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Abstract

Evidence indicates that quantities-of-interest in some turbulent flows can be

controlled despite the overall chaotic dynamics. It is typically thought that

this is via relatively deterministic, larger-scale components of the turbulence.

However, finding such controls, if they exist, is challenging because chaos causes

sensitivity gradients to explode and the search space to become intractably

non-convex. This challenge is analyzed, and a penalty method is introduced to

cope with it. In the new approach, the time domain is broken into segments

approximately matching the chaos time scales, so that the solution within each

segment is both physical and relatively deterministic. The initial condition

of each segment is included in an adjoint-based gradient optimization, which

temporarily introduces artificial ∆q discontinuities in the overall solution. The

optimization then proceeds in stages with increasing penalization of ∆q. The

method is developed and illustrated for a logistic map, the Lorenz Equation,

and an advection augmented Kuramoto–Sivashinsky Equation. These examples

show how the ∆q temporarily increases the search scale prior to the strong

∆q → 0 penalization that recovers a physical solution. It is then applied to

turbulent Kolmogorov flow, for which it also far outperforms a standard adjoint-

based gradient search. The utility of such an optimized chaotic solution is

discussed.
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1. Introduction

1.1. Optimization in flow computations

It is well-understood that predictive simulations can be augmented with op-

timization methods to increase scientific understanding or improve engineering

design [1–12]. Mathematically, this means adjusting input parameters Θ to re-5

duce an objective functional J . For high-dimensional Θ, adjoint gradient-based

optimization is particularly attractive. Both passive and active flow controls can

be designed [1, 2], such as for airfoil geometry [13, 14], jet nozzle shape [15],

and acoustic dampers [16]. Related applications include error estimation and

control of the simulations themselves, including grid adaptation [17, 18] and10

data-assimilated modeling [3–5, 19, 20]. Similarly, flow instability beyond the

linear regime can be analyzed via optimization, such as in thermoacoustics [6],

bypass transition [7, 8, 21], Rayleigh–Taylor instability [9], and sound genera-

tion [10–12].

The flow optimizations we consider share two main characteristics. First,15

they involve large numbers of optimization variables. Optimization in high-

dimensional systems benefits from using the gradient of the J to find a local

minimum in the neighborhood of the starting point [14]. However, this may or

may not lead to significantly reduced J . Second, we consider flows governed

by trusted governing equations, which leads to equality-constrained optimiza-20

tion [22–24]. In such cases, adjoint methods for equality-constrained optimiza-

tion provide the gradient in the high-dimensional parameter space with a com-

putational cost similar to the baseline predictive simulation. These methods,

however, are limited when the flow is turbulent and therefore chaotic.
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Figure 1: The impact of chaos on the optimal control of the Lorenz system: (a) the gradient

of J to f(t) growing exponentially backward in time, and (b) highly non-convex J [f ] along

the direction of gradient ∂J
∂f

(t). For (b), these data are generated by brute-force evaluation of

J for 104 values of δf , with f(t) = δf ∂J
∂f

(t) (see Section 3). The new multi-point method’s

smooth JA for µ = 10−4 is included for comparison (see Section 4).

1.2. Challenge of optimization for turbulent flows25

The particular challenge of flow turbulence we address can be illustrated

with the Lorenz system [25],

dx

dt
= σ(y − x)

dy

dt
= x(ρ− z)− y

dz

dt
= xy − βz + f(t),

(1)

to which we will also appeal for demonstrating the new method, before applying

it to turbulence. The Lorenz state (x, y, z) famously orbits around two unstable

fixed points. (Mathematical details of this problem are in Section 3.) A time-

varying controller f(t) is sought to minimize a J that favors one of the fixed

points. However, chaos hinders gradient-based optimization of f(t) in two ways,30

both shared with turbulence. The extreme sensitivity of ∂J
∂f to f , manifests as

the exponential growth of ‖∂J∂f ‖ in reverse time seen in Figure 1 (a). This biases

control toward t = 0, which limits its utility. In addition, J becomes highly

non-convex as shown in Figure 1 (b). The local minima created, each with a

tiny neighborhood and a J value that is not significantly improved [2], prevent35
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gradient-based optimization from finding a useful local optimum. These chal-

lenges are observed however J is defined [9, 26], and they hinder optimization

of turbulent flows [2, 9, 12, 27, 28]. For example, Kim et al. [12] attempted

to reduce the far-field sound of a turbulent jet using an adjoint method. The

optimized control was modestly effective, yet concentrated at the early times.40

It remained unclear whether the optimization was limited by an inherent lack

of controllability or the challenge of the chaotic dynamics. A similar challenge

was recognized by Pérez et al. [29] for a backward-facing step flow.

Unfortunately, there are few, if any, alternatives to gradient-based opti-

mization. Non-convex optimization techniques [30], such as Lipschitz optimiza-45

tion [31, 32], statistical-model-based global optimization [33, 34], and random

search methods [35, 36], are attractive, but the non-convexity caused by the

chaos is often too challenging [31, 32]. Typical approaches either utilize an as-

sumed statistical model for J [33, 34] or resort to extensive searching [35, 36].

Turbulent flows lack sufficient statistical models for typical J and are too ex-50

pensive to compute for extensive searching.

1.3. The hope for optimization of turbulent flows

While Figure 1 makes the optimal control of the Lorenz equation seem im-

possible, this system is well-known to be controllable. Figure 2 shows such a

controlled trajectory. This implies that the chaos of the system only obscures55

gradient-based methods from finding an effective local minimum but does not

preclude control. The details of finding this solution and further investigation

of its usefulness are in Section 4.

For turbulence, our starting-point conjecture is that many important flows

have a relatively chaotic part that prevents gradient-based methods from arriv-60

ing at effective control via relatively deterministic parts of the flow. It might

be expected that this chaotic part is loosely associated with smaller-scale tur-

bulence, while the less chaotic part is associated with relatively large-scale,

coherent structures. The same idea motivates efforts to average or filter tur-

bulence to extract reduced models; that approach is, of course, preferable, but65
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Figure 2: A controlled trajectory of the Lorenz equation, with color indicating the strength

of the instantaneous control forcing f(t).

it has not been quantitatively successful in all circumstances. In Section 5, we

introduce a one-dimensional model based on the Kuramoto–Sivashinsky (K–S)

equation to show this property.

Analyses support this perspective even when accurate reduced models have

not been identified. Linear response theory for dissipative chaos [37] proves70

that averages based on ergodic state distributions are differentiable, which sup-

ports the possibility of optimization of some chaotic systems. Algorithms have

been proposed based on this theory: ensemble-averaging of adjoint sensitivities

[38, 39], using the fluctuation–dissipation theorem [40], a pdf-based approach

[41, 42], least-square shadowing [43–45], cumulant-truncation [46], and space-75

splitting [47]. However, most of them are not yet applicable for optimization.

These methods also suffer from poor convergence due to diverging sensitivity

[38, 39]; they require prohibitive amounts of computations [41–45]; and they may

be inaccurate when the system is not exactly ergodic or uniformly hyperbolic

[40, 42, 45, 46]. Chandramoorthy and Wang [47] recently proposed a promising80

gradient computation method that requires computation of all covariant Lya-

punov vectors; however, this is not yet feasible for large-scale turbulent flows.

Chung et al. [48] used a continuum limit to regularize the gradient of particle

dynamics discretization; however, that method relies on the particular prop-
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erties of the particle dynamics, which precludes direct extension to turbulent85

flows.

Support also comes from experience with particular flows. For jet noise, the

link from jet turbulence to radiated sound is intricate, but the success of wave-

packet descriptions suggests sufficient determinism for controllability [10, 49, 50].

For example, low-frequency, low-wavenumber eigenmodes from stability analysis90

show reasonable agreement with time-averaged statistics [51, 52]. The success-

ful passive control of low-frequency, aft-angle jet noise with nozzle modifica-

tion further supports controllability of these large-scale flow structures [53–57].

