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Summary

We present an efficient time-continuation scheme for fluid-driven fracture propa-
gation problems in the extended finite element method (XFEM) framework. The
approach applies a monolithic solution strategy to a fully coupled and implicit
approximation of hydro-mechanical systems in conjunction with simultaneous linear
elastic propagation of multiple fractures. At the end of each time step, the process
ensures that the weakest fracture tip is in an equilibrium propagation regime. Further-
more, the solution process provides an initialization procedure for the newly created
fracture spaces and an a priori estimate of the stress intensity factor (SIF) growth rate,
improving simulation robustness and efficiency. The solution process is validated
using the KGD analytical solution under the toughness- and viscosity-dominated
regimes. It is also extended to and demonstrated on problems with multiple fractures
undergoing simultaneous propagation with stress shadow interactions. Numerical
examples demonstrate that the solution process can reduce the required computa-
tional cost by one order of magnitude compared to other existing methods.
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1 INTRODUCTION1

The study of fluid-driven fracture propagation is of great importance to several engineering systems (e.g., hydraulic fracturing,2

underground CO2 storage, and nuclear waste disposal)1,2,3, and coupled hydro-mechanical numerical models are invaluable3

tools for design and optimization at the system scale4. Broadly, coupled models fall into two categories. In the first category,4

fractures are modeled by diffusive bands such as the normalized indicators of the phase-field method5,6 and the damage field5

This is the author manuscript accepted for publication and has undergone full peer review but has
not been through the copyediting, typesetting, pagination and proofreading process, which may lead
to differences between this version and the Version of Record. Please cite this article as doi:
10.1002/nme.6935

This article is protected by copyright. All rights reserved.

http://dx.doi.org/10.1002/nme.6935
http://dx.doi.org/10.1002/nme.6935
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fnme.6935&domain=pdf&date_stamp=2022-02-14


2 Ren and Younis

of the continuum damage models (CDMs)7,8. In order to further their resolution and accuracy, both the phase-field and CDM6

methods rely on adaptive meshing technology9,10. In the other class of approaches, fractures are represented explicitly by a sharp7

lower-dimensional interface within the domain. Examples include fitted methods (e.g. zero-thickness interface methods,11,12,13)8

and embedded methods (e.g. the generalized/extended finite element method G/XFEM14,15,16,17). Another approach within this9

class is the discontinuous Galerkin/Cohesive Zone Model DG/CZM that allows the incorporation of the cohesive law18,19.10

DG/CZM avoids the need to propagate topological changes in the mesh as cracks and fragments develop. The computational11

and parallel scalability of these methods under fracture propagation is characterized in Giovanardi et al.18 and Smilovich and12

Radovitzky19. In this work, we focus on embedded methods. While embedded methods have limitations, they offer several13

advantages: 1) straight-forward representation of complex fracture networks without the need for dynamic re-meshing, and 2)14

they admit arbitrary fracture paths during propagation. Specifically, this work develops methods to further the solution efficiency15

and robustness of simulating fluid-driven fracture propagation using embedded meshes.16

Linear elastic fracture mechanics prescribes a tip propagation constraint augmented with the requirements of continuity and17

conservation of momentum. Two classes of common tip advancement algorithms to resolve these simultaneous requirements18

differ in the assumptions that they apply. A prescribed target time step Δ𝑡 is fixed in one approach, and the fracture tip advance-19

ment length Δ𝑎 is subsequently determined such that the corresponding solution state satisfies the propagation criterion. Given20

the nonlinear nature of the constraints, iterative processes are required. In addition to the need for complete solutions of the21

algebraic equations at each iteration, these methods will also involve frequent reordering of enriched nodes and reassembling22

the elastic stiffness matrices associated with the enriched nodes. Examples of methods in this category include Hunsweck et23

al.11 and Zeng et al.20. Alternatively, a fixed propagation length Δ𝑎 may be prescribed, and an iterative algorithm applied to24

determine the corresponding time step size Δ𝑡 and independent state variables that satisfy the continuity equations as well as the25

fracture propagation criterion14,21,15,22. In this case, while frequent reordering is averted, re-assemblies of the stiffness matrix26

and a series of nonlinear solution processes are required.27

A common strategy to determine a time step and state given a fixed tip advancement hypothesizes that under continuous fluid28

injection, the propagation criterion in an overextended fracture tip will build up over time to reach a critical state. Implemen-29

tations of this strategy will insert a prescribed tip advancement length into the domain and solve the governing equations for a30

given target time step. If the solution indicates an overstress beyond a critical toughness, the target time step is cut and repeated.31

On the other hand, if the solution indicates a subcritical propagation condition, the solution will be accepted as an intermedi-32

ate iterate. This process is continued, and while each of the intermediate iterates will not satisfy the propagation constraint, it33

is expected that as the simulation time builds up, the sequence will arrive at a set of state variables and a simulation time that34

will21,15,22,23,17. One consequence of this strategy is that the fracture tip locations exhibit a stair-casing effect similar to a quasi-35

steady progression of stress intensity build-up leading to a sudden release as the tip advances by another increment. Aside from36
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Ren and Younis 3

the need for a robust nonlinear solution procedure for the intermediate states (under both viscosity and toughness-dominated37

regimes), the computational performance of this strategy is critically limited by the quality of the intermediate time-increment38

schedule. Moreover, in cases where multiple tips are undergoing propagation within the domain and with various speeds, one39

must dynamically reconcile the fastest tip.40

An alternative strategy to accomplish this goal applies a simple outer iteration to determine the time step size and an inner41

iteration to solve the resulting algebraic system. The outer iteration will update the time step iterate using a locally linear model42

of the nonlinear propagation constraint, such as a scalar secant method. However, this strategy also relies on robust and efficient43

algebraic solution methods, and the overall computational performance is limited by the convergence behavior of the outer44

iteration. Moreover, under the simultaneous propagation of multiple fractures, the outer iteration must reconcile more than one45

scalar constraint.46

This work addresses these challenges by developing a methodology to directly co-solve for the time increment Δ𝑡 and the47

state variables under a prescribed tip advancement length in a monolithic manner. Specifically, we treat time-step size as another48

numerical unknown. We apply a numerical time-continuation form of the propagation constraint of the weakest tip in the domain49

as the equation with which the time-step unknown is aligned. We apply a monolithic approach to solve this coupled algebraic50

system (hydro-mechanics and the limiting propagation constraint) by utilizing an Inexact Newton method. At the end of each51

converged time step, the fracture propagation criterion is strictly satisfied for the fastest tip. We refer to the proposed algorithm52

as the time-continuation (t-c) scheme.53

At each time step, multiple fracture tips may propagate simultaneously at various speeds. The proposed solution method is54

composed of three elements:55

1. Identification of the fastest propagating tip. The fracture tip at which the Stress Intensity Factor (SIF) reaches a critical56

value the soonest is the locally limiting extreme. At this instant, the remaining fractures will subsequently be either in57

a stationary or equilibrium status over the same increment. We propose an approximate a priori identifier of the fastest58

tip designed to eliminate propagation overshoots, and that serves as an upper bound on the advancement increment of59

remaining tips. A common assumption is that the weakest tip (the one with the largest SIF before the time step) will also60

have the fastest local propagation speed. This assumption was adopted in work by Carpinteri and Monetto24 for instance,61

in the context of fatigue fracture propagation during loading cycles. However, in the context of fluid-driven fracture, this62

prediction can be misleading since the dynamics of the fluid injection play a first-order role and cannot be neglected. In63

this work, we propose an estimate that incorporates the dynamics of the tip stress-field interaction along with the fluid flow64

and injection rates. Computational examples illustrate that this estimate improves identification with fewer false positives,65

thereby reducing the number of nonlinear iterations required due to incorrect initial guesses of the weakest tip.66
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4 Ren and Younis

2. Monolithic solution of the simulation state and time-step size such that the fastest tip is in an equilibrium propagation state67

at the end of the time step. We propose to augment the algebraic system of residual equations with a time-continuation68

derivative of the propagation constraint for the fastest tip. Continuation methods are widely utilized in computational69

mechanics under different contexts. For example, the J-integral-based path-following method has been reported to improve70

computational efficiency in capturing sharp snap-back phenomena during propagation25,26. Barbieri et al.25 applied a71

line-search Newton’s method with the J-integral arc-length constraint to construct an equilibrium curve of linear elastic72

fractures. Wang and Waisman26 extended the methodology to cohesive fracture propagation. Younis et al. develop a hybrid73

Continuation-Newton nonlinear solution process with time step size as a continuation parameter for the simulation of74

multiphase flow in porous media27. However, this literature either applies to propagation introduced by varying external75

forces (e.g., forces on the boundary) or does not extend to fluid-driven propagation.76

3. Given the above time-step, we develop a method to predict advancement lengths for the slower tips and an improved choice77

of initial guesses to assist the solution convergence. Should the fastest propagating tip be identified and its corresponding78

time step and advancement increment be computed, it becomes necessary to determine the corresponding tip advancement79

lengths for the remainder of the tips in the domain over the prescribed time-step size such that the solutions will be in80

equilibrium. The Paris law is often applied in computational mechanics to approximate tip advancement of fracture tips81

based on the tip’s SIF and loading cycles28. A similar strategy has also been utilized in the context of fluid-driven fracture82

models29,15. In this approximation, tip advancement length is assumed to grow linearly with the SIF within a predefined83

range below the critical fracture toughness. However, this model is oblivious to the underlying propagation speed driven84

by the fluid. Subsequently, errors related to the propagation speed may be introduced and result in stalled propagation for85

most tips. In this work, an increment length estimate is developed to incorporate the local propagation speed in addition to86

the SIF. The proposed approach results in improved handling of tips propagating with distinct velocities. In addition, a state87

variable initialization procedure based on self-similarity is also proposed to improve the nonlinear solution convergence.88

The manuscript is organized as follows. First, in section 2, we briefly formulate the studied problem and explain computational89

challenges in fracture propagation. Next, in section 3, the proposed methodology is developed, and solutions to the three elements90

are proposed. Finally, in section 4, the model is verified computationally, and we present several case studies that characterize91

its performance.92

2 NOTATION, BACKGROUND, AND PROBLEM FORMULATION93

We consider that multiple fractures are initially present within a non-porous domain. Open fractures are driven by fluid injection,

and they may subsequently propagate, albeit at variable rates. Although the initial fractures may intersect, we assume that the
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Ren and Younis 5

FIGURE 1 Illustration of fractured domain and boundaries.

propagating tips do not collide with other fractures. The spatial domain is modeled as an open and bounded set Ω ⊂ ℝ2 with

external boundary Γ = Γ𝑢 ∪ Γ𝑡 comprised of disjoint segments (Γ𝑢 ∩ Γ𝑡 = ∅) on which Dirichlet (displacement) and Neumann

