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Abstract

This work presents a viscoplastic localization criterion to detect quasi-instantaneous (i.e.,
load-induced) and delayed (creep-induced) strain localization in rate-dependent solids. The
study is based on the theory of controllability and a viscoplastic description of the me-
chanical response. Analytical precursors of unstable states are defined through systems of
ordinary differential equations (OEDs). The use of the proposed criteria is illustrated at
the material point level through a set of strain localization analyses simulating active strain
localization of a porous rock. In addition, full-field finite element simulations of compres-
sion tests conducted under various pressures are reported to demonstrate the role of local
unstable viscoplasticity in the spontaneous propagation of deformation bands under sta-
tionary boundary conditions. The study shows that the viscoplastic localization criterion
maintains a negative sign as long as the behavior is unstable, i.e., the rate of deformation
is accelerating. The sign switch coincides with the transition to decelerating deformation.
The analyses revealed that pulses of overstress always emerge in correspondence with the
growth of unstable behavior, and the peak matches the transition to stable behavior. The
local responses recovered from full-field analyses were consistent with those observed in
analyses at material point level and the predictions of the presented theory.
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1 Introduction

The concentration of permanent strain in relatively narrow bands (i.e, strain localiza-
tion) is commonly observed both in natural and man-made structures at the verge of failure
[1, 2]. In the domain of mechanics, strain localization has been extensively studied both
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from an experimental [3–6] and a numerical standpoint [7–11]. From a mathematical stand-
point, strain localization is typically addressed as a bifurcation problem [12–14], i.e., a
condition at which non-homogeneous solutions of the underlying nonlinear field equations
become possible without violations of equilibrium or compatibility. At the local material
point level, such circumstances typically involve the loss of uniqueness and/or existence of
the incremental constitutive response [15]. This type of heterogeneous inelastic deforma-
tion can be predicted by the standard strain localization theory [16–22], a framework which
has been successfully applied to the analyses of localized failure in geomaterials simulated
within the constitutive framework of elastoplasticity [23–27]. In this context, further insight
on the mechanisms facilitating strain localization can be gained with the concepts of test
controllability [28–31], an approach able to identify impending loss of strength as a function
of the static-kinematic conditions prevailing within a deformation band.

The works mentioned above have contributed to the assessment of strain localization
in geomaterials. In most cases, however, they are restricted to time- and rate-independent
analyses, in which strain localization is caused exclusively by loading processes regardless of
the time frame in which they are applied. In contrast with this standard approach, consid-
erable evidence exists time and rate effects may influence the strain localization behavior.
This is for instance due to phenomena such as creep, which may degenerate into rapid strain
acceleration precurring spontaneous failure [32–36]. Similarly, recent experimental studies
have shown that delayed strain localization and accelerating deformations can emerge in
ring shear creep tests [37–39]. In the domain of rock mechanics, experiments have shown the
accumulation of non-negligible creep under a wide range of confinement conditions, includ-
ing those conductive of strain localization upon sustained shear. Such effects retain some of
the well-known attributes of strain localization in rock, such as pressure-dependence [40–45]
and major microstructural alterations [46–50]. In addition, the time-dependence manifest-
ing in the form of creep has been found to lead to the delayed propagation of localized
deformation zones [51–55].

Although elastoplasticity is a powerful tool to reproduce the instantaneous inelastic
behavior of geomaterials, it cannot capture the above mentioned forms of delayed strain
localization emerging both in soils and rocks. By contrast, elasto-viscoplasticity can be
used as a powerful tool to model the time-dependent deformation [56–60], thus simulating
the delayed growth of deformation bands and the corresponding strain acceleration dur-
ing creep. In this context, the so-called overstress approach [61] (also referred to as the
overstress approach) can be regarded as one of the most widely used frameworks to repro-
duce the time-dependent response of a wide range of geomaterials [62–66] and regularize
ill-posed boundary value problems associated with strain softening [9, 67–69]. Despite these
advantages, the analytical identification of delayed localized deformation can be challenging
in that the standard strain localization theory and controllability theory are not directly
applicable to elasto-viscoplasticity. In this context, recent contributions by Pisanò and Di
Prisco [70] provide an alternative methodology to identify strain acceleration in viscoplastic
solids subjected to stationary external perturbations. According to this approach, the evo-
lution rate of the response variables is expressed through a system of ordinary differential
equations (ODEs). By examining the eigenvalues of the resulting time-varying constitutive
operator, transitions from stable to unstable states (and viceversa) can be identified. This
methodology can be readily specialized to particular types of geomaterial inelastic deforma-
tion issues, as recently shown with reference to the static liquefaction of loose sand [71, 72]
and the unstable compaction creep of porous rocks [73, 74].