However, representing the real-time dynamics of such coherent structures with

a reduced model remains challenging, especially for novel configurations. The95

underlying nonlinearity of the turbulence seems to manifest as intermittency

of the large-scale coherent structure, making complete separation of their dy-

namics difficult [50]. Many ansatzes are suggested for useful bases to extract

these structures [50, 58]; however, none of them rival the predictive accuracy of

a well-resolved simulation.100

Another example is passive control of thermoacoustic oscillations in rocket

engines and gas turbines [6, 16, 59, 60]. Although the turbulence is intense [16,

60], sensitivity and optimization need focus only on the key mechanism of the

thermoacoustic instability, with turbulence only seeding the instabilities [6, 16,

59]. However, obtaining further prognostic information to prevent the instability105

requires analysis of fluctuations in turbulent combustors, which includes their

chaotic behavior [60]. Intermittency and multi-dimensional chaos in turbulent

combustion dynamics has been extensively studied and measured [61–64], but

a design optimization harnessing this understanding in the form of a predictive

model remains a goal.110

1.4. Overview

Given the challenges and potential opportunities, we develop a procedure

that circumvents non-convex features during the optimization, leaving the ex-

act governing equation intact. To develop the method, we quantify the impact
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of chaos on the optimization of both model systems and turbulence. Error115

amplification in the gradient computation has been presented as the main chal-

lenge [9, 12, 26, 27], for which the Lyapunov exponent is a well-established

metric [65, 66]. However, J reduction is also hindered by non-convexity [2, 28].

In the spirit of entropy and fractal dimension [67–71], we develop a useful indi-

cator for non-convexity to assess the challenge based on a range of utility in the120

parameter space [48].

The method overall is an extension of standard adjoint gradient-based meth-

ods for equality-constrained optimization, which is compactly formulated in Sec-

tion 2. With the turbulence problem in mind, Section 3 uses the Lorenz system

to quantify two ways that chaos impedes gradient-based optimization. The met-125

rics introduced are used to illustrate opportunities that can also be exploited in

turbulence. The new multi-point penalty-based method is proposed in Section 4,

where it is demonstrated with the Lorenz equation example. It is then shown in

Section 5 to far outperform the standard approach for an advection augmented

one-dimensional Kuramoto–Sivashinsky Equation (adv+KS) [72, 73], which is130

constructed to have an exact reduced model available. The same behavior is

confirmed in Section 6 for three-dimensional turbulent Kolmogorov flow.

2. Optimal control formulation

2.1. Equality-constrained optimization

A governing equation,

N [q; Θ] = 0, N ∈ N, (2)

provides an equality constraint as the state q ∈ Q and control input Θ ∈ T

are optimized. Specific q and Θ will defined for each dynamical system we

consider. We use N, Q, and T to denote the spaces on which N , q, and Θ are

respectively defined. In general, N ≡ Q, so q is determined completely by N .

The control space T in general can be defined independently of Q. Both Q and
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T are Hilbert spaces. Optimization seeks to minimize scalar objective functional

J : Q× T→ R,

minimize J [q,Θ] ∈ R such that N [q; Θ] = 0. (3)

Significantly improving J is often sufficient, so we forego the greater challenge135

of seeking a global optimum.

2.2. Standard adjoint-based optimization

Extending the method of Lagrange multipliers [22–24] to equality-constrained

optimization leads to standard adjoint-based optimization [6, 8–12, 21]. For (2)

a differential equation in time, it can be expressed

N [q; Θ] ≡ ∂q

∂t
−R[q; Θ] = 0, (4a)

with initial condition

q(ti) = qi. (4b)

We define the inner product for Q as

〈p,q〉Q =

∫ tf

ti

〈p(t),q(t)〉Q+ dt, (5)

with ti, tf the initial and final times, and the inner product 〈p(t),q(t)〉Q+ for

the subspace Q+ of the instantaneous state q(t) at any time t. For the Lorenz

example (1), q(t) = (x, y, z) ∈ Q+ = R3 and Q = U3 where U = H0(R+
0 ) is the

space of L2-functions from [0,∞) to R, and the instantaneous inner product is

〈p(t),q(t)〉Q+ = pT (t)q(t). (6)

Inner products for T are defined similarly,

〈Θ,Ψ〉T =

∫ tf

ti

〈Θ(t),Ψ(t)〉T+ dt, (7)

with the subspace T+ for instantaneous control.

Optimal control seeks the solution q and control Θ that minimizes

J [q,Θ] ≡ Φ[q(tf )] +

∫ tf

ti

I[q(t),Θ(t)] dt, (8a)
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preserving

dq

dt
−R[q; Θ] = 0, (8b)

where Φ is an objective functional for the final state q(tf ), and I is an instan-

taneous analog of J . Specific Φ and I are introduced in context of specific

examples in Section 3, 5 and 6. The corresponding Lagrangian,

L[q,q†,Θ] = J [q,Θ]−
〈

q†,
dq

dt
−R[q; Θ]

〉

Q

= Φ[q(tf )] +

∫ tf

ti

I[q(t),Θ(t)] dt

−
∫ tf

ti

〈
q†,

dq

dt
−R[q; Θ]

〉

Q+

dt,

(9)

includes the adjoint variable q† ∈ Q. A local minimum of (8) is a stationary

point of L, where its gradients with respect to q, q†, and Θ are zero [22, 23, 74].140

Recasting the first-order variation of L yields

δL =

〈
∂Φ

∂q
, δq(tf )

〉

Q+

+

〈
∂I
∂q

, δq

〉

Q
+

〈
∂I
∂Θ

, δΘ

〉

T

−
〈

q†,
dδq

dt
− ∂R
∂q

δq− ∂R
∂Θ

δΘ

〉

Q

−
〈
δq†,

dq

dt
−R[q; Θ]

〉

Q
,

(10)

where ∂I
∂q ∈ Q and ∂I

∂Θ ∈ T, and ∂R
∂q : Q → Q and ∂R

∂Θ : T → Q are defined in

the sense of a Frechét derivative. Integration by parts yields the adjoint of ∂R
∂q

as ∂R
∂q

†
[75, 76],

δL =

−
〈
δq†,

dq

dt
−R[q; Θ]

〉

Q

}
Governing equation

+

〈
∂Φ

∂q
− q†(tf ), δq(tf )

〉

Q+

+

〈
dq†

dt
+
∂R
∂q

†
q† +

∂I
∂q

, δq

〉

Q





Adjoint equation

(11)
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+

〈
∂R
∂Θ

†
q† +

∂I
∂Θ

, δΘ

〉

T

+
〈
q†(ti), δq(ti)

〉
Q+ .





Gradient

The state q and control Θ must satisfy the governing equation (8b) so the first

term in (11) is zero. The second and third terms are also zero if q† satisfies

dq†

dt
+
∂R
∂q

†
q† +

∂I
∂q

= 0 (12a)

q†(tf ) =
∂Φ

∂q
, (12b)

so δL (11) depends only on the control variation δΘ and the initial condition

variation δq(ti). This provides a gradient via

Gradient δL =

〈
∂R
∂Θ

†
q† +

∂I
∂Θ

, δΘ

〉

T

+
〈
q†(ti), δq(ti)

〉
Q+ , (13a)

where

Governing equation





dq

dt
−R[q; Θ] = 0

q(ti) = qi

(13b)

(13c)

Adjoint equation





dq†

dt
+
∂R
∂q

†
q† +

∂I
∂q

= 0

q†(tf ) =
∂Φ

∂q
.