(traction) conditions are prescribed. The outward-oriented unit-normal field on the boundary is denoted 𝒏Γ. A collection of

time-dependent fractures Ω𝐹 (𝑡) = {𝑐 (𝑡) ∶ 𝑡 ≥ 0 and 𝑐 = 1,… , 𝑁𝐹 } ⊂ Ω is considered. Fractures are represented through

one-dimensional continuous mappings parameterized by time, 𝜸𝑐 (𝑡) ∶ 𝐼𝑐 ⊂ ℝ+ → Ω from the intervals 𝐼𝑐 =
(

𝑎𝑐1, 𝑎
𝑐
2

)

. Therefore,

the instantaneous arc-length of a fracture from 𝑎𝑐1 to 𝑎 ∈ 𝐼𝑐 is,

𝑠𝑐(𝑡, 𝑎) =

𝑎

∫
𝑎𝑐1

‖

‖

‖

‖

𝑑
𝑑𝜂

𝜸𝑐 (𝑡) (𝜂)
‖

‖

‖

‖2
𝑑𝜂, (1)

and the total arc-length is subsequently denoted 𝑠𝑐(𝑡, 𝑎𝑐2). Let  denote the set of fracture tips, i.e.  = {𝜸𝑐 (𝑡, 𝜂) ∶ 𝜂 ∈ 𝐴 ⊆94

𝜕𝐼, 𝑡 ≥ 0}. A tip in  may propagate with instantaneous velocity 𝒗𝑐(𝑡, 𝑎𝑐1∨2).95

In referring to a particular fracture, the superscripts + and − indicate the upper and lower surfaces across the fracture. These

are defined in relation to the unit normal along the curve with the convention,

𝒏−𝑐 = −𝒏+𝑐 = 𝒏𝑐 . (2)

Given a field  taking limiting values of + and − on either side of a discontinuity, the jump operator JK is defined as,

JK = + −−. (3)

A scalar aperture field is defined along fractures as the projection of the displacement jump onto the unit norm 𝒏𝑐 of 𝑐 ; i.e.,

𝜔𝑐 = J𝒖K ⋅ 𝒏𝑐 . (4)

96
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6 Ren and Younis

2.1 Model formulation and closure laws97

We consider single-phase fluid flow within fractures Ω𝐹 , and linear-elastic mechanical deformation on the interior, Ω−Ω𝐹 . The

continuity equation for fluid flow in fractures is,

𝜕𝜌𝜔
𝜕𝑡

− ∇𝑙 ⋅
(

𝜌𝜔3

12𝜇
∇𝑙𝑝𝐹

)

= 𝑞 (𝒙, 𝑡) , 𝒙 ∈ Ω𝐹 − and 𝑡 > 0, (5a)

𝜔 = 0, 𝜔3∇𝑙𝑝𝐹 = 0, 𝒙 ∈  and 𝑡 > 0, (5b)

𝑝𝐹 (𝒙, 𝑡) = 𝑝0𝐹 (𝒙) , 𝒙 ∈ Ω𝐹 and 𝑡 = 0, (5c)

where ∇𝑙⋅ and ∇𝑙 denote the local tangential divergence and gradient operators, respectively, 𝑝𝐹 (𝒙, 𝑡) is the fluid pressure field,98

𝜇 is the fluid viscosity, 𝜌 is the fluid density, and 𝑞 is a point-source field of fluid injection into fracture. A Poiseuille law is99

adopted for the velocity closure relation under the assumption that fluid flow occurs within two parallel plates30. According to100

the Poiseuille law, the fluid velocity is defined as − 𝜔2

12𝜇
∇𝑙𝑝𝐹 . Note that we express the boundary conditions at fracture tips in101

their complementarity form: i.e., either the aperture or the tangential flow rate is zero. This treatment enforces no tangential flow102

out of tips even under conditions in which the pressure gradient near the tip exhibits singular behavior31.103

The quasi-static momentum equation reads,

∇ ⋅ 𝝈 + 𝜌𝑏𝒇 = 0, 𝒙 ∈ Ω − Ω𝐹 , and 𝑡 > 0, (6a)

𝝈 ⋅ 𝒏Γ = 𝒕, 𝒙 ∈ Γ𝑢, and 𝑡 > 0, (6b)

𝒖 = 𝒖̂, 𝒙 ∈ Γ𝑡, and 𝑡 > 0, (6c)

𝝈 ⋅ 𝒏+𝒄 = 𝑝𝐹 𝑰 ⋅ 𝒏𝒄 , 𝒙 ∈ Ω𝐹 , and 𝑡 > 0, (6d)

−𝝈 ⋅ 𝒏−𝒄 = 𝑝𝐹 𝑰 ⋅ 𝒏𝒄 𝒙 ∈ Ω𝐹 , and 𝑡 > 0, (6e)

where 𝝈 is the second-order stress tensor; 𝜌𝑏 is the bulk density; and 𝒇 is the body force per unit volume. Note that on the104

immersed fracture internal boundaries (Ω𝐹 ), the fluid pressure 𝑝𝐹 is imposed onto the oriented surfaces of the fracture. Subse-105

quently, under contact conditions, the interpretation of the pressure is as an algebraic contact-equilibrium constraint. This renders106

the fluid continuity equations (eq. 5) locally degenerate, since 𝜔 = 0. Occurrence of, and transition from such local degeneracy is107

a common sticking point for numerical nonlinear solution processes, and tends to be more prevalent under viscosity-dominated108

propagation.109

The stress field 𝝈 is modeled using linear elasticity theory,

𝝈 = 𝜆(∇ ⋅ 𝒖)𝑰 + 2𝐺𝜺(𝒖), (7)
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Ren and Younis 7

where 𝜆,𝐺 > 0 are Lamé coefficients (functions of Young’s modulus 𝐸 and Poisson’s ratio 𝜈̃), and the strain 𝜺 is a second order

tensor. Under the assumption of infinitesimal deformation, the strain tensor is a function of displacement as,

𝜺 = ∇𝑠𝑦𝑚𝒖 ∶= 1
2
(∇T𝒖 + ∇𝒖). (8)

Irwin’s law is adopted to govern rock failure under linear elastic fracture assumptions. A fracture tip will propagate with an110

instantaneously nonzero velocity if the equivalent stress intensity factor (SIF), denoted 𝐾𝐼
𝑒𝑞 , is equal to a critical parameter for111

fracture toughness 𝐾𝑐𝑟. Otherwise, below this upper limit, propagation does not occur. The instantaneous nature of this criterion112

does not explicitly carry rate information. Instead, given a proposed mesh and a set of independent variables at a given instant,113

it provides an algebraic litmus test for admissibility as either belonging to a static state with no propagation (𝐾𝐼
𝑒𝑞 < 𝐾𝑐𝑟), or an114

equilibrium propagation state (𝐾𝐼
𝑒𝑞 = 𝐾𝑐𝑟). A violation of both of these conditions (𝐾𝐼

𝑒𝑞 > 𝐾𝑐𝑟) would imply that the proposed115

fracture mesh and state variables are not physically admissible at equilibrium; they are in an unstable propagation state.116

Algebraically, the fracture tip SIF is a function of the instantaneous displacement and pressure fields near the tip. More

specifically, it combines its mode I and II counterparts (𝐾𝐼 and 𝐾𝐼𝐼 respectively) in the direction of maximum tensile stress;

𝐾𝑒𝑞
𝐼 = 1

2
cos(𝜃∕2){𝐾𝐼 (1 + cos(𝜃)) − 3𝐾𝐼𝐼 sin(𝜃)}, (9)

where 𝜃 is determined as,

𝜃 = 2 arctan
−2𝐾𝐼𝐼∕𝐾𝐼

1 +
√

1 + 8(𝐾𝐼𝐼∕𝐾𝐼 )2
. (10)

The mode I and II terms are integro-differential functions of the underlying displacement field within the vicinity of the tip.

Given a tip location 𝒙 (𝑡) ∈ , the local propagation velocity is,

𝒗𝑐 = 𝑎̇𝑻 (𝜃)𝒕̂

where 𝒕̂ is the tangential unit vector at the tip, 𝑻 (𝜃) is the rotation operator, and 𝑎̇ is a scalar propagation speed. The SIF and117

fracture toughness criterion does not provide an explicit closure relation for 𝑎̇, but rather, 𝑎̇ = 0 under a static propagation state,118

and 𝑎̇ > 0 otherwise.119

2.2 Discrete numerical approximation on embedded meshes120

While general to other families of discretization, we develop and illustrate the proposed approach in the context of a mixed

discretization scheme established for general hydrodynamics in32,33, extended to couple multiphase flow and poromechanics

in34, and to admit fracture propagation in17. The mixed discrete approximation is briefly next, and further details are available

in the cited references.

The numerical approximation utilizes a piecewise linear complex (PLC) representation of fractures embedded in a Cartesian
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8 Ren and Younis

background mesh for the interior of the spatial domain. Within the PLC fracture mesh (Ωℎ,𝐹 ), a finite-volume discretization

is employed to approximate the fluid flow in fracture (Equation 5). At the same time, an XFEM approximation is applied to

the background mesh (Ωℎ) for the mechanical problem (Equation 6). The coupling across the two systems is via the aperture

dependency on the pressure within fractures (interfaces) and the fracture permeability dependency on the aperture. A low-

order but unconditionally stable backward Euler temporal discretization is employed, and a fully coupled (monolithic) nonlinear

solution approach is utilized. In the context of no propagation (e.g.34), the fracture-mesh is not time-dependent, and the time-

stepping problem is posed as follows. At time 𝑡𝑛, given discrete displacement variables 𝒖𝑛ℎ supported on mesh Ωℎ and fracture

pressure variables 𝑝𝑛ℎ,𝐹 supported on the fracture mesh Ωℎ,𝐹 , the goal is to solve the coupled nonlinear algebraic system,

𝑅𝑀

(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹 ; 𝒖
𝑛
ℎ, 𝑝

𝑛
ℎ,𝐹 ,Δ𝑡

𝑛
)

= 0, (11a)

𝑅𝐹

(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹 ; 𝒖
𝑛
ℎ, 𝑝

𝑛
ℎ,𝐹 ,Δ𝑡

𝑛
)

= 0, (11b)

where 𝑅𝑀 is the discrete approximation to Equations 6, and 𝑅𝐹 is that for Equations 5.

Admitting the possibility of propagation, the time-step solution process must also admit the possibility for a time-dependent

fracture mesh, Ω𝑛+1
ℎ,𝐹 . In particular, the set of non-intersecting fracture tips 𝑛 may propagate during the time from 𝑡𝑛 to

𝑡𝑛+1 = 𝑡𝑛 + Δ𝑡𝑛 and subsequently the independent states at these two times are supported on different meshes. In the embed-

ded approach, this propagation is approximated piece-wise linearly by the augmentation of a linear element connecting 𝒙𝑛
𝑖 and

𝒙𝑛+1
𝑖 = 𝒙𝑛

𝑖 + Δ𝑎𝑛+1𝑖 𝑇
(

𝜃𝑛𝑖
)

𝒕𝑛𝑖 . The segment lengths Δ𝑎𝑛+1𝑖 > 0 and time step Δ𝑡𝑛 must be determined consistently. This requires

the augmentation of additional constraints that will govern this evolution of the tip positions, and these constraints must be sat-

isfied simultaneously with Equations 11.