In this paper, we further expand this line of research by generalizing the approach used
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by Shahin et al. [74] for pure compaction bands to any type of shear band kinematics,
including those characterized by concurrent shear and volume change. Specifically, we pro-
pose a viscoplastic localization criterion to characterize the onset of quasi-instantaneous
and delayed strain localization in rate-dependent solids. The proposed criterion is derived
for general modes of strain localization, thus encompassing arbitrary inclination of the ac-
tive band and the consequent deformation kinematics. In analogy with previous studies,
such result is obtained by formulating a nonlinear OEDs system to link accelerations of
the response variables to their time rate. This strategy enables the derivation of precursors
that identify unstable evolution of material response (i.e., accelerating deformation growth)
inside the spontaneously propagated strain localized bands under stationary external per-
turbations. It is shown from strain localization analyses at the material point level and
full-field finite element numerical simulations that the presented viscoplastic localization
criterion is capable of predicting the onset of different modes of quasi-instantaneous strain
localization and identifying the unstable and stable phases of response variables evolution.
The paper is structured as follows. Section 2 presents the derivations of the theory in detail.
Section 3 describes the constitutive model and model calibration. Section 4 reports on strain
localization analyses by constitutive equations at the material point level. Section 5 gives
the numerical simulations of a full-field sample. Section 6 outlines the main conclusions of
the proposed analyses.

2 Theoretical Interpretation of Strain Localization

Material inelasticity in the form of delayed strain localization featured by strain jump,
i.e., accelerating strain evolution, can be found under stationary external perturbations
[51]. In order to examine such events through the lens of viscoplasticity, it is convenient to
refer to the constitutive response inside the localized band. Let us therefore consider the
following partition: {

σ̇α

σ̇β

}
=

[
De

αα De
αβ

De
βα De

ββ

] {
ε̇α − ε̇vpα
ε̇β − ε̇vpβ

}
(1)

where, σ̇α and ε̇β are the controlled loading variables, while ε̇α and σ̇β are the response
variables. By considering the deformation kinematics of the strain localized bands, i.e.,
intense localized shearing inside a thin area, it is reasonable to assume that the deformation
kinematic inside the bands can be described as a simple shear mode [31] (Fig. 1). As a re-

sult, the control parameters are expressed as
{
σ̇α ε̇β

}
=
{
σ̇11 τ̇12 ε̇22 ε̇33 γ̇23 γ̇13

}T
,

while the response variables are expressed as
{
ε̇α σ̇β

}
=
{
ε̇11 γ̇12 σ̇22 σ̇33 τ̇23 τ̇13

}T
(see Appendix A for details). De

αα, D
e
αβ, D

e
βα, and De

ββ are the partitioned elastic ten-

sors, which can be obtained from the conventional elastic tensor through Appendix B. ε̇vpα
and ε̇vpβ are the partitioned viscoplastic strain rate components.

In this paper, the viscoplastic behavior is modeled using the overstress approach pro-
posed by Perzyna [61]. This approach used a viscous nucleus function, Φ, that depends on
the distance between the stress state exceeding the elastic domain (the so-called overstress)
and the yield surface. As a result, the viscoplastic strain rate can expressed as:

{
ε̇vpα
ε̇vpβ

}
= Φ(f)





∂g

∂σα
∂g

∂σβ





(2)
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Figure 1: Schematic diagram of strain localization, inside which the simple shear kinematics
is shown. Rotation is applied by θ, the angle between normal direction of the localized band
and the direction of the maximum compressive stress.

where, the function g(σ) is the plastic potential. This formulation allows for the incorpo-
ration of time effects associated with a number of unspecified microscopic processes, which
may include microscopic inertia, wave propagation, and stress-controlled reaction kinetics
at crack surfaces [75]. In order to conduct strain localization analyses, the inclination of
the localized band should be considered (Fig. 1). To this end, a rotated reference system
needs to be further taken into account. The rotation is applied by an angle θ, i.e, the
angle between normal direction of the localized band and the direction of the maximum
compressive stress, and can be imposed using a directional cosine matrix, T (Appendix A).
Correspondingly, the rotated stress rate vector, strain rate vector and elastic constitutive
tensor can be expressed as:

σ̇R = T · σ̇ (3a)

ε̇R =
{
T T
}−1 · ε̇ (3b)

De,R = TDeT T (3c)

It is readily apparent that Eqs. 1 through 3 describe the simple shear constitutive re-
sponse in the rotated reference system. Using these equations, the rate-dependent response
variables ε̇Rα and σ̇R

β can be derived as follows:

ε̇Rα = Φ
∂g

∂σR
α

+
(
De,R

αα

)−1
σ̇R
α −

(
De,R

αα

)−1
De,R

αβ

(
ε̇Rβ − Φ

∂g

∂σR
β

)
(4)

