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Mesh Objective Stochastic Simulations of Quasibrittle Fracture

Anna Gorgogianni', Jan Eli4s?, and Jia-Liang Le?

Abstract: Continuum finite element (FE) modeling of damage and failure of quasibrittle structures suffers
from the spurious mesh sensitivity due to strain localization. This issue has been addressed for deterministic
analysis through the development of localization limiters. This study proposes a mechanism-based model to
mitigate the mesh sensitivity in stochastic FE simulations of quasibrittle fracture. The interest is placed on
the analysis of large-size structures, where the mesh size is conveniently chosen to be larger than the width
of the fracture process zone as well as the correlation length of the random fields of constitutive properties.
The present model is formulated within the framework of continuum damage mechanics. Two localization
parameters are introduced to describe the evolution of the damage pattern of each finite element. These
parameters are used to guide the energy regularization of the constitutive law, as well as to formulate
the mesh-dependent probability distributions of constitutive properties. Depending on the prevailing dam-
age pattern, different energy regularization schemes and mesh dependence of the probability distribution
functions are used in the constitutive law. The model is applied to simulate the stochastic failure behav-
ior of quasibrittle structures of different geometries featuring different failure processes including damage
initiation, localization, and propagation. It is shown that using fixed probability distribution functions of
constitutive properties could lead to strong mesh dependence of the prediction of the mean and variance
of the peak load. The probability distribution functions of constitutive properties must be linked to the
damage pattern, which may evolve during the failure process. Such a mechanism-based modeling of the
probability distributions of constitutive properties is essential for mitigating the spurious mesh sensitivity in
stochastic FE analysis of quasibrittle fracture.

1. Introduction

The importance of probabilistic analysis of structural behavior has become increasingly evident due
to the fact that no engineering structures can be made risk free. Recent focuses have been placed on
structures made of quasibrittle materials, which are heterogeneous materials with brittle constituents.
Typical examples include tough ceramics, composites, concrete, rock, etc. The salient feature of
quasibrittle materials is that, except for few loading scenarios (e.g. under high confining stresses), they
generally exhibit a strain-softening behavior. This gives rise to localization instability [32, 3, 31, 16],
which has profound implications for reliability analysis of quasibrittle structures. To capture the
mechanism of damage localization in a probabilistic setting, a finite weakest-link model was developed
for the strength distribution of quasibrittle structures failing at macrocrack initiation [8, 5, 20, 4].
The key result of the model is that it predicts a strong size effect on the probability distribution
of structural strength, which transitions from a Gaussian distribution with a grafted far-left power
law tail to a two-parameter Weibull distribution as the structure size increases. The finite weakest-
link model provides an analytical expression of the strength distribution of quasibrittle structures,
which is further used to derive the size-dependent safety factors for structural design [19, 4]. A more
general probabilistic model, called the fishnet model, was recently developed for quasibrittle structures
[24, 25]. The model can capture both localized and distributed damage mechanisms. However, the
weakest-link model and fishnet model are mostly applied to structures of simple geometries, such as
tension and flexural specimens. For more complex structural geometries under multiaxial stress states,
it is inevitable to resort to stochastic simulations, which involve nonlinear constitutive models with
random material properties [36, 35, 1].

!Department of Civil, Environmental, and Geo- Engineering, University of Minnesota.

2Institute of Structural Mechanics, Faculty of Civil Engineering, Brno University of Technology.

3Department of Civil, Environmental, and Geo- Engineering, University of Minnesota, Minneapolis, Minnesota. Cor-
responding author.

1

© 2021 published by Elsevier. This manuscript is made available under the Elsevier user license
https://www.elsevier.com/open-access/userlicense/1.0/


https://www.elsevier.com/open-access/userlicense/1.0/
https://www.sciencedirect.com/science/article/pii/S0022509621003501

It is well acknowledged that localization instability leads to the spurious mesh sensitivity in finite
element (FE) simulations [2, 7, 3]. Over the past four decades, various numerical approaches, generally
referred to as the localization limiters, have been developed to mitigate the mesh dependence in FE
simulations. The early attempt includes the crack band model [7], in which the post-peak behavior
of the stress-strain curve is adjusted so as to preserve the fracture energy. The model assumes the
scenario of fully localized damage. The main advantage of the crack band model is that it can be
applied to large mesh sizes and is easy to implement in FE codes. Recently, a more general energy
regularization method was proposed [13]. In the model, the tangential stiffness of the finite element
is adjusted based on the prevailing damage pattern, which evolves during the loading process. It
was shown that the model is capable of preserving the correct energy dissipation for various damage
patterns including both diffused and localized damages, which is more versatile than the crack band
model.

The other class of the localization limiters includes the nonlocal integral and gradient models
[30, 29, 10]. In these models, the state variables responsible for the inelastic behavior of a local
material point are made dependent not only on the local material response but also on the response
of its neighborhood. The key feature of the nonlocal models is that they involve a length scale that
defines the size of the nonlocal influence zone. To capture the nonlocality, nonlocal models require
fine mesh sizes, which makes them inefficient for simulations of large-size structures. In addition, the
treatment of nonlocality for material points that are close to the structural boundary still remains an
unresolved issue [18, 6, 4].

All the existing localization limiters were developed for deterministic analysis, and few studies
have investigated the mesh dependence in stochastic FE simulations [22]. However, some recent stud-
ies have revealed the challenge in stochastic simulations of quasibrittle fracture. Following the crack
band model, we consider each finite element to represent a material element of finite size. Its consti-
tutive properties no longer represent the behavior of a material point, but the behavior of a material
element. The finite weakest-link model suggests that, if damage localization occurs, the strength dis-
tribution of material elements must depend on the element size [8, 20, 4]. This size dependence has
been demonstrated by numerical simulations [11, 21]. Meanwhile, these studies have further shown
that the size dependence of strength distribution is strongly influenced by the prevailing damage
mechanism. These results indicate that, for stochastic FE simulations, the probability distribution
functions of the constitutive properties should be formulated based on the damage mechanism, and a
direct consequence is that the distribution functions could depend on the size of the FE mesh.

Some early studies adopted the Weibull distribution to determine the dependence of constitutive
properties on the mesh size [23, 27]. The Weibull distribution implies a damage localization mechanism,
in which the size of localized damage zone is negligibly small compared to the mesh size [4]. Clearly
these conditions are not fulfilled in FE models, and therefore the Weibull distribution is inapplicable
for probability distribution of constitutive properties of finite element mesh. In a recent study [22],
it was proposed to use a finite weakest-link model for the strength properties of finite elements. The
model also takes into account the effect of propagating damage on the strength distribution. However,
it neglects the formulation of strength distribution for the case of diffused damage.