Let 𝑛 ⊆ 𝑛 consist of tips at which,

𝐾𝑒𝑞
𝐼

(

𝒖𝑛ℎ, 𝑝
𝑛
ℎ,𝐹 ,𝒙

𝑛
𝑖 ∈ 𝑛

)

= 𝐾𝑐𝑟,

and therefore, are undergoing stable propagation. Then the remaining tips ( 𝑛 = 𝑛 − 𝑛) are static and satisfy the condition,

𝐾𝑒𝑞
𝐼

(

𝒖𝑛ℎ, 𝑝
𝑛
ℎ,𝐹 ,𝒙

𝑛
𝑖 ∈  𝑛

)

< 𝐾𝑐𝑟.

Note that under fluid injection, while tips in  𝑛 are instantaneously not undergoing propagation, over a time increment Δ𝑡𝑛,

they may begin to do so. In this work, the SIF is approximated using a J-integral computational approach that is summarized

in Appendix A. Moreover, for each propagating tip 𝒙𝑛
𝑖 ∈ 𝑛, the local angle of propagation with respect to the tangent 𝒕̂𝑛𝑖 is

computed as 𝜃𝑛𝑖 = 𝜃
(

𝒖𝑛ℎ, 𝑝
𝑛
ℎ,𝐹 ,𝒙

𝑛
𝑖

)

.

The time-stepping problem may formally be stated as:

max
Δ𝑎𝑛+1≥0

𝐾𝑒𝑞
𝐼

(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹 ,𝒙
𝑛+1

)

−𝐾𝑐𝑟 (12a)
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Ren and Younis 9

(a) Hypothetical evolution of SIF (solid-line) and instantaneous tip propagation speed (dashed-line)
occurring over four regimes: 𝐼 no fluid injection; 𝐼𝐼 fluid invading fracture space and SIF build-up;
𝐼𝐼𝐼 fracture propagation with variable speed; and 𝐼𝑉 varying fluid injection with no propagation.

(b) Segment Δ𝑎𝑛+1 is added to Ω𝑛𝐹 ,ℎ , and the goal is to deter-

mine Δ𝑡𝑛 , 𝑝𝑛+1𝐹 , and 𝒖𝑛+1 such that eq. (12) is satisfied.

(c) Numerical
(

𝐾𝑒𝑞
𝐼

)𝑛+1
for varying time step size after a segment of length

Δ𝑎𝑛+1 is added. The states satisfy eq. (11) along the curve and the goal is to
determine Δ𝑡𝑛 close to critical.

FIGURE 2 Illustrations of a time step with one propagating tip: (a) hypothetical evolution of the continuous (analytical) SIF
under complex fluid injection dynamics, (b) Numerical mesh at time 𝑡𝑛, and (c) evolution of computational SIF after addition
of a fracture segment at 𝑡𝑛.

subject to,

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐾𝑒𝑞
𝐼

(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹 ,𝒙
𝑛+1

)

−𝐾𝑐𝑟 ≤ 0

𝑅𝑀

(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹 ,Δ𝑡
𝑛; 𝒖𝑛ℎ, 𝑝

𝑛
ℎ,𝐹

)

= 0

𝑅𝐹

(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹 ,Δ𝑡
𝑛; 𝒖𝑛ℎ, 𝑝

𝑛
ℎ,𝐹

)

= 0

(12b)

This discrete variational formulation ensures that tips can undergo stable propagation for the duration of a time step, unless121

the propagation is to stall before the end of the duration. Given the discontinuity in propagation regimes and the implications122

on numerical solution methods, relaxed alternatives are commonly applied29,15. Parameters 0 ≤ 𝛼𝑆𝐼𝐹 ≤ 1 and 0 ≤ 𝛽𝑆𝐼𝐹 ≤ 1123

are prescribed to define a regularization band about the transition from stationary to stable tip states. That is, let 𝐾𝑐𝑟,𝑙 ∶=124

𝐾𝑐𝑟(1 − 𝛼𝑆𝐼𝐹 ) and 𝐾𝑐𝑟,𝑢 ∶= 𝐾𝑐𝑟(1 + 𝛽𝑆𝐼𝐹 ). Then a tip is static if 𝐾𝑒𝑞
𝐼,𝑖 < 𝐾𝑐𝑟,𝑙, stable if 𝐾𝑐𝑟,𝑙 ≤ 𝐾𝑒𝑞

𝐼,𝑖 ≤ 𝐾𝑐𝑟,𝑢, and unstable (super-125

critical) otherwise. This test is exploited in the numerical context.126

As outlined in Section 1, there are two broad classes of numerical solution approach as proposed in the literature. In the first127

approach, a target time step Δ𝑡𝑛 is prescribed (for example, to control the local discretization error), and fracture tip advancement128

increments as well as the independent state must be determined to satisfy eq. (12b)35,11,20. In the other approach, advancement129

increments are prescribed to the propagating tips, and a corresponding time step size and independent state must be determined130

to satisfy eq. (12b). In this work, we propose a methodology within the latter class of approaches, which is illustrated in Figure 2131

for a time step with one propagating tip.132

Figure 2a illustrates the hypothetical evolution of the analytical (continuous) SIF with time at the fracture tip as it is subjected133

to a variable fluid injection schedule. Suppose that a solution is on hand at a simulation time of 𝑡𝑛 whereby the SIF is within134

the critical propagation band. Figure 2b illustrates the mesh at this time, as well as the updated mesh at the target time 𝑡𝑛+1135

where a segment of prescribed length Δ𝑎𝑛+1 is augmented to the tip. Given the old and new meshes, the corresponding time step136
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10 Ren and Younis

(a) Adaptive Time Stepping strategy: theoretical SIF at 𝒙𝑛+1 versus time; corresponds
to 𝑡𝑛 with Δ𝑡 = 0; and are four iterates satisfying eq. (11a) and eq. (11b)

(b) Sequential solution strategy: theoretical SIF at 𝒙𝑛+1 versus time; corresponds to
𝑡𝑛 with Δ𝑡 = 0; and are four iterates satisfying eq. (11a) and eq. (11b)

FIGURE 3 Illustrations of a time step solution approach and two alternate algorithms applied to a case with one propagating tip.

Δ𝑡𝑛 > 0 and state variables are to be determined. Figure 2c illustrates the hypothetical SIF that may be computed for various137

time sizes past 𝑡𝑛. That is, at each time along the horizontal axis, the computed SIF corresponds to a state on the extended mesh138

for which eq. (11) is satisfied. Subsequently, at 𝑡𝑛, the computed SIF is likely to be sub-critical since the fracture length was139

extended without additional injection of fluid, i.e., the state satisfies eq. (11) on the new mesh but with Δ𝑡𝑛 = 0. At later times140

(Δ𝑡𝑛 > 0), the SIF is expected to build up and possibly exceed the critical state. An ideal time step size in this hypothetical141

scenario would therefore be 𝑡𝑐𝑟 − 𝑡𝑛. Before we develop the proposed methodology, we review two reported alternative solution142

methods against which the proposed algorithms are empirically compared (Section 4).143

2.3 Fracture propagation time-step solution methods.144

Reported methods construct locally linear models of the SIF dependence on step size and employ them to extrapolate or inter-145

polate to a critical time step size. While these methods differ in their construction of the local models, they are all decoupled.146

That is, an iteration is constructed as a nested sequence where the outer loop will update the time step size, and the inner loop147

computes a consistent state approximation for that time step. We refer to two such approaches as adaptive time-stepping (ATS)148

and sequential solution (SS) methods, and they are illustrated in Figure 3 for the solution of a single time-step in a domain with149

one propagating fracture tip.150

In the ATS approach (Figure 3a), a sequence of intermediate time steps Δ𝑡𝑛,𝜈 , 𝜈 = 1, 2,… , is constructed. For each 𝜈, an

approximate solution to the coupled residual equations,

𝑅
(

(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹

)𝜈+1
;
(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹

)𝜈
,Δ𝑡𝑛,𝜈

)

= 0, (13)

is obtained where the initial state (𝜈 = 0) is set to some mapping of the initial state onto the new mesh. This sequence is

terminated when the computed SIF falls within the critical band as illustrated in Figure 3a (𝜈 = 4). Intermediate time step
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Ren and Younis 11

selection is first performed using a heuristic growth model with a constant factor (𝜈 = 1,… , 3)15,17. Prudence is necessary to

avoid overshooting the critical time. Once an iterate is encountered for which the SIF increases (𝜈 = 3), the subsequent step

sizes are obtained by extrapolation, i.e.,

Δ𝑡𝑛,𝜈+1 = Δ𝑡𝑛,𝜈 +
𝐾𝑐𝑟 −𝐾𝑒𝑞,𝜈

𝐼

𝐾𝑒𝑞,𝜈
𝐼 −𝐾𝑒𝑞,𝜈−1

𝐼

(Δ𝑡𝑛,𝜈 − Δ𝑡𝑛,𝜈−1). (14)

The transition point from a heuristic growth strategy to the one based on extrapolation generally depends on the underlying

problem. In viscosity-dominated propagation, the transition will occur rapidly, and the pressure field near the tip will be singular

and highly nonlinear; i.e., a slight variation in pressure leads to large changes in SIF. As a result, significant computation may

be required for termination compared to that under toughness-dominated propagation.

The intermediate iterates form a stair-casing effect in fracture length over time since no additional segments are added until the

iteration is complete. A judicious choice of segment length is critical to ensure that the iteration will terminate. Finally, since

the iterates are essentially fractional time steps, the temporal accuracy of the final state solution is enhanced.

