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1 Introduction

The quest for flat space holography has recently received a boost owing to the realization [1–
8] that scattering amplitudes in 4D flat spacetime can be recast as correlation functions
of a 2D conformal field theory living on the celestial sphere. The appearance of the 2D
conformal symmetry is due to the fact that the Lorentz group SL(2,C) acting at null
infinity of 4D Minkowski spacetime is mapped to the global conformal group acting on the
celestial sphere. Such a theory, dubbed celestial CFT (CCFT), is a potential candidate
for a holographic description of the flat space S-matrix. Unsurprisingly, it has been the
subject of intense study for the past few years. However, our understanding of CCFTs
remains primitive, and in particular, a dictionary similar to the one for the AdS/CFT
correspondence remains elusive.

A path towards a better understanding of CCFTs can be forged by generating more
“data”. This involves translating well understood aspects of momentum space amplitudes
into statements about celestial correlators, as well as mapping momentum space ampli-
tudes onto the celestial sphere providing us with explicit examples of celestial amplitudes.
The last few years have seen a lot of progress on both accounts. Soft and collinear the-
orems have been studied in [9–19]. The factorization of gauge theory amplitudes into
“hard” and “soft/collinear” factors has been extended to and interpreted on the celestial
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sphere [20–22]. Attempts have been made to demonstrate the existence of celestial dou-
ble copy relations [23, 24]. Several momentum space amplitudes have been mapped onto
the celestial sphere including tree-level gluon amplitudes [6, 25], one-loop amplitudes in
scalar [26] and gauge theories [27], all-loop four-point amplitudes [28] and string ampli-
tudes [29]. A parallel path towards the same goal is to leverage symmetries to directly
obtain constraints on CCFTs along the lines of [30–39].

Theories with a large symmetry group are amenable to both lines of attack. Recently
celestial superconformal symmetry of N = 4 Yang-Mills has been studied in [40, 41].
In this paper, we study the celestial avatar of the dual superconformal symmetry [42].
Celestial n-point tree-level MHV amplitudes have been computed in [25] and found to
be Aomoto-Gelfand hypergeometric functions, which satisfy a known set of differential
equations [43]. We identify these equations as arising from momentum conservation and
GL(n−4) transformations. Another set of differential equations for the full MHV amplitude
has been found in [31]. We derive versions of these equations satisfied by colour ordered
amplitudes and generalize them. We rewrite them in momentum space and identify them
as encoding properties of amplitudes under BCFW shifts. Tree-level amplitudes in other
helicity sectors and loop amplitudes are generalized hypergeometric functions satisfying
more complex differential equations. Celestial graviton amplitudes are also known to satisfy
differential equations [32]. While we have restricted ourselves to MHV gluon amplitudes
in this work, we hope to return to these topics in the future [44].

This paper is organized as follows. In section 2, we quickly review superamplitudes and
their celestial counterparts. We then discuss dual conformal symmetry of momentum space
amplitudes in section 3.1 and present its celestial counterpart in section 3.2. In section 4.1,
we derive momentum space generalizations of the differential equations found in [31] by
connecting them to the behaviour of amplitudes under BCFW shifts and in section 4.2, we
provide physical interpretations for the hypergeometric equations satisfied by the celestial
MHV tree-level amplitudes. Finally, in section 4.3, we discuss the relation between these
differential equations.

2 Superamplitudes and celestial superamplitudes

Amplitudes in supersymmetric theories, particularly in planar N = 4 Yang-Mills have been
the focus of a lot of recent work. The field content of N = 4 Yang-Mills can be packaged
into an on-shell superfield defined by

Ψ(pi) = G+(pi) + ηAi ΓA(pi) + 1
2!η

A
i η

B
i ΦAB(pi) + 1

3!εABCDη
A
i η

B
i η

C
i Γ̄D(pi) (2.1)

+ 1
4!εABCDη

A
i η

B
i η

C
i η

D
i G
−(pi) .