σ̇R
β = De,R

βα

(
De,R

αα

)−1
σ̇R
α +

(
De,R

ββ +De,R
βα

(
De,R

αα

)−1
De,R

αβ

)(
ε̇Rβ − Φ

∂g

∂σR
β

)
(5)

which can be expressed in the following matrix form:

{
ε̇Rα
σ̇R
β

}
= A

{
σ̇R
α

ε̇Rβ

}
+ΦB





∂g

∂σR
α

∂g

∂σR
β





(6)

where,

A =

[
Aαα Aαβ

Aβα Aββ

]
=




(
De,R

αα

)−1
−
(
De,R

αα

)−1
De,R

αβ

De,R
βα

(
De,R

αα

)−1
De,R

ββ +De,R
βα

(
De,R

αα

)−1
De,R

αβ


 (7a)
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B =

[
Bαα Bαβ

Bβα Bββ

]
=

[
Iαα −Aβα

Oβα −Aββ

]
(7b)

In the above expressions, Iαα is the identity matrix, and Oβα is a null matrix.
By formulating the acceleration of the response variables, i.e, ε̈Rα and σ̈R

β , the following
set of equations can be obtained:

ε̈Rα = F a
ε +

dΦ

dt

(
∂g

∂σR
α

+Bαβ

∂g

∂σR
β

)
+Φ

(
d

dt

∂g

∂σR
α

+
d

dt
Bαβ

∂g

∂σR
β

)
(8)

σ̈R
β = F a

σ +
dΦ

dt
Bββ

∂g

∂σR
β

+Φ
d

dt
Bββ

∂g

∂σR
β

(9)

where, F a
ε = Aαασ̈

R
α +Aαβε̈

R
β ,and F a

σ = Aβασ̈
R
α +Aββε̈

R
β .

In Eqs. 8 and 9, the time derivatives of the viscous nucleus is derived as:

dΦ

dt
= −∂Φ

∂f



HΦ−HχΦ−

(
∂f

∂σR
α

T +
∂f

∂σR
β

TAβα

)
σ̇R
α +

∂f

∂σR
β

TAββε̇
R
β

︸ ︷︷ ︸
Hσε




︸ ︷︷ ︸
HINΦ

(10)

where, H = − ∂f

∂εp
∂g

∂σ
is the hardening modulus that can be computed according to a specific

constitutive behavior, and Hχ is expressed as follows:

Hχ = − ∂f

∂σR
β

TAββ

∂g

∂σR
β

(11)

In the above equation, Hχ represents a term that reflects the imposed control conditions
(i.e., the combination of imposed stress and strain increments). For these reasons, this term
is referred to as modulus of controllability [30]. For the analyses conducted in this work,
Hχ has been specialized to simple shear control conditions.

In Eqs. 8 and 9, the time derivative of the plastic potential can be developed as follows:

d

dt

∂g

∂σR
α

+
d

dt
Bαβ

∂g

∂σR
β

= F b
ε +

(
∂2g

∂σR
α ∂σR

β

+Bαβ

∂2g

∂σR2

β

)
σ̇R
β (12)

d

dt
Bββ

∂g

∂σR
β

= F b
σ +Bββ

∂2g

∂σR2

β

σ̇R
β (13)

where, F b
ε =

(
∂2g

∂σR2

α

+Bαβ

∂2g

∂σR
β ∂σR

α

)
σ̇R
α , and F b

σ = Bββ

∂2g

∂σR
β ∂σR

α

σ̇R
α

Using Eqs. 6 through 13, the acceleration of the response variables can be rewritten as:

{
ε̈Rα
σ̈R
β

}
= F +

(
−∂Φ

∂f
HIN

)[
Bαα Bαβ

Bβα Bββ

]




Φ
∂g

∂σR
α

Φ
∂g

∂σR
β





+Φ




∂2g

∂σR
α∂σR

β

+Bαβ

∂2g

∂σR2

β

Bββ

∂2g

∂σR2

β


 σ̇R

β

(14)
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where, F =

{
F a
ε +ΦF b

ε

F a
σ +ΦF b

σ

}
is a vector of forcing terms.

Considering the constraints of simple shear deformation, i.e, ε̇Rβ = 0 (Appendix A), and

the creep condition, i.e., σ̇R
α = 0 (also referred to as stationary external perturbations), the

underlying ODEs system governing the inclined simple shear deformation process can be
finally obtained as: {

ε̈Rα
σ̈R
β

}
= Z

{
ε̇Rα
σ̇R
β

}
+ F (15)

where,

Z =

[
Zαα Zαβ

Zβα Zββ

]
=




−∂Φ

∂f
HINIαα Φ

(
∂2g

∂σR
α∂σR

β

+Bαβ

∂2g

∂σR2

β

)

Oβα −∂Φ

∂f
HINIββ −ΦAββ

∂2g

∂σR2

β




(16)