The SS approach (Figure 3b) is similar. However, a key difference is that at each iteration, the iterates are approximate solutions

to

𝑅
(

(

𝒖𝑛+1ℎ , 𝑝𝑛+1ℎ,𝐹

)𝜈+1
; 𝒖𝑛ℎ, 𝑝

𝑛
ℎ,𝐹 ,Δ𝑡

𝑛,𝜈
)

= 0, (15)

such that no fractional time-stepping occurs. This allows the use of a larger initial intermediate time step size Δ𝑡𝑛,0, and the use151

of eq. (14) more frequently as a secant interpolation rule (𝜈 = 2,… , 4 in Figure 3b) rather than for linear extrapolation (𝜈 = 1).152

Furthermore, the need for a prudent intermediate time step growth strategy is alleviated.153

3 PROPOSED FRACTURE PROPAGATION SOLVER154

In contrast to the ATS and SS methods, our proposed approach is to non-linearly co-solve for time step size, the approximation155

state, and a fracture mesh in a monolithically coupled manner. In the case of multiple fractures propagating at different speeds,156

the methodology ensures that the fastest propagating tip will undergo stable propagation. Furthermore, the algorithm can sig-157

nificantly improve the computational efficiency by incorporating the equilibrium constraint equation (i.e., 𝐾𝑒𝑞
𝐼 = 𝐾𝑐𝑟) into the158

Newton-Raphson nonlinear solution process. Additionally, the robustness and efficiency are further improved by developing a159

priori rate estimates to inform the selection of the initial state guess for newly created fracture spaces, estimation of relative tip160

propagation speeds, and prescription of tip advancement lengths.161

An overview of the iterative algorithm is listed in algorithm 1. The iteration is started with a given solution at 𝑡𝑛 consisting162

of the state variables 𝑝𝑛𝐹 , 𝒖𝑛 that are supported on mesh Ω𝑛
ℎ,𝐹 , and the objective is co-solve for an updated fracture mesh, time163

step size, and solution state.164
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12 Ren and Younis

Algorithm 1 Time-continuation Fracture Propagation Solver
Input: 𝑝𝑛𝐹 , 𝒖𝑛, 𝐾𝑐𝑟, 𝛼𝑆𝐼𝐹 , 𝛽𝑆𝐼𝐹 , and Δ𝑎𝑚𝑎𝑥
Output: 𝑝𝑛+1𝐹 , 𝒖𝑛+1 and Δ𝑡𝑛+1

1: Apply the tip advancement method to update the fracture geometry in the active fracture set,  (section 3.1).
2: Initialize the state variables, 𝑝𝐹 and 𝒖 of the new fracture segments (section 3.2).
3: Compute a priori estimates of SIF growth rates, and the initial guess for the nonlinear solution process (section 3.3).
4: Solve the fully coupled nonlinear system (section 3.4).
5: Verify that no tips are unstable. Otherwise repeat line 4 using the newly determined weakest tip.

At line 1: At this stage, the SIF is computed at all tips. In cases where the SIF falls within the regularization band about165

the critical toughness, propagation increments Δ𝑎𝑐 are determined to form the new geometry 𝜸𝑛+1𝑐 at 𝑡𝑛+1. The proposed tip166

advancement model leverages the instantaneous values of the SIF and the propagation speed history. The inclusion of the velocity167

information 𝑣𝑛𝑐 is empirically shown to produce improved estimates such that the subsequent SIF 𝐾𝑒𝑞,𝑛+1
𝐼,𝑐 falls into a stable168

propagation regime.169

At line 2: Given the fracture extensions, the goal of this step is to project the state solutions at 𝑡𝑛 onto the new mesh. Unfor-170

tunately, a direct solution encounters spurious oscillation in the fluid pressure field due to a violation of the LBB condition.171

Subsequently, we develop a novel initialization method based on the self-similarity property. The prolonged state that is obtained172

by this step is denoted as
(

𝑝∗𝐹 , 𝒖
∗) and is supported on the new mesh with a time step size of zero.173

At line 3: Given that the intermediate step
(

𝑝∗𝐹 , 𝒖
∗) distributes the fluid over a larger area without the addition of mass, the174

computed SIF is likely to be subcritical due to fluid expansion. The objective is to find the smallest time step for which the175

first fracture tip will become critical. This weakest tip is labeled as 𝑐. The proposed approach is to build a locally linear model176

using the SIF value and a computed instantaneous rate of change. Note that this contrasts the secant methods of the ATS and SS177

approaches that utilize previous iterates. As a by-product of the proposed estimate, we also compute estimates for the local rate178

of change of the state variables, 𝑑𝑝𝐹
𝑑Δ𝑡

and 𝑑𝒖
𝑑Δ𝑡

.179

At line 4: Using the estimates of the rate of change in SIF, the identification of the weakest tip, and its time to a critical180

condition, a reasonable initial guess is obtained for an expedited Newton-like solution process. The nonlinear solution is applied181

to solve the hydro-mechanical residual approximation augmented with the stable SIF constraint equation corresponding to the182

fastest tip.183

At line 5: Upon convergence, 𝐾𝑒𝑞,𝑛+1
𝐼,𝑐 is examined to ensure that equilibrium fracture propagation conditions prevail. Should184

the identification of the weakest tip at line 3 be incorrect, resulting in some tips becoming unstable, the time step solution process185

(line 4) is repeated using the newly identified weakest tip as the constraining one.186

 10970207, 2022, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.6935 by O
ffice O

f Scientific A
nd T

echnical Inform
ation, W

iley O
nline L

ibrary on [05/10/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Ren and Younis 13

3.1 Determination of individual tip advancement increments Δ𝑎𝑛+1187

A common approach is to prescribe tip advancement increments according to a piecewise linear relationship between the incre-

ment size and the instantaneous SIF at each tip. The relationship is illustrated in fig. 4a. We refer to this algorithm as the Δ𝑎(𝐾𝑒𝑞
𝐼 )

approach29,15. For tips for which 𝐾𝑒𝑞,𝑛
𝐼,𝑐 ∈

[

𝐾𝑐𝑟, 𝐾𝑐𝑟
(

1 + 𝛽𝑆𝐼𝐹
)]

, the advancement speed is taken as Δ𝑎𝑚𝑎𝑥
Δ𝑡𝑛+1

over the duration of the

target time step, where Δ𝑎𝑚𝑎𝑥 is a user-prescribed parameter. On the other hand, at tips for which 𝐾𝑒𝑞,𝑛
𝐼,𝑐 ∈

[

𝐾𝑐𝑟
(

1 − 𝛼𝑆𝐼𝐹
)

, 𝐾𝑐𝑟
[

,

the speed over the target time step is speculated to be,

𝐾𝑒𝑞,𝑛
𝐼,𝑐 −𝐾𝑐𝑟

(

1 − 𝛼𝑆𝐼𝐹
)

𝐾𝑐𝑟𝛼𝑆𝐼𝐹

Δ𝑎𝑚𝑎𝑥
Δ𝑡𝑛+1

. (16)

(a) Δ𝑎(𝐾𝑒𝑞
𝐼 ) model (b) Δ𝑎(𝐾𝑒𝑞

𝐼 , 𝑣𝑐 ) model

FIGURE 4 Graphical illustration of two models for the imposed relationship between the tip advancement length and SIF.

The linear relaxation in this approach aims to address static tips that may initiate propagation during the upcoming target time188

step. Furthermore, it speculates a constant speed for tips at which the dynamic fracture toughness is greater than the quasi-static189

critical value. However, these assumptions may introduce numerical artifacts that result in fluid lag within the vicinity of the190

fracture tips, thereby deteriorating the performance of the iterative solution process.191

We propose to augment this approach with information on the local propagation speed obtained from the previous time step.

We refer to this approach as the Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model. The proposed extension is only applied to tips that had propagated over the

previous time step. For such tips, the local propagation speed is extrapolated as,

𝑣𝑛𝑐 =
Δ𝑎𝑛

Δ𝑡𝑛−1
, (17)

and a normalized scaling factor,
𝑣𝑛𝑐

max𝑐 𝑣𝑛𝑐
, (18)

is applied to limit a roof-line bound as illustrated in fig. 4b.192
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14 Ren and Younis

Remark 1. The two models are equivalent at the first and subsequent time steps for which no fractures have been propagating.193

Under progressive propagation of multiple fractures, however, the Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model can improve the computational perfor-194

mance by factoring in the relative propagation speeds. This effect is demonstrated empirically by a comparison of the two195

approaches in Section 4.196

3.2 Initialization of fractures with extended lengths197

Once the fracture tip extensions are introduced according to the Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model, additional enrichment nodes are introduced

as illustrated in Figure 5. In addition, it is necessary to project the state solution variables onto the new mesh. That is, given

the state variables 𝑝𝑛𝐹 and 𝒖𝑛 supported on the mesh Ω𝑛, the objective is to obtain corresponding intermediate states 𝑝∗𝐹 and 𝒖∗

supported on Ω𝑛+1 such that,

𝑅
((

𝒖∗ℎ, 𝑝
∗
ℎ,𝐹

)

Ω𝑛+1
;
(

𝒖𝑛ℎ, 𝑝
𝑛
ℎ,𝐹

)

Ω𝑛
,Δ𝑡 = 0

)

= 0.

The filled markers depict this intermediate state in Figure 3 at which the computed SIF corresponds to 𝑡𝑛. A direct solution

of the residual equations at these conditions is numerically challenging16. When the flux term approaches zero, an instability

phenomenon can be observed due to the violation of LBB conditions. The numerical solutions for fluid pressure in fractures

will often exhibit spurious oscillations. We propose an alternative approach that constructs 𝑝∗𝐹 as a superposition of a similarity

solution36 and a constant update to satisfy material continuity, i.e.,

𝑝∗𝐹 ∶= 𝑝̃ + Δ𝑝,

where 𝑝̃ takes the self-similar form of the fluid pressure profile scaled to the new fracture length, and Δ𝑝 is a uniform (scalar)

correction that is to be determined so that 𝑝∗𝐹 will satisfy continuity. This approach improves the numerical solution process to

a non-oscillatory root since the solution profile is guaranteed to retain the similarity solution profile. The similarity variable is

normalized to the arc length along fractures as,

𝜉 = 𝑠𝑐(𝑡, 𝑎)∕𝑠𝑐(𝑡, 𝑎𝑐2) (19)

such that 𝜉 ∈ [0, 1]. The similarity solution posits that,

𝑝𝐹 (𝜉, 𝑡) = 𝑡−
1
3Ψ(𝜉). (20)

where Ψ(𝜉) is a fundamental solution. Following from this scaling law, we apply a piecewise linear reconstruction of the pressure

along the normalized domain at time 𝑡𝑛, and then use interpolation to project it onto the normalized domain for the extended

fractures. This is followed by a scaling using the factor of 𝑡−
1
3 . Specifically, let Φ𝑖(𝜉) denote the linear interpolation function

taking a unit value at the center of the fracture elements of the old geometry. Then by rescaling 𝜉 for the new fracture geometry
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Ren and Younis 15

𝜸𝑐(𝐼, 𝑡𝑛+1), the similarity projection is obtained by interpolation using eq. (21).

 = Φ𝑖(𝜉)𝑝𝑛𝐹 ,𝑖. (21)

𝒫(𝒙)

FIGURE 5 Graphical illustration of fracture advancement; Red solid line: old fracture segments 𝜸𝑛𝑐 ; Red dashed line: newly
added segments; Blue arrow: a mapping function  assigns the 𝑝𝐹 from 𝜸𝑛𝑐 to 𝜸𝑛+1𝑐 ; Green squares: newly added displacement
nodes.

With a similarity solution on hand, material conservation is enforced by simply determining a uniform scalar correction Δ𝑝.

