[`], by the Karhunen-Loève
expansion, (4) can be approximated by

Yi j = µ(ti j) +

K[1]∑
k=1

ξ[1]
g(i),kψ

[1]
k (ti j) +

K[2]∑
k=1

ξ[2]
i,k ψ

[2]
k (ti j) + εi j. (5)

Notice that (5) is a linear mixed model, so the best linear unbiased prediction (BLUP) can be used to estimate the
FPC scores [118]. The advantage of this method is that it borrows information from observations made on all plants.
It also provides the best prediction under Gaussian assumptions [118] and is robust even if the Gaussian assumption
is violated [64]. The FPC scores are often used for further analysis, such as multi-level clustering analysis [93]. The
penalized spline smoothing method [91] works well under the working independence assumption, but this assumption
is violated if data are multi-level, so an iterative decorrelation algorithm is recommended to improve estimation
efficiency [113, 117]. The prediction of the trajectory for each genotype or each plant is obtained by replacing the
mean function, eigenfunctions, and FPC scores in (5) with their corresponding estimates [114].

3.3. Model selection

In practice, the Karhunen-Loève expansion (5) is often truncated at finite orders, K[1] and K[2]. The orders play an
important role in multi-level functional data analysis and need to be chosen carefully. A commonly used method in
the principal component analysis of MVA is the proportion of variance explained (PVE) method, which chooses a few
leading components that explain a subjectively chosen level of variation, such as 85% or 90%. This method is also
widely used in functional data analysis due to its simplicity [22, 24, 57]. However, an obvious disadvantage of the
PVE method is that it is not a data-driven method, so it may select the number of FPCs consistently higher or lower
than the truth [113]. The potential hazard of selecting the number of FPCs incorrectly includes the loss of power in
hypothesis testing [113] and the increase of prediction error for trajectories prediction [114].

Data-driven approaches based on cross-validation can also be used to choose the number of FPCs. For example,
cross-validation scores were calculated based on the one-curve-leave-out prediction error for uni-level functional
data [90, 118] and for multi-level functional data [25]. However, the criteria based on cross-validation are very
computationally intensive and simulation studies have shown that they often choose too many principal components
[114]. For uni-level functional data, [64] proposed a data-driven method to decide the dimension of Karhunen-Loève
expansion using conditional Akaike Information Criterion (AIC) and showed that the method could select the number
of FPCs correctly under some regularity conditions. The AIC method was extended to the selection of the number of
principal components for multi-level functional data analysis with irregular and possible sparse design in [114]. Since
W [1]

g(i)(t) and W [2]
i (t) are independent processes, a conditional AIC is obtained by penalizing the number of estimated
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random effects as follows
AIC(K[1],K[2]) = −2̂`n + 2(nGK[1] + nK[2]), (6)

where ̂̀n is the estimated conditional log-likelihood of the observed data given the principal component scores under
Gaussian assumption. The estimated number of principal components K̂[`] are the integers that minimize (6), which
can be obtained using a two-dimensional grid search algorithm. Usually, we expect the Karhunen-Loève expansion
is truncated to a relatively small number of orders (e.g., within 10 or 5), so a small upper bound could be used
to improve computational efficiency in the grid search algorithm [113]. Simulation studies have shown that the
conditional AIC method performed well in terms of selecting the number of principal components correctly if the
underlying Karhunen-Loève expansion is actually of finite orders [64, 113].

3.4. Hypothesis testing

Motivated by [125, 126], [57] developed a model with three-level nested structures and treated the mean and
random structures as smooth curves measured at various time points. The association structure of the three-level
functional data was described through random curves, which were summarized using a few important principal com-
ponents. Similar to [126], [57] adopted penalized splines to model the fixed mean curves and the random principal
component curves, and cast the proposed model into a mixed-effects model framework for model fitting, prediction,
and hypothesis testing. Different from the iterative algorithm proposed by [117], [57] proposed an iterative algorithm
with the Expectation/Conditional Maximization Either (ECME) version of the EM algorithm [69] to estimate the
model parameters. Let βββ be a vector of fixed effect parameters in the mean function. To test whether some linear
contrasts of the fixed effect mean functions were zero, [57] proposed a Wald test approach with the null hypothesis,
CCCβββ = 000, where CCC was a known matrix. Simulation studies in [57] showed that a Wald statistic based on penalized
likelihood method systematically led to a liberal test, but the one based on an unpenalized likelihood could achieve an
acceptable test level.