Here G± are the ± helicity gluons, ΓD are the gluinos and ΦAB are the scalars. A,B, . . .
are SU(4) R-symmetry indices. For more details, refer to [45] and [46]. The natural states
to scatter in this theory are Ψ(pi) and the corresponding scattering amplitudes are called
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superamplitudes An.1 These amplitudes can be expanded as polynomials in the Grassmann
variables ηi as

An =
n−4∑
k=0
An,k , (2.2)

where An,k is the NkMHV amplitude and has 4(k+2) Grassmann variables. The tree-level
MHV amplitude can be compactly written as

An,0 = δ(8) (Q)
〈12〉〈23〉 · · · 〈n1〉δ

(4)
(

n∑
i=1

pi

)
=

1
24
∏4
A=1

∑n
i,j=1〈ij〉ηAi ηAj

〈12〉〈23〉 · · · 〈n1〉 δ(4)
(

n∑
i=1

pi

)
. (2.3)

Here λi, λj are the usual spinor helicity variables and they appear in (2.3) in the following
Lorentz invariant combinations,

〈ij〉 = εαβλ
α
i λ

β
j , [ij] = −εα̇ β̇λ̃

α̇
i λ̃

β̇
j . (2.4)

The MHV gluon amplitude2 (with particles s and t having negative helicity and the re-
maining n − 2 having positive helicity), which we denote by Mn, is contained in (2.3) as
the coefficient of (ηs)4(ηt)4

Mn = 〈st〉
4 δ(4) (

∑n
i=1 pi)

〈12〉〈23〉 · · · 〈n1〉 . (2.5)

Mapping these amplitudes to the celestial sphere requires the following parametrization
of momenta

pµi = εi ωi q
µ(zi, z̄i) i = 1, . . . , n

= εi ωi (1 + ziz̄i, (zi + z̄i), −i(zi − z̄i), 1− ziz̄i) ,
(2.6)

with εi = 1,−1 for outgoing and incoming particles respectively. The spinor helicity
variables, the angle and square brackets can all be written in terms of zi, z̄i, ωi as

λαi = εi
√

2ωi

(
1
zi

)
, λi,α = εi

√
2ωi

(
−zi
1

)
,

λ̃i,α̇ =
√

2ωi

(
−z̄i
1

)
, λ̃α̇i =

√
2ωi

(
1
z̄i

)
,

(2.7)

and
〈i j〉 = −2εiεj

√
ωiωj zij , [i j] = 2√ωiωj z̄ij . (2.8)

The celestial superamplitude Ãn is the Mellin transform of the superamplitude w.r.t. to ωi,

Ãn(Ji,∆i, zi, z̄i) =
∫ [

n∏
i=1

dωi
ωi

ω∆i
i

]
An(hi, ωi, zi, z̄i) , (2.9)

with similar definitions for Ãn,k. For more details, see [40, 41]. Here ∆i = 1 + iλi is the
conformal dimension and the 2D spin Ji is identified as the 4D helicity of particle i, hi.

1We will focus on the colour ordered superamplitudes in the planar limit and denote them by An. An
ordering will be specified only when necessary.

2We will denote superamplitudes by An,k and the MHV gluon amplitude byMn.
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In this paper, we will focus only on the celestial MHV amplitudes for which we can
use the expression in (2.3) and (2.5) to write

Ãn, 0 =
∫ [ n∏

i=1

dωi
ωi

ω∆i
i

] ∏4
A=1

∑n
i,j=1

√
ωi ωj εi εj zijη

A
i η

A
j

(−2)n ω1 . . . ωn z12 . . . zn1
δ(4)

(
n∑
n=1

εi ωi qi

)

= Hst
∫ [ n∏

i=1

dωi
ωi

ω∆i
i

]
Mn = Hst M̃n ,

(2.10)

with

Hst = 1
z4
st 24

4∏
A=1

n∑
i,j=1

(εi εj zij) ηAi ηAj e
1
2

(
∂

∂∆i
+ ∂
∂∆j
− ∂
∂∆s
− ∂
∂∆t

)
. (2.11)

M̃n has already been computed in [25]. We will revisit this in section 4.2 in greater detail.