In the above expression, Iββ is the identity matrix.
In Eq. 15, F and Hσε vanish for creep loading conditions [70]. It is apparent that

the ODEs system summarized in Eq. 14 governs the acceleration of response variables
through the time-varying matrix Z. As a result, the acceleration of response variables
under constant stress state (i.e., creep loading condition) is controlled by the eigenvalues of
Z. By inspecting Eq. 15, it can be noticed that negative eigenvalues cause a decelerating
evolution of the response variables rate, which is seen as a stable response, while positive
eigenvalues bring about an accelerating evolution of the response variables rate, which is
seen as an unstable response. Therefore, in order to evaluate the stability of the ODEs
system, the sign of the eigenvalues of Z needs to be tracked. Obviously, the eigenvalues
of Z consist of the eigenvalues of Zαα and Zββ, the former is a diagonal matrix and the
latter is the sum of a diagonal matrix and a full matrix. Each ith eigenvalue λi

αα of Zαα

can be expressed as:

λi
αα = −∂Φ

∂f
(H −Hχ) ∈ Λ (Zαα) (17)

and each ith eigenvalue λi
ββ of matrix Zββ can be expressed as:

λi
ββ = −∂Φ

∂f
(H −Hχ)−M i ∈ Λ (Zββ) (18)

where, M i are eigenvalues of matrix ΦAββ

∂2g

∂σR2

β

, e.g.,

M i ∈ Λ (C) C = ΦAββ

∂2g

∂σR2

β

(19)

M i are all positive because C is positive definite under the condition that the plastic
potential g is convex [70], indicating that λi

αα > λi
ββ is always fulfilled during creep. This

means that the response variables evolve stably, i.e., show a decaying evolution, under
the condition that HIN = H − Hχ > 0 (since all eigenvalues of Z are negative). By
contrast, when HIN = H−Hχ < 0, an accelerating evolution of the corresponding response
variable rate could happen (since some of the eigenvalues become positive), which indicates

6
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an unstable response. As a result, HIN = H − Hχ > 0 acts as a sufficient condition for
viscoplastic stability.

It should be noted here that the viscoplastic localization criterion HIN summarized
in this section can also be derived from the controllability theory under the elastoplastic
framework (see [30]). This criterion is equivalent to the standard theory [16, 76] for iden-
tification of quasi-instantaneous (i.e., load-induced) strain localization in rate-independent
materials, in that both predict the inception of localized deformation by capturing the con-
ditions fulfilled by the material at the point in which the acoustic tensor exhibits singularity
(see [31]). However, standard strain localization theory is not applicable to the detection
of delayed (creep-induced) strain localization in rate-dependent solids, while through the
mathematical method in this section, the criterion described in this paper can be extended
to detect the creep-induced acceleration of the response variables inside deformation bands.

In the following, the applicability of the theory on interpreting of quasi-instantaneous
and delayed strain localization will be verified using analyses at the material point level and
full-field numerical simulations of a full-field sample. For this purpose, the theory will be
linked to a specific elasto-viscoplastic constitutive model.

3 Constitutive Modeling

3.1 Mathematical Formalism

The analytical framework discussed above is here combined with a specific strain-
hardening viscoplastic constitutive model. The elastoplastic version of this model was
proposed by Nova and co-workers [77, 78]. The model incorporates hardening and soft-
ening mechanisms to replicate the active processes in soft rocks/hard soils. Extensive work
has illustrated its ability to capture the mechanical response of sands [31] and porous rocks
[9, 25]. Recent work has also shown its ability to capture the time-dependent behavior of
sandstones [74]. Both the yield function and plastic potential are described by the expres-
sion proposed by Lagioia et al. [79], given by:

f

g

}
=
(
A

K1h/Ch

h ·B−K2h/Ch

h

)
P − P ⋆

c (20a)

Ah = 1 +
η⋆

K1hMh
(20b)

Bh = 1 +
η⋆

K2hMh
(20c)

Ch = (1− µh) (K1h −K2h) (20d)

where, the function K1h,2h is defined as:

K1h,2h =
µh (1− αh)

2 (1− µh)

(
1±

√
1− 4αh (1− µh)

µh (1− αh)
2

)
(21)

where, p = σkk/3 is the mean stress (positive in pressure), q =
√

3/2sijsij is the equivalent
shear stress, sij = σij − pδij is the deviatoric stress, and η⋆ = q/ (p+ Pt) is modified stress
ratio. The variable Pc is the hydrostatic yield stress and is formulated by combing the

7
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hardening variables Ps and Pm, i.e., P ⋆
c = Ps+Pm+Pt, where Pt = κPm is the tensile stress.