Xu et al. [113] proposed a model with a three-level structure to model the processes of seedling roots bending over
time in response to gravity, which were recorded using digital cameras. The functional phenotypes were collected
from seedlings representing a large variety of genotypes and had a seed-group-genotype three-level nested hierarchical
structure [83]. In their work, penalized splines were used for smoothing, BLUP was adopted for the prediction of FPC
scores, and the conditional AIC was used to choose the number of principal components. Since the seeds were imaged
on different lunar days, an important scientific question was whether there were lunar effects on root bending. To
answer this question, two models were considered: the full model, where the mean bending function was a bivariate
function that depended on both the recording time point, t, during the measurement process and the lunar day of
measurement, s, and the reduced model, where the mean function was univariate and only depended on the recording
time point, t. Xu et al. [113] proposed three versions of the generalized likelihood ratio (GLR) test statistics [29, 102],
which were based on the marginal likelihood, conditional likelihood, and working independence, respectively. A
permutation strategy was used to estimate the null distribution of these test statistics. Simulation studies showed that
all three tests could achieve the nominal size of the tests if the number of principal components was selected correctly
and the likelihood-based tests had higher power than the test based on working independence [113].

3.5. Other related topics

The framework described in Section 3.2 is limited to continuous response variables (e.g., the plant height). Mo-
tivated by a physical activity study, [58] proposed a new methodology for modeling paired functional data that con-
sisted of simultaneous measurements of a continuous and a binary variable. Serban et al. [94] proposed methods for
the analysis of multi-level binary data observed longitudinally, where the correlation was modeled among the repeated
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longitudinal measurements. There has also been some work on image data analysis using multivariate functional data
methods. [129] considered the analysis of brain MRI data, where the response variable was a brain image composed of
roughly three million measurements [3]. Motivated by [24], [129] proposed a new approach to address the challenges
arising from the high-dimensional response variable in multi-level functional principal component analysis.

In plant sciences, the study of trait processes and their derivatives are important for scientific findings [74]. For
uni-level functional data, [22, 68, 81] proposed methods to recover derivatives of functional trajectories. Inspired
by [68], [114] proposed to recover plant trait derivative processes using the derivatives of eigenequations based on
a two-level functional principal component analysis. The authors also proposed a new functional measure for the
broad-sense heritability [104], which was estimated nonparametrically as a smooth function of time.

In the review above, we mainly focus on the work of multi-level functional principal component analysis. Gen-
eralized multi-level functional linear models were introduced in [18], where the response variable was continuous
or discrete and the covariate had a multi-level functional structure. Both a two-stage frequentist approach and a joint
Bayesian analysis approach were proposed for statistical inference. Generalized multi-level function-on-scalar regres-
sion was introduced in [36], where the response followed an exponential family distribution and was functional with
a multi-level structure. The regression models in [18, 36] also allowed low dimensional time-independent covariates.
For the work on regression models with high dimensional covariates, see Section 4.

Spatial dependence may also exist in multi-level functional data analysis. Motivated by data obtained from a
modern colon carcinogenesis scientific experiment, [98] proposed a methodological framework for the analysis of
multi-level functional data, where the functions at the lowest level of the hierarchy were spatially correlated. A com-
putationally efficient algorithm was also proposed to handle the computation for big data sets. Inspired by data from
the United States Renal Data System, [63] proposed a novel multi-level spatiotemporal functional model to inves-
tigate spatiotemporal patterns of hospitalization rates among dialysis facilities, where longitudinal hospitalizations
were nested in dialysis facilities and dialysis facilities were nested in geographic regions. For the review of recent
work on FDA with complex dependence structures, see Section 5.

4. Function-on-scalar regression with high dimensional covariates

With the advance in high-throughput data collection, repeated measurements, longitudinal data over time and
image data from many subjects are available. Such data allow the estimation of subject-specific response curves
[16, 17, 38, 84] or surfaces [59], and the interest is on studying the association between curves (or surfaces) and the
potentially high-dimensional covariates of each subject. From the TERRA-REF data described in Example 1, plants
from a panel of genotypes were imaged in an automatic system continuously over their growth period, and the phe-
notypes of interest were extracted from the sequence of images by neural network methods [1, 2]. The growth curves
of each genotype can be obtained from the extracted phenotypes [109]. The goal is to identify the significant single-
nucleotide polymorphisms (SNPs) that can explain the difference in growth curves. Also see functional genome-wide
association study (GWAS) in [17, 88] for an application in the Childhood Asthma Management Project, in [66] for
an application in the Alzheimer’s Disease Neuroimaging Initiative and in [7] for an application in Framingham Heart
Study. Other examples include studying drug effects on patients using data from wearable devices [35], and analyzing
the association between brain imaging scans and individual covariates and treatment [59]. Notice that this topic of
function-on-scalar regression is related to the works on varying coefficient models [43, 49, 50, 70].

