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Abstract—Modern active distribution grids are characterized
by the increasing penetration of distributed energy resources
(DERs). The proper coordination and scheduling of a large
numbers of these small-scale and spatially distributed DERs is
necessary, and warrants the use of novel distributed approaches.
In this paper, we propose a hybrid volt-var control architecture
for the distribution grid, which leverages existing centralized
and local approaches to planning, decision making, and control,
and augments it with distributed optimization and distributed
control for DER management. First, we propose a convex
model to describe the power physics of distribution grids of
meshed topology and unbalanced structure, based on current
injection and McCormick Envelopes. Second, we employ the
distributed proximal atomic coordination (PAC) algorithm to
coordinate DERs to provide voltage support. We implement volt-
var optimization by optimally coordinating DERs including PV
smart inverters and demand response. We present results using
the IEEE-34 bus network, using real data from a distribution
feeder in Hawaii, to model load and PV generation. Different
levels of DER penetration and objective functions are simulated.
Our results show the need for the coordination of DERs to
improve voltage profiles, even in networks with existing voltage
control devices. Further, we show the need for flexible reactive
power capabilities to achieve desired grid performance.

Keywords— Voltage control, distributed algorithm, optimal
power flow, distribution grid, solar, demand response

I. INTRODUCTION

The modern distribution grid is characterized by the high
penetration of distributed energy resources (DERs), which
include distributed generation (DG), demand response (DR),
and storage. These small-scale resources can provide various
services to the grid, which include, but are not limited to,
voltage support from clusters of DERs, reduced line conges-
tion from better generation/load management, lower operating
costs by using cheaper resources (ex. renewables), and demand
flexibility by enabling DR throughout the distribution grid.

In the US, installed capacity of DERs is expected to grow to
387GW by 2025, with 77% of growth coming from residential
installations including solar, electric vehicles, and demand
response [1]. By 2030, an estimated 13% of US homes will be
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equipped with solar [2]. These small-scale resources located
behind-the-meter, are not visible to utilities or control au-
thorities. They are also largely owned by different third-party
agents, such as residential home owners or small businesses1.
These characteristics - the distributed nature, small scale,
and third-party ownership - make the efficient integration of
these resources into the grid a challenging and open research
problem.

The problem of DER integration into distribution networks
is an active research domain, with various approaches being
taken, including the integration of EVs [3]–[6], and residential
demand response [7]–[10]. Looking beyond DER integration,
we can look towards leveraging DERs to provide services to
the grid, such as grid resiliency [11], renewable intermittency
management [12], ancillary services [13], and reactive power
and voltage support, the latter of which is the focus of
this paper. Further, the realization of services from privately
owned DERs is through market-oriented approaches, some of
which employ transactive energy, time-varying rates, or the
creation of new market mechanisms [14]–[19]. To support such
decentralized, distributed, and local coordination and decision
making, advancements are needed in the use of big data [20],
and development of cyber infrastructure [21]–[24].

In this paper we propose a hybrid volt-var control ar-
chitecture, which leverages DER capabilities to manage the
voltages in the distribution grid. Existing voltage control uses
traditional control devices such as capacitor banks, voltage
regulators, and on-load tap changers (OLTCs). While these
devices have worked so far, they alone cannot support the
emerging grid. They are typically located on the primary side
of the distribution grid and are few in number, have discrete
settings and time delay in actuation, and are expensive to
operate frequently due to mechanical degradation over use
cycles. Rather than relying solely on these traditional devices,
DERs can be used to provide additional voltage support, by
leveraging their flexible operation for faster and more frequent
responses, their distributed nature to provide localized support
throughout the grid, and their lower cost of operation.

1Utility-scale solar is expected to grow rapidly in response to state-level
policies, federal support for clean energy deployment, and utility-enforced
carbon reduction plans [2]. These larger-scale units can also be coordinated
with the framework presented here.
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Utilities typically make control decisions for the traditional
devices through conservation voltage reduction (CVR). The
objective of CVR is to improve system efficiency by reducing
the network voltage level, primarily by setting the voltage at
the secondary substation. However, this method is predicated
on having a passive network – which no longer holds with the
proliferation of DERs. Further, these decisions are made in a
centralized or local fashion, using heuristics based on operator
experience, without communication between devices, and with
few voltage measurements. With more control devices this
becomes intractable and inefficient. As is well known, the
emergence and proliferation of DERs, however, provides the
potential to enable new control architectures. These DERs can
provide locational voltage support throughout the distribution
grid, to enable fine-grain tuning of the voltage profile. DERs
such as solar PV smart inverters and demand response can
readily be utilized to provide both real and reactive power
support, with set-points that can be changed more readily
than traditional devices. Rather than overhauling current prac-
tice, they must be adapted to include DERs, modernizing
the way utilities manage grid voltages. In this paper, we
propose a structure with which to do this. The proposed
hybrid architecture would leverage both traditional devices
and DERs, in a hierarchical scheme whereby traditional de-
vices are coordinated hourly with centralized optimization
and local control, and DERs are coordinated using distributed
frameworks at 5-minute intervals. Such an architecture can
increase both network efficiency and reliability, while enabling
better DER integration. Finally, and most importantly, since
these resources already exist within the network, this hybrid
approach is an effective non-wires alternatives for voltage
support.

There is a vast and rich body of literature on VVC,
which consists of both slow timescale optimization of voltage
setpoints, and fast timescale control to regulate about these
setpoints. In this paper, we focus on the optimal coordination
of DERs using a distributed optimization framework. In [25]
the authors consider the selection and dispatch of PV inverters
using a semi-definite programming (SDP) formulation of the
power flow equations. In [26] a linear formulation is proposed
for PV dispatch. While computationally efficient, the error in
voltage magnitude reach upwards of 8% for the IEEE-123
network. This can be critical for networks with voltage control
problems. In [27] the reactive power control of solar and
storage units in a microgrid are presented. In [28] a data-driven
approach is proposed to compute voltage sensitivities which
are used to optimally dispatch DERs. By using data, the depen-
dence on network topology is removed, permitting adaptability
of the approach to network reconfiguration. However, these
approaches all make limiting assumptions on the grid, often
assuming single-phase (and by extension, balanced) radial
grids. [29] uses active distribution networks to provide voltage
support to the transmission grid through the coordination of
DERs; [30] optimizes reactive power injection to maintain
voltage limits and ensure system stability.

As is well known, the equations modeling the underlying

power physics are nonconvex, and typical convexification
strategies assume radial topology and balanced structure of
the grid [31]–[33]; the distribution grid however, is highly
unbalanced due to the line characteristics and presence of
unbalanced loads, and can have both radial and meshed topolo-
gies [34]. Thus, there is a need for improved power systems
models, which account for the unbalanced nature of the grid.
In [35] the authors propose an extension of the LinDistFlow
model to unbalanced grids, for the problem of voltage regula-
tion. While the model is simple and solves quickly, it assumes
the ratio of voltage phasors are constant, thus neglecting the
relative difference of angle of each phase. Similar extensions
to the Branch Flow model have been proposed [36], [37],
assuming the reciprocal unbalance of each phase is small. In
doing so, the relative difference between the angles of each
phase are ignored, which is not a valid assumption in most
distribution grids where the system is highly unbalanced, and
many single- and two-phase lines and/or loads exist. In [38]
an SDP relaxation of the unbalanced grid is proposed, solved
using a distributed framework. However, linear formulations
are more desirable for computational efficiency.