3 Dual superconformal symmetry

3.1 Dual superconformal symmetry of momentum space amplitudes

The remarkable simplicity of scattering amplitudes in N = 4 Yang-Mills theory and our
ability to compute them stem partly from the symmetries of the theory. It is now well
known that in addition to the conventional superconformal symmetry PSU(2, 2|4), tree-
level amplitudes of the theory are invariant under dual superconformal symmetry [42, 47]
which can be easily seen if we define dual momentum and supermomentum variables

(pi)α α̇ = −λi α λ̃i α̇ := (xi − xi+1)α α̇ i = 1 . . . , n , (3.1)

qAiα = λi αη
A
i := (θi − θi+1)Aα i = 1 . . . , n . (3.2)

Dual superconformal symmetry is ordinary superconformal symmetry in variables
(xi, θi). The amplitudes are covariant under this symmetry and the generators do not
annihilate them. However, we can modify these generators such that they annihilate the
amplitudes and express them in terms of λi, λ̃i, see [42, 47] for more details. All the gener-
ators except Kαα̇ and SAα either act trivially on the amplitude or are equal to one of their
conformal counterparts. Hence, we only present expressions for Kαα̇ and SAα here.

Let us first rewrite the expression for the generators Kαα̇ given in [47] in a more
compact form

Kαα̇ = −
n∑
i=1

i−1∑
j=1

λβj λ̃
α̇
j λ

α
i

∂

∂λβi
+

i∑
j=1

λαj λ̃
β̇
j λ̃

α̇
i

∂

∂λ̃β̇i

+
i∑

j=1
λ̃α̇i λ

α
j η

A
j

∂

∂ηAi
+

i−1∑
j=1

λαj λ̃
α̇
j


= −

∑
i<j

(
λ̃α̇i λ

α
jDj,i + λαi λ̃

α̇
i

)
,

(3.3)

where we have made use of momentum conservation and also introduced the operator

Di,j = λαj
∂

∂λαi
− λ̃i,β̇

∂

∂λ̃j,β̇
−

∑
A

ηAi
∂

∂ηAj
, (3.4)

which will play an additional role in section 4.
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Similar manipulations on SAα lead to

SAα = −
n∑
i=1

i−1∑
j=1

λβj η
A
j λi,α

∂

∂λβi
+

i∑
j=1

λj,αλ̃
β̇
j η

A
i

∂

∂λ̃β̇i

−
i∑

j=1
λj,αη

B
j η

A
i

∂

∂ηBi
+

i−1∑
j=1

λj,αη
A
j


= −

∑
i<j

(
λj,αη

A
i Dj,i + λi,αη

A
i

)
. (3.5)

3.2 Dual superconformal symmetry of celestial amplitudes

Symmetries have played a pivotal role in determining scattering amplitudes in N = 4
Yang-Mills. It is conceivable that understanding these symmetries on the celestial sphere
will lead to some insight about the putative celestial conformal field theory governing these
amplitudes. Several results have already been obtained along these lines for Poincaré [48],
conformal and superconformal symmetries [18, 40, 41, 49]. Here we take the first steps
towards an understanding of the implications of celestial dual superconformal symmetry
by obtaining the form of the generators on the celestial sphere.

Let O be an operator acting on the amplitude. Then, the corresponding operator Õ,
which acts on the celestial amplitude is defined by

ÕÃn :=
∫ ( n∏

i=1

dωi
ωi

ω∆i
i

)
OAn . (3.6)

Then the operator Di,j becomes

D̃i,j =−εiεj e
∂

2∂∆j
− ∂

2∂∆i

(
∆i+Ji+zij

∂

∂zi

)
+e

∂
2∂∆i

− ∂
2∂∆j

(
∆j−Jj + z̄ji

∂

∂z̄j

)
−
∑
A

ηAi
∂

∂ηAj
.

(3.7)
We can use this in (3.3) and (3.5) to work out the all the components of K̃αα̇ and S̃Aα

on the celestial sphere

K̃αα̇ =
∑
i<j

{(
1 z̄i
zj z̄izj

)[
2εie

∂
∂∆i

(
∆j + Jj − zij

∂

∂zj

)
+ 2εje

∂
2∂∆i

+ ∂
2∂∆j

∑
A

ηAj
∂

∂ηAi
(3.8)

−2εje
∂

∂∆j

(
∆i − Ji + z̄ij

∂

∂z̄i

)]
− 2εie

∂
∂∆i

(
1 z̄i

zi ziz̄i

)}
,

S̃Aα =
√

2
∑
i<j

{(
−zj

1

)[
εiη

A
i e

∂
2∂∆i

(
∆j + Jj − zij

∂

∂zj

)
+ εje

∂
2∂∆j ηAi

∑
B

ηBj
∂

∂ηBi
(3.9)

−εjηAi e
∂

∂∆j
− ∂

2∂∆i

(
∆i − Ji + z̄ij

∂

∂z̄i

)]
− εiηAi e

∂
2∂∆i

(
−zi
1

)}
.