This paper presents a general computational framework for stochastic simulations of quasibrittle
damage and fracture. The focus is placed on the scenario where the finite element mesh size is
larger than the autocorrelation length of the underlying random field of material properties, typically
several times the size of material inhomogeneities [14]. This is often a desirable choice for numerical
simulations of large-size structures. The probability distribution functions of constitutive properties
are derived based on the prevailing damage mechanism, which at the same time also governs the energy
regularization of the overall constitutive behavior. The paper is planned as follows: Sec. 2 presents
a simple demonstration of the issue of mesh dependence in stochastic FE analysis; Sec. 3 presents
the stochastic constitutive model; Sec. 4 discusses the formulation of the probability distributions of
constitutive properties; and Sec. 5 presents the numerical studies of ceramic specimens of different



geometries.

2. Demonstration of Mesh Dependence in Stochastic Analysis

We first present a simple demonstration of the spurious mesh dependence in stochastic FE simulations
of quasibrittle fracture. Consider a uniaxial tension specimen of length L = 1 m and cross-sectional
area A =5 x 107* m? (Fig. 1a). It is made of a quasibrittle material, which exhibits a simple linear
strain-softening constitutive behavior (Fig. 1b). The specimen is now sub-divided into several elements
along its length. It has been well known that, according to the second law of thermodynamics, the
strain-softening behavior will cause damage localization into one element [2, 3]. In other words, only
one element will experience strain softening, and the rest will undergo unloading. Consequently, the
calculated total energy dissipation of the specimen would depend on the number of elements, which
is physically inadmissible. In a deterministic setting, the mesh dependence of the global structural
response can be mitigated by adjusting the post-peak tangential stiffness based on the element size so
that the fracture energy is preserved, (i.e. ylc = Gy where v = area under the stress-strain curve, l, =
element length, and Gy = fracture energy), as done in the crack band model [7, 9]. The constitutive
parameters are Young’s modulus, tensile strength, and fracture energy.

Now consider the same problem in a stochastic setting, where each element has random tensile
strength f; and fracture energy G'y. We consider that both f; and Gy follow Gaussian distributions, as
a demonstration. It is assumed that these two properties are mutually independent, and each property
is statistically independent across different elements. In this analysis, we take E = 20 GPa, mean
tensile strength = 2.4 MPa, mean fracture energy = 90 J/m?, and the coefficients of variation of f; and
Gy = 7.5%. To calculate the load-displacement response, we impose the equilibrium condition, that
is the stress o; in any element is equal to P/A, and calculate the end displacement by A = Y7 | €le,
where P = applied load, n = L/I., and ¢; = strain in element i. The stress-strain curve of a single
element is adjusted according to the element size using the crack band model.

To investigate the effect of discretization on the predicted stochastic response, we consider three
element sizes, [, = 50, 100, 200 mm. For each case, a total of 200 realizations are used to calculate the
stochastic response of the load-displacement curve. Figs. 2a and b show the cumulative distribution
functions (cdfs) of the peak load P,, and the total energy dissipation I' (i.e. area under the load-
deflection curve). It is seen that the predicted cdf of P,, depends strongly on the element size whereas
the cdf of I' does not.

This behavior can be explained by the fact that P,, is governed by the minimum strength of all
the elements. Since the tensile strengths of the elements are statistically independent, the cdf of P,
can be calculated by the weakest-link model:

Prob(Pp < P) =1 [1 — P (P/A)]" (1)

where P;(z) = strength cdf of a single element. Based on Eq. 1, it is evident that the cdf of P, would
depend on n, or equivalently on the element size l.. In contrast, the total energy dissipation of the bar
is equal to the energy expended to completely damage a single element. Since the crack band model
is able to regularize the energy dissipation for localized damage, the computed cdf of I' is insensitive
to the mesh size.

This simple example shows that energy regularization alone is insufficient for mitigating the mesh
dependence in stochastic analysis. Eq. 1 indicates that, to ensure a mesh-independent cdf of P,,, we
must consider Pj(x) to vary with the element size. This size dependence is closely tied with the failure
mechanism. Consider the element size is larger than the width [y of the damage localization zone,
which represents a material characteristic length. If we further assume that the strengths of material
elements of size [y are statistically independent, then P;(z) can be written by Py(z) = 1—[1 — Py(z)]",
where ne = l¢/ly and Py(x) = strength cdf of a material element of size ly. Evidently, P;(x) is strongly
dependent on the element size [.. Substitution of the expression of Pj(x) into Eq. 1 yields a mesh-
independent prediction of the cdf of F,,.



The foregoing analysis shows that the issue of mesh dependence in stochastic analysis is closely
related to the formulation of probability distribution functions of constitutive properties. The essential
point is that the constitutive properties represent the behavior of a material element of finite size.
Consequently, the cdf of constitutive properties could exhibit strong dependence on the element size,
which must be taken into account in the stochastic analysis. In the aforementioned example, the
specimen suffers damage localization right away when a single element reaches its peak strength, and
the location of damage zone is random. Such a simple failure mechanism can be handled adequately by
the weakest-link statistics, which naturally yields a size-dependent strength cdf of material element.
However, in many cases, the failure mechanism of the structure is much more complicated. For
instance, it may involve transitioning from diffused damage to localized damage. Therefore, a general
probabilistic model of the constitutive properties is required.

3. Description of Constitutive Model

In this study, we consider an isotropic continuum damage model, which can be written in a general
form as

o= f(w)C :€ (2)

where C is the elastic stiffness tensor, w is a scalar damage variable ranging from 0 (intact state) to 1
(fully damaged state), € is the infinitesimal strain tensor, and f(w) is a function which describes stiff-
ness degradation of the bulk material due to damage. The degradation function f(w) is monotonically
non-increasing (i.e. df/dw < 0), and has the maximum value of one at w = 0 and the minimum value
of zero at w = 1.

It should be pointed out that the present model is suitable for describing a single damage mode,
such as tensile failure. For more complicated mixed-mode failures, one could introduce a damage
tensor. Since the objective of this study is not on constitutive modeling but on the treatment of the
probability distribution functions of constitutive properties, we will present our formulation within
the context of an isotropic damage model.