When looking towards the coordination of such a large
number of these spatially distribution agents, this can render
centralized optimization intractable, especially for online and
real-time applications. Recent research efforts look towards
decentralized and distributed approaches for optimization and
decision making, which are enabled by the increased presence
of grid-edge intelligence, computing resources, and peer-to-
peer (P2P) communication networks (see [39]–[42] for re-
views). Thus, there is a need for distributed algorithms built
upon improved power systems models, which make decisions
using local information without the aid of a central authority.

In this paper, we address these challenges by developing the
necessary tools for distributed optimization in the distribution
grid. The specific contributions are as follows:

• We propose a convex relaxation of the OPF problem
based on current injection (CI) and McCormick En-
velopes, which we leverage to model unbalanced dis-
tribution grids of general topologies. We extend this
convex model to a distributed OPF algorithm based on
the proximal atomic coordination (PAC) method.

• We implement distributed Volt-Var optimization on the
IEEE-34 node network, under different DER penetration
using real data from a distribution feeder in Hawaii, and
realistic demand response profiles. Results corroborate
the need for distributed DER coordination to achieve
desired grid performance, the need for DERs to pro-
vide reactive power support, and the need for financial
compensation structures which price the locational and
temporal variation of DER grid services.

The paper is organized as follows. Section II introduces no-
tation, Section III describes the relaxed convex OPF problem,
and Section IV introduces the PAC algorithm and properties
of linear convergence. Section V describes the VVO problem
setup for the IEEE-34 node network, for which results and



discussion are presented in Section VI. A brief discussion on
retail compensation is provided in Section VII. Conclusions
are in Section VIII.

II. NOTATION

We use xR and xI to denote the real and imaginary
components of a complex number x; xT and xH are the
transpose and Hermitian of vector x respectively; overbar x
and underbar x denote the upper and lower limits of a variable
x; Re(·) and Im(·) denote the real and imaginary components
of complex number. For a matrix G ∈ Rn×n, [G]Xi and [G]Xi

denote the columns and rows of matrix G belonging to the ith
partition of set X respectively, and Gij denotes the entry at
the ith row and jth column. We let λmin (G), λ̂min (G), and
λmax (G) represents it smallest, smallest non-zero, and largest
eigenvalue, respectively. For a set Y , |Y | denotes the number
of elements of Y ; and for a number N , [N ] = {1, ..., N}.

We model the distribution network as an undirected graph
Γ(N , E) of N nodes and M edges, where N := {1, ..., N} is
the set of nodes of the grid, and E := {(m,n)} is the set of
edges. For a general 3-phase network, we denote each phase
as φ ∈ P, P = {a, b, c} the set of phases. Each variable is
thus a vector of 3 components, one for each phase φ ∈ P . The
3-phase graph incidence matrix, A ∈ R3N×3N , describes the
network topology, with positive outgoing edges and negative
incoming edges. The nodal quantities are the real and reactive
power injection (Pj , Qj), voltage (Vj), and current injection
(Ij). The current through the line is Iij ∀(i, j) ∈ E . We use
active sign convention, such that nodal injections are positive.
Consider the nodal voltage denoted as V φj for node j ∈ N and
phase φ ∈ P . We model the magnetic coupling between phases
φ and φ′ for a line between nodes i and j, ∀{(i, j)} ∈ E , using
the 3-phase impedance matrix Zij ∈ R3×3, as below:

Zij =

zaaij zabij zacij
zabij zbbij zbcij
zacij zbcij zccij


Each element zφφ

′

ij of Zij is zφφ
′

ij = Rφφ
′

ij + jXφφ′

ij ∀φ, φ′ ∈
P . The system impedence matrix, Z, is the diagonal matrix
composed of the line impedances. Figure 1 depicts a simple
4-bus radial network, showing the nodal and line variables.
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Fig. 1: Example network

III. CURRENT INJECTION MODEL

Denoting the column vector of line currents as Iflow, nodal
voltages as V , and nodal current injections as I , the full CI-
OPF formulation is written as:

min
x
f (x) (1a)

AV = ZIflow (1b)

IR = Re
(
AT Iflow

)
(1c)

II = Im
(
AT Iflow

)
(1d)

V φ,Rj ≤ V φ,Rj ≤ V φ,Rj ∀j ∈ N , φ ∈ P (1e)

V jφ,I ≤ V φ,Ij ≤ V φ,Ij ∀j ∈ N , φ ∈ P (1f)

Pφj ≤ P
φ
j ≤ P

φ

j ∀j ∈ N , φ ∈ P (1g)

Qφ
j
≤ Qφj ≤ Q

φ

j ∀j ∈ N , φ ∈ P (1h)

Pφj = V φ,Rj Iφ,Rj + V φ,Ij Iφ,Ij ∀j ∈ N , φ ∈ P (1i)

Qφj = −V φ,Rj Iφ,Ij + V φ,Ij Iφ,Rj ∀j ∈ N , φ ∈ P (1j)

where x =
[
IR II V R V I P Q IRflow I

I
flow

]
is the decision

vector for the CI-OPF problem, (1b) describes Ohm’s law,
and (1c)-(1d) describe Kirchhoff’s Current Law. The objective
function (1a) is the performance index to be minimized, which
can be, for example, to minimize cost for power production,
or line losses. We note the use active sign convention means
positive P and Q values are generators, while negative values
are loads.

The OPF problem in (1) fully describes the power physics
of an unbalanced network of either radial or meshed topology.
However, constraints (1i)-(1j) render the problem noncon-
vex. We leverage convex relaxations, namely McCormick
Envelopes (MCE) [43] to convert the bilinear terms to convex
constraints. MCE denote a convex hull of a bilinear product
w = xy by utilizing the bounds on x and y. We denote this as
MCE(w, x, x, y, y) = {w = xy : x ∈ [x, x], y ∈ [y, y]}, and
formally define it as:

M(w, x, x, y, y) =


w ≥ xy + xy − xy
w ≥ xy + xy − xy
w ≤ xy + xy − xy
w ≤ xy + xy − xy

(2)

We then introduce auxiliary variables {a, b, c, d} to describe
the bilinear terms in (1i)-(1j), and the corresponding linear
constraints as described in (2). To leverage the MCE relax-
ation, we must introduce current bounds, as defined in (3).

Iφ,Rj ≤ Iφ,Rj ≤ Iφ,Rj (3a)

Iφ,Ij ≤ Iφ,Ij ≤ Iφ,Ij (3b)

These are indirectly specified by (1e)-(1j), ∀j ∈ N ,∀φ ∈
P , and can be further calculated. The convex CI model
is then described by the augmented decision vector x̃ =[
IR II V R V I P Q IRflow I

I
flow a b c d

]
, where each term in

the vector x̃ is of the form IR = [IRj ] ∀j ∈ N , and



IRj =
[
IR,φj

]
∀φ ∈ P; subject to constraints (1b)-(1h),

(3a)-(3b), and the linear constraints for auxiliary variables as
described in (2).