We have explicitly checked that these generators annihilate the all tree-level celestial
superamplitudes. Note that while the results of the next two sections will be specific to
MHV amplitudes, the results of this section hold for all helicity sectors.
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4 Differential equations for celestial MHV amplitudes

4.1 Generalized Banerjee-Ghosh equations

In [31], Banerjee and Ghosh derived a set of n−2 differential equations satisfied by celestial
n-point MHV gluon amplitudes at tree-level. We refer to these as BG equations. While
these equations are satisfied by the full amplitude, it is easier to work with the colour
ordered amplitudes. We will use the equation derived in [31] to derive equations for colour
ordered MHV amplitudes. Transforming to momentum space, we find that these equations
encode the properties of the amplitude under an infinitesimal BCFW shift. We will then
derive generalizations of these equations for MHV amplitudes.

4.1.1 Colour stripped amplitudes

It is well known that the tree-level n-gluon amplitude, Mn admits a colour decomposition

Mn =
∑

π∈Sn−1

Mn[1, π(2), π(3), . . . , π(n)] Tr[T a1T aπ(2) · · ·T aπ(n) ] , (4.1)

where π is a permutation of {1, 2, · · · , n} with the requirement π(1) = 1. This decompo-
sition trivially carries over to celestial amplitude,

M̃n := 〈Oa1
∆1
. . .Oan∆n

〉 =
∑

π∈Sn−1

M̃n[1, π(2), π(3), . . . , π(n)] Tr[T a1T aπ(2) · · ·T aπ(n) ] . (4.2)

Here M̃n and M̃n are the Mellin transforms of Mn and Mn respectively. All undefined
symbols used for the remainder of this subsection will have the same meanings as in [31].
There the authors derived a differential equation for M̃n. To do this, they imposed the
constraints arising from the current algebra of the subleading soft modes of a gluon primary
on the subleading singularities of the OPE between a gluon primary and a subleading soft
mode. This leads to the identification of a null state, which when inserted into a correlation
function of n gluon primaries, leads to a differential equation. We follow this route here
albeit with minor modifications to arrive at differential equations for the colour ordered
amplitude M̃n (1, . . . n).

We begin with equation (6.5) from [31], which after making the replacement 1→ i is[
δai xJa−1 + i fa ai xL−1P

−1
i − (δa xδai y − (∆i − 1)δa yδai x) jy−1 P

−1
i

]
Ox∆i,+ = 0 . (4.3)

Shifting ∆i → ∆i+1, using Ox∆i+1,+ = PiOx∆i,+ and inserting this into the MHV amplitude
yields[

δai xJa−1(i)P (i) − (δa xδai y −∆iδ
a yδai x) jy−1(i)

]
〈Oa1

∆1
. . .Ox∆i

. . .Oan∆n
〉

+ T a(i)L−1(i)〈Oa1
∆1
. . .Oai∆i

. . .Oan∆n
〉 = 0 .

(4.4)

Performing the appropriate OPEs, this turns into a differential equation for M̃n

T ai
∂

∂zi
〈Oa1

∆1
...Oai∆i

...Oan∆n
〉 −

∑
j 6=i

εiεj
∆j−Jj−1+z̄ji∂̄j

zji
T aj 〈O

a1
∆1
...Oaj∆j−1

...Oai∆i+1
...Oan∆n

〉

−
∑
j 6=i

T aij
zji
〈Oa1

∆1
...Oa∆i

...Oan∆n
〉 + ∆i

∑
j 6=i

T aj
zji
〈Oa1

∆1
...Oai∆i

...Oan∆n
〉=0. (4.5)
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This is true for each positive helicity gluon i. Thus we have a set of (n − 2) partial
differential equations satisfied by M̃n. We can now extract the equations satisfied by the
colour ordered amplitudes. For the sake of concreteness, we will derive equations for the
colour ordered celestial amplitude M̃n (1 2 . . . n). The relevant contribution from the first
term in (4.5) is(

∂

∂ zi
M̃n (1 . . . n)

)
T ai Tr[T a1 · · ·T ai−1T xT ai+1 · · · ]

=
(
∂

∂ zi
M̃n (1 . . . n)

)
ifaaixTr[T a1 · · ·T ai−1T xT ai+1 · · · ] (4.6)

=
(
∂

∂ zi
M̃n (1 . . . n)

)
(Tr[T a1 · · ·T ai−1T aT aiT ai+1 · · · ] − Tr[T a1 · · ·T ai−1T aiT aT ai+1 · · · ]) .

