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Abstract 

Thermodynamic modeling of aqueous polyelectrolyte solutions with salts is of significant 

interest for many industrial applications. This study applies the polyelectrolyte Nonrandom Two-

liquid activity coefficient model to aqueous polyelectrolyte solutions with mixed-valent 

counterions. A modified Delocalized Binding Theory was proposed to determine the polyion 

condensation fractions of the mixed counterions. This modified theory accounts for the 

electrostatic binding of the counterions on the polyion, the dissociation entropy of the 

counterions, and the electrostatic interaction between the uncondensed ionic species. Given the 

polyion condensation fractions, the critical value of Manning’s parameter � and the amounts of 

uncondensed polyions and counterions can be calculated along with the activity coefficients of 

mobile ions. The model successfully correlates experimental data for various aqueous 

polyelectrolyte systems with mixed-valent counterions. 
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1. Introduction 

Much progress has been made in the thermodynamic modeling of aqueous 

polyelectrolyte solutions in the past decades [1-4]. Among them, Manning’s limiting law [4], 

which is derived from statistical thermodynamics by integrating electrostatic interactions 

between point charges and rod-like charged polyion backbone chains, is the most remarkable 

achievement. However, while Manning’s limiting law has been successfully applied to elucidate 

thermodynamic properties of dilute aqueous polyelectrolyte solutions, the limiting law is 

inadequate to represent the thermodynamic properties of polyelectrolytes with high salt 

concentrations and it fails for the liming cases of aqueous salt solutions without polyelectrolytes 

[5-7]. This deficiency hampers the application of Manning’s limiting law in wider applications 

such as the treatment of brine solutions with ion-exchange membranes. To overcome the 

inadequacy of Manning’s limiting law in high salt concentration solutions, Yu et al. [6, 7] 

proposed a polyelectrolyte Nonrandom Two-liquid (NRTL) activity coefficient model by 

extending Manning’s limiting law with two additional terms: the Pitzer-Debye-Hückel term [8] 

to account for the long-range electrostatic interactions between uncondensed ionic species and 

the local composition term derived from the electrolyte NRTL (eNRTL) model [9, 10] to account 

for the short-range van der Waals molecule-molecule, molecule-ion, and ion-ion interactions. 

The polyelectrolyte NRTL model has been successfully applied to quantitatively correlate the 

thermodynamic properties of aqueous polyelectrolyte solutions with either monovalent or 

multivalent counterions [6, 7]. In addition, the model has been successfully applied to elucidate 

the partitioning of mobile ions between ion-exchange membranes and external brine solutions 

[11]. However, as industrial electrolyte solutions often involve multiple ions with mixed charge 
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valences, it is necessary to examine the applicability of the polyelectrolyte NRTL model for 

aqueous polyelectrolytes solutions with mixed-valent counterions. 

As a critical step in thermodynamic modeling of aqueous polyelectrolyte solutions, 

counterion condensation in polyelectrolyte solutions must be taken into account. A unique 

phenomenon in aqueous polyelectrolyte solutions, counterions condense on the polyion chain to 

reduce the charge density of the polyion chain below a critical value. Manning’s limiting law 

defines Manning’s parameter � as the dimensionless charge density of the polyion chain. For an 

aqueous polyelectrolyte solution with a single type of counterion, counterion condensation 

should take place if � is greater than the critical value of 1/|����|, where �� and �� are the 

valences of counterion and polyion segments, respectively. However, the way to determine the 

critical � value in the case of mixed-valent counterions was not clear. Initially Manning tackled 

this question [12] by following a step-by-step condensation sequence for systems with both 

monovalent and divalent counterions. He suggested that divalent counterions should condense 

first until either the critical � value of 1/2 is reached or the divalent counterions are depleted. 

Subsequently, monovalent counterions should condense until the critical � value of unity is 

reached. However, this condensation scenario failed to explain the experimental data [12]. Later, 

Manning presented his Delocalized Binding Theory (DBT) [13] for counterion condensation in 

polyelectrolyte solutions with mixed-valent counterions. DBT hypothesizes that the polyion 

condensation fractions of counterions should reflect the minimal Gibbs energy of the condensed 

system, as determined from the electrostatic interactions of and the entropy of mixing the 

charged polyions and counterion species. Readily reduced to the counterion condensation 

scenario for single-counterion polyelectrolyte systems, DBT provides a sound theoretical 

foundation for the determination of counterion condensation for aqueous polyelectrolyte 
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solutions with mixed-valent counterions. Also called “Two-Variable Theory”, DBT was 

originally proposed to predict polyion condensation fractions for binary counterion systems with 

one monovalent and one divalent counterions. Several studies have subsequently applied 

Manning’s limiting law incorporating “Two-Variable Theory” for counterion condensation to 

represent aqueous polyelectrolyte solutions with mixed-valent counterions at low concentrations 

[14-17].  

