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Highlights

* A new sensitivity analysis method called MMADS is developed.
* MMADS extends Morris method from parameter space to parameter-model space.

* MMADS addresses uncertainty in both process model structures and model parameters.
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Abstract

Process-based models have been widely used for hydrologic modeling, and it is a common
practice to use sensitivity analysis methods for excluding non-influential hydrologic processes
from further investigation and/or model improvement. This study develops a new method called
multi-model absolute difference-based sensitivity (MMADS) analysis method to screen non-
influential system processes and parameters. MMADS is conceptually similar to the Morris
method for addressing parametric uncertainty, but has a unique feature to address both process
model uncertainty (i.e., a process may be represented by multiple process models) and process
model parameter uncertainty (i.e., parameters associated with a process model are random).
MMADS first evaluates absolute differences of a quantity of interest (i.e., a system model
output) by varying process models and/or process model parameter values, and then calculates
the mean and variance of the differences for investigating process influence. The mean measures
overall influence of the process on the quantity of interest, and the variance estimates influence
of nonlinear effects of the process and/or its interactions with other processes. MMADS is an
extension of the Morris method from a parameter space to a joint parameter-model space for
explicitly addressing both process model uncertainty and model parameter uncertainty. The
performance of MMADS is evaluated by using two numerical experiments. One experiment is
based on Sobol’s G*-function with ten product elements, and has analytical solutions of the
MMADS mean and variance of absolute differences. The other experiment is for groundwater
flow modeling which considers three processes (i.e., recharge, geology, and snowmelt) that
interact with each other. Results indicate that MMADS is computationally efficient and can
identify non-influential processes of complex hydrological systems.

Keywords: Model uncertainty, Process sensitivity, Non-influential process, Morris method
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1. Introduction

Process-based hydrological modeling has been widely used over the last couple of decades
for understanding and predicting behaviors of hydrological and environmental systems (Clark et
al., 2015a, 2015b; Gorelick and Zheng, 2015; Singh, 2018). These systems are often open and
complex, and involve a number of processes and process interactions (Brenner et al., 2018; Clark
et al., 2015¢). Beven (2002) noted that “the development of more and more complex models that
incorporate more and more detail about processes, but which introduce more and more
parameters that must be calibrated, does not appear to be the future”. It is also unnecessary to
include all system processes and process interactions, because it happens often that only a subset
of processes exerts a strong influence on system behaviors. It is a common practice in hydrologic
and environmental modeling to first identify non-influential processes and process interactions,
and then to exclude them from model development and/or improvement (e.g., Singh, 2018; Zeng
et al., 2018; Ciric et al., 2012; Ketema and Langergraber, 2015). This is called Factor Fixing
setting by Saltelli et al. (2004; 2008) in a statistical context. Sensitivity analysis has long been
used for factor fixing setting to identify non-influential model parameters by investigating
relations between model parameters and model outputs (Becker et al., 2018; Devak and Dhanya,
2017; Huo et al., 2019; Haan, 1989; Pianosi et al., 2016; Song et al., 2015; Sobol’ et al., 2007;
Razavi and Gupta, 2015; Razavi et al., 2021). This concept can be extended to identify non-
infleuntial proecess based on the idea that a process is considered to be non-influential if model
parameters associated with the process are identified as non-influential (Markstrom et al. 2016;
Sheikholeslami et al. 2021). A widely used method of parameter sensitivity analysis method is
the derivative-based Morris screening method (Morris, 1991). Although the Morris method is

theoretically less rigorous and practically less quantitative than Sobol’s variance-based methods
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(Wainwright et al., 2014; Feng et al., 2019), it is conceptually straightforward and
computationally efficient for screening non-influential parameters. This study uses the design
ideas of the Morris screening method, but extends the ideas to consider not only parametric
uncertainty but also process model uncertainty.

Consider a hydrological system composed of two interacting processes A and B as shown in
Fig. 1. In the conventional way of developing a system model to represent the system, as shown
in Fig. 1, a system process (or a process for brevity) is represented by a single process model.
For example, process A is represented by process model Ma(04), where Ma denotes the process
model and 04 is the model parameter, a vector of multiple parameters that are always treated as
random variables. Integrating these process models gives a single system model M. This concept
of single-model representation of a system and its processes (and process interactions) has

become questionable when process model uncertainty arises, i.e., available data and knowledge

support multiple process models to represent a process, e.g., process model M) (@) and

M3(0%) for process A, as illustrated in Fig. 1. In a modular modeling framework to form a

system model by integrating process models, process model uncertainty leads to system model
uncertainty, i.e., multiple alternative system models (M1, M>, ...) are all plausible. An example of
this is given in Fig. 3 of Clark et al. (2015a) that introduced the structure for unifying multiple
modeling alternative (SUMMA) approach. Other examples of surface water and groundwater
modeling are given in Clark et al. (2008), Ye et al. (2010; 2016), Lu et al. (2015), Elshall and
Tsai (2014), Chitsazan and Tsai (2014), and Haghnegahdar et al. (2017). Since modeled system
behaviors depend on the choice of process models, influence of a process on a system output

(e.g., hydraulic head) is likely to be different when the process is simulated by different process

Page 5



69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

models. Without considering process model uncertainty and only considering parametric

uncertainty, identification of non-influential process may lead to biased results.

This study tackled the following question: can we correctly screen out non-influential
processes if we are not certain about the choice of process models and model parameters? A key
to answering this question is how to consider model uncertainty for identifying non-influential
processes. Hydrologic model uncertainty has been studied for about two decades (Beven, 2002;
Bredehoeft, 2003, 2005; Neuman, 2003; Poeter and Anderson, 2005), and there has been a
number of studies on investigating influence of a process under multiple system models (Herman
et al., 2013; Baroni and Tarantola, 2014; Savage et al., 2016; Dai and Ye, 2015; Dai et al.,
2017a, 2017b, 2019; Mai et al.,, 2020; Dell'Oca et al., 2020). All these methods are
computationally expensive, as they require Monte Carlo simulations in a parameter space to
approximate variance (or other statistical moments) of a quantity of interest. Although
computational cost can be reduced by various approaches (see the review article of Razavi et al.,

2021), a large number of model executions are still needed.

This problem of high computational cost may be avoided if one is only interested in
screening out non-influential processes rather than ranking system processes. Based on Morris’
one-factor-at-a-time concept, Van Hoey et al. (2014) developed a method to vary model
components one at a time. A model component was defined by Van Hoey et al. (2014) as “a
conceptual description of a subprocess of the entire model”, which appears to be equivalent to a
system process that is of interest to this study. The method of Van Hoey et al. (2014) applied the
method to multiple alternative models of a process for evaluating the mean of absolute
elementary effects, denoted as x*, an important term of the Morris method as discussed in

Section 2.1. The x* values of any two alternative process models are plotted in a so-called
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“evaluation chart”, and the chart is used to evaluate impacts of process models on model outputs
or model evaluation metrics. While this method is conceptually straightforward and easy to
implement, it performs sensitivity analysis on individual system models, and does not explicitly
consider impacts of process models on model outputs, because the method does not evaluate
variation of model outputs caused by changing from one process model to another process
model. In other words, the method of Van Hoey et al. (2014) is still for a parameter space within
a single system model, but not for a joint parameter-model space across multiple system models.
The goal of this study is thus to develop a new method, called multi-model absolute
difference-based sensitivity (MMADS) analysis method, which expands the design ideas of
Morris screening method from a parameter space to a joint parameter-model space. MMADS
evaluates not only the differences of a model output due to varying model parameter values but
also the differences due to varying process models. After the differences are evaluated for each
process, their mean and variance are calculated and used to identify non-influential processes.
The calculation of mean and variance in the model space is based on model averaging methods
that have been used in the hydrologic community for several decades (Beven, 2002; Neuman,
2003; Ye et al., 2004; Poeter and Anderson, 2005). A process with both small mean and small
variance is considered to be non-influential. A small mean indicates small differences of model
output when changing process models and process model parameter values. A small variance is
resulted from a lack of nonlinear effects and/or interactions between process models and/or
process model parameter values. Similar to the Morris screening method, the MMADS method is
computationally efficient, and this makes MMADS appealing to real-world applications for
identifying non-influential processes. Two numerical examples are employed to evaluate

performance of MMADS. One example is based on a Sobol’s G*-function with ten product
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elements (each element representing a process), and has analytical expressions for the mean and
variance of MMADS. The other example is for groundwater flow modeling with three
interacting processes related to recharge, geology, and snowmelt. Robustness of MMADS,

effects of process model weights, and limitations of MMADS are also discussed in paper.

2. Background, Definitions, and Conceptualization
2.1. Morris Screening Method for Parameters of a Single Model

To better understand the rational of developing the MMADS method, we start by briefly
revisiting the Morris screening method for addressing parametric uncertainty of a single system
model (Morris, 1991). Following Saltelli et al. (2004), we use y(x) to denote a model output
evaluated with k parameters, X = (x1, x2, ..., Xx). The range of each parameter is scaled (e.g., by
using its cumulative distribution) to the unit interval [0, 1], and the unit interval is then
partitioned into (p-1) equally sized intervals, where p represents the number of levels. The

Morris screening method evaluates the elementary effect (EE) via

EE = [V(Xsees Xy X+ O, X, ey X ) — Y(X)]
i 5 )

€]

where EE, is the elementary effect of the i-th parameter x;; O is a predetermined multiple of the

interval with the size of 1/(p-1); x=(x,....x

1

i-1> X X

i+1°°

.,Xx,) 1s the vector of the reference
parameter values, and each value is selected randomly from the set {0, 1/(p-1), 2/(p-1), ...,1}
except x; from the set {0, 1/(p-1), 1/(p-1), ...1-0} so that (x, +9) is still in range of [0, 1].