For each extended fracture, 𝑐 , the material conservation under an instantaneous extension of the fracture is

𝐹𝑐(𝒖∗,Δ𝑝; 𝑝∗𝐹 , 𝑝
𝑛
𝐹 , 𝒖

𝑛) =
𝑁𝑛+1

𝑐,𝐸
∑

𝑖=1

(

𝜔𝑖𝐿𝑖𝜙𝑖𝜌𝑖
)∗ −

𝑁𝑛
𝑐,𝐸

∑

𝑖=1

(

𝜔𝑖𝐿𝑖𝜙𝑖𝜌𝑖
)𝑛 , (22)

where 𝑁𝑛+1
𝑐,𝐸 and 𝑁𝑛

𝑐,𝐸 are the number of elements comprising the fracture at 𝑡𝑛+1 and 𝑡𝑛, respectively. This scalar equation is

numerically aligned with the single pressure correction variable for each fracture in the domain. Finally, the coupled momentum

conservation and fracture material balance equations are solved using a Newton-Raphson iteration,

⎡

⎢

⎢

⎢

⎣

𝜕𝑹𝑚

𝜕𝒖∗
𝜕𝑹𝑚

𝜕Δ𝒑

𝜕𝑭
𝜕𝒖∗

𝜕𝑭
𝜕Δ𝒑

⎤

⎥

⎥

⎥

⎦

𝛿

⎛

⎜

⎜

⎜

⎝

𝒖∗

Δ𝒑

⎞

⎟

⎟

⎟

⎠

= −

⎛

⎜

⎜

⎜

⎝

𝑹𝑚(𝒖∗,Δ𝒑)

𝑭 (𝒖∗,Δ𝒑)

⎞

⎟

⎟

⎟

⎠

, (23)

where 𝑹𝑚 is the residual for mechanics, and 𝑭 = {𝐹𝑐 , 𝑐 = 1, ..., 𝑁𝐹 } are the material balance equations for each fracture. At198

convergence, the total volume of each fracture is conserved using the obtained intermediate states 𝒖∗ and 𝑝∗𝐹 = 𝑝̃ + Δ𝑝.199

Remark 2. The mappings are based on the assumption that 𝜕𝑝𝐹
𝜕𝜉

remains the same from 𝑡𝑛 to 𝑡𝑛+1. i.e., from eq. (20), we obtain,

(𝜕𝑝𝐹
𝜕𝜉

)𝑛+1 =
(𝜕𝑝𝐹
𝜕𝜉

)𝑛 = (𝑡𝑛)−
1
3
𝜕Ψ(𝜉)
𝜕𝜉

. (24)
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16 Ren and Younis

Therefore, the estimate of
( 𝜕𝑝𝐹

𝜕𝜉

)𝑛+1 is an explicit approximation in time. In the limit of toughness-dominated propagation,200

𝜕Ψ(𝜉)
𝜕𝜉

= 0, and eq. (24) is satisfied. Under viscosity-dominated propagation, this is not generally the case. Note, however, that201

this projection is only applied to construct a starting point for the iterative process that will compute time-step solutions to202

honor eq. (5).203

3.3 Determination of the weakest tip204

FIGURE 6 Linear models for the variation of 𝐾𝑒𝑞,𝑛+1
𝐼,𝑐 as a function of Δ𝑡𝑛 for three hypothetical fracture tips (yellow, green and

blue lines).

Only one constraint equation is augmented into the nonlinear system at each time step. The constraint equation is that of the

tip that will reach a critical propagation state soonest. This tip is identified by estimating the time steps required for each tip to

reach a critical state. Assuming a locally linear rate of change in SIF, this arrival time for each fracture is,

Δ𝑡𝑛+1 =
(

𝐾𝑐𝑟 −𝐾𝑒𝑞,∗
𝐼,𝑐

)

∕
𝑑𝐾𝑒𝑞

𝐼,𝑐

𝑑Δ𝑡
|

|

|Δ𝑡𝑛+1=0
, (25)

where
𝑑𝐾𝑒𝑞

𝐼,𝑐

𝑑Δ𝑡
|

|

|Δ𝑡𝑛+1=0
denotes the instantaneous SIF growth rate under fluid injection. As illustrated in fig. 6, at the beginning of

the solution process with Δ𝑡𝑛 = 0, all of the SIFs considered, 𝐾𝑒𝑞,∗
𝐼,𝑐 , are smaller than 𝐾𝑐𝑟 due to the projection process which

extends fracture length without the addition of injected fluids. In the hypothetical scenario presented in Figure 6 for example,

the proposed linear growth trend predicts that fracture 𝑐1 will attain a critical state the soonest, and subsequently its constraint

equation will be augmented to the nonlinear algebraic system and used to co-solve for Δ𝑡𝑛. While the SIF for a time step size of

zero (denoted as 𝐾𝑒𝑞,∗
𝐼,𝑐 in Figure 6) are readily computed using the states 𝐮∗ and 𝑝∗𝐹 , a relation for the slopes must be developed.
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Ren and Younis 17

According to the chain rule, the total derivative of the SIF with respect to the time step size can be expanded as,

𝑑𝐾𝑒𝑞
𝐼,𝑐

𝑑Δ𝑡
=

𝜕𝐾𝑒𝑞
𝐼,𝑐

𝜕Δ𝑡
+

𝜕𝐾𝑒𝑞
𝐼,𝑐

𝜕𝒖
𝜕𝒖
𝜕Δ𝑡

+
𝜕𝐾𝑒𝑞

𝐼,𝑐

𝜕𝑝𝐹

𝜕𝑝𝐹
𝜕Δ𝑡

, (26)

where the analytical expressions for
𝜕𝐾𝑒𝑞

𝐼,𝑐

𝜕𝒖
and

𝜕𝐾𝑒𝑞
𝐼,𝑐

𝜕𝑝𝐹
are derived in appendix A. Since 𝐾𝑒𝑞

𝐼,𝑐 is independent of Δ𝑡 (see eq. (9)),
𝜕𝐾𝑒𝑞

𝐼,𝑐

𝜕Δ𝑡

is taken as zero. Removing this term from the equation and applying the chain rule once again to 𝐾𝑒𝑞
𝐼,𝑐 in terms of the modes I

and II subcomponents, we obtain,

𝑑𝐾𝑒𝑞
𝐼,𝑐

𝑑Δ𝑡
=

(

𝜕𝐾𝑒𝑞
𝐼,𝑐

𝜕𝐾𝐼,𝑐

𝜕𝐾𝐼,𝑐

𝜕𝒖
+

𝜕𝐾𝑒𝑞
𝐼,𝑐

𝜕𝐾𝐼𝐼,𝑐

𝜕𝐾𝐼𝐼,𝑐

𝜕𝒖

)

𝜕𝒖
𝜕Δ𝑡

+
𝜕𝐾𝑒𝑞

𝐼,𝑐

𝜕𝐾𝐼,𝑐

𝜕𝐾𝐼,𝑐

𝜕𝑝𝐹

𝜕𝑝𝐹
𝜕Δ𝑡

. (27)

Besides 𝜕𝒖
𝜕Δ𝑡

and 𝜕𝑝𝐹
𝜕Δ𝑡

, all other derivative terms in eq. (27) can be computed directly using eqs. (9), (10), (A2), (A6) and (A7).

These two remaining terms are computed by solving the following system assuming that 𝜕𝑝𝐹
𝜕𝜉

remains constant,

𝐹𝑐(𝒖,Δ𝑝; 𝑝∗𝐹 ) =
𝑁𝑛+1

𝑐,𝐸
∑

𝑖=1

(

𝜔𝑖𝐿𝑖𝜙𝑖𝜌𝑖
)𝑛+1 −

𝑁𝑛
𝑐,𝐸

∑

𝑖=1

(

𝜔𝑖𝐿𝑖𝜙𝑖𝜌𝑖
)𝑛 −𝑄Δ𝑡. (28)

The total derivative of the residual of the mechanical system 𝑅𝑚 and of the mass continuity𝑭 with respect to time should vanish

since the mass and momentum equations are to be honored. Subsequently, we require that,

𝑑𝑅𝑚

𝑑Δ𝑡
|

|

|

|Δ𝑡𝑛+1=0
=
(

𝜕𝑅𝑚

𝜕Δ𝑡
+

𝜕𝑅𝑚

𝜕𝒖
𝜕𝒖
𝜕Δ𝑡

+
𝜕𝑅𝑚

𝜕Δ𝒑
𝜕Δ𝒑
𝜕Δ𝑡

)

|

|

|

|Δ𝑡𝑛+1=0
= 0, (29)

𝑑𝐹
𝑑Δ𝑡

|

|

|

|Δ𝑡𝑛+1=0
=
(

𝜕𝐹
𝜕Δ𝑡

+ 𝜕𝐹
𝜕𝒖

𝜕𝒖
𝜕Δ𝑡

+ 𝜕𝐹
𝜕Δ𝒑

𝜕Δ𝒑
𝜕Δ𝑡

)

|

|

|

|Δ𝑡𝑛+1=0
= 0, (30)

which expressed in matrix form become,

⎡

⎢

⎢

⎢

⎣

𝜕𝑹𝑚

𝜕𝒖
𝜕𝑹𝑚

𝜕Δ𝒑

𝜕𝑭
𝜕𝒖

𝜕𝑭
𝜕Δ𝒑

⎤

⎥

⎥

⎥

⎦Δ𝑡𝑛+1=0

⎛

⎜

⎜

⎜

⎝

𝜕𝒖
𝜕Δ𝑡

𝜕Δ𝒑
𝜕Δ𝑡

⎞

⎟

⎟

⎟

⎠Δ𝑡𝑛+1=0

=

⎛

⎜

⎜

⎜

⎝

𝟎

𝑸

⎞

⎟

⎟

⎟

⎠

. (31)

The linear system of eq. (31) is solved once to determine 𝜕𝒖
𝜕Δ𝑡

|

|

|Δ𝑡𝑛+1=0
and 𝜕Δ𝒑

𝜕Δ𝑡
|

|

|Δ𝑡𝑛+1=0
. Next these computed solutions are substi-205

tuted into eq. (27) assuming that 𝜕Δ𝑝
𝜕Δ𝑡

|

|

|Δ𝑡𝑛+1=0
= 𝜕𝑝𝐹

𝜕Δ𝑡
|

|

|Δ𝑡𝑛+1=0
. Using eq. (25), we identify Δ𝑡𝑚𝑖𝑛 and the corresponding weakest tip206

𝑐. In the case of a tie, one of the tips is selected arbitrarily.207

3.4 The Newton-Raphson method for the solution of the coupled system208

Newton’s method is applied to solve the fully coupled and implicit system. The Inexact Newton update is obtained as the solution

to the linear algebraic system in eq. (32).