This study extends the polyelectrolyte NRTL model for aqueous polyelectrolyte solutions 

with mixed-valent counterions. To be consistent with the assumptions of polyelectrolyte NRTL 

model, DBT is formulated for multiple counterions and further modified with an additional long-

range electrostatic ion-ion interactions term taken from the Pitzer-Debye-Hückel theory [18]. 

The polyelectrolyte NRTL model is then applied to correlate experimental data of aqueous 

polyelectrolyte solutions including polystyrene sulfonate (PSS), polymethyl acrylate (PMA), and 

dextran sulfate (DS) with mixed-valent counterions. The experimental data include the polyion 

condensation fractions (	�) and the ionic activity coefficient (
�) of counterions.  

2. Thermodynamic Framework 

2.1. Delocalized Binding Theory 

Upon counterion condensation, the charge density � of the polyion chain is reduced to a 

value of �1 − ∑ |��|	����� ��, where � is the index of counterion type, ��� is the total number of 

counterion types, �� is the valence of counterion type �, and 	� is the polyion condensation 

fraction of counterion type � representing the number of counterion condensed per polyion 

segment or the ratio of the number of counterion � condensed (�����������) and the number of 

polyion segment (��,�), (i.e., 	� = �����������/��,�).  
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Derived for the limiting case of counterion concentration approaching zero, DBT [13] 

states that 	� , the polyion condensation fraction of counterion �, is determined by the 

minimization of the Gibbs energy of counterion condensation with respect to the polyion 

counterion condensation fractions 	�. This equilibrium state of incomplete binding “representing 

the balance between maximization of entropy by dissociation and minimization of energy by 

binding.” Here the Gibbs energy of counterion condensation is composed of the contribution 

from electrostatic binding of the counterions on the polyion (�� ) and the contribution from 

dissociation entropy (�!�"). The ��  term represents the energy required to charge the polyion 

chain up to the charge density after counterion condensation. The �!�" term represents the 

translational entropy for condensing a specific amount of counterions from the bulk solution to 

the surface of the polyion. 

 
#(�� + �!�")#	� = 0  . (1) 

Derived from the linearized Poisson-Boltzmann equation with cylindrical coordinates, the 

expression for ��  [13] shown below has been generalized for an aqueous polyelectrolyte 

solution with the polyion charge density �, the polyion segment molality +�,�, the number of 

counterion types ���, the counterion ion � molality +�,�, and the number of kg of solvent water 

�, [13]: 
 �� = -� �,./ = −�+�,� 01 − 1 |��|	�

���

� 2
3

ln(67)  , (2) 

 � = 8�39:/7  , (3) 
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 63 = 4<8�3�=>,10009:/ 1 ��3+�
��

�   , (4) 

where 8�  is the elementary charge, 9 is the dielectric constant of the aqueous media, k is the 

Boltzmann constant, / is the temperature, 7 is the distance between each functional group on 

polyelectrolyte, �= is the Avogadro’s constant, >, is the density of water, �� is the total number 

of mobile ion types, and +� is the concentration of the uncondensed mobile ion � in the solution. 

Note that, for counterions, +� = +�,� − 	�+�,�; for coions +� = +�,�.  

Derived from the entropy change resulting from the counterion condensation [13] , the 

following expression for �!�" has been generalized for systems with ��� number of counterion 

types: 

 �!�" = -!�"�,./ = +�,� 1 ?	�ln @	�/A�+� BC���

�   , (5) 

here A� is the volume of the “association region” per mole of polyion segment wherein 

counterions are “bound” to the polyion chain. A� is a function of the polyion charge density �, the 

counterion concentration +�, the counterion charge number ��, and the distance between each 

functional group on polyion chain 7 [13]. 