4.1. Estimation via basis expansion for coefficients

We first introduce methods for a sequence of responses for each subject that constitute a curve on R. Let Yi(t) be
the functional response of the i-th subject at t for i ∈ {1, . . . , n} and t ∈ T , where T is a compact finite interval in R.
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Let zzzi = (Zi1, . . . ,Zip)> be the vector of predictors of Yi(t), where Zi j denotes the j-th covariate on the i-th subject. The
linear function-on-scalar regression model is, for i ∈ {1, . . . , n} and t ∈ T ,

Yi(t) = β0(t) +

p∑
j=1

Zi jβ j(t) + εi(t), (7)

where β0(t) is the function of intercept, β j(t) is the function of regression coefficient for the j-th covariate, and εi(·)
is the error function i.i.d. drawn from a continuous stochastic process with expectation zero and covariance function
Cε(t1, t2) = cov{εi(t1), εi(t2)} for all t1, t2 ∈ T . Here, the dimension of covariates, p, could be much larger than the
sample size n.

Let {φ`(·)}∞`=1 be a set of pre-specified basis functions. The coefficient functions β j(t) can be expanded as β j(t) =∑∞
`=1 b j`φ`(t), for j ∈ {0, . . . , p}. Truncating the basis expansion at the order m, the functional regression model (7)

can be written as

Yi(t) =

m∑
`=1

b0`φ`(t) +

p∑
j=1

m∑
`=1

Zi jb j`φ`(t) + Ti(t) + εi(t), (8)

where Ti(t) is the truncation error by cutting the expansions at m. B-splines are commonly used for approximating the
varying coefficient functions {β j(·)} in (8). Intuitively, larger m leads to more accurate approximations of {β j(·)} but at
the price of higher variation of the estimators. The choice of m to balance the truncation error Ti(t) and the estimation
accuracy was discussed in Section 2.1 of [7]. In the following, we assume the truncation error is small and negligible,
which is a typical assumption in functional regression literature.

Suppose the measurements are collected at time points {tik}
ni
k=1 for the i-th subject. The estimation problem of the

functions β j(t), for j ∈ {0, . . . , p}, is reduced to estimating the basis coefficients BBB = (b j`)(p+1)×m, where the objective
is to minimize

M(BBB) =
1
n

n∑
i=1

ni∑
k=1

{
Yi(tik) −

m∑
`=1

b0`φ`(tik) −
p∑

j=1

m∑
`=1

Zi jb j`φ`(tik)
}2

(9)

with some penalties on the coefficients BBB. This is the approach adopted in [87, 89] with a roughness penalty for the
smoothness of the estimated functions, in [16] with a group MCP penalty [121] for variable selection under the case
of fixed number of covariates, as well as in [7, 17, 103] for the high-dimensional case where p can be much larger
than n.

To develop optimization procedures for functional regression, the loss function M(BBB) in (9) is usually re-expressed
in a matrix form so that standard optimization approaches [27, 31] for regularized regression can be directly applied.
Let Φi = {φ`(tik)}ni×m be the matrix of basis functions evaluated at the time points of the i-th subject, where each
row of Φi corresponds to a time point evaluated by all the basis functions, and each column gives a basis function
evaluated at all the time points for the i-th subject. Recall that zzzi is the p-dimensional vector of covariates for the i-th
subject. Let

yyy = {Y1(t11), . . . ,Y1(t1n1 ), . . . ,Yn(tnnn )}>, W =


zzz>1 ⊗Φ1

...

zzz>n ⊗Φn


be an N-dimensional vector of responses and an N × pm dimensional matrix of , respectively, where N =

∑n
i=1 ni and

⊗ represents the Kronecker product of two matrices. Using these matrix notations, the loss M(BBB) can be written as
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M(BBB) = ‖yyy−Wvec(BBB>)‖22/n, where ‖·‖2 denotes the Euclidean norm of vectors and vec(BBB>) = (b01, . . . , b0m, . . . , bpm)>

is the column-wise vectorization of BBB>. Notice that the expression of the above matrix form can be much simplified
if the measurements are made at common time points for all subjects such that tik = tk for all i ∈ {1, . . . , n}. See [16]
for the simplified expression in this case. The estimated coefficients for basis functions solve the classical regularized
optimization problem