Ps and Pm reflect the contributions of the skeleton packing and intergranular cementation.
The shape of the two surfaces in Eqs. 20 and 21 is controlled by the parameters, Mh, µh,
and αh, for which the subscript h makes reference to either the yield surface (h ⇒ f , e.g.,
Mf , µf , and αf ) or the plastic potential (h ⇒ g, e.g., Mg, µg, and αg). These parameters
can be used in a versatile manner to replicate different shapes of the elastic domain and
non-associative plastic flow, and can be readily calibrated based on the experimental data.
The hardening rules of this model can be expressed as:

Ṗs =
Ps

Bp
ε̇pv (22)

Ṗm = −ρmPm (|ε̇pv|+ ξmε̇ps) (23)

where, Bp, ρm, and ξm are material parameters. In the above expressions, Ps plays the
role of the preconsolidation pressure, similar to the hardening law used in Cam-clay models
[80]. By using the hypothesis of material isotropy, the evolution of Ps is associated with the
volumetric plastic strain rate, which reflects hardening mechanisms reflecting irreversible
porosity changes. Such formulation of Ps has been successfully applied to capture hardening
behavior in both saturated and unsaturated soils [31, 81]. By contrast, Pm introduces
softening mechanisms due to volumetric and deviatoric plastic strain. As proposed by Nova
[78], the variable Pm accounts for the strain-softening mechanisms provided by interparticle
bonding degradation and has been successfully used to reproduce inelastic behavior in
cemented granular materials [9]. The interplay between the hardening variables leads to
a contraction or expansion of the yield surface, which affects the localization processes
and post-localization deformation. This constitutive law can be used in its original rate-
independent form, according to which the plastic strains are obtained through a standard
consistency condition, as follows:

ε̇pij = Λ
∂g

∂σij
(24)

where, Λ is a non-negative plastic multiplier. A Rate-dependent mechanical response can
be obtained by converting the model into a viscoplastic form. For this purpose, the plastic
flow rule in Eq. 24 can be modified by replacing the plastic multiplier Λ with an overstress
function Φ(f), as follows:

ε̇vpij = Φ(f)
∂g

∂σij
=

1

ω

[
⟨f⟩
Pc0

]
∂g

∂σij
(25)

where, Pco is the initial hydrostatic yielding stress, the symbol ⟨•⟩ indicates the Macaulay
brackets, and ω is the viscosity factor. The constitutive equations are completed by a linear
elastic relation for the reversible part of the strain increments, as follows:

σ̇ij = De
ijklε

e
kl (26)

De
ijkl =

(
K − 2

3
G

)
δijδkl +G (δikδjl + δilδjk) (27)

where, K and G are bulk modulus and shear modulus, respectively.
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3.2 Model Calibration

Based on the standard strain localization theory [16], Marinelli and Buscarnera [25]
proposed a calibration procedure for the selected constitutive model. In their work, the
model was calibrated with reference to numerous sandstones. Here, the model calibration for
Berea sandstone (Table 1) is used to evaluate the applicability of the viscoplastic localization
criterion since this material exhibits different modes of compaction strain localization in a
wide range of confinements, as show in the experimental studies reported by Baud et al.
[42, 43]. It should be noted that, although the theory presented in this paper can encompass
strain localization processes characterized by either compaction or dilation within the active
localization zone, here only the case of compactive shear bands has been considered, thus
benefiting from previous calibration efforts specific for high porosity rocks (e.g., [25, 74]).

Table 1: List of the constitutive model parameters for Berea sandstone calibrated by
Marinelli and Buscarnera [25].

Symbol Definition of the parameters Berea

K [Mpa] (Eq. 27) Bulk modulus 9550
G [Mpa] (Eq. 27) Shear modulus 7000
µf (Eq. 21) Shape parameter of yield surface 1.3
αf (Eq. 21) Shape parameter of yield surface 0.2
Mf (Eq. 21) Shape parameter of yield surface 1.02
κ Expansion of yield surface in the tensile stress domain 0.025
µg (Eq. 21) Shape parameter of plastic potential 2
αg (Eq. 21) Shape parameter of plastic potential 0.2
Mg (Eq. 21) Shape parameter of plastic potential 1.88
Ps0 [Mpa] Size of the initial elastic domain for cohesionless medium 80
Pm0 [Mpa] Expansion in size of the elastic domain for cemented media 295
Bp (Eq. 22) Isotropic plastic compressibility 0.03
ρm (Eq. 23) Parameter governing volumetric destructuration 3.7
ξm (Eq. 23) Parameter governing deviatoric destructuration 0.5
ω [s] (Eq. 25) Viscosity factor 100

Through the standard strain localization theory [16], it is possible to identify condi-
tions susceptible “strain localization”. Within the elastoplastic framework, the localization
criterion can be expressed as follows:

A (θ) = det
[
nj (θ)D

ep
ijklnl (θ)