(13d)

(13e)

Although our methods should be broadly adaptable to gradient-informed

searches [22, 77, 78], we focus on conjugate gradient line searches [78]. For

example, with the line search direction δΘk set, the iteration k search step αk

is sought via a one-dimensional minimization problem,

αk = argmin
α
J [q,Θk−1 + αδΘk] for N [qk; Θk−1 + αδΘk] = 0. (14)

A typical inverse parabolic interpolation combined with golden-section search

is used to stably estimate αk [78].

As formulated, the governing equation N [q; Θ] = 0 constraint exactly pre-

serves L ≡ J throughout the optimization. In Section 3, we consider how this
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strict constraint, combined with chaotic dynamical systems, limits exploration145

in a way that frustrates the search for a significantly better local minimum. Its

temporary relaxation is a key component of the new algorithm in Section 4.

3. Chaos and gradient-based optimization

Two main aspects of how chaos disrupts gradient-based optimization are

demonstrated for the Lorenz system already introduced descriptively in Sec-150

tion 1. Standard results from the theory of dynamical systems are used to

anticipate how these also present challenges for turbulent flow control and mo-

tivate our circumvention strategy. Flexible metrics are selected that can also be

evaluated for turbulence simulations.

3.1. Lorenz equation illustration155

3.1.1. System definition

The Lorenz equation (1) for the state q = (x, y, z) ∈ Q = U3 with ac-

tuation Θ = f(t) ∈ T = U , is solved numerically with σ = 10, β = 8/3,

and ρ = 28 and qi = (1.49, 1.49, 37)T . The unstable fixed points are U1,2 =

(±6
√

2, ±6
√

2, 27)T .160

3.1.2. Control

To seek orbits of only U1, J is defined

J =
1

tf − ti

∫ tf

ti

I[q] dt, (15)

with

I[q] =





1

2

(
2x+ y

5

)2

2x+ y ≥ 0

0 otherwise.

(16)

The optimization period is ti = 0 to tf = 20.

For the standard gradient-based optimization that was shown in Figure 1, the

gradient of J to f(t) grows exponentially in reverse time, and J has numerous

local extrema along a line in the parameter space. Starting from qi with f = 0,165
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Figure 3: Standard gradient-based optimization for the Lorenz system (1): (a) the magni-

tude of the control gradient ∇fJ and the optimized control f(t), and (b) the instantaneous

objective functional I(t) (16) for the baseline and controlled trajectories.

the standard gradient-based method finds an f that reduces J by 44.6%, as

shown in Figure 3.

3.1.3. Biased line search due to gradient growth

The exponentially amplified gradients at early times dominate the overall

gradient, leading to control being ineffectively concentrated near t = ti (Fig-170

ure 3 a). This masks the moments at which f can best minimize J . Fig-

ure 3 (b) show how I(t) is reduced only at late times, well removed in time

from the strongest f(t).

It might be tempting to say that a system showing this behavior is not

very controllable, but that would be wrong. A well-known nonlinear feedback175

control [79–81] shows that f(t) can be activated only when the term 2x+y from

(16) nears 0. This control suppressed all I(t) peaks, confirming that late-time

peaks of I(t) do not need to exploit f(t) at early times. Similarly, the early-time

I peaks need not remain uncontrolled [81].

3.1.4. Non-convexity of J180

The f(t) for the standard gradient-based method is also significantly different

from the nonlinear feedback control. The nonlinear feedback control has max-

imum |f(t)| = 4623 and oscillates in −713 < f(t) < 378 after t > 0.5, whereas

12



the standard gradient-based method has peak |f(t)| = 0.00141 at t = 0.76.

While it is impressive that such a small control perturbation can achieve more185

than 40% reduction, amplitude is not penalized so there is no reason for such

an extraordinarily low-amplitude control. It is the non-convexity of J [Θ] that

limits the control magnitude. The small features of J [Θ] in Figure 1 (b) impede

the gradient-based method from finding effective solutions far from the starting

point.190

3.2. Signature of chaos: horseshoe mapping

The challenges of the previous section reflect well-known properties of chaotic

dynamical systems. It is simplest to describe these for discrete mappings from

one time to the next [65, 66, 82], which are analogous to solutions of (4) at

intervals,

qn+1 = q(qn,∆T ) ≡ qn +

∫ ti+(n+1)∆T

ti+n∆T

R[q] dt. (17)

The one-dimensional logistic map is a specific example of (17) [65],

qn+1 = q(qn) ≡ (2qn − 1)2 qn ∈ [0, 1], (18)

which is called a horseshoe map for the way it stretches and folds a distribution

of possible qn to yield a qn+1 distribution [66, 82]. These are the two essential

aspects of chaotic dynamical systems. The stretching at each step leads to the

exponential growth of the gradient discussed in Section 3.1. The folding creates195

new local extrema. Figure 4 (a) shows subsequent states qn(q0), whose number

of local extrema doubles at every mapping.

The increasing number of local extrema blocks routes to any useful (small

J ) local minima that lay outside a small neighborhood of the starting point.

The simple objective function

J = q2 +
1

2
q0 (19)

illustrates this. The two mappings to q2 generate the three extrema shown in

Figure 4 (b). The local maximum at q0 = 0.5 blocks the path to J1 for q0 > 0.5.

13
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q0, and (b) the example objective function J (q0) (19).

The space of subsequent states becomes so non-convex by horseshoe mapping,200

that any objective functional dependent on them will also reflect this character.

3.3. Quantification of the impact of chaos on optimization

To guide design of the new framework, we quantify both the exponential

growth of sensitivity and restriction of the search step size due to the increasing

non-convexity of J , recognizing that these metrics need to be computable even205

in a turbulent flow.

The Lyapunov exponent is, of course, a common measure of the gradient

growth [65, 66]. The leading Lyapunov exponent is straightforward to estimate

from numerical calculation, typically by averaging the growth rate of random

adjoint states between times ti and tf during the course of the simulation [83–

85]. Samples

λ̃1(ti,n, tf,n) =
1

tf,n − ti,n
log
‖q†(ti,n)‖Q+

‖q†(tf,n)‖Q+

for n = 1, . . . , N (20)

are averaged to provide an estimate of the gradient amplification rate λ1 and

corresponding e-folding time τλ [86],

λ1 ≡
1

τλ
=

1

N

N∑

n=1

λ̃1(ti,n, tf,n). (21)
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The step size restriction due to non-convexity is estimated based upon the

range for which the ∂J
∂Θ gradient provides an accurate estimate of the behavior of

J . This can be estimated by comparing with a finite-difference approximation

of the gradient,

∆J
∆Θ

=
J [q; Θ0 + ∆Θeθ]− J [q; Θ0]

∆Θ
. (22)

In (22), eθ = ∂J
∂Θ/‖ ∂J∂Θ‖T is the unit vector in T along the gradient direction. A

corresponding error

ε[∆Θ] =

∣∣∣∣∣
∆J
∆Θ −

〈
∂J
∂Θ , eθ

〉
T〈

∂J
∂Θ , eθ

〉
T

∣∣∣∣∣ (23)

quantifies how accurately the gradient predicts the actual variation ∆J for a

finite step ∆Θ. The growth of finite-precision errors sets a floor for numerical

accuracy. However, even when the precision threshold is not reached, utility is

limited by a viable step size, which decreases exponentially in (reverse) time.210

A nominal viable step size δΘ is defined based on when a nominal objec-

tive functional Φ =
〈
q†(tf ),q(tf )

〉
Q+ has a relative error ε = 0.5. Step size

restriction—a surrogate for increasing non-convexity—is estimated by the de-

cay of δΘ over a time interval tf − ti

φ̃(Φ,q(ti), ti, tf ) = − log δΘ[Φ,q(ti), ti, tf ]

tf − ti
. (24)

To sample the entire state distribution, we ensemble-average φ̃ (24) to define

non-convexity growth time-scale estimate τφ,

1

τφ
≡ φ =

1

N

N∑

n=1

φ̃(Φn,q(ti,n), ti,n, tf,n), (25)

where Φn =
〈
q†(tf,n),q(tf,n)

〉
Q+ .