B̂BB = argminBBB
{
‖yyy −Wvec(BBB>)‖22/(2n) + λP(BBB)

}
, (10)

where λ is a smoothing parameter, and P(·) is some penalty function.
Let bbb j denote the transpose of the j-th row of BBB. Various penalties were considered in the literature. For example,

the roughness penalty P(BBB) =
∑p

j=1 bbb>j ΩΩΩbbb j was considered in [89], where ΩΩΩ is an m by m matrix with its entry in
the `1-th row and `2-th column defined by ∫T φ

(2)
`1

(t)φ(2)
`2

(t)dt , and φ(2)
`

(t) denotes the second derivative of φ`(t). It
functions as the L2 penalty in ridge regression that provides a smooth estimate of each coefficient β j(·). The group
lasso penalty P(BBB) =

∑p
j=1 ‖bbb j‖2 was used in [7], which imposed row-wise sparsity for the estimate B̂BB and hence led

to zero estimates for some of the coefficient functions. Related to group lasso, [16, 103] considered adaptive lasso
penalty and group MCP penalty for variable selection, respectively. For those aforementioned penalties, if no close
form solution exists for the optimization problem (10), the coordinate descent algorithm [31] can be applied to solve
it.

Notice that the loss function M(BBB) does not consider the dependence over time within a subject. Weighted least
square loss can be applied by incorporating an estimate for the error covariance function Cε(t1, t2), see [17] and Section
2.2 in [16]. It is worthwhile to mention that instead of solving an optimization problem (10), [17] proposed a sure
screen algorithm for selecting the important covariates for the functional regression (7). They considered regressing
Yi(t) on each single coefficient via B-spline basis expansion, and used a weighted mean square error between the true
response and its prediction using each covariate as an importance measure for variable selection.

4.2. Inference for coefficients

As (10) is essentially a linear regression problem for estimating the basis coefficients {b j`}, under fixed covariate
scenarios and a roughness (L2) penalty for P(BBB), standard inference procedures for linear regression can be applied for
constructing confidence intervals and conducting hypothesis testing for b j`, which then leads to point-wise confidence
intervals for β j(t) and an F-test for significance of covariates [89]. Meanwhile, simultaneous confidence corridor was
considered in [38] under the fixed dimensional case. For P(BBB) being the MCP penalty, [16] showed the asymptotic
normality of the estimated coefficients b̂ j` under the fixed covariate setting. For high-dimensional settings, [7] showed
the convergence rate for the estimated coefficient functions. However, statistical inference results were not developed.

As a different approach, under the scenario of fixed covariate and observations being measured at the same time
points, [88] proposed a statistic for testing the significance of a group of covariates on the response function based on
the difference of the residual sum of squares between the full model and the reduced model. Here, the residual sum
of squares stands for the integration of squared residual function over time. They also discussed the extension of their
test statistic to the projected response function by the estimated eigenvectors of the covariance function of responses.
In this case, their test statistic can be formulated as a weighted sum of proportion of explained variability of each
principal components by the covariates. However, this approach can not be applied to the data with high-dimensional
covariates. How to conduct statistical inference for varying coefficient functions under high-dimensional covariates is
still an open question.
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4.3. Surface-on-scalar regression

In spatial statistics and medical image analysis, the data are observed in a two-dimensional domain. This requires
the extension of the curve regression (7) to surface regression, for i ∈ {1, . . . , n},

Yi(s) = β0(s) +

p∑
j=1

Zi jβ j(s) + εi(s), (11)

where s ∈ R2 is a point in a two-dimensional space. Under this model, [127] proposed a locally weighted three-stage
estimation method, and [59] developed an estimation approach by approximating the spatially varying coefficient
functions {β j(s)} via bivariate spline functions over triangulation. Both works allow high-dimensional covariates, but
require independent repetitions of the two-dimensional images. The sample size n in (11) needs to diverge to infinity
for valid asymptotic results. It is worthwhile to mention that [120] considered a related generalized geo-additive
model without repetitions (n = 1) but under a fixed dimensional setting. Specifically, the method proposed in [120]
is similar to the estimation procedure introduced in Section 4.1 with the univariate spline expansion for β j(t) replaced
by a bivariate spline expansion for β j(s), which satisfies certain spatial smoothness properties.