Randomly sampling x; gives a number of EE;, and three statistics of EE; are computed: the mean

(i) of EE;, the mean (") of absolute EE;, and the standard deviation (o) of EE;. As noted by
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Campolongo et al. (2007), u" is a better choice than u for detecting parameters that have
important overall influence on the output, because x4 avoids canceling out EE values with
opposite signs. The standard deviation, a;, is used to detect parameters that either have nonlinear
effects on the output or interact with other parameters to affect the output. A parameter with
small x* and o values is identified as non-influential. Since the Morris screening method is
qualitative in nature in comparison with other global sensitivity analysis methods such as Sobol’s
variance-based methods, it is commonly used for screening non-influential parameters, rather

than quantitatively ranking importance or influence of model parameters.

Fig. 2(a) is an illustration of evaluating the EE values based on a figure of Saltelli et al.
(2004). For the purpose of illustration, we assume that the system has two processes, denoted as
A and B, and that each process is represented by one process model, i.e., Ma for process A and
M3 for process B. We further assume that each process model has only one parameter, i.e., x4 for

My and xp for Mp. The system model is thus denoted as M ,(x,)UM ,(x,) by integrating

process models M and Mp. With the number of levels p = 5 and 6 = 1/4, a total of 20 EE values
are obtained for each parameter, i.e., the 20 black solid arrows for x4 and the 20 black dashed
arrows for xp, as shown in Fig.2(a). If all the 20 EE values are small and the variation of the 20
EE values is also small, the corresponding u* and o values are small. This indicates that the
model output changes slightly when parameter values change, and the parameter is non-
influential. A process is identified to be non-influential if its model parameters are identified to
be non-influential by the Morris screening method. If a process model contains more than one
parameter, the Morris screening method can be applied to a group of parameters associated with
the process (Saltelli et al., 2004).

2.2. Basic Ideas of MMADS Method
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Fig. 2(b) illustrates the design ideas of MMADS to consider both process model uncertainty
and parametric uncertainty. In line with Fig. 2(a), we still assume that the system has two

processes, A and B. To consider process model uncertainty, we assume that process A can be
represented by two alternative process models, M, and M. An example of this is the Penman-

Monteith method (Monteith, 1995) and the Hargreaves method (Hargreaves et al., 1985) for

estimating potential evapotranspiration. For the sake of illustration in Fig. 2(b), we assume that
each process model has only one parameter, i.e., parameters xz and xli for M), and M} ,
respectively. Similarly, process B also has two alternative process models, i.e., process model

M), with parameter x; and process model M, with parameter x;. As a result, we have four
system models denoted as M (x,)UM,(x,) , M, (x)UM;(x)) , Mi(x))UMy(x;) , and

Mi(xf‘)UM; (xlzg). It should be noted that the simple example of Fig. 2(b) with two processes

and one parameter for each process is only for illustrating the design ideas of MMADS.
MMADS is applicable to a real-world system that contains more than two processes, each of
which has more than one parameter.

To illustrate the MMADS design ideas, we first assume that parametric uncertainty does not
exist, i.e., the true values of the parameters xz , xj, x;, and xﬁ are known. In this case, MMADS

evaluates the absolute difference, dA, of the system model output, A, in the following two

situations under process model uncertainty:

(1) Transition between the two process models of process A, conditioning on model M 113 of
process B. The term “transition” is used here to represent the change within a process model

or from one process model to another process model. In our case, there are four transitions

between the two models of process A as follows:
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Ty, =M\ M, M, - M; M; > M, M, -~ M;}, where TMA denote the set of process

model transitions of process A and the symbol “ . ” denotes the transition. The absolute

difference, dA, of model output for each transition is evaluated, and then averaged over all

the four transitions to yield ETMA (dA|M}) (the way of calculating the average is discussed

below). The ETMA (dDA| M) term is conditioned on M}, and measures how the changes

between and within the two process models M, ={M,M;} of process A affect system
model output given process model M . Since there is no parametric uncertainty at this stage,
dA =0 for M\ -~ M) and M} M, and dA for M\ - M equals dA for M - M} .
These however are not the case when parametric uncertainty exists for the process models,

and more discussion on this is given later.

(2) Transition between the two models of process A, conditioning on model M ; of process B.
Repeating the calculation above for M, we have ETMA (dA| M) that is conditioned on M 5
and measures how the changes between and within the two process models, M, ={M |, M ;},
affect system model output given M ;.

For the two terms ETMA (dA|M}) and ETMA (dA| M}) obtained in steps (1) and (2), we calculate

the average E,(dd)=E, E, (dA|M,) for process A, which measures how the changes

between and within the two models of process A affect the system model output. Similarly, we

can also have E (dD)=E, E, (dA|M,) for process B, which measures how the changes

between and within the two models of process B affect system model output. If process A is more

influential than process B to the system model output, then E,(dA) should be larger than
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E,(dD). The calculation for the average, E(dA), of dA can be extended to a calculation for the

variance, V(dA), of dA, and its corresponding equation is given in Section 3.

Now let us consider parametric uncertainty, i.e., true parameter values are unknown but
parameter probability distributions are known. In this case, we use X to denote a set of parameter
values; the true parameter value, x, may be viewed as one realization of the random parameter.
As shown in Fig. 2(b), each parameter range is discretized into (p-1) equally sized intervals.

With the parametric uncertainty, dA # 0 for transition M, - M, because the transition means

changes from one point of Xi‘ to another point of Xi,. This parameter transition is denoted as

1

1
X, - X, , where x| and x|

.| are two points of Xi‘. In this case, dA may be denoted as

dA|(x,,M,, M\ - M,x, - x|, which reads as the difference of a system model output for

the parameter transition x| — x|' associated with process model transition M. - M}

conditioning on parameter value xg (one parameter realization from X; or XzB) of process model
Mp (M or M} ) for process B. Similarly, we can obtain the dA values for the other three

process model transitions in 7y, .

For each of the four process model transitions in TMA , there are multiple parameter

transitions due to parametric uncertainty, resulting in multiple dA values for a single process
model transition. We calculate the average of dA first over the parameter transitions within a
process model transition and then across the process model transitions conditioning on a specific

point x, of process model M. This gives E; (dA|x,,My)=E; E; , (dA|x,, M. T, T, ),

where 7, denotes a parameter transition of x4 for the process model transition TMA of process A.
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We further take average first over all parameter points (xg) and then over all process models (Mp)
of process B. This gives

E,(dD)=Ey, E, (dA|My)=Ey E, , E. E, , (dA|x;,M,.T, T, ) for process A. The

sIM g Ty Ty Mg

E,(dD) term for process B can be evaluated in the same way. The variance, V (dA), of dA for

process A can be evaluated in a similar way, and a general equation is given in Section 3.

E, (D), E,(dD), V,(dD), and V,(dA) are the most critical quantities of MMADS, and they

consider both process model uncertainty and model parameter uncertainty.

Fig. 2(b) illustrates the transitions between process models and between process model

parameters. Figs. 2(b1) and 2(b2) (the top row of Fig. 2(b)) shows the transitions conditioning on
parameter x}; of process model M ;. The red arrows in Fig. 2(bl) represent possible parameter
transitions x, — x ' for process model transition M, — M, and the blue arrows in Fig. 2(b2)
represent possible parameter transitions x; — x' for process model transition M ; — M. The
black arrows from Fig. 2(bl) to Fig 2(b2) illustrate possible parameter transition x|, — x; for
process model transition M} — M ;, and the green arrows from Fig. 2(b2) to Fig 2(bl) illustrate

possible parameter transitions x; — x) for process model transition M; — M. Similarly, Figs.

2(bl) and 2(b2) (the bottom row of Fig. 2(b)) show the transitions conditioning on parameter x§
of process model M, . Because different process models may have different numbers of

parameters and the parameters may have different physical meanings and ranges, MMADS does
not use the derivative-based EE of the Morris method, but uses the absolute difference, dA, of

model output A.
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3. Mathematical Formulation and Numerical Implementation
3.1 Mathematical Formulation

The basic ideas explained above are generalized in this section for any number of system
processes and any number of process models of each process. We first define mathematical
symbols used in the generalization. If process model uncertainty and parametric uncertainty do

not exist, system variable, A=M(8) =M (8,...,8,), is simulated by a single system model, M,
with a vector of d-dimensional system model parameters, 8 ={6,...,8,} . Note that we here use 6

to denote a set of deterministic parameter values, and reserve 0 to denote a set of random
parameter values (6 can be viewed as a realization of 0). If the system of interest consists of
multiple processes (denoted as A, B, ...) and each process has its own process model (denoted as

Ma, M3, ...) and associated parameters (denoted as 6a, 6, ...), the system model, M(6), may be
viewed as an integration of the process models, i.e., M (6) =U(M L(6).M B(HB),...) , together

with other system model components common to the processes (e.g., domain discretization,
system initial conditions, and driving forces). The process model integration (denoted by the
union symbol above) may need to consider nonlinear interactions between the process models.
An example of such an integration was given in Dai et al. (2019) for developing a system model
of groundwater reactive transport by integrating processes of groundwater flow, thermal
transport, solute transport, and biogeochemical reactions. In addition, a process may have its sub-
processes. For example, a groundwater flow process may consist of sub-processes such as
recharge, geology, and evapotranspiration. More discussions on process-based modular modeling
are referred to Clark et al. (2008, 2015a, 2015b, 2016).

With the presence of process model uncertainty, a system process may be represented by

several alternative process models. Taking process A as an example, it may be represented by
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multiple process models that form a set, M, (8,) ={M V@), M j(é’j),...} ; each process model

may have its own parameters or share parameters with other process models. Integration of the

alternative process models leads to alternative system models, i.e.,

M(0) = U(M ,(6),M,(6, ),...) . If the process model parameters are random, they are denoted as

0 to be differentiated from 6, which is viewed as a realization of 0 . In this case,
M(6) =U(M,(8,),.M,(8,)....) becomes M(8) =U(M,(0,),M,(®,)....).