Looking at terms with the prefactor of Tr[T a1 · · ·T ai−1T aT aiT ai+1 · · · ], we see that the next
three terms in eq. (4.5) contribute only when j = i± 1 yielding(

∂i −
∆i

zi−1,i
− 1

zi+1,i

)
M̃n(1, · · · , n)

+
(
εiεi−1

∆i−1 − Ji−1 − 1 + z̄i−1,i∂̄i−1
zi−1,i

e
∂
∂∆i
− ∂
∂∆i−1

)
M̃n(1, · · · , n) = 0 ,

(4.7)

and another equation with i − 1 ↔ i + 1 if we look at terms with the
prefactor of Tr[T a1 · · ·T ai−1T aiT aT ai+1 · · · ]. The terms with the prefactor of
Tr[T a1 · · ·T ai−1T aiT ai+1 · · ·T aj−1T aT ajT aj+1 · · · ], in which the insertion T a isn’t adjacent
to T ai imply{
− εiεj

∆j − Jj − 1 + z̄j,i∂̄j
zj,i

e
∂
∂∆i
− ∂
∂∆j + εiεj−1

∆j−1 − Jj−1 − 1 + z̄j−1,i∂̄j−1
zj−1,i

e
∂
∂∆i
− ∂
∂∆j−1

+
(

∆i

zj,i
− ∆i

zj−1,i

)}
M̃n[1, · · · , i− 1, i, i+ 1, . . . , j − 1, j, · · · ]

+
(

1
zi−1,i

− 1
zi+1,i

)
M̃n[1, · · · , i− 1, i+ 1, . . . , j − 1, i, j, · · · ] = 0 . (4.8)

Plugging in the form of the MHV celestial amplitude (4.22), it is easy to see that (4.8) is
satisfied if (4.7) is true. Thus, we will take (4.7) to be the set of independent equations
satisfied by the colour stripped amplitude.

4.1.2 Momentum space origin

We can recast (4.7) as an equation acting on the momentum space amplitudeMn to get(
λαi−1

∂

∂λαi
− λ̃α̇i

∂

∂λ̃α̇i−1

)
Mn = 〈i− 1 i+ 1〉

〈i+ 1 i〉 Mn , (4.9)

where i is a positive helicity gluon. We will now demonstrate that this equation follows
simply from the properties of Mn under a BCFW shift and that we can generalize this
equation to superamplitudes.
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Consider the n-point MHV amplitude with negative helicity gluons s and t

Mn[123 . . . n] = 〈st〉
4 δ(4) (

∑n
i=1 pi)

〈12〉〈23〉 · · · 〈n1〉 , (4.10)

and the BCFW shift

λi → λ̂i = λi + z λj , λ̃j → ˆ̃λj = λ̃j − z λ̃i . (4.11)

For infinitesimal z, this shift is implemented on (4.10) by the operator

Di,j = λαj
∂

∂λαi
− λ̃i,β̇

∂

∂λ̃j,β̇
. (4.12)

Note that this coincides with the l.h.s. of (4.9) when j = i − 1 and i corresponds to a
negative helicity gluon. The r.h.s. depends on the helicities of i, j and we tabulate the
cases below.

1. When (Ji, Jj) = (+,±), (−, −),

M̂n[. . . î . . . ] =Mn
1

1 + z 〈i−1,j〉
〈i−1,i〉

1
1 + z 〈i+1,j〉

〈i+1,i〉

=Mn

(
1− z 〈i− 1, j〉

〈i− 1, i〉 − z
〈i+ 1, j〉
〈i+ 1, i〉

)
+ O(z2) .