This formulation is now linear in all variables. Compared
to the linearized Dist-Flow model proposed by Baran and Wu
in 1989 [44], [45] which assumes balanced radial networks,
ignores the quadratic loss terms, and uses the approximately
linear relation between voltages and power, the proposed
convex CI-OPF is a complete AC formulation applicable to
unbalanced and meshed networks. Further, having all linear
constraints renders a simpler OPF formulation than other
relaxed AC-OPF models, which have quadratic constraints
from SOCP relaxations, or matrix-definite constraints from
SDP relaxations.

However, in leveraging a linear convexification strategy, we
shift the difficulty in solving a nonlinear optimization problem
to the challenge of obtaining a tight relaxation: the tighter the
bounds on the variables [a b c d], the smaller the optimality
gap between the CI-OPF and the original nonconvex problem.
These bounds are governed by the nodal voltage and current
bounds, which in turn depend on the real and reactive power
bounds. In networks with high DER penetration, the bounds
on real and reactive power can be quite large – consider
a PV unit which can produce anywhere between zero and
rated real power, and/or negative or positive reactive power
based on the inverter setting. As such, we require appropriate
pre-processing algorithms which are capable of recovering
tight voltage and current bounds, using operating limits and
standards, and load and generation forecasts. Furthermore, as
the proposed CI model is to be distributed, the pre-processing
algorithms must also be distributed, fast, and require minimal
communication, enabling them for use in online and real-
time applications. Further development of such pre-processing
algorithms are beyond the scope of this paper.

IV. PROXIMAL ATOMIC COORDINATION ALGORITHM

In this section, we introduce the distributed algorithm of
[46], [47], for the sake of completeness and comprehension.

We first consider the following centralized optimization
problem:

min
y
f (y) ,

∑
k

fk (y) (4a)

subj. to: Gy = 0 (4b)

where y is the decision vector, f(y) is the objective function
assumed to be a sum of separable functions, and matrix G
represents the equality constraints, written in standard form.

We then decompose the central problem of (4) into K
different coupled sub-optimization problems, which we call
atomized problems, as in (5). The constraints and objective
function are partitioned 2, with each atom owning a subset
of variables, denoted by L = {Lk, ∀k ∈ K}; owning a
subset of the rows of the constraint matrix G, denoted by

2Different decomposition profiles render different atomized formulations.
A further discussion of optimal profiles are outside the scope of this paper.

C = {Ck, ∀k ∈ K}; and copying a subset of variables
owned by another atom, denoted by O = {Ok, ∀k ∈ K}.
The complete atomic partition of the variables is denoted by
T = {Tk, ∀k ∈ K|Tk = Lk ∪Ok}.

This notion of variable copies is noteworthy, as it permits
the central optimization problem to be fully distributed. In
particular, dependencies between each atom are treated by
creating these variable copies: if atom A relies on a variable
yn owned by atom C, it creates a copy of the variable, denoted
as yA

n. Coordination constraints of the form yA
n − yn = 0 are

introduced in atom A; through communication with atom C,
this error term will disappear, driving the variable copy to the
true value. These coordination constraints can be compactly
represented for an atom k ∈ K by:

[B]Oka = 0

where matrix B ∈ R|O|×|T| represents the incidence matrix
of a directed graph whose nodes are the owned and copied
atomic variables within a1, . . . , aK.

Using this decomposition, the atomized optimization prob-
lem is thus obtained:

min
ak

∑
k

fk (ak) (5a)

subj. to: Gkak = 0 ∀k ∈ K (5b)

[B]Oka = 0 ∀k ∈ K (5c)

A. Algorithm Specifications

We first form the atomic Lagrangian function for (5):

L (a, µ, ν) =
∑
k∈K

[
fk (ak) + µTkGkak + νTk [B]

Ok a
]

=
∑
k∈K

[
fk (ak) + µTkGkak + νT [B]

Tk ak

]
,
∑
k∈K

Lk (ak, µk, ν) . (6)

where µ are the dual variables corresponding to equality
constraints and ν are the dual variables corresponding to
coordination constraints.

We can then apply the prox-linear approach of [48] to (6),
to ensure parallel computation of each primal step, and obtain
the proximal atomic coordination (PAC) algorithm:

ak [τ + 1] = argmin
ak

{ Lk (ak, µ̂k [τ ] , ν̂ [τ ])

+ 1
2ρ ‖ak − ak [τ ]‖22

}
, (7)

µk [τ + 1] = µk [τ ] + ργkGkak [τ + 1] , (8)
µ̂k [τ + 1] = µk [τ + 1] + ργ̂j [τ + 1]Gkak [τ + 1] , (9)
Communicate ak ∀k ∈ K with neighbours, (10)

νk [τ + 1] = νk [τ ] + ργk [B]
Ok a [τ + 1] , (11)

ν̂k [τ + 1] = νk [τ + 1] + ργ̂k[τ + 1] [B]
Ok a [τ + 1] , (12)

Communicate ν̂k ∀k ∈ K with neighbours (13)

where ρ > 0 is the common step-size and γk, γ̂k[τ ] > 0 are
two over-relaxation terms with γk > γ̂k[τ ] > 0. The time-



varying rate γ̂k is used to mask the value of the dual variable
ν̂k which atom k communicates with its neighbours, permitting
complete privacy of this shadow price. This privacy feature is
necessary within competitive economic environments, such as
a market setting, where µ corresponds to market prices, and
ν corresponds to coordination sensitivity; knowledge of the
trajectory of ν can be used by a rogue agent to sabotage the
overall convergence of the PAC algorithm.

B. Convergence Results

We first define the following quantities:

γ̂max , max
k∈K
{γ̂k}

G̃ = diag(Gk)∀k∈K,

Γ̂G[τ ] = diag
{
γ̂1[τ ]I|C1|, . . . , γ̂K [τ ]I|CK |

}
,

Γ̂B [τ ] = diag
{
γ̂1[τ ]I|O1|, . . . , γ̂K [τ ]I|OK |

}
,

Ṽ1

(
Γ̂
)

= G̃T Γ̂G̃G̃+BT Γ̂BB,

Ṽ2

(
ρ, Γ̂

)
=

1

ρ2
I|T| − Ṽ1

(
Γ̂
)

RΓRΓ = G̃TΓG̃G̃+BTΓBB

We make the following assumptions on the structure of the
central and atomized formulations:
• Each fk ∀k ∈ K is a closed, convex and proper (CCP)

function with dom (fj) = RY , and is differentiable, α-
strongly convex and L-strongly smooth.

• There exists a non-trivial optimal solution to the central
problem (4), y∗. The optimal atomized solution a∗ is
related to y∗ via a projection y∗ = ΠLa∗.