We first give the equations of mean and variance of dA for process K (e.g., process A in
Section 2.2) with a consideration of process model uncertainty only. Following the definition of
posterior mean and variance of Bayesian model averaging (e.g., Egs. (4) and (5) in Ye et al.
(2004)), the mean and variance of dA for process K are defined as

E((dD)=Ey E, (dD|M ) :

2)

Ve(dD) = Ey Vi (DM ) +Vy E. (dA|M ) :

3)
where M.k in the subscription is the set of multiple process model combinations that represent
all processes but K (~K, e.g., process B in Section 2.2), Mk is the set of multiple process models

only for process K, and T, is the set of process model transitions within process K, i..,

TMK ={M j( M ,’;} where i, j=1, 2, ..., N My with N My being the number of process models

that represent process K.

Eq. (2) indicates that, if model output, A, changes substantially when a process’

i

representation changes from M

to M}, then this process is considered to have significant
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influence on the model output. Since there are multiple process model transitions for process K,

it is practically sensible to use the average E; (dA | M_) of dA over all possible transitions. In

addition, since the average for process K is for a combination, M _, , of the process models for

~K >

all the processes but process K, it is necessary to evaluate the average, E, E; dnm_y),
kT

over all the combinations. The mean, E,(dA), of the output difference for process K thus

measures the overall influence of process K through the transitions between any two process

models.

The variance, V,.(dA) , of the output difference defined in Eq. (3) measures to what extent

the output difference spreads out due to nonlinear effects of the process models and/or
interaction effects between process K and other processes. The nonlinear effect is reflected by

the VTM (dA| M _,) term, in that, if the process models are nonlinear, dA is large for a transition
K
from one process model to another process model. The E, V, (dA[M_,) term measures the
& Ty

average nonlinear effect over model set M.kx. The interaction effect is reflected in the

Vu  E, (dD|M_) term, in that the variance Vy;, is large when E, (dA|M ) is evaluated

for two models in model set Mk, i.e., Mk of process K interacting with M-k of all process but K.
Egs. (2) and (3) can be extended to address parameters of the process models, and the
detailed derivation for the extension is given in Appendix A. The extended Eqgs. (2) and (3) are

E((dD)=Ey E, \ Ey E, . (dA16, M T, . T,), @)

kM

Vi dD|K)=Ey E, \ E; E; ; (0|6 M T, T, )

kM T Ty

2
~(Ew. By Er, By, (@D]6, M T, T, )

Ty

®)
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where subscript 0_, |M_, of E9~K|M~K indicates that the expectation is with respect to random

parameter @_, specific to model M and subscript 7, |TMK of E; , indicates that the

~K ~K

expectation is with respect to the random parameters involved in the parameter transitions, 7, ,
associated with the process model transitions 7,, . The 8, and T, terms in the parentheses are

a single realization of 6_, and 7, ., respectively. Taking the process model transition

T, ={M 4 — M2} asan example, the set of parameter transitions with respect to M — M2 is
T, ={6," - 6,"}, where 8" and 6, are two randomly selected parameter realizations in

0, and 0’ . T, includes all possible parameter transitions from parameters of M to

parameters of M ;. When process model uncertainty does not exist (i.e., each process is

represented by only one process model), Egs. (4) and (5) become

E (dD)=E, E, (dA]6,.T,) :
(6)

2
Ve(dD)=E, E, @D|0,.T,) -(E, E, @b|6,.T,))

(7
These are similar to the mean and variance of elementary effects in the Morris screening method,
and can be used to screen non-influential parameters for a single system model.

For either a single or multiple system models, Ex(dA) and Vk(dA) are used in the same way
as that the mean and standard deviation (u* and o) of EE are used. The Ex(dA) and Vk(dA) of all
processes under consideration are plotted in a 2-D plane, and a process is more influential than
other processes if its Ex(dA) and Vk(dA) values are larger than those of other processes.
However, we do not suggest using MMADS to rank processes or identify influential processes,
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but to screen non-influential processes, because the MMADS method is qualitative in nature for
process identification. A quantitative process ranking can be done by using more rigorous (but
more computationally expensive) approaches such as the first-order process sensitivity index

developed by Dai et al. (2017a).

3.2. Model Averaging and Monte Carlo Integration

The expectations with respect to the process models (Ey; ) and process model transitions (

ETM ) in Egs. (4) and (5) can be evaluated using the model averaging method via

By Eo o, ()= 2 Eo o, () PM ) ,
()
Ery Bty i1, O=> Eq, . O P, g
)
where the dot (°) denotes the quantities in Eqs. (4) and (5) (e.g,

E;,

M

E. o (dA60 M T, T, )in Eq. (4)), P(M_)is the probability (model averaging

weight) of a combination of the models for all the processes but process K, P(T), )is the

probability of the transition from one process model to another process model.

Evaluating P(M _,) and P(TMK) requires that the probability, P(Mk), of process models for

process K satisfy ZP(M «)=1.To evaluate P(M_,) for a combination of process models, it is

assumed that selecting one process model of a process is independent to selecting one process

model of another process. With this assumption, P(M_,) can be evaluated as
N_g
P(M_,)= |_| P(M_, ) , where N-g equals the number of processes minus one (i.e., the number

i=1
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of all processes but process K) and P(M_, ;) is the probability of a process model M _, ;.

Taking a system with three processes A, B, and C as an example, each process has two alterative
models (i.e., A1, A2, B1, B2, C1, and (2), and the process models have the following probabilities,
i.e., P(A1)) = P(A2) = 0.5, P(B)) = 0.7, P(B2) = 0.3, P(C1) = 0.6, and P(C2) = 0.4. The

combination, B1C1, of process models B and C; has the probability of P(B1C1) = 0.7 X 0.6 =

0.42. P(T, ) of the process model transition M « - M] can be -evaluated as
P(T, )=PM XP(M]), where P(M +) and P(M]) are the process model probabilities of
M, and M}, respectively. This calculation implies that each process model transitions has its

own probability, depending on the probabilities of the two process models of the transition.
Using process B and its process model probabilities in the example above, the probability for
transition M, — M is 0.49, and the probability for the transition M — M, is 0.21. The
process model probabilities can be either prior probability determined based on prior information
or posterior probability determined by using both prior information and observations used for
model calibration and uncertainty quantification. Prior probabilities are used in this study, and
evaluating posterior probabilities with Bayesian model averaging is discussed in Dai et al.

(2017a) and Lu et al. (2015).

The expectations (E, (0) and E, . (0)) with respect to the process model parameters

and parameter transitions can be evaluated using Monte Carlo methods. For the convenience of
discussion, we use the same number, n, of parameter realizations for each process model

combination M _, and process model M, . To evaluate the mean and variance of dA using Eqs.
(4) and (5), a total (N . x”)x(N;K an) numbers of dA are needed, where N w, and N,

are the number of models of process K and the number of combinations of the models for all
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processes but K, respectively; the square terms are for the parameter transitions and process

model transitions. To obtain (N My xn)x(N ,ﬁ,K an) numbers of dA requires a total

(NM« Xn)X(N M Xn) numbers of model executions. To reduce computational cost, the n

parameter realizations can be generated using the Latin Hypercube Sampling (LHS) method, so
that a small number of realizations can cover the entire parameter space. The procedure of

generating the realizations of 0, |M_, and 0, |M, and the procedure of computing

dDN| (6. M .0 .M _) and dA[(6 M T, ,T, ) are as follows:

K>

Steps 1: Divide the cumulative distribution of each parameter into n equal strata, and sample n
parameter values from the n strata using the LHS method. This results in a sample matrix
with the dimension of n x np, where n, is the total number of parameters involved in the
multi-models.

Step 2: For each process model combination M.k, combine the columns of parameter values
(from the parameter matrix generated in Step 1) for parameters associated with M-k to

yield the parameter set 0, | M _ .

Step 3: For each process model M, , combine the columns of parameter values (from the
parameter matrix generated in Step 1) for parameters associated with M, to yield the
parameter set@, | M, .

Step 4: Loop over the parameter sets 0, |M_, and 0, | M, , compute A| (6, M,0 .M ).

Step 5: Loop over the process model transitions and parameter transitions to compute

dA| (0., M_. T, T, ).

~K>°
Fig. 3 shows the pseudo code to compute the mean and variance of dA based on Egs. (4) and (5)

and the parameter sampling procedure described above.
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4. Two Numerical Experiments

MMADS is evaluated using two numerical experiments. One experiment is based on the
Sobol’s G*-function, which is commonly used as a benchmark function for sensitivity analysis
(Saltelli et al., 2010). Since mean Ex(dA) and varinace Vx(dA) can be anaytically derived, this
experiment can be used to verify the computer code based on the pesuedo code shown in Fig. 3.
The other numerical experiment is for one-dimensional groundwater flow modeling based on the
synthetic case developed by Dai et al. (2017a). The two examples demonstrate the capability and
efficiency of MMADS for screening non-influential processes under both parametric uncertainty
and process model uncertainty.
4.1. Sobol’s G*-function

The Sobol’s G*-function is defined as (Saltelli et al., 2010):

k
G (X,...X,:a,,..a,;0 ...0;0a,,..a)=[]g.

i=

1
o 2 (0@) D20, 48~ 11X, + 511 +a, 10

’ l+a,

where X, is a parameter following uniform distribution U[0, 1], a. OR isa positive coefficient,
o, 0[0,1] and a, >0 are shift and curvature parameters, respectively, and I[X, +9J,] is the

integer part of X, +0,. The analytical solutions of the first-order (S;) and total-effect (S;)

sensitivity indices for parameter X; were given by Saltelli et al. (2010) as

2

— - — a V.=V 1+V,
S, =V, IV and S,=V,/V , where V,-—(1_|_20,i)(1_'_ai)2 , T ll,_,l( ./) , and

k
V= |_| (1 + V,-) —1. The total-effect sensitivity index, S, is of particular importance to this study
i=1

1
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because it can quantitatively measure influence of X; on the G*-function. The §;;-based ranking

of parameter influence is used as a reference to evaluate whether MMADS can identify non-

influential parameters for a single system model. For example, if a parameter is identified to be

non-influential by §;;, it should also be identified by MMADS as non-influential. The influence
of X, is controlled by the curvature parameter @, and coefficient a;. A larger @, and a smaller
a; give a larger total-effect parameter sensitivity index S, indicating higher influence of X;.
Since S, does not depend on the shift parameter, O,, we set O, =0 in this study. The g*l.