4.4. Functional regression in Hilbert space

For densely observed functional data, the response Yi(t) can be considered as a sample point in a function space
for each subject i ∈ {1, . . . , n}. For the functional linear model (7), suppose the errors {εi(t)} are i.i.d. random elements
of a real separable Hilbert spaceH with mean zero and covariance operator Cε , and {β j(t)} are deterministic elements
ofH . To estimate the regression coefficients {β j(t)}, [7] considered to minimize the objective function

MH (β0, . . . , βp) =
1
2n

n∑
i=1

∥∥∥∥∥Yi − β0 −

p∑
j=1

Zi jβ j

∥∥∥∥∥2

H

+ λ

p∑
j=1

‖β j‖H (12)

over β j ∈ H , j ∈ {0, . . . , p}, where ‖ · ‖H denotes the inner product norm on H . Here,
∑p

j=1 ‖β j‖H serves as an
L1 norm for the vector of functions (β1, . . . , βp)> on the product space of H . Theoretical results have developed to
show the convergence of the estimates onH . To solve the optimization problem onH , [7] suggested to approximate
MH (β0, . . . , βp) in (12) by

MH (β0, . . . , βp) ≈
1
2n

n∑
i=1

m∑
`=1

〈
Yi − β0 −

p∑
j=1

Zi jβ j, e`
〉2

H

+ λ

p∑
j=1

( m∑
`=1

〈β j, e`〉2H
)1/2

for a large m, where 〈·, ·〉H denotes the inner product on H , and {e1, e2, . . .} are a basis of H . This approximation
allows the use of the group lasso algorithm for minimizing MH (β0, . . . , βp).

This approach provides a general methodology for estimating coefficient functions under dense functional data,
which includes Reproducing Kernel Hilbert Spaces (RKHS) as a special case. As an extension, [30] considered adap-
tive penalty, which added a data-driven weight on ‖β j‖H for each j ∈ {1, . . . , p}. This is similar to the adaptive lasso
approach [130] for high-dimensional scalar-on-scalar regression. The weight is chosen as ‖β̃ j‖

−1
H

for an initial estima-
tor β̃ j of β j, so that it is small for large ‖β j‖H , and large for small ‖β j‖H . Selection consistency of their estimates has
been shown under the irrepresentable condition [11] on the design matrix and the minimum signal condition on β j,
which puts a lower bound on ‖β j‖H for all nonzero β j. Also see [75, 84] for further studies on constructing flexible
penalties using positive definite, self-adjoint linear operators (including kernel functions in RKHS) that can accom-
modate a variety of underlying assumptions about the parameters, and simultaneously select significant predictors and
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produce smooth estimates.

5. FDA with complex dependence structures

In many applications, functional data collected at different time points or locations are naturally correlated. There
have been a lot of recent theoretical and methodological developments for dependent functional data, including multi-
level functional data [18, 48, 113], functional time series [4, 45, 53], and spatially dependent functional data [37,
54, 67, 99, 122, 123, 125]. There has also been some work on modeling spatio-temporal point process data using a
functional data analysis approach [33, 60].

5.1. Spatially dependent functional data under geostatistics design

The Zillow real estate data described in Section 1 provide a good example of spatially dependent functional data,
where curve data are collected from a random collection of spatial collections. These data resemble classic spatio-
temporal data [19], yet highlight some major differences. Classic spatio-temporal data analysis is built on random
fields theory, usually used to model measurements that can be defined in continuous space and time, such as air
quality, ocean temperature, etc. Due to the lack of independent replicates, spatio-temporal models usually rely on
some relaxed version of stationarity assumptions. Spatially dependent functional data, exemplified by the Zillow real
estate data in Section 1, are temporal processes collected from some well-defined entities (e.g., people, real estate
properties, remote sensors), which happen to be correlated spatially. These entities and the corresponding temporal
processes are not necessarily well defined for all locations within a spatial domain, unlike air or water. The curves in
Fig. 2 (b) in the introduction section are clearly not stationary in time. Our use of spatial random field theory to model
correlation among spatially dependent functional data is a modeling effort analogous to the Generalized Linear Mixed
Models.

Zhang and Li [122] analyzed a similar dataset from Zillow research and proposed the following framework for
spatially dependent functional data under geostatistics settings. Suppose random functions of time defined on a time
domain T are sampled from locations in a spatial domain Dn ⊆ R2. Let Yi j = Y(sssi, ti j) be the discrete observation at
time ti j on the random curve sampled at spatial location sssi, i ∈ {1, . . . , n}, j ∈ {1, . . . , ni}, and assume

Y(sssi, ti j) = X(sssi, ti j) + Ui(ti j) + εi j, (13)

where X(·, ·) is a spatio-temporal process on Dn × T representing a spatially correlated functional effect, {Ui(·)} are
zero-mean, independent temporal processes called the functional nugget effects, and {εi j} are the independent measure-
ment errors with E(εi j) = 0 and var(εi j) = σ2

ε . The functional nugget effects, Ui(·), characterize local variations that
are not correlated with neighboring functions, with the covariance function denoted by Λ(t1, t2) = cov{U(t1),U(t2)}.
The three model components X(·, ·), U(·), and ε are mutually independent.