(4.13)

2. When (Ji, Jj) = (−, +), consider i = s,

M̂n[. . . î . . . ] = (〈it〉+ z 〈jt〉)4

〈12〉〈23〉 · · · 〈n1〉
1

1 + z 〈i−1,j〉
〈i−1,i〉

1
1 + z 〈i+1,j〉

〈i+1,i〉

=Mn

(
1− z 〈i− 1, j〉

〈i− 1, i〉 − z
〈i+ 1, j〉
〈i+ 1, i〉 + 4z 〈j, t〉

〈i, t〉

)
+ O(z2) .

(4.14)

Both of these cases can be compactly summarized as

Di,jMn =Mn

(
− 〈i− 1, j〉
〈i− 1, i〉 −

〈i+ 1, j〉
〈i+ 1, i〉 + 4 〈j, t〉

〈i, t〉
δi,s + 4 〈j, s〉

〈i, s〉
δi,t

)
, (4.15)

which is a generalization of (4.9).
We can map this to the celestial sphere. Taking Ji = +, we get[

−
(

∆i + zij
∂

∂zi

)
+ zi−1,j

zi−1,i
+ zi+1,j

zi+1,i
− 1

]
M̃n

+ εiεj

(
∆j − Jj − 1 + z̄ji

∂

∂z̄j

)
e

∂
∂∆i
− ∂
∂∆j M̃n = 0 ,

(4.16)

which generalizes (4.7).
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4.1.3 Supersymmetric case

The discussion above readily generalizes to MHV superamplitudes. The super-BCFW shift

λi → λi + z λj , λ̃j → λ̃j − z λ̃i , ηAj → ηAj − z ηAi (4.17)

is generated by
Di,j = λαj

∂

∂λαi
− λ̃i,β̇

∂

∂λ̃j,β̇
−

∑
A

ηAi
∂

∂ηAj
. (4.18)

Recall that

An,0 =
1
24
∏4
A=1

∑n
i,j=1〈ij〉ηAi ηAj

〈12〉〈23〉 · · · 〈n1〉 δ(4)
(

n∑
i=1

pi

)
. (4.19)

Under the super-BCFW shift (4.17), the numerator of (4.19) is invariant and we have

Di,j An,0 = −An,0
(〈i− 1, j〉
〈i− 1, i〉 + 〈i+ 1, j〉

〈i+ 1, i〉

)
. (4.20)

Note that the equation above is valid for arbitrary i and j.
Transforming (4.20) to the celestial sphere we get[

−
(

∆i + Ji + zij
∂

∂zi

)
+ zi−1,j

zi−1,i
+ zi+1,j

zi+1,i

]
Ãn,0

− εiεj

(∑
A

ηAi
∂

∂ηAj

)
e

1
2

∂
∂∆i
− 1

2
∂

∂∆j Ãn,0

+ εiεj

(
∆j − Jj − 1 + z̄ji

∂

∂z̄j

)
e

∂
∂∆i
− ∂
∂∆j Ãn,0 = 0 ,

(4.21)

which is a generalization of (4.7) to celestial MHV superamplitudes.

4.2 Hypergeometric equations and their momentum space origin

The tree-level celestial MHV gluon n-point amplitudes have been computed in [25] and
have been found to be Aomoto-Gelfand hypergeometric functions. It is well known that
these functions satisfy a set of differential equations. We refer the reader to appendix A for
more details. In this section, we will motivate these differential equations from properties
of amplitudes. The celestial tree-level MHV n-point amplitude is given by

M̃n = 2π z4
st

z12z23 . . .zn1

δ (
∑
i(∆i−1))
2n−4

1
U

∏
a,b

1(xa,b> 0)

×
∫ (n−4∏

c=1
duc

)
δ

(
1−

n−4∑
d=1

ud

) (
n−4∏
a=1

u∆a−Ja−1
a

)
n∏

b=n−3

(
n−4∑
a=1

xa,bua

)∆b−Jb−1

:=N δ

(∑
i

(∆i−1)
)
F (xa,b,∆i) ,

(4.22)

where
U = det{qn−3, qn−2, qn−1, qn}, Ua,b = det{qn−3, qn−2, qn−1, qn}|b→a ,

xa,b = −εa Ua,b
εb U

,
(4.23)
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and F is the Aomoto-Gelfand hypergeometric function [43]. This is of the form given
in (A.2) with

Z =


1 0 0 . . . 0 x1, n−3 x1, n−2 x1, n−1 x1, n
0 1 0 . . . 0 x2, n−3 x2, n−2 x2, n−1 x2, n
...
0 0 0 . . . 1 xn−4, n−3 xn−4, n−2 xn−4, n−1 xn−4, n

 , (4.24)

which corresponds to setting (with k = n− 4 and m = n)

za,b = δa,b 1 ≤ a, b ≤ n− 4 ,
za,b = xa,b 1 ≤ a ≤ n− 4 , n− 3 ≤ b ≤ n .