1

function in Eq. (10) is then simplified to

. _(+a) 02X, —1|" +q,
8 1+,

(1)

4.1.1. Processes and Process Models

For an illustrative purpose, we set k = 10 in Eq. (10) to consider ten product elements, g;k

(i=1, 2, ..., 10), and assume that each element g;k represents a process. When there is no process

model uncertainty, Eqs. (6) and (7) derived for parameter sensitivity analysis are used for

identify non-influential processes. Since each element has only one parameter X;, the sensitivty

of parameter X;is viewed as the sensitivity of process g;k . For example, if parameter X; is the
least influential parameter among X; ~ Xjo, then the process represented by gl* is the least

influential process among the ten processes represented by gf ~ gfo.
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To consider process model uncertainty, we assum that each g; has two plausible process

models, g: " and g;k 2 (i=1,2,...,10), with the function form of Eq. (11) but different @, and &,
values. The uniform distribution of parameter X; is the same for the two process models. For the
a values, we set @ =1 and a’ =2 for all the ten processes, where the superscripts 1 and 2 are
for the two process models. The al.1 and al.2 values of the ten processes are listed in Table 1, so
that the process models are different with different levels of influence to model output. Taking

the first process represented by g*1 as an example, its two alternative process models are

o _ 2|2X,=1]+0.002 » _3|2X,-1] +0.005
= and = L
1 81
1.002 1.005

. It should be noted that, although this

experiment only considers ten processes, a combination of the process models yields a total of
210 = 1,024 system models. This large number of system models indicates that the numerical

example with ten processes is complex enough for evaluating MMADS performance.
4.1.2. Sensitivity Results for Individual System Models

Appendix B derives analytical expressions Ex(dA) and Vk(dA) of each process for a single

system model of the Sobol’s G*-function. Since each process, gj , has only one parameter, X;,

the sensitivity of process gj is reflected by the sensitivity of parameter X;. Taking two system

10 10

models, |_| g and |_| g,2 as an example, Table 2 lists the analytical values of Ex(dA) and
i=1 i=1

Vk(dA) for parameters X; ~ Xjo associated with the ten processes. Our numerical results are
almost identical to the analytical results with the maximum retaliative error less than 3%. Table 2
also lists the analytical results of Sobol’s total-effect sensitivity index that is for estimating

sensitivity of parameter X;.
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In MMADS, a process is considered to be less influential than other processes if its Ex(dA)

10

and Vi(dA) values are smaller than those of other processes. Taking system model |_| g as an
=1

example, process gfo is the least influential process (or equivalently parameter Xjo is the least

influential parameter), because it has the smallest Ex(dA) and Vx(dA) values among the ten
processes. The identification of the least influential process is consistent with the identification

of the least influential parameter based on the Sobol’s total-effect sensitivity index S;. For

10
system model ” g}, the least influential process becomes g,, which is also the case for S;;.

The change of the least influential process is attributed to using different @, and a; values for

the two system models. The change happens to other system models, but results are not shown.
Due to the changes, there is uncertainty in identifying non-influential system processes, and
biased identification may be resulted if ignoring process model uncertainty. It is thus necessary

to use MMADS for identifying non-influential process under process model uncertainty.

4.1.3. Sensitivity Results for Multiple System Models
Based on Egs. (4) and (5), Appendix C derives analytical expressions of E(dA) and V(dA) for
multiple system models of the Sobol’s G*-function. To evaluate the Ex(dA) and Vk(dA) values,

for each process, we assume that its two process models have equal weights, i.e.,
P(g')=P(g>)=0.5, and the analytical results of Ex(dA) and Vk(dA) are listed in Table 2. The
numerical results are almost identical to the analytical results with the maximum retaliative error
less than 3%. This verifies our computer codes based on the pseudo code shown in Fig. 3.

Fig. 4(a) illustrates how to use the Ex(dA) and Vk(dA) values for qualitatively identifying

influential and non-influential processes for individual system models and multiple system
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models. The Ex(dA) and /V,(dD) values are plotted as cross symbols for the multiple system
models and as open symbols for the individual system models. For the multiple system models,

Fig. 4(a) suggests that g, is the most influential process because it is located at the upper-right

corner, and that g; is the least influential process because it is located at the lower-left corner.

For the 1,024 individual system models, the Ex(dA) values of each process are separated into two
groups with 512 models in each group. This is a special case for the Sobol-G" function, because
there are two process models for each process and the Ex(dA) values of a process is determined
only by the a and a values of the process model as indicated by Eq. (B7).

MMADS should be used for identifying non-influentual processes not for ranking process

influence, because Ex(dA) and Vi(dA) are approximations. For example, Table 2 shows that, for

the multiple system models, while Ex(dA) of process gZ is slightly larger than that of g; ,

Vi(dA) of process g, is smaller than that of g5 . It is thus difficult to rank the two processes.

4.2. Groundwater Flow Modeling

This numerical experiment of groundwater flow modeling is modified from Dai et al.
(2017a). As shown in Fig. 5, the unconfined aquifer has the length of L=10,000 m, which is
under a steady state condition. The aquifer is bounded by two constant-head boundaries, and
subject to a uniform precipitation. Process model uncertainty exists in the following three system
processes: (1) recharge process that converts precipitation to aquifer recharge, (2) geology
process that characterizes hydraulic conductivity of the aquifer, and (3) snowmelt process that
estimates snow-melt rate to determine hydraulic head at the east boundary of the domain. The

process models are described below.

4.2.1. Processes and Process Models

Page 25



493

494

495

496

497

498

499

500

501

502

503

504

505

506

507

508

509

510

Following Dai et al. (2017a), two recharge models (R; and R:) are used to simulate the
recharge process that converts precipitation [m/d] to groundwater recharge [m/d], and they are
R :w=a(P-14)"
R,:w=b(P-15.7) ’

(12)

where a and b are scaling parameters [dimensionless] assumed to follow the normal distribution,
N(2.0, 0.4%), and the uniform distribution, U(0.2, 0.5), respectively, P is the annual precipitation
which is set as 4.175 x 103 m/d. Hydraulic conductivity (K) [m/d] over the domain is
parameterized by two geology process models (G1 and G») as follows,

G, : K for any x

K, for x <7000
G, K=
K, forx =7000

(13)

In model Gi, the aquifer is assumed to be homogeneous, and the hydraulic conductivity follows
the lognormal distribution, LN(2.9, 0.5%). Model G, has two zones of hydraulic conductivity
separated at the location of xo= 7,000 m (Fig. 5). The hydraulic conductivities K; of zone 1 (x <
7000 m) and K> of zone 2 (x > 7000 m) are assumed to follow the lognormal distributions,

LN(2.6,0.3%) and LN(3.2, 0.3%), respectively.

For the lake boundary, its hydraulic head is set to be constant at 4; = 300 m. For the river
boundary, the river stage, h», is determined by the empirical rating curve function below to

covert a river discharge into the river stage via
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h, =0.30"" +289 :
(14)

where Q is river discharge [m?%/s], and the coefficients of 0.3, 0.6, and 289 are chosen arbitrarily

for this numerical experiment. The river discharge depends on snowmelt runoff via
Q=C, xMxSVCxA, (15)

where Cy, is runoff coefficient [dimensionless], M is snow-melt rate [m/s], SVC is the ratio of
snow-covered area to watershed area, A [m?]. We arbitrarily set Cy, = 0.8, SVC = 0.7, and A =
2,000 km?, and use two models to estimate the daily snow-melt rate, i.e., the degree-day method
and the restricted degree-day radiation balance method (Hock, 2003; Kustas et al., 1994;
Martinec et al., 2007). The two models are
M,:M =(T,-T,)

M,:M =f,(T =T )+rR,

(16)

where fi and f; are snowmelt factors [mm/(°C- d)] that are assumed to follow normal
distributions, N (3.5, 0.75%) and N (2.5, 0.3?), respectively, T, [°C] is the average temperature for
a given day, and T, [°C] is the temperature threshold (typically set to be 0) when snow melt
occurs. The second model considers the effects of surface radiation budget, R, [W/m?], and uses
conversion factor r [(mm/d)/(W/m?)] to convert the energy flux to snowmelt rate. T, and R, are
set as 7 °C and 80 W/m?, respectively, and r is assumed to follow the normal distribution of

N(0.3, 0.052).