Figure 1 shows the Gibbs energy contour plot with varying polyion condensation 

fractions of monovalent counterion 1 and divalent counterion 2. The polyelectrolyte � value is 

fixed at 2.5, the polyion segment concentration is 0.01 molal, and the monovalent and divalent 

counterion concentrations are both fixed at 0.01 molal. Figure 1a shows that the Gibbs energy of 

the system is minimized at 	D = 0.152, and 	3 = 0.319. Figure 1b shows that ��  favors 

counterion condensation because the electrostatic potential between the polyion and mobile ion 
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drops as the polyion is neutralized by counterions, and ��  decreases with the increase in polyion 

condensation fractions. On the other hand, Figure 1c shows that �!�" disfavors counterion 

condensation because counterion condensation yields a lower degree of randomness for the 

system, and �!�" increases with the increase in polyion condensation fractions. 

The Gibbs energy minimization calculation is further conducted for the same 

polyelectrolyte (+�,� = 0.01 molal, �= 2.5) but with counterion concentrations ten times higher. 

Figure S1a shows the total Gibbs energy contour plot for both monovalent and divalent 

counterion concentrations fixed at 0.1 molal. For the higher salt concentration solution, the 

minimum Gibbs energy point is at 	D = 0.279 and 	3 = 0.327. Although Figure S1b shows the 

profile of ��  remains similar to the lower concentration case shown in Figure 1b, the profile of 

�!�" changes significantly and Figure S1c shows a minimum point of 	D = 0.206 and 	3 = 0.198.  

2.2. Modified Delocalized Binding Theory  

Derived for the limiting case of counterion concentration approaching zero, DBT omits 

the Gibbs energy contribution from the electrostatic potential due to the interactions between the 

point charge species in the solution. The additional Gibbs energy contribution is captured with 

the ion-ion interactions term from the Pitzer-Debye-Hückel equation, �EFG. Therefore, the Gibbs 

energy of counterion condensation, Eq. 1, is expanded to include �EFG in the search of polyion 

condensation fractions for each counterion �, 	�: 

 
#��� + �!�" + �EFG�#	� = 0  . (6) 

The Gibbs energy expression of �EFG is given below [18]: 

 �EFG = -EFG�,./ = −HI 4JK ln�1 + K√J�  , (7) 
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 HI = 13 M2<�=>,1000 OD3 @ 8�39:/BP3  , (8) 

 J = 12 1(��3+�)�
�   , (9) 

where HI is the Debye-Hückel constant for the osmotic coefficient, K is the closest approach, I is 

the ionic strength of the solution, and n is the total number of ionic species, including polyion 

segments. 

The Gibbs energy contour plot generated with the modified Delocalized Binding Theory 

(mDBT) is shown in Figure S2 for a polyelectrolyte solution with � = 2.5 and +�,� = 0.01 

molal. The monovalent and divalent counterion concentrations are both fixed at 0.01 molal. 

Figure S2a shows the minimum Gibbs energy is achieved with 	D = 0.164 and 	3 = 0.291, 

slightly different from the DBT results shown in Figure 1a. Figure S2b shows �EFG disfavors 

counterion condensation and �EFG increases with the increase in polyion condensation fractions.  

The contribution of �EFG is more pronounced in higher salt concentration cases. Figure 

S3 shows the Gibbs energy contour plot with both monovalent and divalent counterion 

concentrations of 0.1 molal. Figure S3a shows the minimum Gibbs energy is achieved at 	D = 

0.315 and 	3 = 0.166, significantly different from the minimum suggested by DBT as shown in 

Figure S1a. Figure S3b shows �EFG disfavors counterion condensation and the absolute �EFG 

values increase much for the high salt concentration case than the low salt concentration case 

shown in Figure S2b. 

2.3. Polyelectrolyte NRTL Model 

As reported in our previous papers [6, 7], there are three contributions to the 

polyelectrolyte NRTL model: the Manning term (M) [4], the Pitzer-Debye-Hückel term (PDH) 
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[8], and the local composition term (lc) from the eNRTL model [9, 10]. The Manning term and 

PDH term represent the long-range polyion-ion electrostatic interactions contribution and the 

long-range ion-ion electrostatic interactions contribution, respectively. The lc term represents the 

short-range van der Waals interactions between any species and their first-shell neighboring 

species subject to the constraints of local electroneutrality and like-ion repulsion. The overall 

expression of the counterion activity coefficient is: 

 ln
��� R�STUV = ln
�W + ln
�EFG + ln
� �   . (10) 

The general expression of Manning term for ionic activity coefficient is shown below [4]: 

 ln 
�W = − 12 01 − 1 |�X|	X
���

X 2
3

�+�,� ��3∑ +���3���YD   , (11) 

here +�  refers to the concentration of counterion ion � after condensation, and it is equal to the 

initial concentration of counterion � in the solution subtracted by the condensed fraction, i.e., 

+� = +�,� − 	�+�,�. The coion concentration, on the other hand, remains the same as its initial 

value.  