• Let the PAC parameters satisfy:
1 > ρ2γ̂maxλ max

(
G̃T G̃+BTB

)
If these assumptions hold, and the PAC parameters satisfy ρ >
0 and γk > 0 for k ∈ K, and let:

a [τ ] = [a1 [τ ] ; · · · ; aK [τ ]] ,

represent the PAC trajectory of (7)-(13) under zero-
initialization. Then there exists a unique optimal atomized
solution such that, for all τ :

lim
τ→∞

{a [τ ]} = a∗

with strictly sublinear convergence:{
‖a [τ + 1]− a [τ ]‖2Ṽ2(ρ,Γ̂)

}
∀τ ∈ N = o

(
1

τ

)
.

We can further improve this rate to linear convergence, by
assuming each objective summand fk ∀k ∈ K is differentiable,
α-strongly convex and L-strongly smooth [49], and the PAC
parameters satisfy a stricter inequality as below:

1 ≥ ρ2γ̂maxλ max

(
G̃T G̃+BTB

)
Under these stricter assumptions, the convergence rate is:

‖a [τ ]− a∗‖ ≤ [1 + ξ P (ρ, γmin)]
−τ
(
‖a∗‖2Ṽ2(ρ,Γ) + ‖r∗‖22

)
,

where:

ξ P (ρ, γmin) =
2αργminλ̃ min (V1)

2αL+ 2ρ−2 + γminλ̃ min (V1)
,

with r∗ ∈ R|T | satisfying:

RΓr∗ +
1

ρ
∇af̂ (a) = 0

The proof and additional details are in [46], [47].

C. Distributed CI Model

In this section we develop a distributed formulation of the
convex CI model introduced in Section III. We begin first by
assuming the objective function is convex, a very reasonable
assumption as costs typically follow a squared law. Note
that we do not require the objective function to be separable
amongst the agents; as the PAC decomposition profile details
how to address the coupling variables between atoms, and
atoms are already coupled through the power flow constraints.

The augmented decision vector for the centralized problem,
x̃ =

[
IR II V R V I P Q IRflow I

I
flow a b c d

]
, can be distributed

over the agents as:

aj =

[
IRj IIj V Rj V Ij Pj Qj aj bj cj dj

{IRflow,jk, I
I
flow,jk}∀k,{(j,k)}∈E {V̂ Rk , V̂ Ik }∀k,{(j,k)}∈E

{ÎRflow,ij , Î
I
flow,ij}∀i,{(i,j)}∈E

]
(14)

where we use the convention that an atom owns its downstream
current flows, and the variables denoted with the hat, �̂, repre-
sent coordination variables – copies of variable dependencies
between atoms. This variable ownership convention assumes
that most nodes in the distribution grid have more downstream
nodes than upstream nodes. By choosing that an atom owns
downstream current flows, we attempt to minimize the number
of variables which must be copied to satisfy the power flow
constraints. Figure 2 shows the distributed architecture of the
PAC algorithm applied to the CI-OPF problem.

We next comment on the chosen CI-OPF formulation
presented here, in particular, the representation of KCL and
Ohm’s law in (1b)-(1d). Traditional OPF formulations utilize
the network admittance matrix Y , defined below as:

Y =


∑

m:(i,m)∈E
Yim if i = j

−Yij if i 6= j and (i, j) ∈ E
0 otherwise

where the admittance between nodes i and j, ∀{(i, j)} ∈ E is
the inverse of the impedance, Yij = (Zij)

−1. With this repre-
sentation, KCL and generalized Ohm’s law can be represented
by a single constraint I = Y V , and the line current variable,
Iflow, is no longer needed. The rest of the power flow equations
are the same and the MCE relaxation can be employed. We
will refer to this model as the CI-Y model, and refer to the
formulation introduced in Section III as the CI-Z model. The
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Fig. 2: Flowchart of PAC algorithm.

augmented decision vector for the CI-Y centralized problem,
x̃ =

[
IR II V R V I P Q a b c d

]
, can be distributed over the

agents as:

aj =

[
IRj IIj V Rj V Ij Pj Qj aj bj cj dj

{V̂ Rk , V̂ Ik }∀k,{(j,k)}∈E

]
(15)

with coordination variables represented with �̂.
In reducing the number of variables, the CI-Y model appears

to be better suited for optimization than the CI-Z model, as
computation time scales with the number of variables. In a
centralized scheme, this holds true. However, when we employ
the PAC distributed algorithm to the CI-Y model, the model
exhibits very slow convergence: Fig. 3 shows a convergence
profile for the distributed CI-Y and CI-Z models, on the IEEE-
13 bus network.

Convergence of the PAC algorithm is maximized by se-
lecting ρ and γ as below, where we take γ̂k[τ ] = γ, γk =
γ ∀τ, ∀k ∈ K, with proof in [46], [47].

ρ∗ =
1√

γ∗λmax(Ṽ1(I))

γ∗ =
2αL

2λ max

(
Ṽ1(I)

)
+ λ̂min

(
Ṽ1(I)

)
The PAC system matrix is defined as Ṽ , Ṽ1(I) =
G̃T G̃ + BTB, and directly governs the optimal convergence
parameters. The slow convergence exhibited in Fig. 3 is due
to the small step-sizes arising from the system matrix Ṽ ,
which is ill-conditioned, particularly due to the I = Y V
constraint. To compare the CI-Z and CI-Y models, we can
analyze the condition number of the corresponding system
matrices. We note Ṽ < 0 and apply the Courant-Fischer min-
max Theorem to analyze the contributions from the feasibility
and coordination constraints separately:

λmax(Ṽ ) ≤ λmax(G̃T G̃) + λmax(BTB)

1) Analysis of Coordination Constraints: The Laplacian of
the coordination constraint matrix, BTB has elements −1
on the off-diagonals, and the degree of each variable, i.e.
the number of times the variable has been copied, on the

diagonals, which we denote as dgi for variable i. Applying
Gershgorin’s Circle Theorem, the eigenvalues of BTB are:

|λi −Bii| ≤ Ri

where

Ri =

n∑
j=1,j 6=i

|Bij | = dgi

The eigenvalues are thus bounded as:

0 ≤ λi ≤ 2dgi
⇒ λmax(BTB) ≤ 2 max

i
(dgi)

Thus the eigenvalues are determined by the variable copies
required in each model. In the CI-Y model, each agent
retains a copy of the voltages of all neighbouring agents,(
V̂k, ∀k,∈ {(j, k)} ∈ E

)
, as seen in (15). The maximum

number of variable copies is then the maximum degree of
the nodes, i.e. the number of neighbours:

λCI-Y
max ≤ 2 max

j
(deg(j))

In the CI-Z model, each agent retains copies of the voltages of
only its downstream nodes

(
V̂k, ∀k, j < k,∈ {(j, k)} ∈ E

)
and copies of the flows from upstream nodes(
Îflow,ij ∀i, i < j,∈ {(i, j)} ∈ E

)
, as seen in (14). Since

only nodal voltages can be copied by multiple agents, only
the number of parents is relevant in determining the degree:

λCI-Z
max ≤ 2 max

j
(degin(j))

where we define the in-degree of a node j as degin(j), where
degin(j) ≤ deg(j). In a radial network, degin(j) = 1. Thus
λCI-Z

max ≤ λCI-Y
max .