Following the previous study [13], we formulate the damage evolution law by treating each finite
element as a material element of finite size. Here we limit our attention to finite elements with
linear shape functions. To define the geometrical dimensions of the finite element for the purpose
of constitutive modeling, we calculate the average strain tensor of the finite element, and denote the
direction of the maximum principal strain by a unit vector 77,. We define the element size h; as the
length of the element along the direction of vector 7. passing through the centroid of the element,
where 7, = 7, before damage occurs, whereas after damage initiation i, is fixed to be vector i,
measured at the onset of damage. Hereafter we refer to 7. as the principal vector of the element.
With the definition of h1, we can define hs as the size of the element in the orthogonal direction such
that hihs is equal to the area of the finite element (Fig. 3a).

It should be noted that, if one uses high-order elements, strain localization could occur in one
integration point, and the remaining integration points would experience unloading [17]. In this case,
we need to determine the effective size of material element, h, that corresponds to a single Gauss point.
Recent studies have investigated this length parameter for the formulation of localization limiters for
high-order elements [17].

For a given finite element, we consider that the crack will form in the direction perpendicular to
the principal vector 7i.. Note that this direction is fixed upon damage initiation, which corresponds to
the fixed crack model [9]. A common interpretation of the damage parameter is to consider that whe
represents the crack length a. For tension-dominant damage, the energy expended for propagation
of a single crack by distance da can then be written as Grhodw (Gy = mode I fracture energy). For
quasibrittle materials, a finite-size fracture process zone (FPZ) forms at the crack tip. The FPZ length
is related to the Irwin characteristic length, and its width hg represents a critical material length scale
in the present model.



We postulate that the damage evolution is governed by a free energy function Y such that the
energy release (per unit thickness) from the entire element due to an increment dw can be written
as h1h20Y. By considering several cracks propagating simultaneously (Fig. 3b), we can write the
following energy balance equation:

oY nbéf B

%jt I =0 (3)
- Zfi_lGi—l-(nb-f—l—kb)Gk
Gf: 1 f o fky (4)

where n, = number of active FPZs in the damage zone of width hg, Gy = average of the fracture
energies of n, number of FPZs, G; = fracture energy associated with ith FPZ, and k;, = the least
integer that is greater than or equal to n,. In Eq. 3, we treat G'y; to be a random variable since the
fracture energy exhibits a spatial randomness due to material heterogeneity. Note that in Eq. 4 we
consider that there are ky, — 1 FPZs developed with full width, and the last FPZ may not have its full
width because n;, may not be an integer. Eq. 3 represents a general energy regularization scheme,
which recovers the purely localized damage (n, = 1) and purely diffused damage (n, = h1/hg) as two
limiting cases.

Evidently, parameter n, must be related to the damage pattern. To achieve a proper energy
regularization, we determine n; based on the damage patterns of the element of interest as well as
of its neighboring elements. We propose two descriptors §,1 and §,o. The first descriptor d,1 is
concerned with the damage pattern in terms of the damage level of the element of interest relative
to its adjacent elements, and the second descriptor d,2 is concerned with the damage pattern of the
surrounding elements, which will be used to determine the effect of damage propagation.

To quantitively describe the damage pattern, we first identify the two adjacent finite elements
denoted by m and n, whose positions relative to the element ¢ are the most closely aligned with the
principal vector fi., i.e. perpendicular to the cracking direction of element i (Fig. 4). We define the
localization parameter ¢, for element ¢ by

N A\ 1/2
Sl = <1 _ wm—i_wn> (5)

2w;

where (z) = max(z,0), and @&;, O, W, = representative damage levels of elements i, m, and n, respec-
tively. Note that, when the structure is totally undamaged, we need to prescribe a particular value to
0,1 instead of using Eq. 5, which will be discussed later.

The representative damage of element k is calculated by nonlocal averaging the damage values of
the element itself and its adjacent two elements (elements & — 1 and k 4 1) that are located closest to
the principal vector of element k:

11—y

W = Qo + (k-1 + Or+1) (6)
where @, (r = k,k+ 1,k — 1) denotes the damage level of element r, as calculated by averaging the
damage values at all Gauss points of the element, and «a,, is a constant that is less than 1. Based on
Eq. 5, it is clear that §,1 is equal to 0 in the case of purely diffused damage. When the damage is
fully localized into element 4, §,,1 reaches the maximum value:

Sm1 = (1.5 — 0.5, 1)1/ (7)

Since d,,1 > 0, constant «,, must be larger than 1/3. Here we choose a,, = 0.5.

It is worthwhile to comment on the present definition of the representative damage variable. In
deterministic analysis, it suffices to directly use the local damage value to calculate the localization
parameter 0, [13]. However, this is not the case for stochastic simulations. In stochastic FE analysis,



the probability distribution of constitutive properties would cause some randomness in the stress and
strain fields. Consequently, even if the material experiences diffused damage, the stochastic simulations
would predict some mild variation across the local damage parameters of finite elements. If we use
local damage parameters to determine the localization parameter, the model could predict a pattern
of damage localization. This would lead to a reduction of the overall energy dissipation capacity of the
element when the element size is larger than the size of the damage zone. This energy regularization
would promote the premature damage localization process.

By employing the nonlocal averaging, the representative damage parameter is less affected by
the variability of the stress field and damage distribution due to the stochasticity of the constitutive
parameters. Therefore, the model can effectively mitigate the influence of the variation of local damage
parameter on the prediction of the overall damage pattern.

The second descriptor d,s is proposed to determine whether the damage of the current finite
element is caused by the propagation of the localized damage in the adjacent element. We define §,,2
for element i as:

Oz = max; |01 (1 — |ide - i) (8)

where d,,1; denotes the localization parameter d,,1 of the neighboring element j, 7. is the principal
vector of element ¢, and ¥j; is the unit vector connecting the centroids of elements i and j. Eq. 8
indicates that d,2 of element ¢ will attain its maximum value d,,2, which equals to d,,1, when one of
its adjacent elements j exhibits a localized damage pattern and meanwhile the position of element j
relative to element 4 aligns along the cracking direction of element i.

To develop an approximate expression for the number of active FPZs in the element, we consider
the following limiting cases: 1) when d,1 = &1 (fully localized damage in the current element), we
have np = 1; 2) when d,2 = dn2 (propagation of fully localized damage into the current element), we
have ny = 1; 3) when ¢, is very small and yet J,2 is not too large, we have a diffused damage pattern
in the current element and n, approaches hy/hg. Based on these aforementioned limiting behaviors,

e (o) [ o e "

where K, A, &1, 0o = constants. With a small number of parameters, Eq. 9 provides a flexible
form for different transitional behaviors between the purely diffused and localized damage cases. Note
that a similar functional form was also used in the recently developed energy regularization scheme
for deterministic analysis [13]. Using this functional form for the stochastic case leads to a coherent
model for both energy regularization and probabilistic modeling.