A combination of the two recharge process models, two geology process models, and two

snowmelt process models leads to a total of eight system models, and they are denoted as
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Ri1GiM1, RiGiM>, RiG2M1, RiGoM>, RyGiM1, R.GiM>, R,G2M1, and R>G>M->. All process models
have equal weights, i.e., P(R;) = P(R2) = 0.5, P(G;) = P(G2) = 0.5, and P(M;) = P(M>) =0.5. The
groundwater discharge per unit width at the location xo = 7,000 m is the quantity of interest for
the sensitivity analysis, and it is labeled as go in Fig. 5. The analytical solution of the discharge,

q(x), at any location x, is derived as

2_2 2 _ 3.2 2
q(x) =K, b —h —lwxO Ax +AL +wx ;
2(x,=Ax,+AL) 2 x,=Ax,+AL

A7)

where A =K,/K, . For the geological model (G;) with homogenous hydraulic conductivity, i.e.,

K = K; = K>, Eq. (22) becomes

h2_h22
x)=K- —wL+wx ,
q(x) YA

(18)

which is the well-known solution available in hydrogeology textbooks. Using the analytical
solutions of g(x), the MMADS method is implemented using Monte Carlo simulations based on

the pseudo code shown in Fig. 3.

4.2.2. Sensitivity Results for Individual System Models

Table 3 lists the Ex(dA) and Vg(dA) values evaluated for the recharge, geology, and
snowmelt processes of the eight individual system models with consideration of parametric
uncertainty. If a process model has more than one parameter (e.g., K1 and K> associated with
process model G», and f> and r associated with process model M>), the indices are evaluated for

the grouped parameters. Specifically speaking, the Ok term in Eqs. (4) and (5) includes two
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parameters. For each system model, since Ex(dA) and Vk(dA) are evaluated for all parameters of
each process, Ex(dA) and Vk(dA) measure influence of individual processes. Taking system
model R,G>M> as an example, the mean and variance of parameter b measure influence of the
recharge process, those of parameters K; and K> measure influence of the geology process, and
those of parameters f> and r measure influence of the snowmelt process. Table 3 also lists the
total-effect parameter sensitivity Sr; (%) calculated by using SALib of Herman and Usher (2017).
S7i 1s used to quantitatively rank the three processes in terms of their influence within each
system model, and the Sri-based process rank is used as a reference to evaluate MMADS results.

Table 3 shows that, for each system model, the process rank of MMADS is the same as that
given by Sr;, indicating that the MMADS results are reliable. The process rank changes
substantially between system models, and any of the three processes can be ranked as the most
influential (or the least influential) process. For example, in system model RG M, the recharge
process is identified as the least influential process and the snowmelt process as the most
influential process, whereas it is the opposite case for system model R.G>M>. This is also
observed in Fig. 4(b) that plots the three processes in three colors (recharge in red, geology in
green, and snowmelt in blue). The open symbols of the eight individual system models are
mixed, and do not reveal a pattern to indicate process influence under process model uncertainty.
It is therefore necessary to use MMADS method for identifying non-influential processes for all
the system models to address process model uncertainty.

For the individual system models, the MMADS results can reflect process interactions. This
is made clear by examining the Ex(dA) and Vk(dA) values of RiGiM: and R.G1M,, which have

different recharge models but the same geology and snowmelt models. For the two system
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models with homogeneous hydraulic conductivity, based on Eq. (18), the groundwater discharge

per unit width at xo= 7,000 m (which equals to 0.7L) is
2 _ 12
4() = K% +0.20L. (19)

This equation shows that w does not interact with K or h», indicating that the recharge process
does not interact with the geology or snowmelt process. As a results, between RiG1M; and
R>G 1M, the Ex(dA) and Vi(dA) values of a (the recharge model parameter) change, but those of
K (the geology model parameter) and fi (the snowmelt model parameter) do not change. This is
not surprising in the context of MMADS calculation. To evaluate the output difference (dA)
caused by the variation of parameter K of the geology process, parameter a or b of the recharge
process (Eq. (12)) and parameter fi of the snowmelt process (Eq. (16)) are fixed. Since the
recharge and geology processes do not interact, the second term, 0.2wL, in Eq. (19) does not
affect dA due to change of K, which means that dA is not affected by parameter a or b.
Therefore, the dA value for K is the same for RiGiM and R,GiM;. On the other hand, the
process interaction is reflected in the Ex(dA) and Vik(dA) values of RiGiM1 and RiG1M>. These
values of K and fi for RiG1M; are different from those of K and f>&r for R1G1M> because the
interaction between K and f; is different from the interaction between K and f>&r, as indicated by

Eq. (19).
4.2.3. Sensitivity Results for Multiple System Models

In this numerical experiment, Ex(dA) and Vg (dA) are evaluated numerically using Monte
Carlo simulations based on the procedure discussed in Section 3.2. The cumulative distribution
of each parameter is divide into n = 5,000 equal strata to generate 5,000 LHS parameter samples.

Fig. 6 illustrates convergence of Ex(dA) and Vk (dA) of the three processes for the multiple
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system models (convergence for individual system models not shown here). The 95% confidence
intervals shown in Fig. 6 are estimated by using 100 bootstrapping resamples to assess the effect
of sampling uncertainty and to evaluate robustness of the estimator to sample variability (Archer,
et al., 1997; Yang et al., 2011). Fig. 6 shows that the Ex(dA) and Vk(dA) values converge after
about 350 parameter realizations, and the corresponding total number of model executions is
980,000 = 2 x 2 x 350 x 2 x 350. A discussion on computational cost of MMADS is given in

Section 5.

Table 3 lists the Ex(dA) and Vi (dA) values of the recharge, geology, and snowmelt processes
with consideration of both process model and parametric uncertainty. The two sensitivity
measures listed in Table 3 are estimated by using all 5,000 parameter realizations, and the
corresponding number of model executions is 200,000,000 = 2 x 2 x 5000 x 2 x 5000. The large
number of model executions is affordable in this numerical example due to the use of analytical
solutions of go, and the numerical results shown in Table 3 are accurate enough for identifying
non-influential processes. A discussion on computational cost of MMADS is given in Section 5.
MMADS identifies the snowmelt process as the most influential one, followed by the geology

process, and then the recharge process. This is also observed in Fig. 4(b) that plots Ex(dA) and
\JVi (dD) for the three processes using cross symbols in three colors. The snowmelt process has

the largest Ex(dA) and Vi (dA) values, substantially larger than those of the geology and recharge
process. This may be due to the nonlinear effect of the snowmelt process (reflected by the h,?
term in Egs. (17) or (18)) and the interaction between the snowmelt and geology processes
discussed above. Due to the qualitative nature of MMADS, using it to explain the nonlinear

effect and process interactions is not straightforward.
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5. Further Investigation and Discussion
5.1 Computational Cost and Robustness of MMADS

Although 200,000,000 = 2 x 2 x 5,000 x 2 x 5,000 model executions are used for the
groundwater example, the high computational cost is unnecessarily and can be substantially
reduced in practice. To determine the smallest number of model executions that can give
accurate results for the groundwater flow modeling example, we gradually increase the number,
n, of parameter realizations from 10 to 400, and evaluate a criterion called robustness by
following Razavi and Gupta (2016) and Sheikholeslami et al. (2019). For each n value, Ex(dA)
and Vi (dA) of the three processes are estimated by 100 numerical experiments with 100
different sets of random parameter samples. Based on the Ex(dA) and Vi (dA) values, we count
how many times when snowmelt is identified by MMADS as the most influential process,
geology as the second most influential process, and recharge as the least influential process (the
process ranking is obtained above using 200 million model executions). Dividing the numbers by
100 gives MMADS robustness (%) for identifying influential processes. The results are plotted
in Fig. 7 for the three processes. The figure shows that MMADS is almost 100% robust to
identify snowmelt as the most influential process, even for a small number (n) of parameter
realizations. When n is small, MMADS cannot corrected identify recharge as the least influential
process or identify geology as the second least influential process. The MMADS robustness is
the same for ranking the recharge and geology processes, because the groundwater example
considers only three processes and snowmelt is always identified as the most influential process.
An important observation from Fig. 7 is that the MMADS results are accurate enough (with
robustness larger than 95%) when using n = 20 parameter realizations. The corresponding

number of model executions is 3,200 = 2 x 2 x 20 x 2 x 20, substantially smaller than the
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number of 200 million model executions. This number of model executions is expected to be
computationally affordable for moderate models with nowadays computational resources
available to general molders. In addition, the model executions are independent and can be

conducted in parallel, which can further improve computational efficiency of MMADS.

5.2 Effects of Process Model Probabilities on MMADS Method

The numerical experiments above assume equal probabilities for alternative process models,
whereas it is likely that the models have different probabilities. To explore the effects of process
model probabilities on Ex(dA) and Vk (dA), we evaluate the mean and variance for the
groundwater flow modeling example using different sets of process model probabilities. For the
groundwater experiment, since each process has two alternative models and the sum of their
probabilities is one (e.g., P(R1) + P(R2) = 1.0 for the recharge process), we only need to vary
probabilities of three process models, one for each process. We thus vary P(R:1), P(G1), and
P(M,), and generate their values from the standard uniform distribution U[0,1]. Therefore, for
each process, a random number r is sampled for from the uniform distribution, U[0, 1], and
transformed into process probability values following the approach described by Moeini et al.
(2011). Subsequently, Sobol’s variance-based sensitivity analysis is conducted to determine
sensitivity of Ex(dA) and Vk(dA) to process model probabilities, which is referred to as a
sensitivity analysis of a sensitivity analysis (Paleari and Confalonieri, 2016; Puy et al., 2020).
For estimating Sobol’s first-order (S;) and total-effect (S7;) sensitivity indices, we use the
sampling scheme discussed in Saltelli et al. (2010) to generate two sampling matrices A and B.
Each has the dimension of 1,000 rows x 3 columns, corresponding to 1,000 realizations of the

model probabilities of P(R1), P(G1), and P(M1). Based on A and B, three additional matrices are
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generated, and each is denoted as C; (i = 1, 2, and 3). C; is a copy of A, but its column i is
replaced with column i of matrix B. S; and S7; are estimated using the 5,000 parameter sets of the
five matrices. Estimating S; and S7; does not require new dA values, because the sensitivity
analysis only changes process model probabilities.