2) Analysis of Feasibility Constraints: We begin by noting
that G̃ is a block diagonal matrix, such that:

λ(G̃T G̃) = {λ(GTj Gj)}∀j
⇒ λmax(G̃T G̃) = max

j
(λmax(GTj Gj))

⇒ λmax(GTj Gj) = ‖GTj Gj‖2 ≤ ‖Gj‖22 ≤ ‖Gj‖2F



(a) Feasibility Metric, CI-Y model (b) Consistency Metric, CI-Y model

(c) Feasibility, CI-Z model Metric (d) Consistency, CI-Z model Metric

Fig. 3: Convergence profiles for the IEEE-13 bus network, modified to have DERs, for the distributed CI-Y (a,b) and CI-Z
models (c,d).

where ‖ · ‖2 denotes the usual Euclidean norm and ‖ · ‖F
denotes the Frobenius norm. Recall for a matrix A ∈ Rm×n:

‖A‖F =
√

Tr(ATA) =

√√√√ m∑
i=1

n∑
j=1

|aij |2

Evaluation of the Frobenius norm is straightforward for both
CI-Z and CI-Y models, given the equality constraints from
the relaxed power flow model, and so has been omitted. We
summarize the results here:

1) The CI-Z model depends only on voltages of downstream
nodes and impedances of downstream lines, while the CI-
Y model depends on the voltages and admittances of all
connected nodes and lines.

2) ‖Gj‖2F scales with |Zjk|2, ∀k, j > k(j, k) ∈ E for the
CI-Z model, and |Yij |2, ∀i, (i, j) ∈ E for the CI-Y model.
Higher impedance or admittance values increase λmax,
resulting in smaller step-sizes, ρ∗ and γ∗, and slower
convergence.

From this we may be tempted to conclude that λCI-Z
max ≤ λCI-Y

max
given there are fewer components to account for. However,
this is incorrect: we must compare the magnitude of the
impedances and admittances. Since computations are con-
ducted in per unit analysis, the resulting per unit impedances
are smaller, and correspondingly, the admittances are larger.
Consider for example the following base values: SBase =
5e3kW,VBase = 4160V ⇒ ZBase = 3.4611Ω ⇒ YBase =
0.2889S. This is the dominant factor resulting in an ill-
conditioned system matrix for the CI-Y model and its slow
convergence characteristics. However, it is worthwhile to note
that for medium voltage distribution grids, the R/X ratio of
the lines and line lengths may very well result in better
performance for the CI-Y model which may have lower

admittances, thus indicating a tradeoff between the influence
of line parameters and network topology.

D. Performance of CI Model

Here we present some results for the CI model (using
impedances). A detailed analysis and discussion is presented in
[?]. The optimality gap of the CI-Y model using a centralized
solver, compared to the solution of the nonconvex power flow
equations, solved using IPOPT (a nonlinear solver) are 1.2%,
0.9%, and 1.01% for the IEEE-13, IEEE-123, and IEEE-
8500 node networks respectively. The maximum voltage error
for the IEEE-13 and IEEE-8500 node networks are 0.016%
and 0.96% respectively. In [50] the authors report up to 1%
optimality gap across various test cases and relaxed OPF
formulations; and in [51] the authors report 0.1% voltage error
for the IEEE-34 node network. Note that both [50] and [51]
consider balanced radial grids, while our results are for the
three-phase unbalanced (and potentially meshed) networks.

We next compare our CI model with the Branch Flow
(BF) model, a nonlinear SOCP relaxation for balanced radial
grids. To do so, we consider a balanced radial test case. We
modify the IEEE-13 node network to be a balanced 3-phase
network. The impedance matrices are modified to be 3-phase
transposed, and the positive-sequence element is used to model
the cables. The loads are modified to be 3-phase balanced, and
single-phase spot loads were assumed to be 3-phase. We look
to maximize the social welfare function, by minimizing the
cost of generation (including purchasing electricity from the



bulk grid) and minimizing electrical line losses:

fG-Cost(y) = λP
j#Pj# + λQ

j#
Qj# (16)

fLoss
i,j (y) = Ri,j|Iij|2, ∀(i, j) ∈ T (17)

fwelfare(y) = fG-Cost(y) + ξ
[ ∑

(i,j)∈T

fLoss
i,j (y)

]
(18)

We note that in order for the second-order cone relaxation
of the BF model to be exact, the branch currents must be
minimized - this is typically done by minimizing the line
losses. Note that this restriction on the objective function, i.e.
minimization of branch currents, is not required for the CI
model.

Figures 4-5 show simulation results for local feasibility
and consistency distance metrics. In Fig. 4b, the distance to
feasibility for the BF model is larger than the CI model in
the initial iterations. After the peak, both models show sinu-
soidal behaviour, with the CI model exhibiting fewer jumps.
Although the BF model deviates further from the optimal
solution, the two models reach comparable error around the
100 iteration mark. In Fig. 5, the CI model has better numerical
precision than the BF model. Both the CI and BF models
have approached convergence to the desired tolerance level,
ε = 1e−3. However, while the PAC algorithm is unable
to improve the solution with the BF model, the algorithm
continues to improve the solution of the CI model, with errors
approaching ε = 1e−4. When far from the optimal, the PAC
exhibits sinusoidal behaviour as expected from the primal-
dual dynamics for both models, but with higher amplitude
oscillations in the CI model. When approaching the optimal
solution, the algorithm is numerically limited with the BF
model, likely due to the more complex quadratic constraints.

The average time required by Gurobi to solve the primal
step at each agent is 3.0ms for the CI model, and 2.2ms for
the BF model. Note that the CI model is jointly solving for the
phase angles of the voltages, while the BF model requires a
post-processing algorithm to recover the . In comparison, the
SDP formulation proposed in [38] requires on average 100ms
per each primal step.

V. APPLICATION TO VOLT-VAR CONTROL

We next apply the distributed OPF developed using the
CI-Z model and PAC to the problem of voltage control in
distribution grids with high penetration of DERs. The highly
temporal and spatial nature of DERs suggests a need for
finer grain control of the voltage profile, both spatially and
temporally, which cannot be met through the use of traditional
voltage regulators and capacitor banks. We assume protection
schemes are well designed and will correct the system if a fault
event occurs. We also assume the grid operator has carried
out topology, line parameter, and phase estimation, for which
many data-driven techniques have been proposed [52]–[56].

We propose the distributed VVO algorithm operate as a
layer within the hybrid hierarchical architecture, similar to
[57]. However, unlike the architecture in [57], here we propose
that optimization determine settings for all participating DERs

(a) Local feasibility distance with CI model.

(b) Local feasibility distance with BF
model.

Fig. 4: Local feasibility distance convergence results for first
100 iterations of PAC algorithm, for the IEEE-13 node net-
work.

(a) Consistency distance with CI model.

(b) Consistency distance with BF model.

Fig. 5: Consistency distance (of coordination constraints)
convergence results for the IEEE-13 node network, zoomed
in on the y-axis

in the network. Given the spatially distributed nature of the
DERs in the distribution grid, the low visibility of DR and DG
forecasts, and the highly temporal nature of these resources
as compared to traditional VVC resources, a centralized ap-
proach may no longer work. Furthermore, with a distributed
approach such as those proposed in this paper, the optimization
timescale can be made shorter if needed, to a 5 minute window,
thus reacting better to sudden changes in PV generation. The
proposed hierarchical architecture is shown in Fig. 6.