Eq. 9 indicates that, if both 4,7 and d,9 are smaller than their respective threshold values d¢1, &0,
we consider that the element experiences a fully diffused damage. These thresholds are used to further
avoid the prediction of premature localization due to the effect of spatial distribution of random
constitutive properties. Fig. 5 shows the relationship among ny, d,,1 and d,2.

To complete the formulation of the constitutive model, we consider the following free energy
function Y for tension-dominated damage:

(10)

where € =

(11)

where £ = Young’s modulus, € = equivalent strain defined in [26], €, = the principal values of the
strain tensor. By substituting Eq. 10 into Eq. 3, we arrive at the following damage evolution equation:

df(w)  2myGy

dw Ehe?

H(e — e0)H(?) 0<w<1) (12)



where H(x) = Heaviside function, €y = threshold strain, and € = de/dt. Eq. 12 indicates no damage
growth when € is less than the threshold strain or the material experiences tensile unloading. Since
maxw = 1, we require df(w)/dw = 0 when w = 1.

To establish the relation between the damage variable and the deformation state, we employ the

following damage function [13]
1-w

f(w)
where 7 is a parameter which depends on the material properties as well as the energy regularization.
To derive the expression of 7, we consider the case of monotonic uniaxial tensile loading. Based on

Eqgs. 12 and 13, we obtain
1 hiE(1 —
T (7"7) (14)
n N 2ny Gy

where € = uniaxial strain. Parameter 7 can then be calculated based on the fact that w(ef) = 0. In
this study, we choose €y = fi/E, where f; = tensile strength of the element. This indicates that, in
monotonic tensile test, there is no stiffness degradation in the pre-peak region. This model leads to a
linear softening behavior of the uniaxial tensile stress-strain curve.

Based on the aforementioned definition of ¢y, we express parameter 1 by

T — Nw (13)

2n, EGy
hi f?

Combination of Egs. 12, 13, and 15 completes the formulation of the constitutive model. The main
feature of the model is its dependence on the damage pattern through parameter n,. For each time
increment, the tangential stiffness of the finite element is adjusted to be consistent with the prevailing
damage pattern. This ensures the correct energy dissipation of the finite element during the evolution
of the damage pattern.

n=1 (15)

4. Mechanism-Based Modeling of Probability Distributions of Constitutive Prop-
erties

The present model involves the following constitutive parameters: E = Young’s modulus, v = Poisson’s
ratio, f; = tensile strength, G ¢ = average mode I fracture energy, and hg = FPZ width. In this
study, we consider the tensile strength and fracture energy to be spatially random variables, which
are mutually independent. The remaining parameters are treated to be deterministic. To model the
spatial distribution of random variables, we generally need to know their probability distributions as
well as the spatial correlation functions. For quasibrittle materials, the correlation length of random
strength and fracture properties was estimated to be approximately similar to the width of the FPZ
[14]. Since the focus of this study is on the case of mesh sizes that are larger than the FPZ width,
we can ignore the spatial correlations of tensile strength and fracture energy. What remains to be
determined are the probability distribution functions of tensile strength f; and average fracture energy

G;.
4.1 Probability distribution of average fracture energy

Based on Eq. 4, G r represents the average of the fracture energies of all the FPZs formed in the element.
It is evident that the probability distribution of G 7 is governed by the probability distribution of the
fracture energy G; associated with an individual FPZ, which is considered as a material property. In
this study, we consider the fracture energy G follows a Gaussian distribution of a mean value ug
and coefficient of variation (CoV) wg. The choice of the Gaussian distribution is motivated by the
fact that the fracture energy associated with a macrocrack can be considered as the sum of the energy
dissipations of all microcracks inside the FPZ, which are intrinsically random. It is admitted that one



issue with the Gaussian distribution for fracture energy is that it permits negative values. However,
this issue is not important for most stochastic analyses since the chance of sampling a negative fracture
energy is extremely low.

As mentioned earlier, we consider the fracture energies of FPZs to be statistically independent.
Since the fracture energy of a single FPZ is taken as Gaussian, we can conclude that the probability
distribution of the average fracture energy G ¢ must also be Gaussian. The mean and CoV of G f can
be written by

he =BG (16)
wa 2

~ = —Alky—1 1—k 17
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It is clear that the mean of average fracture energy is not affected by the damage pattern but the CoV
is. Therefore, as the damage pattern evolves during the loading process, the probability distribution
of the average fracture energy could change. Furthermore, it is noted that, depending on the damage
pattern, the CoV of the average fracture energy could vary with the mesh size. For instance, if
the element exhibits a diffused damage pattern, the CoV of G would decrease significantly with an
increasing mesh size.

4.2 Probability distribution of tensile strength

To derive the probability distribution of tensile strength, we consider a damage zone of width hg formed
in the element (Fig. 3b). Note that this damage zone could contain several FPZs if the damage is
not fully localized. In deterministic analysis, what matters only is the size of the damage zone, and
the tensile strength of the element is equal to that of the damage zone. This is why we only consider
energy regularization of the constitutive model, where the tensile strength of the element is set to be
the material’s tensile strength. However, this is not the case for stochastic analysis. Here we need to
take into account the fact that the location of the damage zone is intrinsically random. In a given
element, the actual damage zone will occur at the location where the tensile strength is minimum.
Once one damage zone is formed and undergoes softening damage, the remaining part of the element
experiences elastic unloading. Therefore, the tensile strength of the element is equal to the minimum
of the tensile strengths of all the potential damage zones.

Based on the foregoing discussion, the probability distribution of f; can be described by a weakest-
link model. Since the size of the damage zone is considered to be larger than the autocorrelation
length of the random field of tensile strength, the cdf of f; can be calculated using the joint probability
theorem, i.e.:

Pia)=1-[1- P ()" (18)

where ny = number of potential damage zones in the element, and P (x) is the cdf of tensile strength of
each damage zone. Depending on the damage pattern, the damage zone may consist of several FPZs.
Therefore, the cdf of tensile strength of a damage zone, P;(z), cannot be considered as a material
property. Instead, it should be derived from the cdf Py(x) of tensile strength of a single FPZ, a basic
material property.