The general expression of the activity coefficient shown in Eq. 11 is readily reduced to 

the specific expressions used in our previous works for polyelectrolyte solutions with single 

counterions [6, 7]. For instance, consider a polyelectrolyte solution with counterion Na+ and 

coion Cl-, charge density � < 1, and no condensation, i.e., 	SZ[ = 0.  Eq. 11 reduces to: 

 ln 
�W = − 12 �+�,� ��3+SZ[,� + +\ ],�  , (12) 

 ln 
SZ[W = − 12 �+�,� 1(+SZ[,� + +\ ],�)  , (13) 
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 ln 
\ ]W = − 12 �+�,� 1(+SZ[,� + +\ ],�)  . (14) 

The counterions come from two sources: the dissociation of polyelectrolyte and added 

salt, i.e., +SZ[,� = +�,� + +�Z �, and coion comes from the added salt only, i.e., +\ ] = +�Z � . 

Rewriting Eqs. 13 and 14 in the form of � and ^ (the concentration ratio of polyion segment to 

added salt, i.e., ^ = +�,�/+�Z �): 

 ln 
SZ[W = − 12 � ^(^ + 2)  , (15) 

 ln 
\ ]W = − 12 � ^(^ + 2)  . (16) 

Eqs. 15 and 16 are identical to the equations used in the previous work on modeling of 

polyelectrolyte solutions with monovalent counterions [6]. The derivation for polyelectrolyte 

solutions with divalent counterions is similar, and the final expression has been given in the 

paper on modeling of polyelectrolyte solutions with multivalent counterions [7]. The expressions 

of the PDH term and lc term of the polyelectrolyte NRTL model for polyelectrolyte solutions 

with mixed counterions are also the same as those shown in previous publications [6, 7]. 

Summarized in Table 1, the model parameters include Manning’s parameter � per 

polyelectrolyte and two asymmetric eNRTL binary interaction parameters _�X (_�X ≠ _X�) per 

water-electrolyte pair and per electrolyte-electrolyte pair sharing a common anion. Note that 

electrolytes in this work can be simple electrolytes such as alkali halides or ion pairs involving 

polyion charged segments and counterions. The binary interaction parameters for water-

electrolyte pairs are readily available in the literature for most aqueous single electrolyte 

solutions [9, 10]. The binary interaction parameters for the electrolyte-electrolyte pairs are 

typically set to zero unless high concentrations of electrolytes are involved.  
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3. Literature Experimental data 

 Table 2 presents a summary of the literature experimental data available for mixed-valent 

polyelectrolyte solutions [14-17, 19]. These include data for the polyion condensation fractions 

(	�) and activity coefficients (
�) of aqueous polyelectrolyte solutions with mixed mono- and 

divalent counterions. The polyelectrolyte types include dextran sulfate (DS), polystyrene 

sulfonate (PSS), and polymethylacrylate (PMA). Expressed in terms of polyion segments, the 

concentrations of the polyelectrolytes are in the range of 0.001-0.01 molal. The monovalent 

counterion concentrations are in the range of 0.002-0.02 molal, while the divalent counterion 

concentrations are even smaller, in the range of 1.7e-5 to 0.008 molal. Unless specifically 

indicated in this paper, the temperature is 298.15 K. 

It should be noted that the lc term has little contribution to the system nonideality at the 

exceedingly low counterion concentrations of the literature data examined in this study. 

Therefore, this study only considers the Manning term and the PDH term, the binary interaction 

parameters _�X of the lc term has been set to zero, and the only adjustable model parameter is � 

for each polyelectrolyte. In this work, the � parameter is identified by minimizing the following 

objective function, 

 a7bcd�ef gh�cd�i� = 1 jkX�Z � − kX�"��
l" m3S

XYD   , (17) 

Here j is the data point index, N is the total number of data points in the data set, the superscripts 

“calc” and “expt” are for the model results and the experimental data, respectively. l" is the 

assumed standard deviation for the experimental data, set to 5%. The average relative deviation 

in percentage (ARD %) is used to evaluate the quality of data fitting.  
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 H.n% = 100 p 1� 1 qkX�Z � − kX�"��
kX�"�� qS

XYD   , (18) 

 

4. Results and Discussion 

Figure 2 to Figure 7 show the comparison between the selected experimental data from 

multiple sources [14-17, 19] and the corresponding model results. Table 3 presents the identified 

Manning parameter � values from the regression and the associated ARD% for DBT and mDBT. 