Fig. 8 shows that the E(dA) and V(dA) values of the three processes change with model
probabilities of the corresponding processes. For example, in Figs 8(a) and 8(d), E(dA) and
V(dA) of the recharge process vary with probability P(R;) of model R;. For all the three
processes, their Ex(dA) and Vk (dA) values change when process model probability changes. The
magnitude of changes is the largest for the snowmelt process (Figs. 8(c) and 8(f)). The variation
patterns are different for the three processes. In Figs. 8(a) and 8(d) for the recharge process,
Ex(dA) and Vk(dA) generally decrease when P(Ri) increases. The variation pattern is the
opposite for the geology process, as shown in Figs 8(b) and 8(e). For the snowmelt process, Figs.
8(c) and 8(f) shows that Ex(dA) and Vk(dA) first increase and then decrease with the increase of
P(My). The non-monotonic variation pattern indicates that using appropriate model probability
values is important for MMADS to identifying non-influential processes. It should be noted that,
although each plot of Fig. 8 only shows Ekx(dA) or Vk(dA) changes with probability of one
process model, Ex(dA) and Vk(dA) are also affected by probability of the other two process
models. It is possible that inappropriate probability of one process model may affect
identification influence of non-influence of another process. Investigating this is warranted in a
future study.

We further examine to what extent process model probability affects identification of non-
influential processes. For the 5,000 realizations of Ex(dA) and Vi(dA) values, we count how

many times each process is identified as the most non-influential process (i.e., the process’
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Ex(dA) and Vi(dA) values are smaller than those of the other two processes). The recharge
process is identified as the most non-influential one for 2,758 out of 5,000 times (55.16%), the
geology process for 2,080 times (41.60%), the snowmelt process for 25 times (0.50%). These
quantitative results indicate again that using appropriate model probability values is important

for MMADS to identifying non-influential processes.

Fig. 9 illustrates Sobol’s total-effect sensitivity index (St7i) evaluated for Ex(dA) and Vk(dA)
(the results of fist-order sensitivity index (S;) are similar and thus not shown). The S7; values are
estimated for each process, and measure sensitivity of the process to P(R1), P(G1), and P(M).
Fig. 9(a) indicates that Ex(dA) of the recharge process is most sensitive to P(R;) and then to
P(G1) but not to P(M1). This is different for the geology and snowmelt processes, whose Ex(dA)
values are most sensitive to P(M1). This is especially the case for the snowmelt process. Fig. 9(b)
shows to what extent Vx(dA) of each process is sensitive to P(R1), P(G1), and P(M1). We observe
from Fig. 9 that Ex(dA) and Vk(dA) of a process are substantially sensitive to the process’s model
probability, which is not surprising. While the sensitivity of one process’ Ex(dA) and Vk(dA) to
other processes’ model probability may be negligible, it is not always the case. This indicates
again that it is important to accurately estimate model probability of all processes for identifying

non-influential processes.

5.3 Limitations and Future Work

The MMADS method discussed in this study is subject to three limitations. The first

limitation is that the computational cost for (N u, X n) x (N u X n) number of model executions

may be high, especially for a large number (n) of parameter realizations. Although Fig. 7

indicates that n = 20 gives satisfactory results for the groundwater example, each process model
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has only one or two parameters. When the number of random model parameters increase, the
number of parameter realizations is expected to increase, and the curse of dimensionality may
occur (Sheikholeslami et al., 2019). One way to reduce the computational cost of MMADS is to
break the two nested loops of parameter realizations shown in Fig. 3, and this can be done by
using the binning method that was used in Dai et al. (2017a, 2017b). The binning method
reduces the number of model executions from the order of n? to the order of n, and its
implementation is straightforward. However, the binning method is not mathematically rigorous,

and more theoretical development is needed in a future study.

The second limitation is that the derivation of Ex(dA) and Vik(dA) in Egs. (4) and (5)
implicitly assumes that the probabilities of process models and model parameters are
independent. This assumption for parameters may be invalid in practice, and joint parameter
distributions of a variety of forms may be needed (Lamboni and Kucherenko, 2021). After the
joint distributions are determined, correlated parameter realizations can be generated using
various approaches (e.g., LHS) for estimating Ex(dA) and Vk(dA) (Sallaberry et al., 2008; Xu
and Gertner, 2008). For correlated process models, their joint probability has not been adequately
studied. The Bayesian network of Dai et al. (2019) may potentially address the issue of process

model correlation, but more in-depth investigation is needed.

The last limitation is the qualitative nature of the MMADS method. In the current study, a
process is identified to be non-influential, if its Ex(dA) and Vi (dA) values are smaller than those
of other processes. The identification is in a relatively sense, and it is possible for MMADS to
identify the most influential or non-influential process. However, MMADS cannot quantify the
extent that one process is more influential or non-influential than another process. On the other

hand, if one is not interested in the most non-influential process but a set of processes that are
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non-influential, MMADS does not provide a quantitative threshold to decisively identify the
processes. While this problem may be addressed by using a clustering method discussed in
Sheikholeslami et al. (2019), the drawback of MMADS is inherent in screening methods

including the Morris screening method.

6. Conclusions

This study develops a new multi-model absolute difference-based sensitivity (MMADS)
analysis method to identify non-influential system processes with consideration of uncertainty in
both process model structures and process model parameters. MMADS is an extension of the
Morris method from the parameter space to the parameter-model space, in which a system
process may be represented by multiple process models. The absolute differences of a model
output are first evaluated by considering not only process model variation but also process model
parameter variation. The variations are quantified by the mean and variance of the differences,
which are evaluated by using the model averaging approaches based on probabilities of process
models. A process with small mean and variance is considered to be non-influential. To our
knowledge, there does not exist a method like MMADS that explicitly considers uncertainty in
process model structures and process model parameters and integrates the expended Morris
method with model averaging methods.

The two numerical experiments employed in this study demonstrate the following: (1) the
process ranking changes between alternative system models, which manifests the needs of
identifying non-influential system processes under process model uncertainty and process model
parametric uncertainty; (2) considering only parametric uncertainty may lead to biased

identification of non-influential processes; (3) for the first numerical experiment with the Sobol’s
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G*-function, the analytical solutions for the mean and variance of the multi-model differences
verify the pseudo code and numerical code used to evaluate the mean and variance of MMADS;
(3) the second numerical experiment of groundwater modeling with three interacting processes
shows that the mean and variance of MMADS reflect interactions between geology and
snowmelt processes and no interactions between the two processes and the recharge process.

The MMADS method, similar to the Morris method, plots the mean and standard deviation
of the multi-model differences in a 2-D plane, and the plot can be used to visually identify non-
influential system processes. For the numerical example of groundwater flow modeling,
MMADS method can give a meaningful process ranking with a small number of model
executions. In MMADS, the process model probabilities can play an important role in
determining non-influential processes. Similar to the Morris method, MMADS method may be
used as a screening tool for qualitatively identifying non-influential processes. While MMADS is
used for differential-equation-based groundwater models in this study, the method can be applied
to data-driven models that are developed using statistical and/or machine learning techniques,
because applications of MMADS do not rely on knowing model structures but only need to
consider transitions between models and model inputs. A further investigation on this is
warranted.
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Appendix A: Derivation of E(dA) and V(dA) to include parametric uncertainty

Egs. (2) and (3) can be extended to include parametric uncertainty. Applying the law of total

expectation to the two expectations Ey and E;

Mg

in Eq. (2) leads to

E((dD)=Ey E, (dD|M_)=Ey E,  E. E, ;. (0|6 ,M

Mg Ty

Ty Ty, (AL)

~K>

For the variance of dA in Eq. (3), by first applying the law of the total expectation to EM_K and

E

Ty W€ have

Vi(dD)=Ey E, \ Vi (dA16, M )+Vy E. E, . (dD|M_.T, T, ). (A2)

~K>

According to the definition of the variance, the first term at the right-hand side of Eq. (A2) can

be rewritten as

-k TOkIM g

Ey E VTMK (dA | 9~K’M~K)
2
=Ey By . (ETMK D6 M_, ) —(ETMK (dA| 9~K,M~K)) j

2
=By, Ey u, Er, (D10, M ' =By By (B, @B]6,,M )
(A3)

Subsequently, applying the law of total expectation to E;. , Eq. (A3) becomes

Ey E,

kMg

Vi (dD]6. M )

= EM~K E, ETM < E,

ok 1 Tvg

dD|6.g M . T, .T, )

kM _g
2
-E, E E, E . (dA|9~K,M~K,TgK,TMK))

M_¢ 9~K|M~K( Ty

(A4)
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795  Similarly, the second term at the right-hand side of Eq. (A2) can be rewritten as

Vi, En, Ery i, (dD|M T, T, )

Tvg

2
=By, (B, By, (dA|M~K,T9K,TMK)) ~(Ew, By, Er, i, @DIM_ T, T, )

796
=EM~1<E9~1<|M~1< (ETMK T9K|T (dA| 9 ~K’T9K’TMK ))
2
~(Ew By, Eny, En i, @B16..M T, T, )
797  (AS)

798  Substituting Eqgs. (A4) and (AS5) into Eq. (A2) leads to

Vi(dA|K)=Ey E, ,, E

0_xIM_x Ty T0K|TM

@s|é

~K>° ~K’ 9 H M )
799

vy Te Ty

~(Ew By E (dD] 6. M . T, T, ))

800  (A6)

801
802
803
804
805
806
807
808
809  Appendix B: Derivation of analytical solutions of E(dA) and V(dA) for a single system

810  model of Sobol’s G*-function
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10
811 The derivation is for system model I_l g

1

i

as an example. Without consideration of process

812  model uncertainty and according to Eq. (6), the mean of dA caused by variation of parameter

813 Bg*, of process model gfl is
1

Ex(dD)=E, E, (dbl6 ..T, )
814 '
=E, o E, =0 Al

& 310 81

6.,..6.6 .-A6.,..6..6.
810 81 82

82 S0 &1

815 (B1)
816  Under the assumption of independent parameters and applying the law of total expectation, Eq.