In a series of recent studies [8, 5, 20, 4], a mechanistic model was developed for the strength
distribution of FPZ. Based on the atomistic fracture mechanics and a statistical multiscale transition
model, it was shown that Py(x) can be described by a Gaussian distribution onto which a power-law
tail is grafted on its left, i.e.:

1 exp(—(a/s0)™) ~ (x/s0)™ (2 < 0) (198)

Py + Tf0 e*(z/*“0)2/253dx/ (x> a:go) (19b)
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where mqg and sg are the Weibull modulus and scale parameter of the Weibull tail, respectively, uo
and g are the mean and standard deviation of the Gaussian core if considered extended to —oo; g is
a scaling parameter required to normalize the grafted cdf such that P;(c0) = 1, x40 = grafting stress,
and Py = (z40/50)™° = grafting probability. We impose the continuity of the probability density
function (pdf) at the grafting point, i.e. [dP;/dz] [dPl/da?]xfo.

Now consider the damage zone contains ny number of FPZs. Sgince the damage zone is featured by
a diffused damage pattern, it is reasonable to consider the strength of the damage zone as the average
of the random strengths of all the FPZs inside it. It has been shown that, if the strength of one FPZ
follows a Gauss-Weibull grafted distribution, the average of the FPZ strengths could also be described
by the same type of distribution (Eqgs. 19a and 19b) but its parameters carry different values [21].
The grafted distribution Pj(x) of the average tensile strength can be defined by the following four
parameters:

+ pr—
T 40

H1 = Ho (20)
S 1/2
w1:—0 kb—1+(nb+1—kb)2 (21)
HoTy
my = kbmo (22)
Py1 = (Pyo/ks)" (23)

where p11, w; = mean and CoV of the Gaussian core of the grafted distribution function Pj(x), respec-
tively, m; = Weibull modulus of the left tail of Pi(z), and Py = grafting probability at which the
Weibull tail of P;(z) terminates.

What remains to be defined is the number of potential damage zones, ny. We note two different
scenarios: 1) damage initiates and develops in the current element, and 2) the damage of the current
element is caused by the propagation of a localized damage from a neighboring element. These two
scenarios have different implications for stochastic analysis. In the first scenario, the location of the
damage zone is random, which is dictated by the minimum tensile strength of the potential damage
zones. Therefore, we have ny = hy/nyhg. In the second scenario, the location of the damage zone is
no longer random, but is determined by the damage zone that was formed in the neighboring element.
In this case, we have ny = 1. Here we use the second localization descriptor 4,2 to differentiate these
two scenarios and express ny by

np= 1y <1— i > [<5w2_5t2>r (24)

~ mpho nyho Om2 — 012

Eq. 24 indicates that, in the absence of propagating damage, the number of potential damage zones
at damage initiation is equal to hq/nyhg. As the effect of propagating damage becomes pronounced,
the value of n; would approach 1.

4.3 Sampling of tensile strength and average fracture energy

Based on the foregoing discussion, it is clear that the cdfs of tensile strength f; and average fracture
energy G s are intimately related to the prevailing damage pattern. Consequently, the formulations of
these cdfs are coherent with the energy regularization of the constitutive law (Eq. 3). In general, the
damage pattern of the structure could evolve during the loading process. A common example is the
transition from a diffused damage pattern to the initiation and propagation of localized damage. In
the present framework, this implies that the cdf of tensile strength and average fracture energy would
vary during the loading. In the FE simulation, this is manifested by the adjustment of the tangential
stiffness tensor for every time step.

In the numerical implementation, we first generate two independent uniformly distributed random
variables u1, us, which range from 0 to 1, for each element. For fixed values of u; and wuo, we calculate



the corresponding tensile strength and average fracture energy by

Gf ZN_l(Ul) (25)
fe =P (ug) (26)

where N (x) = Gaussian distribution function of the average fracture energy, which has a mean of us
and a CoV of wg, and Pi(x) = cdf of tensile strength (Eq. 18).

As mentioned earlier, here we treat strength and fracture energy of each FPZ to be independent
random variables, which is a simplification. It may be expected that the random tensile strength
and fracture energy of quasibrittle materials could exhibit some statistical correlation. However, this
correlation is not well understood yet, and very limited experimental data is available. It is noted that
the present model can be extended to model correlated fracture energy and tensile strength. In this
case, we need to first derive the correlation between the average fracture energy G ¢ and tensile strength
f+ of the finite element based on the correlation of the input fracture energy and tensile strength of
one FPZ. The correlated Gf and f; can then be sampled by using the Nataf transformation [15].

Since the cdfs of the tensile strength and average fracture energy may vary due to the evolving
damage pattern, Eqs. 25 and 26 indicate that the sampled G ¢ and f; could change during each time
step, which directly affects the tangential stiffness tensor. Here it should be emphasized that the input
basic material properties are the probability distributions of fracture energy and strength associated
with a single FPZ. The tensile strength f; and average fracture energy G ¢ are not material properties,
but represent the behavior of the finite element. They depend on the damage mechanism and therefore
could change over the loading process.

We note that the present formulation of the cdfs of tensile strength and average fracture energy
relies on the localization parameters d,,1 and §,2. Both parameters are calculated based on the damage
variable w. Therefore, it is important to discuss the initial values of é,1 and d,,2 before damage initiates.
In this study, we consider d,1 = d.,1, and d,2 = 0 as the initial values. The reason for §,5 = 0 is obvious
since there is no propagating damage at the initial undamaged state. To determine the initial value
of d,1, we consider the earlier 1D analysis of the uniaxial tension specimen (Sec. 2). It is obvious
that, in this simple example where damage localization occurs right away as damage initiates, we
must set initial value of d,1 to d,,1. In a general case, damage localization may not occur immediately.
However, choosing d,1 = 0,1 as an initial condition has a minimal effect on the simulation results.
This is because, as soon as damage initiates, the model would predict the correct prevailing damage
pattern, and immediately adjust the localization parameters.

5. Numerical Study
5.1 Description of Analysis

The present model is now applied to simulate the probabilistic failure behaviors of three-point and
four-point bend specimens. The simulations are performed in an open-source FEM software (OOFEM)
[28]. For the three-point bending test, the beam has in-plane dimensions of 7.5 mm (length) x 2.5
mm (depth). Both notched and unnotched specimens are considered (Fig. 6a and b). For notched
specimen, the notch depth is 50% of the beam depth, and the notch width is equal to hy/2 (Fig. 6b),
where hg = crack band width. The four point bend beam has a total span of 11.25 mm and depth of
2.5 mm. The span between the two loading points is 7.5 mm. Only the unnotched beam is considered
for the four-point bending test (Fig. 6¢). All specimens are modeled by 2D plane stress elements
of thickness of hg. To avoid premature compressive failure, the finite elements in the vicinity of the
loading points and supports are modeled to behave elastically.