It should be noted that the � value is independent of counterions and the same � value is reported 

for each polyion from each data source.  

Figure 2 shows a comparison between the model results and the experimental data of the 

polyion condensation fraction of Mg2+ for the Na+-Mg2+-DS system [14] with +�,� = 0.001 

molal and a total added salt concentration (expressed as ionic strength) of 0.01 molal. The model 

results from DBT and mDBT are shown as dashed and solid lines, respectively. Both models 

represent well the polyion condensation fraction of Mg2+ in the system. The model results with 

mDBT show a slight improvement over the DBT results, reflecting the fact that the contribution 

of the additional �EFG term to DBT is minor at low concentrations. To examine the selectivity of 

counterions condensing on the polyion chain, the degree of condensation in % for each 

counterion is also calculated and shown in Figure 2. The degree of condensation for counterion i 

(r�) is defined as the ratio of the condensed counterion amount over the total counterion amount 

in the system: 

 r�(%) = ��� �����⁄ p 100, (19) 
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where ��� is the amount of condensed counterion i, and ����� is the total amount of counterion i. 

Indicative of the high selectivity of Mg2+ condensation over Na+ condensation, the highest 

degree of Mg2+ condensation was observed in the region with low Mg2+ concentration. Upon 

increasing Mg2+ concentration, the polyion condensation fraction of Mg2+ 	Wtu[ increases, and 

the degree of Mg2+ condensation rWtu[ decreases correspondingly. Similar results were 

observed in the other three DS systems listed in Table 3.  

Figure 3 shows the model correlation results for the polyion condensation fractions of 

individual counterion for the Na+-Pb2+-PSS system [15]. The concentration of the polyion 

segment was fixed at 0.001 molal, and the total ionic strength of the added salt was fixed at 0.01 

molal. The experimental results showed that, as the concentration of Pb2+ increases, 	Evu[  

increases, 	SZ[  descreases, and rEvu[  decreases. Again, the mDBT results show slight 

improvement over the DBT results. The divalent counterion Pb2+ is favorable for condensation 

on polyions by a factor of ~10 when compared with the monovalent counterion Na+ in this 

system.  

Figure 4 shows a comparison between the model results and the experimental data of the 

polyion condensation fraction for Na+ and Ca2+ in the PMA solution [16]. The concentration of 

polyion was fixed at 0.002 molal, and the concentration of Na+ was fixed at 0.002 molal. Similar 

trends of polyion condensation fractions were observed for this polyelectrolyte system. At low 

Ca2+ concentration, the degree of condensation for Ca2+ is 100%. With increasing Ca2+ 

concentration, the polyion condensation fraction of Ca2+ increases and the polyion condensation 

fraction of Na+ drops. The Ca2+ selectivity over the Na+ selectivity is overwhelming, in terms of 

the degree of condensation of individual ion. Due to the overall very low salt concentration, the 

DBT and mDBT model results are almost identical. 
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Figure 5 and Figure 6 show the comparison of the experimental data [19] and the model 

results for the activity coefficients of Mg2+ and Ca2+ for the Na+-Mg2+-DS and Na+-Ca2+-DS 

systems, respectively. The concentration of polyion was fixed at 0.001 molal. The total added 

salt concentration in terms of ionic strength was 0.015 molal for the Na+-Mg2+-DS system and 

0.005 molal for the Na+-Ca2+-DS system. In Figure 5a, the model results show good agreement 

with the experimental data of activity coefficient of Mg2+ for the Na+-Mg2+-DS system, and there 

is no significant difference in the DBT results and the mDBT results. Figure 5b presents the 

corresponding model results for the polyion condensation fractions and the degrees of 

condensation. With an increase in the concentration of Mg2+, the polyion condensation fraction 

of Mg2+ increases, while that of Na+ decreases. In addition, Mg2+ is the strongly preferred 

counterion for condensation. Similarly, in Figure 6a, the model represents well the experimental 

data for activity coefficient of Ca2+ for the Na+-Ca2+-DS system, and Figure 6b suggests high 

selectivity for Ca2+ over Na+.  