3.4. Application to the model systems and turbulence

The e-folding time (21) of the Lorenz equation (1) is estimated with N = 500

adjoint final states,

q†(tf ) = (ξx, ξy, ξz), (26)
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Figure 5: Viable step for the Lorenz example.

where ξx, ξy, and ξz are pseudo-random numbers with uniform distribution

U [−10−5, 10−5]. The adjoint initial state q†(ti) is computed from each adjoint

final state per (13d) with I = 0, for 500 consecutive intervals of length tf − ti =

20. A geometric linear fit of the time evolution of the ensemble average,

q† =

(
N∏

k=1

‖q†k‖Q+

) 1
N

(27)

estimates τλ ≈ 1.11, and the predicted gradient increase exp[(tf − ti)/τλ] ≈
7×107 is indeed consistent with the observation in Figure 3 (a). The sample final

adjoint states (26) are reused to evaluate Φ =
〈
q†(tf ),q(tf )

〉
Q+ for estimating215

τφ. Per (13) with I = 0 and Θ = 0, the gradient of Φ with respect to q(ti)

is equivalent to ∂Φ
∂q(ti)

= q†(ti). This q†(ti) is already computed in (13d) for

estimating τλ. The viable step δΘ(t, tf ) at varying initial times ti = t are

ensemble-averaged with N = 100 samples in Figure 5. The fitted decay time

scale (25) is τφ = 1.14. The actual gradient growth and inferred viable step for220

J (15) with control f(t) in (1) confirms that these τλ and τφ estimated from

state perturbations quantify the impact of chaos on the optimization.

With its sole positive Lyapunov exponent, the similarity of τφ = 1.14 to

τλ = 1.11 is expected for the Lorenz system, although this is not necessarily

the case for more complex systems. The τλ/τφ ratio for several more complex225

16



100 101 102 103 104 105 106 107 108

1

1.2

1.4

1.6

Lorenz (Section 3)

Advection +
Kuramoto–Sivashinsky (Section 5)

2D Kolmogorov Flow [81]

3D turbulent Kolmogorov Flow (Section 6)

System dimension: dim(Q+)

τ λ
/τ

φ
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examples considered subsequently and elsewhere are shown in Figure 6. These

all have τφ < τλ, suggesting that increasing non-convexity is the greater concern.

4. Multi-step penalty method

The proposed optimization framework temporarily suppresses the non-convexity

of J to escape blocking local minima. It is a quadratic penalty augmentation of230

the equality-constrained optimization framework introduced in Section 2. The

formulation developed in Sections 4.1 through 4.3 is first applied for illustration

to the logistic map example of Section 3.2. It is then demonstrated for the

Lorenz example in Section 4.4. Sections 5 and 6 will cover its application to

chaotic advection and turbulence.235

4.1. Penalty

Penalty methods replace equality-constrained optimization (3) for J , with

a sequence of unconstrained optimizations,

minimize JA[q,Θ, µ] ≡ J [q,Θ] + P[N [q,Θ], µ] ∈ R, (28)

where the functional P penalizes violation of N [q,Θ] = 0 with strength µ >

0 [22, 23]. Each subproblem (28) is solved with standard gradient-based meth-
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ods. Direct differentiation of the residual N provides a formulation nearly the

same as the adjoint-based gradient.240

The quadratic penalty method uses a squared norm based on the equality

constraint [22, 23, 77],

P[N [q,Θ], µ] =
µ

2
‖N [q,Θ]‖2, (29)

with ‖ · ‖ defined for N ≡ Q. Sequentially solving (28) with (29) for µ →
∞ [22, 23] converges to a local optimum. The quadratic penalty method is suf-

ficient for our purposes, though it is straightforward to formulate an augmented

Lagrangian method [22, 23, 81].

On its own, however, the penalty method is insufficient. Since it relaxes245

the entire equation N [q,Θ] = 0, q is fully included in the optimization space,

independently of Θ, which significantly increases the optimization dimension.

A key to our approach is to only modestly increase the dimension. To do this

we restrict violation of N = 0 to particular times approximately separated by

τφ (and τλ). This is the essential component of the proposed method.250

4.2. Illustration for the logistic map of Section 3

Figure 7 (a) shows (19) with the basin of attraction for the global minimum

minJ1: gradient-based optimization for any initial q0 outside this basin q0 ∈
[0, 0.515] converges to the other local minimum minJ2. This is emblematic of

the local minima landscape that the horseshoe mapping creates (Section 3).255

To expose a path that reaches minJ1 for any q0, we introduce an intermedi-

ate state q+
1 , which corresponds to a possible q1, though not one that is strictly

tied to the current q0. Instead of viewing q2 ≡ q(q(q0)) as a direct function of

q0, we replace q1 ≡ q(q0) with q+
1 and consider J as it depends on q0 and q+

1 ,

J (q0, q
+
1 ) = q2(q+

1 ) +
1

2
q0 = (2q+

1 − 1)2 +
1

2
q0, (30a)

with an additional equality constraint for the intermediate state

q+
1 = q1(q0). (30b)
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Figure 7: Logistic map example: (a) the basin of attraction for the global minimum of J (19),

and (b) the corresponding objective J (30a) in (q0, q
+
1 ) coordinates.

This is an exact rearrangement of the original problem, however without the in-

termediate constraint (30b), the two-dimensional objective functional J (q0, q
+
1 )

has the unique global minimum at (q0, q
+
1 ) = (0, 0.5), as shown in Figure 7 (b).

The basin of attraction for the global minimum is the entire (q0, q
+
1 )-domain.

Only the constraint q+
1 = q1(q0) limits the basin of attraction. With this con-260

straint, J (q0, q1(q0)) is a curve through the two-dimensional space, shown as the

green line in Figure 7 (b). Three extrema (two minima) are created in the green

line J (q0, q1(q0)), as the blue curve q+
1 = q1(q0) is projected and folded onto

the surface J (q0, q1). The result is the non-convex J (q0) of Figure 7 (a): while

J is defined to be convex on Q (q0, q
+
1 ), the set of feasible (q0, q

+
1 ) (constrained265

by N ≡ q+
1 − q1(q0) = 0) becomes non-convex, thus limiting the neighborhood

of a local minimum.

The strategy is therefore to relax this intermediate constraint (30b) to ex-

pand the basin of attraction for J (q0, q
+
1 ) as in Figure 7 (b), avoiding the

confinement introduced by the horseshoe mapping. To do this the objective

functional is augmented with the penalty,

JA = (2q+
1 − 1)2 +

1

2
q0 +

µ

2
{q+

1 − (2q0 − 1)2}2, (31)

and minimized over (q,Θ) = (q+
1 , q0). The intermediate state q+

1 is optimized

together with q0, until q+
1 → q1 ≡ (2q0 − 1)2 as µ increases.
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Figure 8: Logistic map demonstration objective functionals, J for the initial problem and JA
(31) for the quadratic penalty method with (a) µ = 10−1 and (b) µ = 102.

Figure 8 illustrates how this circumvents the non-convexity J . In Fig-270

ure 8 (a), JA with a weak µ = 10−1 has a nearly identical shape to J (q0, q
+
1 )

(30a) in Figure 7 (b). So the entire domain (q0, q
+
1 ) is still the basin of at-

traction for its global minimum. As µ increases, JA converges to the original

J (q0, q1(q0)) as shown in Figure 8 (b). This, of course, has the similarly limited

basin of attraction as the original J (q0). However, if used correctly, the opti-275

mized (q0, q
+
1 ) will have already entered the J1 basin before µ is increased. For

any initial (q0, q
+
1 ), the local minimizer of JA converges to the global minimizer

of J in (19) as µ increases.