817  (BI1) can be re-arranged as

=E, . |ar6....0..6 .-al6.,....6.,.6.
B BN, E, E 816,164,601 =D16,1,...8,,.6..

819  (B2)
10 .

820  Recalling that A= I_l g : , Eq. (A2) can be rewritten as
i=1

E, (db)
= E9 )

&

By Ey Ey
810 8 &

8,(0.)--8,(0.)8,' (' .)=8,'(0.)...8,0(8,.)8, ' (E..)

1
! 1

820 =F .E, E, E,. gj‘(egzl )...gfé(ﬁgl%)

1
12 810 8

=E, 8 (0.).-E 8,0.)E E

gfl(e'gl*l)_g:l(ggl*l)‘

80080,

822  (B3)
823  Since the mean of each product element in the Sobol’s G*-function is one, Eq. (B3) can be

824  simplified to
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E dD)=E, E, |g'©@'.)=8"@.)

(B4)

Rewriting the expectations in Eq. (B4) as integrals leads to

E @by =]

gl*l (H'gr] ) - g;l(ggl*l )pg 5 pe,*l de' 1 delﬂ
(B5)

where p, ~and p, are the probability density functions of H'g*, and 9{1 , respectively.

Recalling that each parameter (X;) of the Sobol’s G*-function follows uniform distribution U[0,1],
substituting the expression of gl* " based on Eq. (11) to Eq. (BS) leads to

E, (db)

_ppla+a) Op2x, -1 +a _(1+a) 02X, -1[" +q ,
_Jo.[o X, dX ',

1+a 1+a
(B6)

The analytical solution of Eq. (B6) is

2a,

E ()= ——
(a, +1)(a, +2)

(B7)
10 s
For system model I_] g , given that a =0.002 and a =1 for g , we have

2x1 )
(0.002+1)x(1+2) 3.006

E (dD)= =0.6653 for g, .

To evaluate V(dA) for g1 ! , according to Eq. (7), we have
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2

VK (dAl g;l) = EGN 1 ETB 1 (dAl Qgrl ’Tg 1 )2 _(E9~ . EZ}) 1 (dA| le*l ’Tg " ))

(B8)
The second term at the right-hand side of Eq. (B8) equals (E X (dA))2 . Similar to the derivation
of Egs. (B2) and (B3), the first term at the right-hand side of Eq. (B8) becomes

E9~g;:] ETG;I (dA | 9~g71 ,ngrl )2

g1l(6'g;=1 ) _gll(eg;ﬂ)

2 2
=E, ( gz'l(ﬁg?)) Ey (glg(egm)) Ey Ey .

(B9)

Based on the definition of variance, we have

2
2
Ee #1 (gzl(gg;l )) - (Eg *1 gil(gg? )j +V9 #1

&2

(B10)

Since the mean of each product element is 1 and the variance of each product element in the

2
Sobol’s G*-function is

(1+ 20’j ;(1+aj)2 ’ Eq (BlO) becomes

2
E9 . (g;l(eg?)) :1+V21 s

82

(B11)

where V21 represents the variance of g;l which can be calculate as - — -
(1+2a,)(1+a,)

Accordingly,

2
E, " (gjl(egf‘)) :1+Vil )

8i

(B12)
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where V/ represents the variance of g;k ' which can be calculate as

1

Substituting Eq. (B12) to Eq. (A9) leads to

2
E ETeg;l (b6 .1, )

= (1 4_‘/21)"'(1 +V11))E9g]x, Ee'g;l ‘gll(evg:] ) - gl*l(ggl*l ) 2
(B13)

Rewriting the expectations in Eq. (B13) as integrals leads to

E, By (@116 T, )’

=(1+v)).(1+ve) ][
= (1+v;) - (1+v2)[]

8O =80 p@' . )pE.)d0 . a6,

80 )-8'@,.)] a6, b,

(+a) O]2X,'-1[" +a] _(1+a") 0]2X, 1|

1
+a1

:(1+V2‘)...(1+Vli)).[olj01

1+a 1+a

(B14)

The analytical solution of Eq. (B14) is
E, E, (dA| Qg*l Ty )2

1 2a)
2a]+1) (4! +1)

=(1+))...(1+V3})

(B15)

1

()

(1+2a")

2

dX,dX ',

10
For system model |_| ¢" and the a and a values given in Table I,
i=1

1 1

1 — 1 —
Vz - A Vlo_

1

(1+2)x(1+0.08)’ " 3.4992
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E, E, (dA|@ ..T, )2:(1+ ! JX...X(H L ]x L, 2 >=0.9522 . As a
g IS 3.4992 22188 ) 2+1 (0_()02+1)

result, we have V, (dA| g;k )=0.9522-0.6653* =0.5096 . Based on the above derivation, the

analytical expressions for the mean and variance of dA under single system model of the Sobol’s

G*-function can be easily obtained, and thus not given here.
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Appendix C: Derivation of analytical solutions of E(dA) and V(dA) for multiple system

models of Sobol’s G*-function

10
For the Sobol’s G*-function I_] g, under multiple system models, according to Eq. (4) and

replacing Kby g, and ~K by g,...g;, the mean of output difference (dA) of process g~, is

E.(dD)

=Eu_Ey u Ey, By, (dA|9~g+,M~ T, Ty )

:EM By E E o, @B1G, M T, Ty )

. . w «
22810 82810 82 ot g“’ gz g‘“ 8 81

(Cl)

Under the assumption of independent parameters, Eq. (C1) becomes

E, (dD)
= EM’J '"EMg(o Eﬂgﬂ v “‘Eﬂg;ol v ETM ) ETe . (dA| Hg; M o Hg;vo M < ,ng; ,TMﬂv )
(C2)

*1

Since there are two process models (g,' and g,*) for g;, the set of process model transitions is

Ty =M . - M ..M., -M_, M., -M.,M.,->M.} . Considering that
4

o 8 1 8 81" 81 8 81" 8

. - Mg,/ ) = P(Mg,,.)P(Mg,,) (i,j=1,2), Eq.(C2) can be expanded as

A6 .M ...6.,M.,60..M, - (C3)
&2 82 83 83

&1 81

-Al6. M .,.,0...M ..,0.. .M.
| Is’zk’ Is’z“ 33[’ 83“ gll’ &’

2 2 2 2
= z ZE(_) " 9 . (ZZP(Mg;' )P(Mg;/ )Eogk,,. Eoyk,/

=1 j=1

J P(ng )"'P(Mgi'o’ )

2 2 « « . .
Note that there are nine summation symbols >y for processes g,...g,, at the right-hand side
k=1 =1

of Eq. (C3). Recalling that # here is variable X; that follow the uniform distribution, U[0,1],

explicitly writing the expectations with respect to parameters in Eq. (C3) as integrals gives
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A6..M_..0.,.M,.6.M, (C4)

A|3M9M9M

= ii”[iif’w IP(M )”

dy. d, Jdg*k..dng(Mg;k)...P(ng,)

10
Considering that the system output A is the products of the three processes (A = I_] g'.) and that

the process models are equally weighted at 0.5, Eq. (C4) becomes

8, (8.)%g,(8.)%g'(6..) ,
" y y 0. dy. |dy, .y
— & (HS;A)Xg3 (eg;l)xgl (eg;/) oo

i3 iu[iiﬁ

« o
& 410

Zzlzzlmgl 6.)-8@. )}d dg JgQ @,.)--810(8,, ;. dy,

i=l j=1 ’510

where % denotes the multiplication of the eleven P(M) terms in Eq. (C4). Recalling that the

mean of each product element g in the Sobol-G" function is one, Eq. (C5) is further simplified

as

EK(dA)=%X29XZZJ.Hg1 (6,:)=87"(6,.)dy

=l j=1 ‘Q‘

(Co)

Similarly, the mean values of dA for the other nine processes g°, is evaluated via

EK(dA)=%><29><ZZ”

i=l j=1

§(6.)-5(6. >|d d,

(€7

While analytical expressions of Eq. (C7) can be obtained in the way of deriving Eqgs. (B6) and

(B7), the expressions are complicated because four parameters ((2’11 , 0’12 , al1 and al2 ) are involved.
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We thus use the scipy.integrate function dblquad in Python to evaluate the double integrals
numerically.

To evaluate the variance of dA for process g, based on Eq. (5), replacing K by g, and ~K
by g,...g,, gives

Vi(dD) =Ey E . *ET I (dA|e M. Tg*,TM*)z
2
_(EMY* Ee LM ET1 (dA|9 g Mgz*wg;o’TaluTMf)j

(C8)
The second term at the right-hand side of Eq. (C8) equals (E(dA))’, which can be calculated

based on Eq. (B6). Similar to the derivation of Eq.s (B2) and (B3), the first term at the right-hand
side of Eq. (C8) can be rewritten as

e~wf‘M~fET |TM_y(dA|9 M T T, )

(C9
A|9"kaM '*Aae*laM '*[ae"iaM' ( )
82 &2 83 83 81

=Y. 3E, .k, [ZZP(M OPM, ), E, o

2
0 0 o P(Mg:A )“.P(Mg;({)
k=1 = %2 a0 | = & -4 gZ"MgE“ g;"Mg§[’ g}"’Mg;" “

10
Recalling that for the Sobol’s G*-function, A = I_l g*,- and based on the derivation of Egs. (B9) ~
i=1

(B13), Eq. (C9) can be rewritten as

Ew Eu u Fn, By p, (@D |6, M .1, T, )’

2 0 2
:2"'2(1+Vk) (1+V1g)[zzP(Mgf’)P(Mgf”)Ea*rEﬂ,*/ g:i(ggi")_g:..

i=l j=1 “

JP(MM )-P(M )

where V, , ... , and V|, denote the variance of element g," ,..., and g , respectively.