Assuming that the spatial dependency is second-order stationary and isotropic, the general covariance function of
X(sss, t) can be written as

C(‖sss1 − sss2‖, t1, t2) = cov{X(sss1, t1), X(sss2, t2)},

for any (sss1, t1), (sss2, t2) ∈ Dn×T . We consider Xsss(t) = X(sss, t) as spatial replicates of a temporal process with a standard
Karhunen-Loève expansion

Xsss(t) = µ(t) +
∑∞

j=1 ξ j(sss)ψ j(t), (14)

where µ(t) = E {Xsss(t)} is the mean function, {ψ j(·)} are orthonormal functions known as the principal components, and
the principal component score ξ j(sss) = ∫T {X(sss, t)−µ(t)}ψ j(t)dt is the loading of X(sss, t) on the j-th principal component.
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We assume {ξ j(sss)} are zero-mean, second-order stationary and isotropic random fields, that are uncorrelated across
different j. Spatial dependence among the functional data is induced by the dependence within each ξ j(sss). Denote
the spatial covariance function of ξ j(sss) as C j(‖sss1 − sss2‖) = cov{ξ j(sss1), ξ j(sss2)}, for any sss1, sss2 ∈ Dn, then the covariance
function for X(sss, t) can be written as

C(‖sss1 − sss2‖, t1, t2) = cov


∞∑
j=1

ξ j(sss1)ψ j(t1),
∞∑
j=1

ξ j(sss2)ψ j(t2)

 =

∞∑
j=1

C j(‖sss1 − sss2‖)ψ j(t1)ψ j(t2) (15)

Denote ω j = C j(0) as the marginal variance for ξ j(sss), and assume the principal components are ordered according
to their magnitudes such that ω1 ≥ ω2 ≥ · · · ≥ 0. It is easy to see that ω j’s and ψ j(·)’s are the eigenvalues and
eigenfunctions of the covariance function C(0, ·, ·), which reveals an important connection between model (14) and
the classic model (1) for independent functional data. Similar FPC expansion as (14) was also considered by [46, 125]
for spatially dependent functional data. By allowing different orders of FPC score to have different spatial covariances,
covariance function (15) is a “coregionalization” model [6, 32], which is the sum of many separable spatio-temporal
covariance functions, and it reduces to a separable structure if C j(·) = ω jρ(·) for all j where ρ(·) is a common
correlation function. The functional nugget effect Ui(·), on the other hand, may have an entirely different covariance
structure with different eigenvalues and eigenfunctions.

Zhang and Li [122] proposed spline-based methods to estimate the functional parameters in the spatial functional
model (13 – 14), including µ(t), C(u, t1, t2), Λ(t1, t2), as well as the error variance parameterσ2

ε . Based on the coregion-
alization structural assumption (15), their three-dimensional spline covariance estimator for C(·, ·, ·) yielded important
byproducts, including nonparametric estimators of the principal components {ψ j(t)} and the spatial covariance func-
tions for the FPC scores {C j(u)}. They developed asymptotic convergence rates for their proposed estimator under
a general framework that combines both infill and increasing domain asymptotic paradigms, and showed that their
methods and theory were applicable to both sparse and dense functional data. As their theory shows, compared with
the domain size, the effect of infilling locations in a unit spatial domain only has a secondary effect on the asymptotic
convergence rate of their proposed estimators. Their convergence rate for C j(u) is comparable to previous work on
nonparametric spatial correlation estimation [65]. They also established phase transition in the convergence rates from
sparse to dense functional data, which was not previously available for spatially dependent functional data.