4.3. Formulation for time-continuous dynamical systems

4.3.1. Added intermediate constraints280

This is extended to time-continuous dynamical systems by adding auxiliary

intermediate conditions to the state q. Starting from the time-explicit governing

equation (4), intermediate conditions q+
k are introduced at times tk = ti + kT ,

dq

dt
−R[q; Θ] = 0 for t ∈ [tk, tk+1) (32a)

q(tk) = q+
k for k = 0, . . . , N − 1. (32b)
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Figure 9: Schematic of (a) standard gradient-based-based optimization and (b) multi-step

penalty-based optimization with three intermediate conditions.
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In summary, the intermediate constraints analogous to (30b) are

∆qk ≡ q+
k − q(t−k ) = 0 for k = 1, . . . , N − 1, (32c)

where q(t−k ) is the terminal state of the previous interval t ∈ [tk−1, tk),

q(t−k ) = q+
k−1 +

∫ t−k

tk−1

R[q; Θ] dt. (33)

Figure 9 schematically illiustrates the original and modified systems. Only

the (32c) constraint is relaxed; the initial condition (32b) and the governing

equation N = 0 (32a) within the intervals are strictly enforced so solutions

within intervals are as physical as the original description. The resulting state

trajectory q ∈ Q is piecewise-continuous with intermediate discontinuities ∆qk285

at each t = tk.

For the adjoint formulation, the inner-product for the state space Q is mod-

ified with sub-inner-products for piecewise-continuous trajectories,

〈p,q〉Q =

N∑

k=1

〈p,q〉Qk
, (34)

where the subspaces Qk ⊂ Q cover time intervals t ∈ [tk−1, tk),

〈p,q〉Qk
=

∫ t−k

tk−1

〈p(t),q(t)〉Q+ dt. (35)

Similar time-splitting is used in multiple shooting methods for various prob-

lems [45, 87–89]. A key difference of our framework is the combination with the

penalty method, where increasing penalty strength µ gradually restricts search

steps, presumably after reaching the neighborhood of a useful local minimum.290

The multiple shooting method has been mostly used to find unstable periodic

orbits of chaotic dynamical systems [87–89]. Blonigan et al. [45] used a multiple

shooting method to compute ergodic sensitivities of chaotic dynamical systems,

where optimization is pursued for the linearized system with a filtering param-

eter. This filtering parameter is similar to the inverse penalty strength 1/µ,295

allowing discontinuities at intermediate time points. However, in their proce-

dure this parameter is fixed, determining the level of compromise between better

conditioning and accuracy.
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4.3.2. Penalty-based optimization

An augmented objective functional JA (28) penalizes the intermediate con-

straints (32c),

JA[q,Θ; {q+
k }, µ] = J [q,Θ] + P[{∆qk}, µ], (36)

with {q+
k } = (q+

1 ,q
+
2 , . . . ,q

+
N−1) and {∆qk} = (∆q1,∆q2, . . . ,∆qN−1). The

subproblem is then formulated as

(
i{q+

k }, iΘ
)

= argmin
{q+

k },Θ
JA[q,Θ; {q+

k }, iµ], with (32a) and (32b), (37)

so the jumps are now included in the optimization. It is solved via a gradient-300

based method that is formulated in the following subsection.

4.3.3. Adjoint-based gradient for the subproblem (37)

The Lagrangian associated with JA (36) is

LA[q,q†,Θ] = J [q,Θ] + P[{∆qk}, µ]−
〈

q†,
dq

dt
−R[q; Θ]

〉

Q

= J [q,Θ] + P[{∆qk}, µ]−
N∑

k=1

〈
q†,

dq

dt
−R[q; Θ]

〉

Qk

.

(38)

Linearizing it and formulating its adjoint yields

δLA[q,q†,Θ] =

−
N∑

k=1

〈
δq†,

dq

dt
−R[q; Θ]

〉

Qk

−
〈
q†(ti), δq(ti)

〉
Q+





Governing equation

−
〈

q†(tf )− ∂Φ

∂q(tf )
, δq(tf )

〉

Q+

−
N−1∑

k=1

〈
q†(t−k )− ∂P

∂q(t−k )
, δq(t−k )

〉

Q+

+

N∑

k=1

〈
dq†

dt
+
∂R
∂q

†
q† +

∂I
∂q

, δq

〉

Qk





Adjoint equation (39)
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+

〈
∂R
∂Θ

†
q† +

∂I
∂Θ

, δΘ

〉

T

+

N−1∑

k=1

〈
q†(tk) +

∂P
∂q+

k

, δq+
k

〉

Q+

,





Gradient

where ∂P
∂q+

k

and ∂P
∂q(t−k )

are weak-form gradients of P, so its variation is

δP =

N−1∑

k=1

[〈
∂P
∂q+

k

, δq+
k

〉

Q+

+

〈
∂P

∂q(t−k )
, δq(t−k )

〉

Q+

]
. (40)

In (39), the first two inner products vanish because the governing equation (32a)

is enforced and δq(t0) = 0 since the initial condition in (32b) is fixed. The next

three inner products are related to the adjoint solution. For each time interval

t ∈ [tk, tk+1), the adjoint equation

−dq
†

dt
=
∂R
∂q

†
q† +

∂I
∂q

, (41a)

is solved in reverse time with conditions

q†(tf ) =
∂Φ

∂q(tf )
for k = N − 1 (41b)

q†(t−k+1) =
∂P

∂q(t−k+1)
for k = 0, 1, . . . , N − 2, (41c)

so these corresponding terms in (39) are also zero. Each interval starts from

intermediate condition q†(t−k+1), then progresses in reverse time to q†(tk). Then

the adjoint for the previous interval t ∈ [tk−1, tk) is solved starting with its own

distinct intermediate condition q†(t−k ). This procedure is illustrated schemati-

cally in Figure 9 (b). The last two inner products in (39) provide the gradient

for updating the control and the intermediate conditions,

∂LA
∂q+

k

= q†(tk) +
∂P
∂q+

k

(42a)

∂LA
∂Θ

=
∂R
∂Θ

†
q† +

∂I
∂Θ

, (42b)

which are used for solving the subproblem (37).
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For the quadratic penalty method,

P[{∆qk}, µ] =
µ

2

N−1∑

k=1

‖q+
k − q(t−k )‖2Q+ , (43)

with gradients for (41) and (42),

∂P
∂q+

k

= µ
[
q+
k − q(t−k )

]
(44a)

∂P
∂q(t−k )

= −µ
[
q+
k − q(t−k )

]
. (44b)

4.4. Demonstration on the Lorenz system

The optimization period tf − t0 = 20 is split evenly into n = 200 intervals

based on e-folding time of this system tλ ≈ 1.11 estimated in Section 3. The

optimal length of time intervals has not been identified. In this and other

examples, a conservative approach is used to keep gradient growth below a

factor of 1.3. For the given interval length T = 0.1, the sensitivity is anticipated

to be amplified by only about a factor of 1.09 within intervals. The minimization

of each subproblem is deemed sufficient when

∥∥∥∥
∂LA
∂Θ

∥∥∥∥
2

T
+

N−1∑

k=1

∥∥∥∥
∂LA
∂q+

k

∥∥∥∥
2

Q+

< 10−8. (45)

The penalty strength µ is increased by a factor of 10 for each subproblem,305

starting from 1µ = 10−5.

Figure 10 (a) compares the result to the standard gradient-based method.