(4.25)

The polynomials `b are

`1 = u1, . . . , `n−4 = un−4 ,

`b =
n−4∑
a=1

xa,bua , b = n− 3, . . . , n ,
(4.26)

and the exponents are given by

αj = ∆j − Jj − 1 . (4.27)

Momentum conservation is manifest in (2.9) due to the presence of the delta function
in An. However, in arriving at the expression in (4.22), we have used the delta function to
eliminate ωn−3, . . . , ωn. The statement of momentum conservation can now be written as
a differential equation on F . Let Pµ be the total momentum operator acting onMn. The
corresponding celestial operator, along the lines of eq. (3.6) is

P̃µ =
n∑
i=1

εi q
µ
i e

∂
∂∆i , (4.28)

and we must have
n∑
i=1

εi q
µ
i e

∂
∂∆i M̃n = 0 . (4.29)

We can extract four independent conditions by contracting this with the four vectors vµb ,
b = {n− 3, n− 2, n− 1, n} defined by

εn v
µ
n = − εµ ν ρ σqn−3 νqn−2 ρqn−1σ , εn−3 v

µ
n−3 = εµ ν ρ σqn−2 νqn−1 ρqnσ ,

εn−2 v
µ
n−2 = − εµ ν ρ σqn−1 νqnρqn−3σ , εn−1 v

µ
n−1 = εµ ν ρ σqn νqn−3 ρqn−2σ .

(4.30)

Noting that vµb εa qaµ = −Uxa,b, we get[
−
n−4∑
a=1

xa,b U e
∂

∂∆a + U e
∂

∂∆b

]
M̃n = 0

=⇒ N δ

(
1 +

n∑
i=1

(∆i − 1)
)
e

∂
∂∆b

(
−
n−4∑
a=1

1
αb
xa,b

∂

∂xa,b
+ 1

)
F = 0 ,

(4.31)
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where we have used the fact that e
∂

∂∆a F = e
∂
∂∆b 1

αb
∂

∂xa,b
F . This gives us a set of differential

equations
n−4∑
a=1

xa,b
∂ F

∂xa,b
= αb F , (4.32)

which correspond to eq. (A.9).
The other set of differential equations eq. (A.8) can be derived by noting that the form

for M̃n given in (4.22) corresponds to using the momentum conserving delta function to
solve for ωn−3, . . . , ωn. A different choice, say solving for ωk, . . . , ωk+3 would lead to

M̃n = 2π
z4
s,t

z12z23 . . . zn1

δ (
∑
i(∆i − 1))
2n−4

1
U ′

∫  ∏
c 6={k, ..., k+3}

duc

 δ
1−

∑
d 6={k, ..., k+3}

ud


×

 ∏
b 6={k, ..., k+3}

u∆b−sb−1
b

 k+3∏
b=k

 ∑
a 6={k ...k+3}

x′a,bua

∆b−sb−1

, (4.33)

with

U ′ = det{qk, qk+1, qk+2, qk+3} , U ′a,b = det{qk, qk+1, qk+2, qk+3}|b→a ,

x′a,b = −
εa U

′
a,b

εb U ′
.