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜕𝑹𝑚

𝜕𝒖
𝜕𝑹𝑚

𝜕Δ𝒑
𝟎

𝜕𝑹𝑓𝑙𝑜𝑤

𝜕𝒖
𝜕𝑹𝑓𝑙𝑜𝑤

𝜕Δ𝒑
𝜕𝑹𝑓𝑙𝑜𝑤

𝜕Δ𝑡
𝜕𝐾𝑒𝑞

𝐼,𝑐

𝜕𝒖
𝜕𝐾𝑒𝑞

𝐼,𝑐

𝜕𝒑𝐹
𝟎

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝛿𝒖

𝛿𝒑𝐹

𝛿𝑡

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= −

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝑹𝑚

𝑹𝑓𝑙𝑜𝑤

𝐾𝑒𝑞,𝑛+1
𝐼,𝑐 −𝐾𝑐𝑟

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (32)
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18 Ren and Younis

The third subequation in section 3.4 is the constraint equation associated with the weakest tip as determined in the previous209

section, and 𝑹𝑚 and 𝑹𝑓𝑙𝑜𝑤 are the residual equations of the mechanical and flow approximations, respectively. As an initial210

guess for the state variables, we apply eq. (33).211

𝒖𝑛+1 = 𝒖∗ + 𝜕𝒖
𝜕Δ𝑡

Δ𝑡𝑚𝑖𝑛,

𝑝𝑛+1𝐹 = 𝑝∗𝐹 +
𝜕𝑝𝐹
𝜕Δ𝑡

Δ𝑡𝑚𝑖𝑛.
(33)

The system is solved iteratively to convergence according to the residual and update size criteria,

⎛

⎜

⎜

⎜

⎜

⎜

⎝

‖𝛿𝒖‖

‖𝛿𝒑𝐹‖

|𝛿Δ𝑡|

⎞

⎟

⎟

⎟

⎟

⎟

⎠

<

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜀𝑢

𝜀𝑝

𝜀𝑡

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, and

⎛

⎜

⎜

⎜

⎜

⎜

⎝

‖𝛿𝑹𝑢‖

‖𝛿𝑹𝐹‖

|𝐾𝑒𝑞,𝑛+1
𝐼,𝑐 −𝐾𝑐𝑟|

⎞

⎟

⎟

⎟

⎟

⎟

⎠

<

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜀𝑢

𝜀𝑝

𝜀𝑡

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(35)

where 𝜀𝑢,𝑝,𝑡 are user-prescribed tolerances. Note that Δ𝑡 in the third equation plays a similar role to the external loading factor212

used in numerical continuation solution methods for steady mechanics25,26.213

Upon convergence, we check that 𝐾𝑒𝑞,𝑛+1
𝐼,𝑐 ≤ 𝐾𝑐𝑟 for each fracture tip. We accept the solution and move on to the next time step214

should the condition hold for all tips. Otherwise, the third equation is replaced with that for the fracture tip with the maximum215

𝐾𝑒𝑞,𝑛+1
𝐼,𝑐 , and the time step solution process is repeated. This time step repetitions occur if the identification of the weakest tip216

prior to the solution was erroneous.217

4 RESULTS218

The model is validated empirically for model problems with analytical solutions. We also empirically study various performance219

aspects of the methodology using simulation scenarios with multiple fractures undergoing simultaneous propagation. Our goal220

is to characterize and assess (1) the accuracy of estimates for the weakest tip; and (2) the overall computational efficiency of the221

proposed solution methods.222

4.1 Model verification223

The time-continuation scheme is validated using the analytical solution of the Kristianovich-Geertsma-de. Klerk (KGD) model.

We apply the method to both the viscosity- and toughness-dominated regimes. The dimensionless toughness variable 𝑚

characterizing these regimes is defined as,

𝑚 = 𝐾 ′

(𝐸 ′3𝜇′𝑄)1∕4
, (36)

where 𝐾 ′ = 8𝐾𝑐𝑟∕
√

2𝜋, 𝜇′ = 12𝜇, 𝐸′ = 𝐸∕(1−𝑣2) is the equivalent Young’s modulus in the plane strain condition. If 𝑚 < 1,224

the flow lies in the viscosity dominated regime. On the other hand, if 𝑚 > 4, the process is toughness-dominated.20
225
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Ren and Younis 19

The input parameters are listed in table 1. A fracture of half-length 2m is centered within a square domain with sides of length226

100m. Fluid is injected into the center of the fracture at a fixed rate denoted as 𝑄. The initial pressure in the fracture is 0.1 MPa.227

Since there is only one fracture, both 𝛼𝑆𝐼𝐹 and 𝛽𝑆𝐼𝐹 are set to 0. In the viscosity-dominated scenario, as is typical, we apply a228

refined mesh to accommodate the singularity in the pressure gradient within the vicinity of the tip.

TABLE 1 Input parameters for KGD model verification

𝐸(GPa) 𝜈̃ 𝐾𝑐𝑟(MPa
√

m) 𝜇(Pa ⋅ s) 𝑄(m2∕s) 𝑚 mesh size
toughness dominated 8.3 0.25 0.5 1e-8 0.001 16.7 117 × 117
viscosity dominated 8.3 0.25 0.5 2e-3 0.001 0.78 317 × 117

229

4.1.1 Toughness dominated scenario230

In this case, we set the maximum allowable fracture growth length in a time step to Δ𝑎𝑚𝑎𝑥 = 1 m, and the simulation is run to231

12 propagation steps. The computed propagation length, 𝑙, aperture at the injection point, 𝜔(𝑥 = 0) and the wellbore pressure,232

𝑝𝐹 (𝑥 = 0) are compared to the analytical solution in fig. 7. In this case, the predicted time step sizes Δ𝑡 and the state variables233

obtained by eq. (33) are close enough solutions to eq. (32) such that no Newton iteration is necessary for any propagation step.234

4.1.2 Viscosity dominated scenario235

In this case, we set Δ𝑎𝑚𝑎𝑥 = 0.25 m and the duration of the simulation to approximately 40 secs. The propagation length, 𝑙,236

aperture at the wellbore time-series, and pressure distribution at 𝑙 = 4.5 m are compared to the analytical solution in fig. 8. Once237

again, good agreement with the analytical solution is observed. While the numerical model imposes a uniform initial pressure238

field on the fracture surface, the analytical solution assumed an initial pressure gradient. Subsequently, there is a discrepancy in239

the aperture at early times. A close match in pressure is observed near the inlet of the fracture as in fig. 8c, and slight differences240

are observed near the tip region since the finite volume discretization assumes a piece-wise linear profile as compared to the241

form 𝑂((1 − 𝜉)−1∕3) applied in the analytical solution. The effectiveness of the initialization strategy proposed in this work is242

examined, and the results are summarized in fig. 9.The pressure given by eq. (33) is compared to the one obtained by solving243

eq. (32). A good agreement of the initial guess with the actual solution is observed, improving nonlinear solution performance.244

The newton iterations over the course of the simulation are presented in fig. 10. While the first propagation step required 23245

iterations to converge, each propagation step after that requires less than 6 iterations.246

4.1.3 Computational efficiency relative to ATS fracture propagation approaches247

 10970207, 2022, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.6935 by O
ffice O

f Scientific A
nd T

echnical Inform
ation, W

iley O
nline L

ibrary on [05/10/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



20 Ren and Younis
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FIGURE 7 Simulation results of toughness-dominated KGD. (a) fracture length vs. time; (b) aperture at the wellbore vs. time;
(c) pressure at the wellbore vs. time.

The viscosity-dominated fracture propagation case is modeled using the proposed method and two alternative ATS248

schemes37,12,17. Both ATS variants apply a fixed initial time step size of 0.1𝑠𝑒𝑐, and an initial growth factor of two. One ATS249

variant applies regularization parameters 𝛼𝑆𝐼𝐹 = 𝛽𝑆𝐼𝐹 = 0.001 (strict), and the other applies 𝛼𝑆𝐼𝐹 = 𝛽𝑆𝐼𝐹 = 0.05 (loose).250

We conduct a mesh convergence study for Δ𝑎. In each case, the simulations are terminated once the fracture lengths reach a

prescribed value denoted 𝑙. We define a relative error in predicting the time to termination as

𝜀𝑡 =
𝑡 − 𝑡
𝑡

(37)

where 𝑡 is obtained from the analytical solution while 𝑡 is a numerical solution obtained using the t-c or ATS methods. The251

results are illustrated in fig. 11a. The empirical convergence rate of the proposed time-continuation scheme falls between first-252
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(a) (b)

(c)

FIGURE 8 Simulation results of viscosity dominated propagation. (a) fracture length vs. time; (b) aperture at the wellbore vs.
time; (c) pressure distribution as 𝑙 = 4.5 m.

FIGURE 9 Comparison of predicted (circle) and actual (line) 𝑝 by eq. (33) and eq. (32), respectively when 𝑙 = 2.75 m.
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22 Ren and Younis

FIGURE 10 Viscosity dominated KGD: nonlinear iterations over the course of simulation.

and second-order. While the asymptotic rate of the ATS methods is similar to that of t-c, they both exhibit lower errors overall253

for the same Δ𝑎. In addition, ATS with a strict criterion shows a slightly higher convergence rate than that with the loose one.254

To compare the computational efficiency of the methods with comparable accuracy, we select cases that produce relative errors255

of approximately 0.1 and 0.01. This is accomplished by selecting Δ𝑎 for each method that results in the desired target accuracy256

as indicated by the dashed lines in fig. 11a. For a relative error of 0.01 (err1), all three schemes are applied with Δ𝑎 ≈ 0.25. For257

an error level of 0.1 (err2), the t-c scheme is applied with Δ𝑎 ≈ 1 and the ATS schemes with Δ𝑎 ≈ 4. Figure 11b presents that258

the total number of Newton iterations required by each method to simulate the complete process to termination at either level of259

error. For a comparable level of accuracy, the t-c method requires 5 to 8 times fewer iterations than the ATS method with either260

strict or loose criteria.261

4.2 Stress shadow simulation262

We present three scenarios with multiple fractures undergoing simultaneous propagation and exhibiting stress shadow effects263

(localization instability)38. The cases are configured with different initial settings as shown in fig. 12. From top to bottom,264

fractures in all three cases are labeled as 𝐴, 𝐵, and 𝐶 . The displacement at the center of each outer boundary is fixed. The265

primary input parameters common to all three cases are listed in table 2.266

4.2.1 Case I267

In this case, the injection rates for fractures 𝐴 and 𝐶 are 0.0013 m2∕s while that into fracture 𝐵 is 0.0015 m2∕s. The simulations268

are run for 17 propagation steps (approximately 70 s of simulation time).269
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(a)

(b)

FIGURE 11 (a) Δ𝑎 refinement at the mesh size 317 × 117; (b) performance comparison of different schemes.
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FIGURE 12 Different initial configurations of fracture pattern.