Considering that the process models are equally weighted and each parameter follows uniform

distribution U[0, 1], rewriting the expectations in Eq. (C10) as integrals leads to

Page 48



922

923

924

925

926

927

928

EM_ E9_.( ‘Mw( ETM . ETB * [Ty . (dA | H"Sf ’M"S; ’Tgr" ’TMHT )2

L) o) S5k

=l j=

'(0.0-g

ZJ
*] *j :
l(ggf’ )~ 8 /(Hgf/ )‘ d‘g,‘l d‘g s

LSS b SE 0l

i=l j=1

(C11)

Substitute Egs. (C6) and (C11) to (C8) gives

Ve@dd=1Y . i(1+v;)---(1+V13)[iimg?<6;,>—gf" 2 zd%d%,j

11
2 k=1 1=1

(zixz x;;j”gl @.)-8/’ Jz

(C12)
Egs. (C12) is also numerically evaluated using the scipy.integrate function dblquad. Similarly,

the variance of dA for other nine processes could be obtained.
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Table 1. Values of « and a of Sobol’s G*-function used in this study. Ten product elements g;k @i
=1, 2, ..., 10) are considered and each is assumed to represent a process which has two plausible
process models, g: " and g; .

Process Process model a a Process Process model o a
. g 0.002 . g 6.5
i g? 0.005 o g2 23
. g, 0.08 . g, 10.5
& g 0.10 & g2 12
. g L5 . 8 11
8 g2 1.2 i g 13
. g 2.1 . 8 80
B4 gl 25 8o I 99
. g 4.2 . 810 85
8s g2 1.8 810 g2 90




Table 2. Analytical Ex(dA) and Vk(dA) of parameters under two of 1024 individual system
models and thoese of the three processes considering model uncertainty of the Sobol’s G*-
function. S7; denotes Sobol’s analytical total-effect sensitivity index, according to which the three
processes are ranked from the most non-influential process (numbered by 10) to most influential

process (numbered by 1).

Not considering process model uncertainty

System model

Parameter Xi X X3 X4 Xs Xs X7 Xs Xo Xio
Sti (%) 5231  46.65 1063 7.04 256 124 053 049 0.011 0.000*
Rank 1 2 3 4 5 6 7 8 9 10
Ex(dA) (x107?) 66.53  61.76  26.67 21.51 1282 889 580 556 0.823 0.775
Vi(dA) (x107?) 5096  46.81 1223 818 3.01 146  0.62 0.57 0.013 0.011
10 .
System model |,_=1| g,
Parameter X X X3 X4 Xs Xs X7 Xs Xo Xio
Sti (%) 57.16 5147 1834 793 1197 885 0.61 0.53 0.010 0.012
Rank 1 2 3 6 4 5 7 8 10 9
Ex(dA) (x107?) 99.50 9091 4545 2857 3571 3030 7.69 7.14 1.00 1.10
Vi(dA) (x107?) 290.92 268.49 104.48 4592 6893 51.19 3.56 3.76 0.06 0.07
Considering process model uncertainty
Process g & & & & & & 8 & 8o
Ex(dA) (x107?) 102.64 96.82 3728 2675 2638 21.75 692 643 0921 0.954
Vi(dA) (x107?) 108.17 9696 4458  21.10 25.14 1793 1.67 148 0.030 0.033

* This value is rounded to zero.



Table 3. Numerical Ex(dA) and Vk(dA) of parameters under individual system model and thoese
of the three processes considering model uncertainty of the groundwater flow model using LHS
with n = 5000. Sr;denotes Sobol’s total-effect sensitivity index calculated numerically by using
10,000 x (k + 2) simulation runs, where k is the number of parameters in the system model.
Without considering process model uncertainty, the three processes are ranked according to Sti
for each of the eight individual system models. With considering process model uncertainty, the
three processes are ranked according to the Ex(dA) and Vk(dA) values. Note the most non-
influential process is numbered by 3 while the most influential process is numbered by 1.

Not considering process model uncertainty

Model R,G M, RiGiM; RiG2M,; R1G2M;
Parameter a K f1 a K f&r a Ki&K: fI a K &K; fp&r
Sti (%) 12.37 36.87 66.06 14.98 55.74 37.95 34.08 15.78 54.65 35.83 38.66 27.97
Rank 3 2 1 3 1 2 2 3 1 2 1 3
Ex(dA) (x107)  42.61 56.00 85.80 42.61 69.90 60.01 53.40 34.62 65.96 53.40 54.43 46.14
Vi(dA) (x107?) 10.37 53.10 76.23 10.37 57.51 36.92 17.08 8.49 29.67 17.08 19.47 14.38
Model R:GiM; R:GiM; R:G2M; R>G>M;
Parameter b K f1 b K f&r b K&K, fI b K&K, fr&r
Sti (%) 22.04 32.82 58.80 26.02 48.49 33.01 49.55 14.43 39.79 50.30 32.16 19.67
Rank 3 2 1 3 1 2 1 3 2 1 2 3
Ex(dA) (x107%)  61.66 56.00 85.80 61.66 69.90 60.01 77.27 38.65 65.96 77.27 59.04 46.14
Vi(dA) (x107?) 19.01 53.10 76.23 19.01 57.51 36.92 31.44 10.82 29.67 31.44 23.20 14.38
Considering process model uncertainty
Process Recharge Geology Snowmelt
Rank 3 2 1
Ex(dA) (x107?) 61.93 66.19 130.11
Vi(dA) (x107?) 21.96 43.25 146.93
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Fig. 1. Relation between a system and its processes as well as relation between a system model
and process models. The left box represents the conventional single-model framework, in which
each process is represented by only one process model and only one system model is formulated.
The right box represents the multi-model framework, in which each process can be represented
by multiple alternative process models and multiple alternative system models are formulated.
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Fig. 2. (a) [lustration of Morris method for a single system model containing two processes A
and B, which are represented by process models M4 and M3, respectively. Each model has its one
parameter, xa for M4 and xp for Mp. The horizontal solid arrows represent 20 elementary effects
related to x4, and the vertical dashed arrows represent 20 elementary effects related to xg. (b)
[lustration of MMADS with multiple process models. Process A is represented by two

alternative process models, M, and Mj, with parameters x, and x;, respectively. Process B is

2

represented by two alternative process models M, and M , with parameter x, and x; ,

respectively. The red and blue solid arrows indicate that parameter values vary within a process
model. The green and black dotted arrows indicate a transition from one to the other process
model and a transition of parameter value from one to the other process model.



Use LHS method to generate the sampling matrix of all uncertainty parameters
Loop [1] over process model combinations M _, for process ~Kin M_,

Combine parameter values for parameters associate with M _, to yield 0_, | M _,
Loop [2] over parameter realizations 0_ | M _,
Loop [3] over process models M for process K in M
Combine parameter values for parameters associated with M to yield 0, | M,
Loop [4] over parameter realizations 0, | M
Compute A|0 ., M _,,0,,M,

End loop [4]
End loop [3]

Loop [5] over process model transitions in T,

Loop [6] over parameter realizations 7;K|r_\,K associated with Ty

Compute dA 6., M T, . Ty, and (dA|6 .M .T, .T,, )2
End Loop [6]
Compute £, (dA | HNK,MNK,%K,TMK) andE; (dA|9~,<,M~K,7;K S )2
End Loop [5]
Compute £ Ep (dA 18 xsM x>T4 2Ty, ) and

ETMK E (dA 10 x> M ¢, T, Ty )2 using model averaging

Tog Tty
End Loop [2]
Compute EBN,\-\MN,\- E'IMK E’/;,K Tty (dA | 6~K M g, TeK 5 TMK ) and
Ey i, E/'MK En,K Loty (dA]0 M 3 Ip > Ty, )’
End Loop [1]
Compute Evi_ Eo i, E’/'MK E’/;,Kr/'\,K A0, M T, ,T,, ) and

Ev  Eo i Er, Ei i, (dA1O M T, Ty, )’ using model averaging

K

Fig. 3. Pseudo code for evaluating Ex(dA) and Vi (dA) defined in Egs. (4) and (5) for process K.
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Fig. 4. Plots of Ex(dA) and +/V, (d) for the processes of (a) the Sobol’s G*-function and (b) the

groundwater flow modeling. The ten processes of Sobol’s G*-function and the three processes of
groundwater flow modeling are marked with different colors. Open symbols are for individual
system models that only consider parametric uncertainty. Cross symbols denote the sensitivity
measures with a consideration of uncertainty in process models and parameters.
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Fig. 5. Sketch of one-dimensional groundwater flow model.
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Fig. 6. Convergence of (a) E(dA) and (b) V(dA) of the three processes of groundwater flow
modeling. The areas are for the 95% confidence intervals estimated using bootstrapping with 100
samples.
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Fig. 7. Assessment of MMADS robustness based on process ranking in the example of

groundwater flow modeling. The number, n, of parameter samples used in LHS sampling
increases gradually from 5 to 200.
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Fig. 8. Variation of Ex(dA) and Vk(dA) for the three groundwater processes with process model
probabilities. Variations of (a) Ex(dA) and (d) Vk(dA) of recharge process with P(R1), (b) Ex(dA)
and (e) Vk(dA) of geology process with P(G1), and (c¢) Ex(dA) and (f) Vk(dA) of snowmelt
process with P(M).
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Fig. 9. Sobol’s total-effect sensitivity indices (S7;) evaluated to measure sensitivity of (a) Ex(dA)
and (b) Vk(dA) of the three groundwater flow processes to for process model probabilities, P(R1),

P(Gy), and P(M)).