(4.34)

This corresponds to an integral of the form given in (A.2) but with

Z =


1 0 . . . x1, k x1, k+1 x1, k+2 x1, k+3 . . . 0
0 1 . . . x2, k x2, k+1 x2, k+2 x2, k+3 . . . 0
...
0 0 . . . xn−4, k xn−4, k+1 xn−4, k+2 xn−4, k+3 . . . 1

 . (4.35)

Both of these are equivalent representations of the celestial amplitude and Z is defined
up to GL(n− 4) transformations acting on the left. These transformations correspond to
a change of solved and unsolved variables. As shown in appendix A, this transformation
property of M̃n gives rise to the differential equation (A.8).

n∑
j=1

za,b
∂ F

∂zc,b
= −δa,c F 1 ≤ a, c ≤ n− 4 . (4.36)

We need to make sense of the differentials of the gauge fixed zi,j . To do this, we first
differentiate the function F as in (A.2) and then set zi, j to the corresponding gauge fixed
values. In particular, za,b ∂F

∂zc,b
= δa,b αae

∂
∂∆c
− ∂
∂∆a F for a, b, c ∈ {1, . . . n− 4}. We can now

write (4.36) in terms of the xa,b.

αaF +
n∑

b=n−3
xa,b

∂ F

∂xa,b
= −F , (4.37)

αae
∂

∂∆c
− ∂
∂∆a F +

n∑
b=n−3

xa,b
∂ F

∂ xc,b
= 0 c 6= a . (4.38)

It can be shown that (4.38) can be derived from the rest and isn’t independent.
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4.3 Relation between differential equations

Finally, we make a comment here about the relationship between the colour stripped BG
equations (4.7) and the hypergeometric PDEs. Recall that the celestial MHV amplitude

M̃n = N δ

(∑
i

(∆i − 1)
)
F (xa, b,∆i) , (4.39)

where F is a hypergeometric function. To compare the two sets of equations, we rewrite
the BG equations as equations for F in terms of the variables xa, b in (4.23). Without loss
of generality, we choose i = 1. After some manipulation, it can be brought to the formα1 +1+

n∑
b=n−3

x1,b
∂

∂x1,b

−∑
b

ε2
ε1

(
x2,b+ z̄1,2

∂x2,b
∂z̄2

)(
∂

∂x1,b
− ∂

∂x2,b
e

∂
∂∆1
− ∂
∂∆2

)
(4.40)

−ε2
ε1
e

∂
∂∆1
− ∂
∂∆2

(
α2 +1+

∑
b

x2,b
∂

∂x2,b

)]
F = 0 ,

which shows that the BG equations reduce to combinations of the hypergeometric equa-
tions.
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A Aomoto-Gelfand hypergeometric functions

The Aomoto-Gelfand hypergeometric functions [43] are associated to Grassmannians. In
this section, we will make this connection explicit and derive the differential equations
associated to them. For a quick introduction, see [50] from which most of this section is
adopted (with cosmetic changes).

Let Z be a k ×m matrix,

Z =


z1,1 z1,2 . . . z1,m
...
zk,1 zl,2 . . . zk,m

 . (A.1)

The hypergeometric function associated to this matrix is

F (Z) =
∫ m∏

b=1
`b(u)αb du1 . . . duk

Vol GL(1) , (A.2)
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where `b(u) =
∑k
a=1 ua za,b and u = (u1, . . . uk) ∈ CPk. The polynomials `1, . . . , `m can be

collectively written as
` = (`1, . . . `m) = u · Z . (A.3)

A point in the Grassmannian G(k,m) is defined modulo GL(k) transformations. We would
like to understand how the function F (Z) behaves under such transformations. A GL(k)
transformation, G, acts by left multiplication on the matrix Z as Z → G · Z and we have,

`→ `′ = u ·GZ . (A.4)

We see that the effect on F (Z) is a change of variables from u→ u′ leading to

F (G · Z) = det(G)−1F (Z) . (A.5)

We can also rescale each column separately. This is effected through right multiplication
by an m×m diagonal matrix S = diag (s0, . . . sm).

Z → Z · S =


s1 z1,1 s2 z1,2 . . . sm z1,m

...
s1 zk,1 s2 zl,2 . . . sm zk,m

 . (A.6)

The polynomials transform in a simple manner as `i → si `i resulting in

F (Z · S) = F (Z)
m∏
b=1

sαbb . (A.7)

The transformation properties in eqs. (A.5), (A.7) lead to the following set of differential
equations [43, 50]

m∑
b=1

za,b
∂ F

∂zc,b
= −δa,c F 1 ≤ a, c ≤ k , (A.8)

k∑
a=1

za,b
∂ F

∂ za,b
= αb F 1 ≤ b ≤ m. (A.9)
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