The simulation studies in [122] also stress the importance of modeling the functional nugget effects, which models
the local characteristics that are not dependent on the neighbors. They showed that ignoring the functional nugget
effects can potentially cause large biases in the FPCA estimators. They also showed that not only their FPC estimators
can be used for dimension reduction for spatially dependent functional data, their estimators for the spatial covariance
functions can be used for functional kriging, i.e., predicting the function at a new location where no data have been
collected. Spatial prediction or kriging is a major interest in spatial statistics [100] and there had been some previous
work on kriging for spatially dependent functional data. The FPCA-then-kriging two-step procedure [72, 82] is to
first perform the classic FPCA described in Section 2 ignoring any spatial dependence and then perform co-kriging on
the estimated FPC scores by fitting parametric spatial covariance models, e.g., the Matérn models. There are several
issues with this procedure: first, it does not consider functional nugget effect and may suffer from large estimation
biases; second, the estimated FPC scores are contaminated with estimation errors bringing a lot of nuisance into
spatial covariance estimation; third, the spatial covariance models are limited to a few parametric families which may
be mis-specified. The trace kriging method [34, 73] does not depend on dimension reduction (e.g., FPCA) and requires
fully observed functional data without measurement error nor nugget effect. In both their simulation studies and their
analysis of the Zillow real estate data, Zhang and Li [122] showed that their functional kriging method outperforms
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competing methods by yielding smaller prediction errors.

5.2. Spatially dependent functional data under lattice design

Data collected on a regular spatial grid are commonly referred to as lattice data or areal data [20]. A frequently
used model is the conditional autoregressive model (or CAR model), where data are assumed to be conditionally
independent given the neighboring data. Reference [123] extended the CAR model to spatially dependent functional
data observed on a regular lattice. They considered functional data collected on a regular lattice D = {sss1, sss2, . . . , sssn},
and assume there were independent replicates for the functional lattice data. Let Yi j(t) be the observed function on sssi

from subject j, and assume

Yi j(t) = xxx>i jbbb(t) + zzz>i juuu(t) + Ei j(t), i ∈ {1, . . . , n}, j ∈ {1, . . . , J}, t ∈ T , (16)

where T is a common time domain, xxxi j is a p-dimensional fixed effect covariates, zzzi j is a m-dimensional random effect
covariates, bbb(t) is a vector of functional fixed effects, uuu(t) is a m-dimensional functional random effects, and Ei j(t) are
residual curves that are spatially correlated across locations i but independent among subjects j. The introduction of
functional random effect uuu(t) in (16) is to accommodate complicated nested, split-plot, or longitudinal designs.

Reference [123] focused on the case when both the location sss and time point t are sampled on regular grid points
and assumed all functions can be expressed without loss by K-dimensional basis functions ΦΦΦ(t), such as Fourier basis,
wavelets or splines. Suppose the transformed data can be expressed as

YYY∗i j = XXXi jBBB∗ + Zi jU∗ + EEE∗i j,

where YYY∗i j, BBB∗, U∗ and EEE∗i j are data matrices of coefficient projecting Yi j(t), bbb(t), uuu(t) and Ei j(t) onto ΦΦΦ(t). They assumed
U∗ followed a multivariate normal distribution, but spatial correlation was modeled through the dependency within
eee∗
· jk = (e∗1 jk, . . . , e

∗
n jk)> using the following CAR model

eee∗· jk ∼ Normal{000, s∗jk(DDDv − ρ
∗
kV)−1}, j ∈ {1, . . . , J}, k ∈ {1, . . . ,K}, (17)

where s∗jk is a variance parameter, V = (vi1i2 )n
i1,i2=1 is an adjacent matrix with vi1i2 = 1 if sssi1 and sssi2 are neighbors, 0

otherwise, and DDDv = diag(vi+) with vi+ =
∑n
`=1 vi`. The correlation parameter ρ∗k in (17) are allowed to be different

across k to accommodate possible non-separable spatio-temporal covariance structure for Ei j(t). The model is then
fitted as a Bayesian hierarchical model using Markov chain Monte Carlo (MCMC). The detailed algorithm can be
found in [123].

5.3. Functional data analysis approach for spatio-temporal point process data

Spatio-temporal point process data arise from many scientific fields including ecology, epidemiology, and seis-
mology. For example, spatio-temporal point process models were used to model outbreaks of weeds [9], the incidence
of foot and mouth disease [26], and occurrences of earthquakes [92]. The log-Gaussian Cox process (LGCP) [8, 9, 76]
is one of the most widely used models for spatio-temporal point process data, where the intensity function is assumed
to be a log-linear model of some latent spatio-temporal Gaussian process. Li and Guan [60] proposed a functional
data analysis approach to analyze spatio-temporal point process data arising from disease surveillance. Their model
was based on LGCP, where the latent temporal process at any fixed spatial location was modeled as a functional pro-
cess with a standard functional principal component expansion and the latent functional principal component scores
were spatially correlated. Their model can accommodate both nonparametric temporal trends and complicated spatio-
temporal correlations.
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Let N(·, ·) denote a spatio-temporal point process that is observed on W = D ⊗ T , where D ⊂ R2 is a spatial
domain and T is a time domain. Let X be an L2 Gaussian random field on W. We assume that conditional on X, N is
a Poisson process with an intensity function λ(sss, t) given by

log{λ(sss, t)} = zzz>(sss, t)βββ + X(sss, t), (18)

where zzz(sss, t) is a d-dimensional covariate vector, and X represents spatio-temporal random effects that cannot be
explained by zzz. Consider X(sss, t) as spatial replicates of an L2 Gaussian process onT with a Karhunen-Loève expansion
(14). Then the general covariance function of X(sss, t) is