]
< 0 (28)

where, θ is the inclination of the strain localized bands, i.e., the angle between the unit
vector, nj , normal direction of the compaction bands and the direction of the maximum
compressive stress (Fig. 1), Dep

ijkl is the elastoplastic constitutive tensor. Vanishing or
negative values of A (θ), i.e., A (θ) ≤ 0, can be used to detect localized deformation modes
at different band inclinations θ. The most likely band inclination θmin can be assessed
according to the minimum of the function A (θ), i.e., A (θmin) = min (A). Fig. 2a shows
the calibrated “localization domains” on yield surface. The thick green, blue, and red
lines represent the formation of shear bands (A (θmin) < 0 < A (θ = 0)), shear-enhanced
compaction bands (A (θmin) < A (θ = 0) < 0), and pure compaction bands (A (θmin) =
A (θ = 0) < 0), respectively. The predicted mechanical response of triaxial compression

9

 10969853, 2022, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nag.3319 by O

ffice O
f Scientific A

nd T
echnical Inform

ation, W
iley O

nline L
ibrary on [04/10/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



A
u
th
or

M
an
u
sc
ri
p
t

This article is protected by copyright. All rights reserved.

tests is shown in Fig. 2b. The comparison between experimental data and model simulations
matched satisfactorily.

Figure 2: Comparison between experimental data and model simulations for Berea sand-
stone: (a) Yield surface and strain localization domains and (b) Mechanical response of
triaxial compression tests. SB indicates shear bands, and CB indicates compaction bands

4 Identification of Strain Localization at the Constitutive
Level

This section discusses analyses of strain localization at the material point level with the
goal to illustrate the use of the proposed controllability criteria. The simulations consist
of two stages: (1) a loading stage bringing the stress state in the proximity of the initial
yield surface and (2) a creep stage simulating strain evolution over time. For the first stage,
plane strain constraints are selected. In order to restrict the pre-creep stress conditions to
a compression regime (i.e., Lode angle = 30◦), horizontal displacements in the plane are
constrained. As for the creep stage, when the stress state reaches the initial yield surface,
the viscoplastic localization criterion for a range of possible inclinations may vanish or turn
negative (i.e., HIN (θ) ≤ 0) and a new control condition is then imposed to conduct a
creep simulation. This new control condition implies simple shear conditions active within
a deformation band with inclination θmin. Such angle corresponds to the minimum value
of HIN (θ), and hence with the deformation band that is most likely to be triggered upon
incremental loading. It should be noted that the use of the term “creep” in the context of
strain localization analyses focuses on the possibility of developing deformation components
compatible with the kinematics of the band (i.e., normal and/or tangential to the plane of
the considered band) once their corresponding stress components are kept constant. To
ease the practical use of HIN (θ) for readers, technical details for computing the modulus
of controllability Hχ is shown in Appendix. B

To study the material response resulting from different initial conditions, four stress
paths starting from different confining pressures (i.e., P1 (P0 = 10MPa), P2 (P0 =
40MPa), P3 (P0 = 140MPa), and P4 (P0 = 250MPa)) are selected to bring the stress
state in the proximity of the initial yield surface, thus intersecting the regions of unstable
shear bands, shear-enhanced compaction bands, and pure compaction bands, and finally
the region outside the domains of strain localization (Fig. 3). The points of intersection
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are numbered from I through IV, respectively. In addition to stress paths inside the elas-
tic domain, Fig. 3 also shows the stress paths during creep stage and the corresponding
expansions of the yield surface. P1, P2, and P3 show very clear expansions of yield sur-
face featured by a similar relative movement between the yield surface and the stress state,
which in agreement to standard viscoplastic formulation is allowed to lay outside the elastic
domain (i.e., non-zero overstress). Specifically, the growth of the stress state is initially
faster due to the initial value of overstress, eventually moving at a slower pace because of
the expansion of the yield surface. P4, however, only shows slight expansion of the yield
surface because of the limited values of overstres at that state, as well as of a predicted
stress path quasi-tangential to the local yield surface (i.e., stress path proximal to neutral
loading). Fig. 4 shows the viscoplastic localization criterion calculated for planes with in-
clination from −90◦ through +90◦ for points I through IV. The predicted modes of strain
localization based on the presented viscoplastic localization criterion match with those pre-
dicted based on the standard strain localization theory. Specifically, both theories indicate
possibilities of shear banding with ±30◦ inclination at point I, shear enhanced compaction
banding with ±21◦ at II, and pure compaction banding at III (see Figs. 4a through 4c). By
contrast, point IV is outside the localization domain, and the viscoplastic localization cri-
terion shows positive values for all inclinations, which suggests that strain localization does
not tend to happen (Fig. 4d). It is readily apparent that the results presented in Fig. 4 indi-
cate that the proposed criterion can satisfactorily detect and interpret quasi-instantaneous
strain localization.