We consider the beams to be made of a dense alumina ceramic with Young’s modulus £ = 370 GPa
and Poisson’s ratio v = 0.24. The width of the FPZ, hg, is set to be 37.5 um, which is a few times the
average grain size of the material. The input probability distribution of the fracture energy of a single
FPZ follows a Gaussian cdf with mean g = 50 J/m? and CoV wg = 0.15. The tensile strength of the
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FPZ follows a Gauss-Weibull grafted distribution (Egs. 19a and 19b) with the following parameters:
po = 200 MPa, o9 = 30 MPa, mg = 30, and P,y = 5 X 1073. Fig. 6d shows the mean uniaxial tensile
stress-strain curve of the material.

In the simulation, the specimen is loaded in the displacement-controlled mode, from which the
entire load-displacement curve is obtained. The stochastic simulations yield the mean and standard
deviation of the peak load, denoted by P, and dp, which are the two most critical parameters for
reliability-based design. The main objective of this numerical analysis is to evaluate the performance
of the present model for mitigating the spurious mesh sensitivity in stochastic FE analysis, and also
to investigate the role of mechanism-based modeling of the probability distributions of fracture and
strength properties. To this end, we consider the following three probabilistic models for comparison
purposes:

I. The present model, where the tensile strength and fracture energy are sampled from the distri-
butions of Eqs. 25 and 26 respectively, which are constantly updated based on the prevailing
damage pattern through parameters ny and np.

II. The weakest-link model for the tensile strength, i.e. P, =1 — (1— Po)hl/ ho where P, is the
tensile strength distribution of one FPZ. The weakest-link model is based on the assumption
of structural failure with initiation of damage localization, and therefore the average fracture
energy is considered to be the same as the fracture energy of a single FPZ, which follows a
Gaussian c¢df N (pug, wa).

III. The constant distribution model, where the material properties of tensile strength and fracture
energy are sampled from a Gauss-Weibull grafted cdf P, = Py (10, mo, 0o, Pyo), and a Gaussian
distribution NV (ug, wg), respectively. In this model, the statistical parameters do not depend
on the element size.

In all of the aforementioned models, we implement the energy regularization scheme described in Sec.
3 so that the constitutive model is regularized to ensure the correct energy dissipation. Therefore, the
resulting mesh dependence of FE simulations can be attributed to the treatment of the probability
distributions of constitutive properties, a key point of this study.

In the simulation, all beams are discretized by a uniform mesh consisting of quadrilateral bilinear
elements with full Gauss integration. To investigate the mesh dependence, three different mesh sizes
are considered: the reference case with dimensions of finite elements h, = ho and h, = hg, where
subscripts z,y, denote the directions of the beam span and depth respectively, and two other coarser
meshes with h, = 2hg and h, = 4hg whereas h, is kept to be hg. The mesh lines are aligned
approximately with the direction of overall damage growth. Therefore, the element size hy along the
principal direction is approximately equal to h,. For the notched beams, the element at the notch tip
is trapezoidal, with the upper base being h, and the lower base being the notch width.

For each specimen geometry, we perform a large number of stochastic simulations to obtain con-
verged results of the mean and standard deviation of the peak load. For each of the three models,
the parameters of the energy regularization function (d;1, 02, &, A) are calibrated to suppress the mesh
dependence of the mean peak load P,, of the unnotched three-point bend beams. The choice of this cal-
ibration case is based on the fact that, as compared to the other geometries, the unnotched three-point
bend beam exhibits a more complicated failure mechanism transitioning from diffused damage to lo-
calized damage. Once calibrated for a given material and modeling approach, the values of parameters
01, 0s2, K, and X are kept fixed for other different structure geometries and loading configurations.

5.2 Unnotched beams under three-point bending

In this section we investigate the simulated peak load of unnotched beams under three-point bending.
Figs. 7a and b present the mean and standard deviation of the peak load calculated from 500 stochastic
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simulations, where the random tensile strength and average fracture energy are sampled using models
I-TII. As mentioned earlier, parameters d;1, 02, k, and X\ are calibrated separately for each model
such that the mesh dependence of the mean response of the unnotched three-point bend beams is
mitigated, as shown in Fig. 7a. In the calibration of each model, we use the mean peak load calculated
for h, = hg as the benchmark solution. The model parameters are then determined by minimizing the
mean squared deviation (MSD) of the mean peak loads calculated for h, = 2hg and h, = 4hgy. Fig. 7a
shows the predicted mean peak loads for different mesh sizes by using the three models. The MSDs
for models I-11IT are 2.1%, 2.9%, 1.6%, respectively, and the optimum values of the model parameters
are found to be 61 = 02 = 0, Kk = XA = 1 for model I and model III, whereas d;1 = d;0 = 0.7, k = A =1
for model II.

Based on Fig. 7b, we observe that the present model gives the best result with a maximum dif-
ference of 11% in the predicted standard deviation between the reference mesh and the coarse mesh.
Model III yields a maximum difference of 16%, and model II results in the worst performance with
a maximum difference of 54%. The mesh dependence of the simulated standard deviation §p can be
understood based on the failure mechanism of the beam. The randomness of material properties nat-
urally causes randomness in the number of damaged elements as well as in the location of macrocrack
initiation. However, the randomness does not affect the prevailing damage mechanism when the peak
load is reached. At the peak load, the beam contains a microcracking zone, from which a macrocrack
initiates (Fig. 8). Inside this zone, the elements experience more of a diffused damage pattern rather
than localized damage. Fig. 8 further shows that the size of the microcracking zone is mildly affected
by the mesh size.

The peak load is closely related to the energy dissipation of all the elements in the diffused mi-
crocracking zone. Therefore, the statistics of the overall peak load reflects an averaging effect of the
random properties of the finite elements inside the zone. Since the size of the microcracking zone is
approximately constant, a coarser mesh implies a smaller number of finite elements in the zone. It is
expected that, in order to attain mesh-independent statistics of the maximum load, we must change
the randomness of the constitutive properties of the finite elements as the mesh size varies.