The proposed architecture works alongside current practices
which employ centralized or local approaches to determining



the set points of traditional devices. Rather than coordinating
all traditional devices and DERs, we separate these two
resources classes into those which lack communication infras-
tructure and are actuated less frequently (traditional devices),
and those which are distributed throughout the grid and
are capable of P2P communication and distributed decision
making (DERs). In this way, we can look to limit the number
of changes required by utilities in how they operate existing
devices, and simply enhance operations to include “smart”
coordination of the small-scale, customer owned resources.
We note that in this work, we are focusing on the distributed
optimization module of the entire voltage control operation.
Figure 7 shows the data inputs to the PAC algorithm, and
the results going to the DERs as setpoints for the voltage
controllers.

In this paper we limit our discussion to the secondary feeder,
modeling each node as a cluster of residential units, say a
row of houses. We note that the algorithm can be employed
throughout the distribution grid, using different levels of
aggregations of resources, based on the needs of the local grid.
We model the IEEE-34 bus network (see Fig. 8), which is a 3-
phase unbalanced distribution feeder, with many single phase
lines and corresponding loads. Switches are assumed in their
normal positions, and line loads are converted to spot loads
by equally distributing them between the connecting nodes.
The capacitor banks are modelled as negative reactive power
generators, in a continuous range between 0 and full rated
capacity. We modify the network by adding DERs at different
nodes in the network. In the following sections we describe
the DER models and the data obtained from a real distribution
feeder in Hawaii.

A. Modeling DERs

We model three types of DERs: DR units, DGs, and
prosumers, each detailed below.

1) Demand Response: Flexible loads are modelled as res-
idential cooling loads, using profiles from a 2020 report
detailing demand response capabilities in California3 [58].
The hourly profile is denoted as αDR

j (t), αDR
j (t) ∈ [0, 1]∀t.

Variations in nodal demand response are obtained by shifting
the baseline profile (obtained from [58]) in time as δDR1

j ∼
N (0, 0.075) and in magnitude as δDR2

j ∼ N (0, 0.1). The
power constraints are then modified as P j(t) = P j(t) ∗ (1−
αDR
j (t)), by recalling the use of active sign convention. For

inflexible loads, P j = P j , P j ≤ 0. We assume the reactive
power of all consumers are fixed, Q

j
= Qj , Qj ≤ 0. Sample

demand response profiles are shown in Fig. 9c.
2) Distributed Generation: Distributed generators are

rooftop PV units rated at 4-10kW capacity per home, denoted
by PCap

j , which is the typical range for residential PV in the
US. The number of homes at each node in the secondary
feeder is determined by dividing the baseline load by the
average household consumption in the US (877 kWh per year),

3Data for Hawaii was not available, but given the similar temperatures in
summer, the CAISO models were a reasonable substitute.

and assuming 10-20% of homes at the node are equipped
with solar. The location of these PV aggregations in the
original IEEE-34 network are determined at random. Real
solar generation data for a residential PV unit in Hawaii is used
for August 22, 2020, given in 1-min intervals. The generation
data is normalized to render a baseline generation profile
αPV(t), which is then perturbed to obtain a ratio per node,
αPV
j (t) = αPV(t)δPV

j , with δPV
j ∼ N (0, 0.15). Solar forecast

error is modelled against data reported in [59] of a PV plant
operated by Tucson Electric Power4. A solar generation profile
with errors is shown in Fig. 9b. We assume all renewable
generation can be curtailed, and that all units are equipped
with smart inverters capable of adjusting power factor 5. We
do not consider storage in this work. The full model for a PV
unit at node j is:

P j = 0, P j(t) = αPV(t)PCap
j , Q

j
= −Qj (19a)

Pj tan(cos−1(−pf)) ≤ Qj ≤ Pj tan(cos−1(pf)) (19b)

3) Prosumers: Prosumers are nodes where both load and
generation are present. To model each device properly, we
must introduce additional variables representing the load and
generation powers6:

Pj = PGj − PLj , PGj ≥ 0, PLj ≥ 0 (20a)

Qj = QGj −QLj , QLj ≥ 0 (20b)

P j = P
G

j − P
L
j , P j = PGj − P

L

j (20c)

Qj = Q
G

j −Q
L

j
, Q

j
= QG

j
−QLj (20d)

The PV generator located at a prosumer node j will be
represented by the equations in (19), with all Pj and Qj
variables replaced by the PGj and QGj . Similarly, loads located
at prosumer node j (including demand response) will replace
Pj and Qj variables with PLj and QLj but with PLj = −P j
and P

L

j = −P j .

B. Simulation Setup

We consider the performance of the proposed hierarchical
approach, over a 24 hour period. Nodal loads vary as per pro-
files αPj (t) and αQj (t) for real and reactive power respectively.
The baseline time-dependent load ratio αD(t) is obtained from
real load data from a distribution feeder in Hawaii, for each
1-minute interval of August 22, 2020. This ratio is perturbed
to obtain the ratio per node j, αj(t), where αPj (t) = αD(t)δPj
with δPj ∼ N (0, σP ), and the resulting profile is smoothed.
The same is done for reactive power Q. We select σP = 0.15
and σQ = 0.05 to ensure P and Q load profiles are not

4Solar forecasts improve accuracy with reduced time, ex. 1-min or 15-min
ahead forecasts, and with larger areas. As reported in [59], the errors are
reduced for regional forecasts, such as a bulk forecast for CAISO, due to
geographic averaging across large regions. While a single rooftop PV panel
may have higher forecast errors, a single PV plant is a reasonable estimate
for a distribution feeder.

5Rule 21 interconnection rules for DERs in CAISO requires that all
distributed generators be equipped with smart inverters, as of 2014.

6For these variables, we do not use active sign convention
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Fig. 8: IEEE-34 node network topology, with j# = 1.

identical. Sample load profiles for the network are shown in
Fig. 9a.

The centralized optimization block, which is computed
hourly, determines the set points for the capacitor banks, using
hour-ahead forecasts for load and solar generation. We assume
the load forecasts are perfect, and include error on the hour-
ahead forecasts. The PV units are modeled as unity power
factor. Prosumers are modelled as net loads and cannot export
energy into the grid; likewise, the aggregated grid cannot
export to the primary feeder. The centralized optimization
uses a linearized power flow model proposed in [35], which
is an extension to the LinDistFlow model to unbalanced



(a) Sample load profiles (b) Sample solar generation data, aggregated
over 5-min and 1-hr intervals. The generation
data is augmented with hour-ahead forecast er-
ror.

(c) Sample demand response profiles for resi-
dential cooling load, over 7 nodes.

Fig. 9: Simulation input data for load, generators, and demand response

distribution grids. The simplified model is used to permit faster
calculations for the larger hourly optimization, as compared
to the CI model, due to the reduced number of variables.
The distributed optimization block, which is computed every
5 minutes, determines the set points for the PV inverters, at
variable power factor, and demand response units. We assume
the load and solar forecasts are perfect for the 5-min ahead
time frame. In this optimization, prosumers can export energy,
but the aggregated secondary feeder cannot export energy.