The evolution of creep axial strain is presented in Fig. 5a, which is plotted versus the
normalized time T/Tc, i.e, the ratio between the current time T and total creep time Tc.
P1, P2, and P3 show an initially accelerating evolution of creep axial strain rate followed
by a decelerating evolution of creep axial strain rate, and finally, the creep strain rates of all
three paths tend to be zero. The creep strain rate of P4, however, always exhibits decaying
trend, and finally stabilize to zero. The corresponding histories of deviatoric stress for P1,
P2, P3, and P4 show similar trends to the evolution of creep strain (Fig. 5b). P1, P2, and
P3 show a rapidly growing phase followed by a decaying phase which finally moves towards
stable conditions. The former corresponds to the accelerating evolution of the creep axial
strain rate, while the latter corresponds to the decelerating evolution of the creep axial
strain rate. The evolution trend of deviatoric stress for P4 also shows the same decaying
mode of the creep strain evolution. As mentioned in the previous paragraph, P1, P2, and
P3 show a mismatch of the evolution rate of stress state and yield surface. This mismatch
is featured by the relative movement between the stress state and the yield surface and, in
fact, it determines whether the strain rate accelerates or decelerates. As a result, the viscous
nucleus, Φ, measuring the relative movement between the stress state and yield surface can
be used to identify the strain accelerating and decelerating phases. Fig. 5c shows the
evolution of the viscous nucleus (i.e., a function closely dependent on the overstress) for all
stress paths. The increasing of overstress corresponds to the strain accelerating phase, see
P1, P2, and P3, while the decreasing of overstress indicates the strain decelerating phase, see
P1, P2, P3, and P4. For P1, P2, and P3, the peak of overstress histories coincides with the
transition point of strain accelerating and decelerating phase, as marked by red solid square,
circle, and triangle, respectively. The overstress history of P4 keeps decreasing through out
the creep stage, which is in agreement with the decaying strain rate. It is therefore readily
apparent that the viscoplastic viscoplastic localization criterion proposed in this paper is
efficient in interpreting the dynamics of both stable and unstable creep in geomaterials
susceptible to strain localization. As shown in Fig. 5d, the viscoplastic localization criterion,
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Figure 3: Stress paths of strain localization analyses by constitutive equations: (a) Stress
path P1 (P0 = 10MPa) intersects the yield surface at Point I inside the shear localization
domain (i.e., green region), (b) Stress path P2 (P0 = 40MPa) intersects the yield surface at
Point II inside the shear-enhanced strain localization domain (i.e., blue region), (c) Stress
path P3 (P0 = 140MPa) intersects the yield surface at Point III inside the pure strain
localization domain (i.e., red region), and (d) Stress path P4 (P0 = 250MPa) intersects the
yield surface at Point IV outside the localization domain.
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Figure 4: Comparison between the standard strain localization theory and the presented
viscoplastic localization criterion: (a) Point I, (b) Point II, (c) Point III, and (d) Point IV

HIN , of P1, P2, and P3 is initially negative, indicating positive eigenvalues of the matrix
Z in Eq. 15. This result underpins a tendency to strain acceleration (i.e, unstable creep).
As creep continues, however, HIN experienced a change in sign (from negative to positive),
corresponding to which is the strain deceleration in conjunction with a decaying evolution
of the overstress (i.e, stable creep). By contrast, the viscoplastic localization criterion
of simulation P4 always evolves within a domain characterized by positive HIN . As a
result, the eigenvalues of matrix Z in Eq. 15 are correspondingly negative, which underpins
decaying strain rate and stable creep response.

In this work, the well-known accelerating creep near failure was not simulated because
the constitutive model used here is optimized to cope with compaction processes in the cap
region of porous rocks. This aspect has indeed distinct features compared to traditional
failure processes, in that it involves localization instability strictly inside the shear failure
domain, and so more challenging to capture. However, it should be noted that the acceler-
ating creep near failure can also be captured by the proposed criteria. As a consequence, use
of the proposed relations with different viscoplastic constitutive laws specifically optimized
to address brittle failure is possible, without major changes in the methodology.

5 Finite Element Simulation of Strain Localization

In Section 4, simple shear constraints at the material point level were used to simulate
the local response leading to strain localization. In order to examine different potential
band inclinations, such constraints were imposed within a locally rotated reference system.
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Figure 5: Analyses of simple shear creep preceded by oedometric loading: (a) Evolution of
axial strain during creep, (b) Evolution of deviatoric stress, (c) Mobilized overstress, and
(d) History of the viscoplastic localization criterion HIN during creep for the four stress
paths. T and Tc are the current creep time and total creep time, respectively.