C(sss1, sss2, t1, t2) = cov{X(sss1, t1), X(sss2, t2)} =

∞∑
j=1

C j(sss1, sss2)ψ j(t1)ψ j(t2), (19)

where C j(sss1, sss2) = cov{ξ j(sss1), ξ j(sss2)}. The covariance in (19) is non-separable in general, and implies that X(sss, t) and
hence N(·, ·) are not necessarily stationary in t.

Let N(dsss, dt) denote the number of points or events in an infinitesimal window dsss × dt, and let |dsss| and |dt| denote
the volumes of dsss and dt, respectively. The marginal first-order intensity function, which characterizes the probability
to observe an event at a given location and time, is defined as

λ1(sss, t) = lim
|dsss|,|dt|→0

E{N(dsss, dt)}
|dsss||dt|

= E
[
exp{zzz>(sss, t)βββ + X(sss, t)}

]
= exp{zzz>(sss, t)βββ + γ(t)}, (20)

where γ(t) = µ(t)+(1/2)
∑∞

j=1 ω jψ
2
j (t). The second-order intensity function, which characterizes the correlation within

the process, is defined as

λ2(sss1, sss2, t1, t2) = lim
|dsss1 |, |dsss2 |,

|dt1 |, |dt2 | → 0

E{N(dsss1, dt1)N(dsss2, dt2)}
|dsss1||dt1||dsss2||dt2|

= E
[
exp{zzz>(sss1, t1)βββ + zzz>(sss2, t2)βββ + X(sss1, t1) + X(sss2, t2)}

]
= λ1(sss1, t1)λ1(sss2, t2) exp{

∑∞
j=1C j(sss1, sss2)ψ j(t1)ψ j(t2)}, (21)

for (sss1, t1) , (sss2, t2). Given the first-order intensity function (20) and second-order intensity functions (21), the pair
correlation function [77] for the point process is

G2(sss1, sss2, t1, t2) =
λ2(sss1, sss2, t1, t2)
λ1(sss1, t1)λ1(sss2, t2)

= exp


∞∑
j=1

C j(sss1, sss2)ψ j(t1)ψ j(t2)

 .
Assuming C j(sss1, sss2) = C j(sss1 − sss2) is stationary, then G2(sss1, sss2, t1, t2) is a function of sss1 − sss2 and (t1, t2). Hence, the
point process is second-order intensity reweighted stationary in space [5].

To fit the model (18), Li and Guan [60] proposed Poisson maximum likelihood and composite likelihood methods
based on spline approximations to estimate the mean and covariance functions of the latent process. By performing
functional principal component analysis to the latent process, their methods provide insights into the latent factors
and correlation structures in the point process. They also proposed an empirical Bayes method to predict the latent
principal component scores, which can help highlight hot areas with unusually high event rates. The latent functional
data modeling in Li and Guan [60] was also previously used to model latent processes in non-Gaussian longitudinal
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data analysis [41, 48], but the challenge in the spatio-temporal point process data analysis in Li and Guan [60] is that
there are no independent replicates of the process and all data are correlated. A similar latent functional modeling
approach was also adopted by [33] to jointly model grid points and response with longitudinal data.

6. Discussion

The strength of Functional Data Analysis lies in its broad applications in various domain fields. In this article, we
review some recent developments in a few focused areas of FDA and their impacts on various scientific, medical, and
business applications. There are many other exciting and influential works that we have not fully expanded on, due
to the limited space and our own limited expertise. For example, the optimal function-on-function regression using a
Reproducing Kernel Hilbert Space approach [101], the scalar on image regression with a penalty on the total variation
[110], the functional graphical models [86], and hypothesis testing in large scale functional linear regressions [116].
There have also been a lot of recent developments on functional data in a manifold [21] and Fréchet regression on
random objects [85]. We believe these emerging new areas will continue to find important new applications and FDA
will continue to be an active contributor to Journal of Multivariate Analysis in many years to come.
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