As shown in fig. 13a, due to the local stress interaction of the three fractures, the paths of fractures 𝐴 and 𝐶 diverge from each270

other and move upwards and downwards, respectively. On the other hand, fracture 𝐵 propagates along a horizontal line due to271

 10970207, 2022, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.6935 by O
ffice O

f Scientific A
nd T

echnical Inform
ation, W

iley O
nline L

ibrary on [05/10/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



24 Ren and Younis

TABLE 2 Input parameters for the stress shadow simulation

item value unit
Domain size 100 m
Grid size 0.855 m
Initial 𝑝𝐹 0.1 MPa
𝜇 1𝑒 − 4 Pa ⋅ s
𝐸 8.3 GPa
𝜈̃ 0.25 /
𝐾𝑐𝑟 1 MPa ⋅ m1∕2

𝛼𝑆𝐼𝐹 0.15 /
𝛽𝑆𝐼𝐹 0.005 /
Δ𝑎𝑚𝑎𝑥 3 m
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FIGURE 13 Case I: comparison of Δ𝑎 models; (a) fracture propagation paths at the end of simulation; (b)fracture length over
the course of simulation. Red lines: "Δ𝑎(𝐾𝑒𝑞

𝐼 ) model", blue lines: "Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model".

the symmetry in stress. The compression forces from the fluid pressure in fractures 𝐴 and 𝐶 restrain the growth of the fracture272

𝐵. As a result, it propagates to a shorter length than fractures 𝐴 and 𝐶 despite the higher injection rate into it. We also compare273

the results obtained by two different tip advancement models: Δ𝑎(𝐾𝑒𝑞
𝐼 ) and Δ𝑎(𝐾𝑒𝑞

𝐼 , 𝑣𝑐). Similar inclination angles of fracture274

paths are observed for both models. However, the fracture length evolution over simulation time exhibits different behavior as275

presented in fig. 13b. Smooth propagation length profiles are obtained for fractures 𝐴,𝐶 and 𝐵 under the Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model.276

However, the Δ𝑎(𝐾𝑒𝑞
𝐼 ) model yields profiles exhibiting the hallmark staircase pattern, particularly for fracture 𝐵. This is as277

expected, since each time 𝐾𝑒𝑞
𝐼 achieves a critical value, 𝐾𝑐𝑟, the Δ𝑎(𝐾𝑒𝑞

𝐼 ) model that relies solely on local SIF information, tends278

to overestimate Δ𝑎 (upward inclined red segments in fig. 13b). Then, several subsequent time-step solves are necessary to build279

up the SIF and trigger the propagation again (horizontal red segments in fig. 13b). The total length of fracture 𝐵 obtained by280
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FIGURE 14 Case I: (a) SIF evolution with time for the second propagation step; Red: fractures 𝐴 and 𝐶; Blue: fractures 𝐵;
Dashed lines: approximated SIF evolution with time; Solid lines: actual SIF evolution with time. (b) Comparisons of predicted
and actual Δ𝑡.

the two models is in agreement at the end of the simulation. Different advancement schemes of Δ𝑎 and various time-step sizes281

taken in each fracture propagation step cause slight final fracture length differences.282

In fig. 14a, the SIF growth rates predicted by eq. (26) are compared to the actual ones obtained at the second propagation283

step. The predicted weakest tip agrees with the actual and yields a very close Δ𝑡 that will result in 𝐾𝑒𝑞
𝐼 = 𝐾𝑐𝑟. In fig. 14b, the284

predicted Δ𝑡 follows the actual Δ𝑡 curve throughout the simulation very well. The majority of the prediction errors are below285
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FIGURE 15 Case I: solver performance; (a) nonlinear iterations over the course of simulation of the first order scheme; (b)
nonlinear iterations over the course of simulation of the zero order scheme; (c) comparison of the nonlinear iterations of two
schemes.

20%. Although the model incorrectly identifies the fastest tip at the seventh step, the error of predicted Δ𝑡 falls far below 20%,286

which indicates that the predicted states are close to the actual states.287

We can also observe that a prediction of the weakest tip as the available intercept value in fig. 14a (or 𝐾𝑒𝑞,∗
𝐼,𝑐 equivalently) will288

violate the equilibrium propagation criterion at the convergence of the nonlinear solve. We refer to that approximation as the289

zero-order scheme, and note that it follows algorithm 1 except for the exclusion of the estimates of 𝑑𝐾𝑒𝑞
𝐼 ∕𝑑𝑡, 𝒖 and 𝑝𝐹 (line 3290

in algorithm 1). The nonlinear performance of the zero and first-order schemes are reported in fig. 15. In fig. 15b, there are 10291

out of 17 propagation steps yielding a false prediction by a selection of the weakest tip. As a result, the cumulative nonlinear292
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FIGURE 16 Case I: pressure and aperture of fracture 𝐴 and 𝐵 at two different time, 30 s and 66 s; (a) pressure profile; (b)
aperture profile.

iteration number is two times as large as that in the first-order scheme in fig. 15c. This shows that neglecting the first-order role293

of injection rate, and direct application of the instantaneous SIF to identify the weakest tip can be misleading.294

The pressure and aperture at two times are plotted in fig. 16. Fracture 𝐵’s pressure profile is almost constant at the two295

observed times. Due to interaction, the aperture of fractures 𝐴 and 𝐶 within the range influenced by 𝐵 is much smaller than296

parts surpassing 𝐵. As a result, smaller permeability results in a drastic pressure drop along fracture 𝐴 over the range occupied297

by fracture 𝐵.
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FIGURE 17 Case II: comparison of Δ𝑎 models; (a) fracture propagation paths at the end of simulation; (b)fracture length over
the course of simulation. Red lines: "Δ𝑎(𝐾𝑒𝑞

𝐼 ) model", blue lines: "Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model".

298
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28 Ren and Younis

4.2.2 Case II299

In this case, the injection rates are 0.002, 0.0014 and 0.001 m2∕s for fractures 𝐴, 𝐵 and 𝐶 respectively. Due to the nonuniform300

spacing as well as the different injection rates, all three fractures propagate at different speeds. The simulation ends after 16301

propagation steps when fracture 𝐴 approaches the domain’s boundary.302
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FIGURE 18 Case II: solver performance; (a) nonlinear iterations over the course of simulation; (b) comparisons of predicted
and actual Δ𝑡.

As can be seen in fig. 17, the fracture propagation path 𝐵 tends to incline upwards. Moreover, it deviates from fracture 𝐶 due303

to a smaller spacing between 𝐵 and 𝐶 than 𝐵 and 𝐴. Fractures 𝐴 and 𝐶 again restrict the growth of fracture 𝐵 despite the higher304

injection rate. Two propagation models yield almost identical fracture paths. However, the Δ𝑎(𝐾𝑒𝑞
𝐼 ) model over-estimates the305
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Ren and Younis 29

propagation speed for fracture 𝐶 at early times and fracture 𝐵 for most of the simulation time. Therefore, repetitive propagation306

and static cycles are observed. Both models present the same propagation length at the end of the simulation time.307

Throughout the simulation, as shown in fig. 18a, most propagation steps require 3 to 4 nonlinear iterations to converge.308

Iterations 2, 3, 5, and 8 show incorrect initial predictions of the weakest tip. The predicted and actual 𝐾𝑒𝑞
𝐼 are all very close to the309

critical state, 𝐾𝑐𝑟. For example, the most significant difference in Δ𝑡 is observed at step 8. However, it is below 13% as shown310

in fig. 18b, and 7 or 8 nonlinear iterations in total are needed to solve those falsely predicted propagation steps. Except for those311

failed prediction steps, the remainder of the predicted Δ𝑡 follow the actual Δ𝑡 growth path, and the errors are controlled to within312

10%.313
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FIGURE 19 Case III: comparison of Δ𝑎 models; (a) fracture propagation paths at the end of simulation; (b) fracture length over
the course of simulation. Red lines: "Δ𝑎(𝐾𝑒𝑞

𝐼 ) model", blue lines: "Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model".

4.2.3 Case III314

In this case, we set a longer initial length of fracture 𝐵 compared to fractures 𝐴 and 𝐶 . Additionally, the injection rate into 𝐵 is315

0.0015 m2∕s, which is lower than those into𝐴 and𝐶 (0.0020 m2∕s). Therefore,𝐵 will initially face less resistance to propagation316

from 𝐴 and 𝐶 , but 𝐴 and 𝐶 will chase the propagation of 𝐵 due to their higher injection rates. The simulation is ended after317

18 propagation steps when fractures approach the domain’s boundary. As shown in fig. 19a, the final length of fracture 𝐵 is318

shorter than fractures 𝐴 and 𝐶 . The length evolution of the three fractures is shown in fig. 19b. Fracture 𝐵’s propagation speed319

drops as the other tips approach until its propagation is arrested. After 𝐴 and 𝐶 propagate farther away from 𝐵 at around 30 sec,320

fracture 𝐵 starts to propagate again. The two propagation models yield almost identical fracture paths. However, after fracture321

𝐵 restarts propagation, the Δ𝑎(𝐾𝑒𝑞
𝐼 ) model overestimates the speed and induces a sustained stair-casing pattern. The nonlinear322
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FIGURE 20 Case III: solver performance; (a) nonlinear iterations over the course of simulation; (b) comparisons of predicted
and actual Δ𝑡.

performance, in this case, ranges from 3 to 5 iterations for converge as shown in fig. 20. The predicted Δ𝑡 follows the actual Δ𝑡,323

and the error in prediction falls below 30% in most propagation steps. In addition, as shown in fig. 19b, notice that a staircase324

pattern is exhibited at 30s even when using the proposed method. This time corresponds to the instant at which fracture 𝐵 re-325

initiates propagation after arrest. Since, at this time, it is not the fastest propagating tip, our proposed method will not guarantee326

the prevention of the staircase pattern. However, it provides a good approximation of Δ𝑎 to suppress subsequent stair casing.327
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4.3 Test of robustness and computational performance328

The initial fracture configuration and injection rates of each fracture are shown in figs. 21a and 21b, and the simulation parameters329

are provided in table 2.330

We first compare the final fracture patterns and length evolution profiles obtained using the different Δ𝑎 models (figs. 21c331

and 21d). The Δ𝑎(𝐾𝑒𝑞
𝐼 ) model fails to converge after 13 secs. As we can see from fig. 21d, the Δ𝑎(𝐾𝑒𝑞

𝐼 ) model also overestimates332

the fracture speed and causes asynchronous propagation (one fracture propagates while others remain static). The convergence333

failure occurs when the newly introduced fracture segment is too long and causes a closure of the fracture surfaces in the next334

propagation step. On the other hand, the Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model yields a smooth length evolution profile.335

In fig. 22a, the number of fracture tips satisfying the propagation criterion (i.e., 𝑐 ∈ ) is compared. Compared to the336

Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model, the Δ𝑎(𝐾𝑒𝑞

𝐼 ) model does not synchronize all fractures into the propagation regime, and only two fractures337

remain in a stable propagation by the time the solution process fails. fig. 22b presents the evolution in 𝐾𝑒𝑞
𝐼 for the fracture at338

the bottom of the domain using both methods. A relatively flat curve is obtained using the Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model, and the SIF only339

falls below the critical propagation value once during the simulation. However, using the Δ𝑎(𝐾𝑒𝑞
𝐼 ) model, the fracture cycles340

between propagation and static states.341

fig. 23 shows a comparison between the predicted and computed time step sizes during the simulation. The relative differences342

are confined to within 20% except at the fourth step (40% relative error).343

In this case, we also compare the simulation efficiency of using the proposed scheme (eq. (32)) compared to the SS approach344

that solves the state variables and time step size using a nested sequential solution. The solution will converge until the stress345

intensity factor reaches the critical value. The preprocessing in SS is identical to the time-continuation scheme. The outer loop346

stops if 𝜖 =
∣𝐾𝑒𝑞,𝜈

𝐼,𝑐 −𝐾𝑐𝑟∣

𝐾𝑐𝑟
< 0.05% is satisfied. In the inner loop, the coupled hydro-mechanics is dealt with by the Newton’s method347

for a time step Δ𝑡𝜈+1. The comparison of two schemes is plotted in fig. 24. The total number of nonlinear iterations for solving348

state variables is counted and reported for SS. There is close to 50% reduction on the cumulative nonlinear iterations using the349

time-continuation scheme. The performance difference is mainly caused by the less efficient outer loops in SS scheme.350

5 CONCLUSIONS351

In this work, a time-continuation fluid-driven fracture propagation method has been proposed. In order to improve the effi-352

ciency and robustness of the solver, we design an initialization procedure and a priori estimate of the SIF growth rate. The353

Δ𝑎(𝐾𝑒𝑞
𝐼 ) model29,15 has been modified to include the fracture speed information and yield a more smooth length curve during354

the propagation. The simulation model has been verified for the KGD model, and the propagation solver also shows its excellent355

performance compared to another existing method. In scenarios of multiple fracture propagation, the propagation solver in most356
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FIGURE 21 (a) Initial fracture configuration; (b) Injection rates for each fracture; (c) Final fracture configuration; (d) Fracture
length evolution of two fractures at the bottom of the domain; "Δ𝑎(𝐾𝑒𝑞

𝐼 ) model" fails to converge after 13 secs. Red lines:
"Δ𝑎(𝐾𝑒𝑞

𝐼 ) model", blue lines: "Δ𝑎(𝐾𝑒𝑞
𝐼 , 𝑣𝑐) model".

of cases can find the weakest fracture tip and yields a very close prediction of the time step. As a result, only 3 to 5 iterations357

are required during each propagation step. The comparison of the proposed scheme to the SS scheme shows that there is a great358

reduction in the total number of iterations.359
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FIGURE 22 (a) Comparison of the number of fractures in  at each propagation step; (b) Comparison of 𝐾𝑒𝑞
𝐼 variations of the

fracture at the bottom at each propagation step. Red lines: "Δ𝑎(𝐾𝑒𝑞
𝐼 ) model", blue lines: "Δ𝑎(𝐾𝑒𝑞

𝐼 , 𝑣𝑐) model".

FIGURE 23 Comparisons of predicted and actual Δ𝑡.
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APPENDIX370

A COMPUTING THE SIF AND ITS DERIVATIVE THROUGH THE J INTEGRAL371

Under the assumption of linear elasticity,𝐾𝐼 and𝐾𝐼𝐼 are calculated using the J integral. The auxiliary is chosen as the asymptotic

tip analytical solution of mode I and II fractures. Denoting the solution fields (stress, strain, and displacement) with superscript

(1), and the auxiliary fields under modes I and II with superscripts (2)𝐼 and (2)𝐼𝐼 respectively and reads

𝐼𝐼,𝐼𝐼 = ∫
𝜌

[

𝜎(1)
𝑖𝑗

𝜕𝑢(2)𝐼,𝐼𝐼𝑖

𝜕𝑥∗1
+ 𝜎(2)𝐼,𝐼𝐼

𝑖𝑗

𝜕𝑢(1)𝑖

𝜕𝑥∗1
− 𝜎(1)

𝑖𝑗 𝜀
(2)𝐼,𝐼𝐼
𝑖𝑗 𝛿1𝑗

]

𝜕𝑞
𝜕𝑥∗𝑗

𝑑𝑆 + ∫
(𝛾+𝑐 ∪𝛾−𝑐 )∩𝜌

𝑝𝐹 𝑞
𝜕𝑢(2)𝐼,𝐼𝐼2

𝜕𝑥∗1
𝑑Γ, (A1)

Einstein notation is adopted as a convention in this section where 𝐵 (𝒂, ℎ) is a ℎ-neighborhood around the tip, 𝒏 is the outward

unit-normal to the neighborhood, 𝑥∗𝑖 denotes the local coordinate system at the fracture tip, and the transformation matrix

between the local and global coordinates, 𝑖𝑗 , is

 =

⎡

⎢

⎢

⎢

⎣

cos 𝜃 sin 𝜃

− sin 𝜃 cos 𝜃

⎤

⎥

⎥

⎥

⎦

,
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Ren and Younis 35

where 𝜃 is the angle between the local and global coordinates, and 𝑝𝑓 is the net pressure on the fracture surface in the linear

elastic material case. The 𝐾𝐼,𝐼𝐼 now becomes

𝐾𝐼,𝐼𝐼 = 𝐸′𝐼𝐼,𝐼𝐼 , (A2)

where 𝐸′ is equal to Young’s modulus, 𝐸 under the plane stress condition and equal to 𝐸∕(1 − 𝑣2) under the plane strain

condition. Considering that 𝑢𝑖𝐼 , 𝑖 = 1, 2 𝐼 = 1, ..., 𝑁 (𝑁 the number of nodes) are the nodal displacement, the approximation

of 𝑢𝑖 of an arbitrary point 𝒙 can be

𝑢𝑖 = Φ𝐼 (𝒙)𝑢𝑖𝐼 , (A3)

where Φ𝐼 is the compact form of shape function and 𝒙 ∈ supp(Φ𝐼 ). Terms with superscripts (2)𝐼, 𝐼𝐼 are auxiliary states and

hence kept constant when differentiating the 𝐼𝐼,𝐼𝐼 with respect to 𝒖 and 𝑝𝐹 . Then the following terms are required to compute

derivatives and the superscript (1) is omitted here:

𝜕
𝜕𝑢𝑘𝐾

𝜕𝑢𝑖
𝜕𝑥∗1

= 𝜕
𝜕𝑢𝑘𝐾

( 𝜕𝑢𝑖
𝜕𝑥1

𝜕𝑥1
𝜕𝑥∗1

+
𝜕𝑢𝑖
𝜕𝑥2

𝜕𝑥2
𝜕𝑥∗1

)

=
(

11
𝜕Φ𝐼

𝜕𝑥1
+ 21

𝜕Φ𝐼

𝜕𝑥2

)

𝛿(𝑖𝐼)(𝑘𝐾). (A4)

Similarly, the 𝜎𝑖𝑗 in the local coordinates 𝒙∗ with respect to the nodal displacement 𝑢𝑘𝐾 is

𝜕𝜎𝑖𝑗
𝜕𝑢𝑘𝐾

= 𝜕
𝜕𝑢𝑘𝐾

[

𝑖𝑚𝑗𝑛
(

𝜆𝛿𝑚𝑛𝑢𝑙,𝑙 + 𝜇(𝑢𝑚,𝑛 + 𝑢𝑛,𝑚)
)]

= 𝑖𝑚𝑗𝑛
[

𝜆
𝜕Φ𝐿

𝜕𝑥𝑙
𝛿𝑚𝑛𝛿(𝑙𝐿)(𝑘𝐾) + 𝜇

(𝜕Φ𝑀

𝜕𝑥𝑛
𝛿(𝑚𝑀)(𝑘𝐾) +

𝜕Φ𝑁

𝜕𝑥𝑚
𝛿(𝑛𝑁)(𝑘𝐾)

)]

. (A5)

where 𝛿()() is the Kronecker delta that compares the quantity in (). Therefore, substitution of eqs. (A4) and (A5) into eq. (A1),

and the derivative of 𝐼𝐼,𝐼𝐼 to 𝑢𝑘𝐾 is

𝜕𝐼𝐼,𝐼𝐼

𝜕𝑢𝑘𝐾
= ∫

𝜌

{

𝑖𝑚𝑗𝑛
[

𝜆
𝜕Φ𝐿

𝜕𝑥𝑙
𝛿𝑚𝑛𝛿(𝑙𝐿)(𝑘𝐾) + 𝜇

(𝜕Φ𝑀

𝜕𝑥𝑛
𝛿(𝑚𝑀)(𝑘𝐾) +

𝜕Φ𝑁

𝜕𝑥𝑚
𝛿(𝑛𝑁)(𝑘𝐾)

)

]

(𝜕𝑢(2)𝐼,𝐼𝐼𝑖

𝜕𝑥∗1
− 𝜀(2)𝐼,𝐼𝐼𝑖𝑗 𝛿1𝑗

)

+ 𝜎(2)𝐼,𝐼𝐼
𝑖𝑗

(

11
𝜕Φ𝐼

𝜕𝑥1
+ 21

𝜕Φ𝐼

𝜕𝑥2

)

𝛿(𝑖𝐼)(𝑘𝐾)

}

𝜕𝑞
𝜕𝑥∗𝑗

𝑑𝑆,

(A6)

and since the derivative of fracture pressure 𝑝𝐹 ,𝑖 with respect to 𝑝𝐹 ,𝑘 is simply 𝛿𝑖𝑘, we obtain:

𝜕𝐼𝐼,𝐼𝐼

𝜕𝑝𝐹 ,𝑘
= ∫
𝜸𝑐∩𝜌

2
(

𝜕𝑞
𝜕𝑥∗1

𝜕𝑝𝐹
𝜕𝑝𝐹 ,𝑘

+ 𝑞
𝜕2𝑝𝐹

𝜕𝑥∗𝜕𝑝𝐹 ,𝑘

)

𝑢(2)𝐼,𝐼𝐼2 𝑑Γ = ∫
𝜸𝑐∩𝜌

2
(

𝜕𝑞
𝜕𝑥∗1

𝛿𝑖𝑘 +
𝑞

Δ𝑥∗
(

𝛿𝑖𝑘 − 𝛿𝑗𝑘
)

)

𝑢(2)𝐼,𝐼𝐼2 𝑑Γ, (A7)

where 𝑖 is the cell number and 𝑗 = adjFF(𝑖).372

DATA AVAILABILITY STATEMENT373

The data that support the findings of this study are available from the corresponding author upon reasonable request.374
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