1) Test Cases: To test the performance of the CI model
and PAC algorithm, we consider varying penetration of DERs
through the four cases below:

• Case A: [Baseline] time-varying loads and shunt capaci-
tors with IEEE-34 configuration

• Case B: [DR] Baseline case with DR present in the grid
• Case C: [PV] Baseline case with PV units with smart

inverters and adjustable power factor
• Case D: [Combination] Baseline case with DR and PV

To compactly represent the different DER scenarios, we make
use of a case notation. For cases A, B, and C, the scenarios
follow the notation X YY ZZ as below.

• X: {A,B,C} Case code
• YY: penetration of the resource through network. For

Case B: % of nodes with DR capabilities for Case B. For
Case C: ratio of total nameplate PV capacity to average
network load (over the 24 hour period).

• ZZ: For case C: minimum pf setting of all PV units,
where ‘9’ is a pf of 0.9, for example

The scenarios for case D follow the notation D XX YY ZZ as
below.

• XX: penetration of DR through network as % of nodes
with DR capabilities

• YY: penetration of PV units through network, ratio of
total nameplate PV capacity to average network load
(over the 24 hour period).

• ZZ: minimum pf setting of all PV units

2) Objective Function: We consider two different objective
functions to achieve VVO in the distribution grid:

I. Regulate voltage about a prior set-point:
f(a) =

∑
j∈J

∑
φ∈P

[
(V φ,Rj − Ṽ φ,Rj )2 + (V φ,Ij − Ṽ φ,Ij )2

]
II. Minimize line losses:

f(a) =
∑
j∈J

∑
φinP Rj,k

[
(Iφ,Rflow,ij)

2 + (Iφ,Iflow,ij)
2
]

For function I, Ṽ φ,Rj , and Ṽ φ,Ij are the desired setpoints, which
for our case study we take Ṽ φ,Rj = 1, and Ṽ φ,Ij = 0, ∀j ∈
J \ j#, φ ∈ P . We note that node j# which is the point of
common coupling (PCC) to the transmission grid is treated as a
slack node, with V φ,R

j#
= 1 and V Ij# = 0, ∀φ ∈ P . For function

II, the resistance Rj,k ∈ R3×3 and branch currents Iflow,ij ∈
R3×1 for both real and imaginary components, to account for
the magnetic interaction between phase φ and φ′. The squared
operator acts element-wise, and the inner summation acts as
a mapping to sum the elements together.

3) Voltage bounds: The simulations specify very loose
voltage bounds of Vj ∈ [0.85, 1.15]pu, to ensure the optimiza-
tion problem is always feasible. Through the coordination of
DERs, the lower voltage bound should be pushed into the
acceptable operating range of ±10%, which corresponds to
Vj ∈ [0.9, 1.1]pu, as denoted in the figure, with narrower
operating bounds and averages closer to 1pu being preferred.
Voltage standards detailing the allowable deviation from nom-
inal voltage under normal grid conditions vary globally. North
America follows ANSI C84.1 which allows ±5% deviation,
while Europe follows IEC and European EN 50160 which
allows ±10% deviation. We consider the European voltage
bounds as they provide more flexibility in operations, but note
that tighter voltage bounds are preferred.

4) Resource Utilization Metrics: To better understand the
spatial-temporal use of the different DERs, we consider re-
source utilization factors. These are calculated as below, with
the variables for prosumers being changed for DR and PV
utilization to PLj and PGj respectively.

• DR utilization:

curtailed load
curtailable load

=

∑
φ∈P

(∣∣∣Pφj ∣∣∣− ∣∣∣P φ∗
j

∣∣∣)∑
φ∈P

(∣∣∣Pφj ∣∣∣− ∣∣∣Pφj ∣∣∣)



• PV utilization:

generation setpoint
variable generation capacity

=

∑
φ∈P P

φ∗
j∑

φ∈P

(
P
φ

j − P
φ
j

)
• Power factor:

cos

(
arctan

∑
φ∈P Q

φ∗
j∑

φ∈P P
φ∗
j

)
VI. RESULTS AND DISCUSSION

In this section we present the simulation results of VVO
on the different test cases. All simulations were performed
on a 2.3 GHz Intel Core i5 machine using MATLAB, with
optimization problems being setup using the YALMIP inter-
face [60], and solved directly with MATLAB’s linprog
and quadprog. The parameters ρ, γj, and γ̂j of the PAC
algorithm were tuned to guarantee convergence of the PAC
algorithm (see [46], [47] for details).

A. Distributed VVO: Voltage Results

The resulting voltage bounds are presented in Fig. 10 for
each of the test cases. The voltage bounds are calculated by
finding the minimum, maximum, and avergae voltage across
all nodes and all time (24 hour simulation). The average is
denoted by the dot on the range. The IEC and ANSI standards
are indicated with vertical dashed lines and appropriately
annotated. First we consider regulating the network voltages
about a setpoint (Objective I) in Fig. 10a. The baseline case
(Case A, in grey) shows that with the shunt capacitors, the
network meets the IEC standards, and an average voltage
meeting the ANSI standards. However, the wide voltage range
and volatile load profile suggests that the network may not
operate within acceptable limits with an increase in load. The
results for Case B (in blue) show that the use of DR can boost
the grid voltage, particularly when all loads are capable of
reducing demand, as in B 100. However, the improvement is
marginal, and lower bounds still well outside the ANSI range,
suggesting the need for other resources. The results for Case
C (in yellow) show significant improvement from the baseline
case, which can be attributed to the high PV penetration
(from 37%-75%) and the higher capacity factor of PV units in
Hawaii. The high PV production coincides with higher demand
periods, and hours without PV generation coincide with lower
demand in the late evening and after midnight. Thus, the
low voltage issues which occur during the peaks in demand
can be mitigated with solar dispatch. Finally, the results for
Case D show how both DR and PV with smart inverters can
be leveraged to improve grid voltages, with reasonable DER
levels. The DR resources dominate in the early afternoon,
when residents are at work or school, and residential cooling
loads can be curtailed. The DR availability is sustained through
the hours when PV generation begins to decline, with a modest
amount of DR available throughout the day. Coordinating these
resources permits improved voltage conditions in the grid. In
Fig. 10b, network losses are minimized (Objective II). The

(a) Voltage results, Objective I

(b) Voltage results, Objective II

Fig. 10: Results for the IEEE-34 node network for Objective I
and II, with varying test cases. The bars indicate the range
of voltage, and the dot indicates the average voltage in
the network over space and time. Both the IEC and ANSI
standards are indicated with the vertical dashed line.

results are fairly similar, with a slightly tighter voltage bound,
and higher average network voltage.