The multi-point method achieves a 99.99% reduction of J versus the 44.6% for

the standard gradient-based optimization. The intermediate discontinuities are

decreased to ‖∆qk‖Q+ < 10−13. Figure 10 (b) compares the step size δΘ =310

‖αkδΘk‖T taken in (14) between the standard and the multi-point gradient-

based methods. Clearly, the multi-point method searches a much larger region,

only decreasing its step size with increasing µ. This finds the control shown in

Figure 10 (c) and (d). It is no longer concentrated toward early times, and it

suppresses all the peaks of I(t). The optimized state trajectory was shown in315

Figure 2.
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Figure 10: Multi-point penalty-based method applied to the Lorenz example of Section 3.1:

(a) reduction of J (15) and the intermediate discontinuities, with markers indicating the

updates of µ; (b) the step sizes taken in the optimizations, with color for the multi-point

methods changing from blue to red indicates the increase of µ; (c) the control strength f(t) of

the optimized controls; and (d) the instantaneous objective functional I(t) (16) of the baseline

and controlled solutions.
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Figure 11: (a) The piecewise continuous optimized state trajectory of the Lorenz system (1),

and (b) the state trajectory with the optimized control forcing and with the intermediate

constraints strictly enforced.

The control is successful, but it must be recognized that it retains a patho-

logical sensitivity to initial condition, so the utility of this optimized solution is

questionable: Does it approximate a realistic trajectory? Can it be used for the

actual control? These questions are discussed in the following two subsections.320

4.5. Approximation in a shadowing sense

As expected, due to the exponential sensitivity, even the small residual

‖∆qk‖Q+ < 10−13 affects the optimized solution. Although the optimized state

trajectory in Figure 11 (a) is essentially smooth, omitting the ∆qk leads the

trajectory to return to orbit U2, as shown in Figure 11 (b). This same issue325

underlies any finite-precision numerical solution of a chaotic dynamical sys-

tem [43, 86, 90, 91]. The sense in which such a solution approximates a true

solution has been studied extensively [92–95]. In many cases, there is thought

to exist a related shadowing trajectory with slightly different initial conditions

that tracks the computed solution [94], lending credence to it. In the low-cost330

Lorenz system, it is possible, by advancing the steps sequentially, for us to

calculate an exact numerical analog of a shadowing solution, also shown in Fig-

ure 12. (This is done by strictly enforcing ∆qk = 0 in stages through the time

series, and re-optimizing the remainder with the multi-point method; full details

of this exercise are reported elsewhere [81], where it is also done for the K–S335
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Figure 12: A shadowing solution of the Lorenz system: (a) its state trajectory, and (b) control

f(t).

equation.) For the Lorenz system, this further supports the existence of a true

shadowing solution and supports the consistency of the numerically optimized

solution. However, the cost of this full procedure approximately scales with the

square of the number of time intervals times that of a machine precision con-

verged single multi-step optimization, so it is beyond what can be managed for340

significantly more costly systems. Still, there does not seem to be any funda-

mental restriction to doing this for more complex cases. Chandramoorthy and

Wang [96] raise a concern about shadow solutions that do not closely reproduce

their original statistics, but such pathological shadowing solutions are not found

in our study. This is probably because the shadowing distance is also controlled345

by the penalty, which was demonstrated for both the Lorenz and K–S equa-

tions [81]. Practically, subsequent analysis by the user will likely be decisive

regarding whether or not the optimized solution is indeed useful.

4.6. Utility of the optimized solution

Of course, even the existence of a true shadowing solution does not neces-350

sarily mean that the optimized trajectory is useful. If it requires such extremely

fine resolution to have the expected performance, is the control usefully robust?

Or, is the system actually controllable in practice?

The perspectives of closed-loop control exposes promising utility. As opti-
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mized, the combined q(t) and Θ(t) solution is an open-loop control [97, 98].355

Many open-loop controls are well-understood to be highly sensitive to distur-

bances and errors, and only effective when the underlying dynamical system is

stable [97]. From this perspective, the failure in Figure 11 is only a consequence

of passively applying the control in an open-loop fashion.

A path forward is to use Θ(t) = Θ[q(t)] as one instance of a successful

feedback control law to inform a control law Θ[q]. For the Lorenz example this

can be demonstrated by simply fitting q(t) and Θ(t) = f(t) to find a robust

closed-loop control. The optimized solution q and Θ in t ∈ [0, 20] is used to

provide 2000 training samples of (q(t), f(t)). A standard regression tree, as

implemented in the MATLAB Toolbox [99], is used as a model function with

minimum leaf size 4, leading to a tree of 685 nodes. The trained regression tree

has

R2 = 1−

2000∑
k=1

[fk − f(qk)]2

2000∑
k=1

(fk − f)2

≈ 0.91. (46)

Figure 13 shows the application of the inferred control law for four different360

initial conditions. Although only the initial condition shown in Figure 13 (a) is

used for training, all of them are well controlled (Figure 13 c–d).

In this example, the optimization procedure is useful, because it provides

valuable training data. Similarly, it is often unknown whether a flow is control-

lable. In such situations, the control found by the optimization also confirms365

the controllability of the flow system, in addition to providing a pathway to

analyze its mechanism. Human-learning is also possible, as in the analysis of

Wei and Freund [11] for the optimized control of two-dimensional shear layer

sound.
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Figure 13: Solutions controlled by the learned control law starting from 4 different initial

conditions: (a) in-sample and (b) out-of-sample cases.
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5. Demonstration: Advection plus Kuramoto–Sivashinsky (adv+KS)370

5.1. Governing equation

The generalized Kuramoto–Sivashinsky (K–S) equation [100],

∂v

∂t
+

1

2

∂v2

∂x
+ α1

∂2v

∂x2
+ α2

∂4v

∂x4
= 0, (47)

is considered on a periodic domain x ∈ D = [0, 2π], so the state v(x, t) is defined

in Q = H0(D)×H0(R+
0 ). The inner product (5) is defined

〈u(t), v(t)〉Q+ =

∫ 2π

0

u(x, t)v(x, t) dx, (48)

where Q+ = H0(D). Parameters α1 = 1.0 and α2 = 0.02991 are chosen so that

the system (47) exhibits chaos [87].

To illustrate how a relatively chaotic portion of a turbulent flow might im-

pede optimization of a relatively deterministic (presumably larger-scale) com-

ponent, this K–S equation is augmented with deterministic advection. The

combined solution q = u(x, t) ∈ Q is taken to be

u(x, t) = U(x, t) + εv(x, t), (49)

where ε = 0.01, and the deterministic U(x, t) = U(x−U0t, 0) part simply advects

at speed U0 = 2:

∂U

∂t
+ U0

∂U

∂x
= 0. (50)

The initial conditions are

U(x, 0) = sin 2x and v(x, 0) = sin 5x. (51)

Figure 14 (a) shows how U and v constitute the solution u. The independence of

the dynamics is taken to be unknown, as it is for turbulence, though in this case375

the advection component provides an exact reduced model for the deterministic

dynamics.

For numerical solution, D is discretized with Ng = 512 mesh points, with

second-order central finite-difference first derivatives. Higher-order derivatives
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Figure 14: The adv+KS system: (a) evolution of the solution u = U + εv, and (b) mollifying

support for the target region Ω (53) and the control region Γ (56).

are computed with repeated first derivatives. It is integrated in time with a380

semi-explicit four-step Runge–Kutta scheme with ∆t = 0.01 [81], wherein only

the nonlinear term from (47) is explicit. The discrete-exact adjoint is used to

compute ∇ΘJ . Using the same methods as for the Lorenz system, we estimate

τλ = 0.412 and τφ = 0.339. Time step independence is confirmed for a short

time tf − ti = 0.5 similar to τλ. Halving the time step changed u(x, tf ) by only385

0.7 percent.