Figure 7a presents the model results and the experimental data for activity coefficients of 

counterions for the Na+-Mg2+-PSS system [17]. The concentration of the polyion was 0.01 molal. 

Na+, as the counterion of the polyelectrolyte, is at an equivalent concentration of 0.01 molal. The 

divalent counterion, Mg2+, was introduced as added salt (MgCl2) at various concentrations from 

8e-4 to 8e-3 molal. With the Manning parameter � as the only adjustable parameter, the model 

results agree well with the experimental data for both Na+ and Mg2+ activity coefficients. The 

corresponding polyion condensation fraction and the degree of condensation are shown in Figure 

7b. The mDBT model results suggest that the polyion condensation fraction of Mg2+ increases 

and the degree of condensation of Mg2+ decreases with increased Mg2+ concentration in the 

solution. Furthermore, the selectivity of Mg2+ condensation is higher than that of Na+ by a factor 
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of ~3, although the selectivity of Mg2+ over Na+ declines with increasing Mg2+ concentration in 

the solution.  

5. Conclusions 

Incorporating a modified Delocalized Binding Theory for counterion condensation, the 

polyelectrolyte NRTL model was successfully applied to correlate experimental measurements 

of polyion condensation fractions and activity coefficients of aqueous polyelectrolyte solutions 

with mixed monovalent and divalent counterions. Consistent with experimental observation, the 

model suggests that counterions with high valence have higher polyion condensation fractions 

and therefore higher selectivity as condensed species especially in the low salt concentration 

region. Although only validated for data at low salt concentrations due to availability of data, the 

polyelectrolyte NRTL model has been shown to be a comprehensive thermodynamic model for 

aqueous polyelectrolyte solutions with mixed-valent counterions. Future work will focus on the 

application of the model to study mobile ion partitioning in ion-exchange membranes immersed 

in saline solutions with mixed-valent salts.   
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Figure Legend 

Figure 1. Contour plots of Gibbs energy contribution for Delocalized Binding Theory with 

varying 	D for monovalent and 	3 for divalent counterions for a polyelectrolyte system with � = 

2.5, +�,� = 0.01, +D,� = 0.01, and +3,� = 0.01 molal. (a) Total Gibbs energy; (b) �� ; (c) �!�" 

Figure 2. Comparison between experimental data [14] and model correlation results of polyion 

condensation fractions (	�) for the Na+-Mg2+-DS system with a polyion concentration (+�,�) of 

0.001 molal and total ionic strength for added salts (J) of 0.01 molal. The regressed parameter � 

is 2.42 for DBT and 2.79 for mDBT.  

Figure 3. Comparison between experimental data [15] and model correlation results of polyion 

condensation fraction (	�) for the Na+-Pb2+-PSS system with polyion concentration (+�,�) of 

0.001 molal and total ionic strength for added salts (J) of 0.01 molal. The regressed parameter � 

is 2.42 for DBT and 2.70 for mDBT.  

Figure 4. Comparison between experimental data [16] and model correlation results of 

counterion condensation fraction (	�) for the Na+-Ca2+-PMA system with polyion concentration 

(+�,�) of 0.002 molal and Na+ concentration (+SZ[,�) of 0.002 molal. The regressed parameter � 

is 2.29 for DBT and 2.31 for mDBT.  

Figure 5. Model correlation results for the Na+-Mg2+-DS system with polyion concentration 

(+�,�) of  0.001 molal and salt concentration in the form of ionic strength J = 0.015 molal. [19] 

(a) Counterion activity coefficient (
�), and (b) counterion condensation fraction (	�) and degree 

of condensation (r�). The regressed parameter � is 2.28 for DBT and 2.45 for mDBT. 