The present model captures the averaging effect because the probability distributions of the
strength and fracture properties depend on the localization parameters, which quantify the actual
damage pattern of the element. For the elements in the diffused damage zone, the present model
predicts small values of d,,1 and §,2, and therefore the cdfs of tensile strength f; and average fracture
energy G 7 are dependent on the mesh size. The CoVs of both tensile strength and average fracture
energy decrease with an increasing mesh size. This mesh dependence of random properties helps
reduce the mesh dependence of the calculated statistics of the peak load.

For model III, where the input cdfs of f; and G ¢ are made mesh-size independent, the predicted
standard deviation dp shows a more pronounced mesh dependence than that predicted by the present
model. The difference in the results predicted by the present model and model III is not significant
over the range of the mesh sizes considered in this study. However, this difference is expected to be
more pronounced if we use a larger mesh size. It should also be pointed out that, though model III is
convenient to use, it is only applicable to the case of propagation of localized damage.

In this numerical example, the most significant mesh dependence of dp is found in model II, where
the cdf of tensile strength is modeled by the weakest-link model regardless of the damage pattern.
The weakest-link model corresponds to the scenario of fully localized damage, which is clearly not
the case in the present simulation. The weakest-link model implies a significant decrease in the mean
tensile strength with an increasing mesh size, which leads to a decrease in the mean peak load as the
mesh size increases. In order to mitigate this mesh dependence, we increase significantly the values
of §;1 and dso. This implies that, for a wide range of d,1 and d,2, the model would predict a fully
diffused damage pattern and therefore a maximum value of ny. In this case, the energy regularization
scheme gives the maximum increase in the energy dissipation with an increasing mesh size, which
compensates the decrease in the mean tensile strength. Therefore, the model overestimates n;. By
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using a mesh-size independent cdf of the average fracture energy, the model grossly over-predicts the
standard deviation of the peak load.

The foregoing analysis indicates that the performance of models II and III is largely affected by
the prevailing damage mechanism. In the present case, the material is not sufficiently brittle and
therefore a microcracking zone of considerable size is formed prior to the peak load. This makes
model IIT outperform model II. To further demonstrate the role of damage mechanism in the modeling
of the probability distributions of constitutive properties, we simulate the same beam but with a
reduced mean fracture energy ug = 15 J/m?, whereas the other statistical properties of strength and
fracture energy are kept the same. In this case, the material is more brittle, and at the peak load the
beam experiences a more localized damage. When changing the material properties, we recalibrate the
model parameters to mitigate the mesh dependence on the mean behavior, which gives §;1 = §;0 = 0.6,
k = 1, A = 1 for the proposed model, §;1 = 05 = 0.7, K = 1, A = 1 for model II, and d;; = 2 = 0,
k =1, A =1 for model III.

Fig. 9 presents the mesh size dependence of the output mean and standard deviation of peak load
for all three models. It is seen that, for all three models, the mesh dependence of the mean behavior
can be mitigated by calibration of the model parameters. For the output standard deviation dp,
now the present model and model II show mild mesh dependence, and model III yields strong mesh
dependence. The performances of models II and III in this case are opposite to what we observed in
the previous case with a higher mean fracture energy. This difference is due to the fact that in this
case the beam shows a more localized damage pattern, which favors the weakest-link model of tensile
strength. The foregoing analysis indicates that models II and III lack of robustness since they are only
suitable for some particular damage patterns. On the contrary, the present model gives a consistent
performance for both cases because the formulation of the cdfs is tied to the damage pattern.

5.3 Notched beam under three-point bending

The second numerical study is concerned with a pre-notched beam under three-point bending. The
material and size of the beam are the same as that used in the first example (g = 50 J/m?) except
that now the beam has a pre-existing notch at the midspan, and the notch depth is 50% of the beam
depth. The presence of the notch causes a significant stress concentration and therefore the location
of damage initiation is almost deterministic. Evidently, damage localization has occurred at the peak
load. Therefore, it is expected that the energy regularization will essentially be the same as the crack
band model [7].

For the notched beam, there is a FPZ formed at the notch tip when the peak load is attained. In
the present numerical model, the formation of FPZ is characterized by sequential damage of a column
of elements above the notch tip. Therefore, the primary failure mechanism of this specimen is the
propagation of localized damage. It is well expected that the present model and model I1II would yield
a good result, whereas the simulation by model II would exhibit pronounced mesh dependence.

Fig. 10 shows the predicted mean and standard deviation of the peak load for different mesh sizes.
It is seen that the proposed model and model III give very similar results, which show weak mesh
dependence. This is because, for the aforementioned failure mechanism, the present model essentially
converges to model III except for the strength cdf of the element right above the notch tip. Since the
FP7Z consists of many elements, the difference in strength cdf of one element does not have a significant
effect on the statistics of the overall peak load.

The simulation by model II yields pronounced mesh dependence in the predictions of both mean
and standard deviation of the peak load. The simulation by model IT shows that the mean peak
load decreases considerably with an increasing mesh size. This behavior is due to the fact that the
weakest-link model of the tensile strength implies a decreasing mean strength with an increasing mesh
size. As the mesh size increases, the predicted standard deviation dp first increases and then shows
a significant decrease. To explain this non-monotonic behavior, we first note that, due to the spatial
distribution of random strength and fracture energy, it is possible that elements next to the crack
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ligament experience slight damage. As mentioned earlier, the calibrated thresholds d;;, d:s for model
II are very close to their maximum values. Consequently, the model erroneously predicts a diffused
damage pattern. Similar to the case of unnotched beams, this leads to an increase in the standard
deviation of the peak load. On the other hand, model II indicates that the standard deviation of
the tensile strength decreases considerably with an increasing mesh size. This causes the standard
deviation of the peak load to decrease as the mesh size increases. The observed mesh dependence of
dp is a consequence of the competition of the aforementioned two effects. For the case of h, = 2hg,
the first effect is dominant while the second effect overrides the first effect for the case of h, = 4hy.

To further reinforce the foregoing discussion, we perform the simulation by using model II with
smaller thresholds d;1 = d;2 = 0.6. Fig. 11 shows the simulation result together with the aforemen-
tioned model II prediction. It is seen that both the mean and standard deviation of the peak load
simulated by using ;1 = 0o = 0.6 are lower than those simulated by using 61 = 0o = 0.7. Mean-
while, with decreased values of d;1 and &s2, both the mean and standard deviation of the peak load
decrease significantly with an increasing mesh size. These observations are attributed to the fact that,
by decreasing the thresholds, the model correctly predicts the localized damage pattern (i.e. n, = 1).
The observed mesh dependence on peak load is solely due to the mesh dependence of the statistics of
tensile strength.