5.2. Optimization

The control objective is to locally suppress the solution per

J =

∫ tf

t0

∫ L

0

|u(x, t)|2WΩ(x, t) dxdt, (52)

where

WΩ(x) =





0.5 + 0.5 sin
(
x−1.1π

0.2

)
x
2π ∈ [0.5, 0.6)

1 x
2π ∈ [0.6, 0.8)

0.5− 0.5 sin
(
x−1.7π

0.2

)
x
2π ∈ [0.8, 0.9)

0 otherwise,

(53)

is C3-continuous and exactly compact (Figure 14 b). For ε = 0.01, U contributes

most of J .
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The entire u is forced by Θ = f(x, t) ∈ T = Q in the Γ control region as

∂u

∂t
+R[u] = (1 + ε)WΓ(x)f(x, t), (54)

which is distributed to U and v accordingly,

∂U

∂t
+ U0

∂U

∂x
= WΓ(x)f(x, t) (55a)

∂v

∂t
+

1

2

∂

∂x

(
v2
)

+ α1
∂2v

∂x2
+ α2

∂4v

∂x4
= WΓ(x)f(x, t). (55b)

The control mollifying support WΓ(x) is shown in Figure 14 (b),

WΓ(x) =





0.5 + 0.5 sin
(
x−0.2π

0.2

)
x
2π ∈ [0.05, 0.25]

0 otherwise.

(56)

An estimated time for control effects to reach the target region is

τA =
min ‖xΩ − xΓ‖

Uc
, (57)

where min ‖xΩ − xΓ‖ is the minimum distance between the target region Ω390

and the control region Γ, and Uc is the characteristic advection speed. For U ,

τA = 1.1, and for v the advection speed has zero mean, so notionally τA →∞,

meaning there is no direct path by which control effort in v can propagate to

the target region. Hence, the control effort is expected to be primarily impeded

by the chaotic dynamics of v.395

For reference, we first take advantage of the explicit separability of u = U +

εv, as if there were a fully reliable reduced model. In this case, the optimization

can target

Jreduced =

∫ tf

t0

∫ L

0

|U(x, t)|2WΩ(x, t) dxdt. (58)

where the nominal reduced model (55a),

∂U

∂t
+ U0

∂U

∂x
= WΓ(x)f(x, t), (59)

governs U dynamics. With Jreduced and (59), standard gradient-based optimiza-

tion quickly identifies an effective control, which reduces Jreduced from 0.4699
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to 0.1266. When applied to the full dynamics, this same control based on the

reduced models is only slightly less effective, yielding J = 0.1314.

However, when exposed to the full dynamics (55), the corresponding opti-400

mization with a standard gradient method fails to significantly reduce J (Fig-

ure 15 a). Figure 15 (b) suggests that this optimization stalls in narrow features

of the J optimization space.

For the multi-point method, the full simulation time tf−t0 = 5 is evenly split

into n = 125 intervals. Based on the e-folding time of this system tλ = 0.412,405

the sensitivity should amplify a factor of 1.1 during each interval. The initial

penalty strength 1µ = 10−4 increases by a factor of 10 each step up to 3µ = 10−2,

and by a factor of 4 subsequently. In Figure 15 (a), the early iterations with

small µ reduce J beyond the ideal model, nearly to zero. This comes from the

t − t0 < τA ≈ 1.1 period, which is physically uncontrollable due to the finite410

advection speed. Weak penalization (small µ) allows the jumps between time

segments to affect this period. This is then removed by stronger penalization.

Eventually, with significantly decreasing
∑ ‖∆qk‖2, the multi-point method

converges to a solution that is as effective as the ideal reduced model. The step

sizes in Figure 15 (b) shows that it too seems to avoid poor local minima. In415

addition, Figure 15 (c) shows that the optimized control nearly matches the

ideal reduced model, though without explicit representation of it.

6. Application to turbulence

Our ultimate test is three-dimensional turbulent Kolmogorov flow, for which

the larger quasi-two-dimensional structures can be anticipated to be relatively420

deterministic amidst the overall chaos of the turbulence. (The multi-point

method is also demonstrated elsewhere [81] for two-dimensional Kolmogorov

flow [101, 102].)

6.1. Compressible flow with Kolmogorov forcing

The flow state, control, and the governing equations for compressible flow

dynamics follow the formulation of Vishnampet [103]. For a triply periodic
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Figure 15: The optimization result for the adv+KS model. (a) Reduction of J (52) and
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instant objective I(t) =
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0 |u(x, t)|2WΩ(x, t) dx of the baseline and controlled solutions.
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domain (x1, x2, x3) ∈ D = [0, Lx] × [0, Lt] × [0, Lt], we denote V = H0(D) ×
H0(R+

0 ) as the space of L2-functions from D × [0,∞) to R. The flow state

q ∈ Q = V 5 is

q =
(
ρ ρu1 ρu2 ρu3 ρE

)T
, (60)

with ρ the density, u = (u1, u2, u3) ∈ V 3 the velocity, and ρE = ρCvT + 1
2ρuiui

the volume-specific total energy. The time t inner product (5) for flow states

p(t),q(t) ∈ Q+ ≡ H0(D)5 is

〈p(t),q(t)〉Q+ =

∫

D
pT (x, t)q(x, t) d3x. (61)

A sinusoidal x1-direction excitation force is added to the usual compressible

flow equation to maintain turbulence,

∂q

∂t
+

∂

∂xi

(
FIi − FVi

)
=
(

0 χ sin
(

2πn x2

Lt

)
0 0 0

)T
, (62)

where FIi ∈ Q and FVi ∈ Q are the usual xi-direction advective and diffusive425

fluxes [103]. The gas is taken to be ideal, and the fluid is Newtonian with

viscosity η and bulk viscosity ηB = 0.6η [104]. For simplicity, we assume a

thermal energy sink that exactly cancels the work by the body force.

We include a generic thermal actuator Θ = f(x, t) ∈ T = Q in the governing

equation (62),

∂q

∂t
+

∂

∂xi

(
FIi − FVi

)
=
(

0 χ sin
(

2πn x2

Lt

)
0 0 WΓ(x)f(x, t)

)T
, (63)

where WΓ(x) ∈ H0(D) is a mollifying compact support that defines the actuator

and the control region Γ ⊆ D. In the form of (4), the right-hand side is

R[q,Θ] = − ∂

∂xi

(
FIi − FVi

)
+
(

0 χ sin
(

2πn x2

Lt

)
0 0 WΓ(x)f(x, t)

)T
.

(64)

6.2. Numerical Discretization

Spatial derivatives in (63) are discretized with sixth-order centered finite dif-430

ferences [103]. Second and mixed derivatives are discretized using repeated first

36



derivatives. This non-dissipative scheme necessitates the use of mild low-pass-

filter-like artificial dissipation [103, 105]. Integration in time is by a standard

fourth-order Runge–Kutta. The discrete-exact, dual-consistent adjoint solver

developed by Vishnampet [103] is used, which, in the framework of (13), pro-435

vides the gradient (13a) by solving the adjoint equation (13d-e) corresponding

to (64).

6.3. Configuration

The domain and the external forcing parameters in (63) are chosen to exhibit

strong chaos in a two-dimensional counterpart [101, 102, 106]. The Reynolds

number based on the forcing strength χ is

Reχ ≡
√
χ

η∞

(
Lt
2π

) 3
2

≈ 284, (65)

with dynamic viscosity η∞. This is higher than the reported threshold (Reχ =

200 at maximum) for which a chaotic flow state becomes the global attrac-

tor [101, 102, 106]. The aspect ratio α ≡ Lt

Lx
≈ 1.11 is close to the α = 1.1 value

at which intensely chaotic oscillations of vortices are observed [102]. Lastly, the

widely-used n = 4 body-force wavenumber used in (63) [101, 102, 106]. Time

and velocity scales are,

τc =

√
ρ∞Lt
χ

uc =

√
Ltχ

ρ∞
. (66)

The reference state, with zero velocity and no excitation force, is chosen to have

speed of sound a∞ =
√

20uc > uc, so compressibility effect by the external440

forcing is weak. The initial condition has u1(x) =
√

5uc, with added perturba-

tions. A statistically stationary state is achieved before any control is sought.