Figure 6. Model correlation results for the Na+-Ca2+-DS system with a  polyion concentration 

(+�,�) of 0.001 molal and salt concentration in the form of ionic strength J = 0.005 molal. [19] (a) 

Counterion activity coefficient (
�), and (b) counterion condensation fraction (	�) and degree of 

condensation (r�). The regressed parameter � is 2.28 for DBT and 2.45 for mDBT. 
Figure 7. Model correlation results for the Na+-Mg2+-PSS systems with a polyion concentration 

(+�,�) of 0.01 molal and Na+ concentration (+SZ[,�) of 0.01 molal. [17] (a) Counterion activity 

coefficient (
�), and (b) counterion condensation fraction (	�) and degree of condensation (r�). 
The regressed parameter � is 1.94 for DBT and 2.08 for mDBT.  
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Tables 

Table 1. Polyelectrolyte NRTL Model Parameters for Each Contribution Term 

Contribution term Parameter Source 

Manning term � This study 

PDH term None n.a. 

lc term 

water-electrolyte pair for 

simple electrolytes like alkali 

halides 

_�X Literatures* 

water-electrolyte pair for ion 

pairs involving polyion 

charged segments and 

counterions 

_�X Set to zero in this study 

electrolyte-electrolyte pair _�X Set to zero in this study 

* The eNRTL binary interaction parameters for water-electrolyte pairs are readily available in 

published literatures for most common electrolytes such as NaCl [20], CaCl2 [21], MgCl2 [22], 

etc.  
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Table 2. Literature data of polyelectrolyte solutions with mixed-valent counterions 

Source 
Data 

type 
Polyion wxyz{|y} Counterions w~[ w~�[  Coion 

No. of 

date 

points 

Joshi 

and 

Kwak 

(1981) 

[14] 

	Wu[ DS 

0.001 – 

0.01 
Na+, Mg2+ 

0.0037–

0.055 

1.8e-5–

0.0065 

Cl- 

219 

0.001 Na+, Ca2+ 
0.0023–

0.011 

9.7e-5–

0.0013 
41 

0.001 K+, Mg2+ 
0.0035–

0.011 

2e-5–

0.0013 
47 

0.001 K+, Ca2+ 
0.0035–

0.011 

1.7e-5–

0.0012 
44 

Nordmei

er and 

Dauwe 

(1991) 

[15] 

	W[, 	Wu[  PSS 
0.001-

0.006 

H+, Pb2+ 
0.01, 

0.02 

1e-4–

0.0012 

NO3
- 

36 

Na+, Pb2+ 
0.01, 

0.02 

1.6e-4–

0.0011 
38 

Benegas 

et al. 

(1992) 

[16] 

	W[, 	Wu[  PMA 0.002 

Na+, Mg2+ 0.002 
4.7e-4–

0.0015 
NO3

- 

58 

Na+, Ca2+ 0.002 
4.5e-4–

0.0014 
58 

Kwak 

and 

Joshi 

(1981) 

[19] 


Wu[ DS 0.001 

Na+, Mg2+ 
0.01–

0.016 

2.2e-5–

0.0017 

Cl- 

15 

Na+, Ca2+ 
0.002–

0.005 

4.3e-4–

0.0012 
17 

Satoh et 

al. 

(1988) 

[17] 


W[, 
Wu[ PSS 0.01 

Na+, Mg2+ 0.01 
8e-4–

0.008 
Cl- 

20 

Na+, Ca2+ 0.01 
8e-4–

0.008 
20 

* Unit of concentration is molality  
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Table 3. Regressed model parameters of polyelectrolyte NRTL model for polyelectrolyte 

solutions with mixed-valent counterions 

Systems 

Parameters 

ARD%, 

DBT  

ARD%, 

mDBT 
Data source �, DBT �, mDBT 

Na+-Mg2+-DS 

2.42±0.06 2.79±0.02 

12.54 8.07 

Joshi and Kwak 

(1981) [14] 

Na+-Ca2+-DS 10.02 7.84 

K+-Mg2+-DS 23.03 19.78 

K+-Ca2+-DS 11.38 13.50 

Na+-Pb2+-PSS 
2.42±0.01 2.70±0.23 

4.90 3.10 Nordmeier and 

Dauwe (1991) [15] H+-Pb2+-PSS 13.39 14.41 

Na+-Mg2+-PMA 
2.29±0.02 2.31±0.02 

23.81 23.84 Benegas et al (1992) 

[16] Na+-Ca2+-PMA 18.94 18.94 

Na+-Mg2+-DS 
2.28±0.13 2.45±0.12 

6.65 4.77 Kwak and Joshi 

(1981) [19] Na+-Ca2+-DS 14.59 12.76 

Na+-Mg2+-PSS 
1.94±0.04 2.08±0.24 

11.25 11.64 Satoh et al. (1988) 

[17] Na+-Ca2+-PSS 13.40 13.50 

 

 