In Fig. 11, the average voltage across the network is shown,
per phase. The results show that DER utilization, particularly
the PV penetration, increase the voltage across the network,
particularly near the end of the feeder. The results also show
the variation across the phases – phase a has many single phase
loads and DERs, while phase c has no single phase loads or
DERs. In such a network, a power physics model which does
not account for the unbalanced network would not be able to
capture these details. The average profile for scenarios in Case
D were quite similar to Case C profiles. Finally, in Fig. 12, the
voltage over space and time is shown for Case A (baseline)
and Case D 50 44 9. In the Case D plot, the voltage decay
across the network is evident in the early periods. In period 53
(4:20am), there is a dip in the network voltage, corresponding
to the first (and largest) demand increase of the day, during
which there is no PV generation and small demand response
availability. In the next hours, the PV generation increases,
resulting in a significant increase in voltage, hovering around
1pu. The next demand increases are seen as voltage dips.

B. Distributed VVO: Resource Utilization

The resource utilization results are shown as heat maps in
Fig. 13 for Case B, Fig. 14 for Case C, and Fig. 15 for Case
D. The x-axis denotes the hour of the day (1 thru 24). The



Fig. 11: Results for the IEEE-34 node network for Objective
I, with varying test cases. The average voltage at every node
at each phase is calculated over the 24-hour period, in pu.

(a) Case A

(b) Case D 50 44 9

Fig. 12: Voltage results for phase a

y-axis identifies the location of the resource by node number.
For prosumers, the node number is annotated with ‘G’ and
‘L’ in subscripts, to indicate generation and load at the node
respectively. DR utilization is shown from white to red (-1 to
0) and PV utilization is shown from white to blue (0 to 1), with
darker colours corresponding to higher resource utilization.
Power factor is measured from the minimum allowable to
unity. The ‘NaN’ value in grey indicates the resource was not
available at the time.

For Case B, the striking red across the entire map shows
that DR units are used at or near full capacity at all hours
of the day, to boost the grid voltage by reducing network
load. As the objective function changes, the exact utilization
varies. Objective I which regulates voltage about Ṽ φ,Rj = 1

and Ṽ φ,Ij = 0 is most easily achieved by shedding all
load. In comparison, Objective II which minimizes line losses
introduces some variability in DR usage. In particular, the
nodes near the feeder (nodes 2,3, and 4) are connected with
3-phase lines with lower resistances than other lines in the
network.

For Case C, results are shown for low penetration of PV
(range of 35-50%) with minimum power factor of 0.8 or 0.6,
and a high penetration of PV (75-130%) with a minimum
power factor of 0.9. As PV penetration is increased, more of
the resource is curtailed to optimize the objective; recall that
the feeder cannot export power in these simulations. Mini-
mizing line losses curtails more generation than regulating
voltage about a set point, with more inverters at unity power
factor, as indicated by the increased presence of blue on the
pf resource utilization map. At a modest penetration of 45%
and minimum power factor of 0.8, many of the inverters are
operated at lower power factors. As the penetration increases,
higher power factors are used on average. In the test cases with
a minimum pf of 0.6, many resources are operated at this level,
indicated a need for reactive power support near the beginning
and end of the solar generation day (around 7am and 7pm).
Across all the test cases, the PV generation is used at full
during peaks in demand which occur 4 times throughout the
day. Inverters at nodes 17 and 18 are typically set to unity
power factor, and generation is often curtailed; the local loads
at these nodes are very small. In contrast, nodes 11 and 12
have large single phase loads, for which the PV generation
is used near full capacity through all the test cases, often at
a lower power factor. In particular, the pf resource utilization
maps shows the need for DERs capable of variable reactive
power support, even in networks with traditional resources like
capacitor banks; even more, the ability to quickly change set
points is necessary, as evident by the colour gradients on the
maps.

The maps for Case D consider both demand response and
PV resources. The first observation is that over each of the
test cases where modest amounts of DR are present (20%
of 50% nodes), the resources are dispatched at maximum
capabilities when solar generation is not available. This is
a stark difference from the results of Case B, where DR
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Fig. 13: Resource utilization heat maps for Case B

resources are utilized at full throughout the day. As with Case
C, the different objective functions render different resource
utilization. This shows the need for assessing the needs of each
network and selecting tailored objectives to conduct VVO.
Focusing on the results for Objective II, there is more PV
curtailment than in the Case C scenarios. While this may
not immediately seem beneficial - afterall, solar PV is a zero
emission resource with zero marginal cost - this indicates the
network is capable of achieving similar voltage profiles with
lower installed PV levels. In this way, successful VVO with
DERs does not require high penetrations to the level of 60-
70% installed nameplate capacity; rather, modest penetration
of 30-40% still provides much benefit.

VII. EXTENSION TO DISTRIBUTION-LEVEL MARKETS

The results presented here clearly show that appropriate
coordination of DERs can achieve VVO in the distribution
grid. These resources are providing grid services in the form
of load curtailment for DR units, energy exports by DG units,
and power factor modulation for PV units with smart inverters.
For providing these services, DERs must be financially com-
pensated. Existing policies for DER compensation (including
retail DR programs and net energy metering) fall short of
yielding efficient investment and operations of distribution sys-
tems as they do not typically price the locational and temporal
variation in the services DERs provide - these variations are
clearly shown in the resource utilization maps and power factor
maps of (Fig. 13-14). Further, programs which compensate
DERs for voltage support or reactive power support do not
exist. This suggests the need for market derivatives capable of
compensating DERs for providing voltage support.

Despite increased DER participation at the wholesale level
(such as FERC Orders 841 and 2222 [61], [62] for storage and
DER aggregations), as the number of small-scale DERs in the
distribution grid grows, the WEM alone may not suffice in
realizing efficient and reliable power delivery. Rather, a retail
market which oversees the scheduling and compensation of
DERs providing services within the distribution grid is highly
necessary. In [14], transactive energy schemes are at the core
of a retail market which is coordinated by a Distribution
System Operator. The proposed retail market leverages the
PAC algorithm to solve the optimal power flow problem
(using the branch flow model to describe the underlying power

physics), with its solution serving as the schedule and retail
prices for DERs for the energy market.

We propose the use of the distributed CI model based on the
PAC algorithm for the extension of the retail market in [14]. By
fully describing the power physics for unbalanced networks,
appropriate market derivatives to achieve VVO through the
coordination of DERs can be developed. This will be analyzed
in future work.

VIII. CONCLUDING REMARKS

In this work, we propose a hybrid volt-var control ar-
chitecture which achieves distributed VVO in unbalanced
distribution grids. We propose an hourly centralized optimiza-
tion to dispatch traditional devices like capacitor banks and
OLTCs, and a 5-min redispatch of DERs which are optimally
coordinated through a distributed algorithm. We leverage the
recently proposed PAC algorithm to solve the convex CI power
flow model, and present simulation results for the IEEE-34
node network, using real data from a distribution feeder in
Hawaii, and realistic demand response profiles. The results
clearly show that DERs can be used to achieve VVO, through
the provision of spatial and temporally varying grid services.
Future development of the hybrid architecture will deal with
the distributed control of the DERs, and further integration of
the different components. Questions around changing distri-
bution grid topologies must be addressed. Finally, the hybrid
architecture must be robust to communication delays or failure,
data loss, and cyber attacks.
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Fig. 14: Resource utilization (top) and power factor (bottom) heat maps for Cases C, objectives I and II
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Fig. 15: Resource utilization (top) and power factor (bottom) heat maps for Case D, objectives I and II
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