Turbulence statistics are collected at 200 times during t/τc ∈ [13.42, 17.89]. The

domain is discretized with 2563 uniform mesh points and numerical time step

∆t = 2.236 × 10−4τc. Turbulence statistics are confirmed to be independent445

of resolution. Energy spectra in Figure 16 show that the turbulence is broad-

banded over wavenumber k =
√
k2

1 + k2
2 + k2

3. Following the same approach as

for the Lorenz equation yields τλ ≈ 0.49τc and τφ ≈ 0.30τc.
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Figure 16: Kolmogorov flow spectra: (a) turbulence kinetic energy, and (b) pressure fluctua-

tions. Vertical lines indicate the excitation wavenumber.

6.4. Control formulation

The objective functional is

J =

∫ tf

ti

I(t) dt, (67a)

where ti = 13.42τc, tf = 17.89τc, and

I(t) =

∫

Ω

(p− p∞)2WΩ(x) d2x, (67b)

with constant reference pressure p∞ =
ρ∞a

2
∞

γ = 14.286Ltχ, and

WΩ = 0.5
{

tanh[4(xΩ
1 − 0.075)]− tanh[4(xΩ

1 − 0.925)]
}
, (68a)

where

xΩ
1 =





1
0.4

(
x1

Lx
− 0.6

) ∣∣∣ x1

Lx
− 0.8

∣∣∣ ≤ 0.2

0 otherwise.

For the control region,

WΓ ∝ B0,3(4xΓ
1 − 2), (68b)
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where B0,3(x) is the cubic B-spline basis function, and

xΓ
1 =

1

0.1Lx
(x1 − 0.25Lx).

The support is normalized so that maxWΓ = 1. The visualization in Fig-450

ure 17 (c) also includes WΩ and WΓ.

As for the previous example, the configuration is set up using the control

propagation time τA = 0.125τc (57), based on the minimum distance ∆xΓ−Ω .

0.279Lt between half maxima of WΩ and WΓ and advection speed
√

5uc. This

is also shorter than τλ ≈ 0.49τc to be consistent with our supposition that some455

component of the turbulence will be controllable. The control has the potential

to reduce J before being rendered ineffective by the chaotic dynamics. However,

chaos will still present a challenge since the simulation time tf − ti = 4.47τc is

much longer than τλ ≈ 0.49τc. Hence, it is anticipated that the optimization will

be impacted significantly by chaos, despite the potential for an effective control.460

The gradient of J (67) with respect to control and its viable step match these

time scales for t− tf . −2.5τc.

6.5. Optimization

For the multi-point method, the simulation time tf − t0 = 4.47τc is split into

N = 40 intervals of T = 0.11τc, which based on τφ should amplify sensitivity by465

a factor of about 1.25 within each interval. Penalty µ increases as 10−5, 10−4,

10−3, 2× 10−3, 4× 10−3, 8× 10−3, . . . .

Figure 18 (a) shows that the standard approach achieves a factor of 2 re-

duction of J . Though not insignificant, most of the reduction is in one single,

potentially fortuitous, step of the third line search, and a flexible controller such470

as considered might be expected to perform better. The multi-point framework

achieves a factor of 8 reduction, seemingly by broader exploration of T space. In

Figure 18 (b), the first three steps of standard approach, which achieved most

reduction, are large δΘ ∼ 10−3. However, most steps of the standard approach

have δΘ ∼ 10−7. The control pursued by the standard approach is biased to475

early times, as shown in Figure 18 (c). Figure 18 (d) shows that most steps
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in the standard approach only affect J for late times. This is strikingly dif-

ferent from the multi-point method (Figure 18 b), for which the control found

is distributed throughout the simulation time, effectively suppressing J after a

short initial transient period, t . 14.5τc. This transient time t − ti = 1.12τc is480

longer than τA = 0.125τc, presumably because the control Θ is set to directly

manipulate only thermal energy. Regardless, it is effective much earlier than

the standard approach.

Figure 17 (a) and (b) show that the targeted spanwise-averaged pressure

fluctuations are suppressed, suggesting that the multi-point framework indeed485

targets the relatively deterministic large-scale structures. However, this is not

achieved via laminarization; smaller-scale turbulence remains energetic and broad-

banded (Figure 16), with only a slight decrease in small-scale turbulence kinetic

energy. Hence the solution seems free of and of the pathological behavior that

can hypothetically exist in shadowing trajectories [96].490

6.6. Alternate µ penalty scheduling

Figure 19 shows another Kolmogorov flow optimization for the Kolmogorov

flow with a faster increase in µ. As expected, the ∆qk discontinuity decreases
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faster, but this compromises the reduction of J . For each µ update, abrupt

jumps appear in J . As the line searches continue, J decreases again, but when495

µ increases after only a few line searches, these upward jumps are not fully

countered. Thus, in Figure 19, optimization with faster increase of µ leads to

a long-term inferior J . At the same discontinuity ‖∆qk‖2 = 10−6, the slower

case in Figure 19 (b) achieves more J reduction.

While this indicates a need for caution, it also provides flexibility. The opti-500

mized I(t) for the two regimens in Figure 19 show the behavior. Figure 20 (a)

shows that the larger-µ regimen reaches an inferior stationary state. However,

this solution is obtained with about 4 times fewer line searches, as shown in

Figure 19 (b), and at this point also has smaller ||∆q||. This reflects a trade-off

between convergence rate and J achieved. Figure 20 (b) shows the evolution of505

I(t) of the smaller-µ regimen. During this part of the optimization, it changes

mainly at small t − ti, remaining small and lower than that of the larger-µ

regimen for later times. Both solutions, however, have similar transient time

t− ti ≈ 1.12τc reflecting the early increase of controllability from zero at t = ti,
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shorter than that of standard gradient-based optimization.510

7. Conclusions

By breaking the time domain into intervals with penalized jump disconti-

nuities between them, the new algorithm allows a broad gradient search before

being restricted by the non-convexity of short-time-scale chaos. Model problems

demonstrate this in detail, and it is confirmed to be able to target relatively de-515

terministic large scales amongst the chaos of Kolmogorov turbulence. It far

outperforms standard gradient search methods, without the need for explicit

formulation of a reduced model.

Of course, this approach does not ultimately skirt the chaos of the turbu-

lence. Although arbitrarily close (with iterations) to one without discontinuities,520

the resulting flow solution remains subject to the extreme sensitivity of chaos,

so its utility might be in question. Still, it is valuable as an instance of an ef-

fective control law. It can also establish that a flow is controllable and provide

knowledge about how that might be accomplished, including data for training

stable closed-loop controls.525

Iterations through the stages of increasing penalty strength make the ap-

proach more expensive than a simple gradient, but its escape from nearby local

minima seems to justify this added expense. It is also not fundamentally more

expensive: its expense does not share the explosive increase in cost that would be

associated with a broad random sampling of a high-dimensional control space.530

It is expected to be effective so long as there exists a sufficiently deterministic

component that serves the objective, which is a common case in turbulent flow.

It is also potentially applicable to chaotic systems beyond flow turbulence that

include both relatively chaotic and relatively deterministic components.
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[87] F. Christiansen, P. Cvitanović, V. Putkaradze, Spatiotemporal chaos in775

terms of unstable recurrent patterns, Nonlinearity 10 (1) (1997) 55–70.

[88] F. Christiansen, Multipoint shooting method, in: Chaos: Classical and

Quantum, ChaosBook.org (Niels Bohr Institute, Copenhagen 2005), 2005,

Ch. 16.2.

53
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[105] K. Mattsson, M. Svärd, J. Nordström, Stable and Accurate Artificial Dis-

sipation, Journal of Scientific Computing 21 (1).

[106] N. Platt, L. Sirovich, N. Fitzmaurice, An investigation of chaotic Kol-825

mogorov flows, Physics of Fluids A 3 (4) (1991) 681–696. doi:10.1063/

1.858074.

55