5.4 Unnotched beam under four-point bending

The last numerical example considers an unnotched beam under four-point bending. In the elastic
range, the bending moment is constant between the two loading points. Therefore, we expect that,
prior to the formation of localized macrocracks, the specimen would experience a more diffused damage
pattern as compared to the case of three-point bending. The material properties are the same as these
used in the first numerical example. In the simulation, the beam is loaded through two contacts of
a rigid plate, which is pushed down in a displacement control mode at its mid-point (Fig. 6c¢). For
each sampling model (models I-IIT), the mean P,, and standard deviation dp of the peak load are
calculated through 400 stochastic simulations.

Figs. 12a and b present the simulated mean and standard deviation of peak load of the beam with
respect to the element size h,, for all three models. It is seen that all models are able to effectively
mitigate the mean size effect. For the mesh dependence of ép, it can be seen that the present model
is able to provide an almost mesh-insensitive result. The prediction by Model III shows a mild
mesh dependence with a maximum deviation of 7% between the reference mesh and the coarse mesh,
which is lower than the case of three-point bending. This can be attributed to the fact that in four-
point bending the beam first exhibits a large microcracking zone, and subsequently there are several
macrocracks initiating from this zone (Fig. 13). Therefore, the statistics of the peak load is governed
by the energy dissipation of the microcracking zone as well as the formation of the macrocracks.
Since the sampling method of model III is suitable to describe the damage propagation mechanism,
it results in weaker mesh dependence than the case of three-point bending of unnotched beams, in
which only one macrocrack initiates from the microcracking zone. Nevertheless, due to the use of a
mesh-independent cdf of the average fracture energy, model III over-predicts the randomness of the
energy dissipation of the microcracking zone, which is responsible for the observed increasing trend
of the standard deviation dp over the increasing mesh size. It is expected that the mesh dependence
would become more pronounced if we use a larger mesh size.

The prediction by model II still suffers strong mesh dependence, though milder than the first
example of three-point bend beam. This is because, under four point bending, the beam experiences a
more diffused damage pattern before localized damage initiates. Therefore, in this case the calibrated
parameters of model II do not grossly over-predict the value of n; as it does in the case of three-
point bending. However, since the input cdf of the average fracture energy is mesh independent, the
predicted standard deviation §p consistently increases with the mesh size.
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5.5 Further discussion

The analysis of uniaxial tension specimen in Sec. 2 features a case of purely localized damage occurring
at a random location. This case demonstrates the deficiency of using a mesh-independent strength cdf
(i.e. model III). In the numerical study, the unnotched three-point bend and four-point bend beams
exhibit a transition from diffused microcracking to formation and propagation of localized damage.
This transition is largely affected by the brittleness of the material and the structure geometry. The
notched specimen experiences localized damage right away at a predefined location. It is seen that,
with one set of model parameters calibrated to suppress mesh dependence of the mean behavior for
one geometry, the present model can effectively mitigate the mesh dependence on both the mean and
standard deviation of the peak loads for other different structure geometries. By contrast, models 11
and III perform well only for some particular cases.

The probabilistic model of constitutive properties has a profound influence on the mesh dependence
of the stochastic FE simulations. The selected probability distributions of strength and fracture
properties reflect some certain damage mechanism. The mesh dependence of FE simulation can be
attributed to the mismatch between the actual damage pattern in the structure and that implied
by the probabilistic distributions. By using the fixed forms of probability distribution functions, the
stochastic model severely lacks robustness since it is only applicable to a certain structure geometry
and loading configuration. Therefore, it is crucial to sample the random constitutive properties from
the cdfs that correspond to the prevailing damage pattern, which is the key feature of the present
model. This feature makes the model applicable to different structure geometries exhibiting different
damage mechanisms.

The foregoing discussion also indicates that, to validate a stochastic computational model even for
a single failure mode (e.g. tensile failure), one would need histogram testing of specimens of different
geometries featuring different damage patterns. Using specimens of one geometry is not sufficient to
examine the validity of probabilistic distribution models of the constitutive parameters. Such a partial
validation could severely limit the robustness of stochastic model.

In this study, we limit our attention to the case where the mesh size is larger than the spatial
correlation length of the random constitutive properties, and therefore the spatial correlation is ignored.
In a more general setting, we may model the spatial randomness of the constitutive properties as
continuous random fields [34, 33, 12]. In stochastic FE simulations, the essential step is to map
the continuous random fields to the finite element mesh. The mapping algorithm greatly affects the
statistics of the constitutive properties of the finite element mesh. The results of the present study
indicate that this mapping must be consistent with the prevailing damage pattern of the element,
which is essential for suppressing the mesh dependence of the simulation results. In fact, the present
model represents this mapping algorithm in a limiting case, where the mesh size is sufficiently large so
that the correlation structure of the random field is ignored. A general mechanistic mapping algorithm
will need to be developed to cover the case of small mesh sizes.

6. Conclusions

e Stochastic FE simulations of quasibrittle structures can exhibit strong mesh dependence of the
statistics of structural response. To mitigate this mesh dependence, it is essential to consider two
aspects: 1) energy regularization of the constitutive model, and 2) mechanism-based modeling of
the probability distributions of the constitutive properties. These two considerations stem from
the viewpoint that each finite element is regarded as a material element of finite size. Therefore,
in FE simulations the constitutive model does not represent the property of a material point,
but the behavior of a finite-size material element.

e Two localization parameters are proposed to describe the damage patterns of the finite element.
These parameters are used to formulate the energy regularization scheme and the probability
distribution functions of the strength and average fracture energy of the element. Consequently,
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the energy regularization and sampling of random strength and fracture energy are governed by
the prevailing damage pattern, which could evolve during the loading process. This results in
the adjustment of the tangential stiffness tensor at each time increment in the FE simulation.
The present model is applicable to different damage mechanisms, which include purely localized
damage, purely diffused damage, as well as the transition from diffused damage to localized
damage.

The numerical analysis of the statistics of load capacities of different structures demonstrates
the critical role of consideration of the damage mechanism in the sampling of the random consti-
tutive properties. By deriving the probability distributions of constitutive properties based on
the damage mechanism, the present model is able to effectively mitigate the mesh dependence
in stochastic simulations of structures of different geometries, which feature different failure pro-
cesses. On the contrary, if a fixed set of probability distribution functions is used, the stochastic
computational model would be applicable only to certain structural geometries and loading sce-
narios, where the damage mechanism corresponds to the assumed probability distributions of
the constitutive properties.
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