This strategy, however, is only a simplification of real boundary value problems. The
theory should therefore be tested in light of full-field analyses, which are here conducted
through the finite element method. The elasto-viscoplastic constitutive model presented in
Section 3 was implemented in the Abaqus UMAT interface following a strategy similar to
that detailed by [82]. Fig. 6a shows the geometry, boundary conditions, and discretized
meshes of the plane strain sample, the dimensions of which are 4mm×2mm. The sample is
discretized with 12800 C3D8 elements. The nodes along both lateral sides of the sample are
constrained from moving horizontally and the vertical displacements are fixed at the base.
The sample is subjected to a prescribed vertical displacement at the top (the axial strain
rate is set to 1.0e−5s−1, in accordance with those in experiments) to bring the stress state
of each Gauss point within the domain to reach the yield surface approximately, and then
the traction at the top is kept constant to make sure the sample can creep over time under
stationary external perturbations. To trigger strain localization, a weak region with 95%
hydrostatic yielding pressure (i.e., 95%P ⋆) was set at the middle of the sample. It is known
that strain localization generates mesh dependency in full-field finite element simulations
based on classical rate-independent continuum models. In this paper, The use of viscoplastic
regularization can overcome this issue and obtain mesh objectivity, as shown in Appendix.
C.

The mechanical responses under varied confining pressures (i.e., P0 = 10MPa, 40MPa,
140MPa, and 250MPa, the same as those used in section 4) are shown in Fig. 6b; the
beginning of the creep stage is marked by a gray star. It can be seen from Fig. 6b that
during the creep stage the nominal deviator stress is kept constant as the strain evolves.
Strain fields computed in the four simulations are reported in Fig. 7. The strain field
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Figure 6: Numerical simulations of the plane strain sample: (a) Geometry, boundary con-
ditions, and discretized meshes and (b) Mechanical responses

is reported in form of volumetric plastic strain. It can be observed that all specimens
compressed in the strain localization regime displayed deformation bands as soon as the
stress state enters into the plastic domain (T/Tc = 0), as shown in Figs. 7a through
7c. The inclination of the bands varies depending on the confining pressure. The bands
have inclination angles that are quite consistent with theoretical predictions (30◦, 21◦,
and 0◦ under, respectively, P0 = 10MPa, 40MPa, and 140MPa), indicating that the
localization modes are shear band, shear-enhanced compaction band, and pure compaction
band, respectively. Deformation bands with similar features have been observed in several
laboratory experiments on porous sandstones [42, 43, 51, 54]. Figs. 7a through 7c also
show the spatial propagation of strain localization during constant-traction creep stage.
Overall, the propagation mode of volumetric plastic strain for P0 = 10MPa, 40MPa, and
140MPa is similar, i.e., initiates from the weak region and then propagated spatially to the
vertical boundaries of the sample along specific inclinations predicted by the theory. Besides,
the thickness of the localized band increases significantly as the inclination decreases. By
contrast, the strain field obtained using P0 = 250MPa show a diffusive deformation mode,
instead of forming strain localized bands. The results show that the local theory can
satisfactorily reflect the characteristics of the volumetric plastic strain field at the onset of
strain localization (i.e, quasi-quasi-instantaneous strain localization).

Local responses are recovered from Gauss points located inside (a) the initially activated
plastic zone (i.e., activated at T/Tc = 0.0) and (b) the subsequently developed plastic
zone (i.e., developed during T/Tc = 0.2 through 1.0). The two Gauss points are marked
by a red star and a yellow star, respectively, as shown in Figs. 8, 9, 10, and 11. The
evolution of the axial strain, overstress, and viscoplastic localization criterion are reported
during the creep stage. The stress paths of the selected Gauss points are shown in Figs.
8a, 9a, 10a, and 11a. It can be observed that for all cases the evolution trends of stress
paths are similar to their counterparts in section 4. Figs. 8b, 9b, and 10b show the
evolution of axial strain produced during the creep stage for P0 = 10MPa, 40MPa, and
140MPa. The obtained result of all Gauss points, especially the yellow star marked points,
show an initial accelerating trend (i.e, unstable), followed by a subsequent deceleration
trend (i.e, stable). By contrast, the creep strain rate of P0 = 250MPa, however, always
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Figure 7: Cumulative volumetric plastic strain contours of the constant-stress creep simu-
lations with confining pressure of (a) P0 = 10MPa, (b) P0 = 40MPa, (c) P0 = 140MPa,
and (d) P0 = 250MPa. Cumulative volumetric plastic strain here represents the computed
total volumetric plastic strain along simulations.
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show a decaying trend, as shown in Fig. 11b. The unstable and stable strain response
inside the localized band is related to the sharp increase and steep drop in the history
of overstress, as shown in Figs. 8c, 9c, 10c, and 11c. The unstable and stable strain
response inside the plastic zone is also associated with the negative and positive sign of the
viscoplastic localization criterion for specific inclinations, respectively (i.e., localized bands
with inclinations of 30◦, 21◦, and 0◦ → HIN (θ = 30◦), HIN (θ = 21◦), and HIN (θ = 0◦),
as shown in Figs. 8d, 9d, and 10d). For P0 = 250MPa, the stable evolution of the local
deformation response always corresponds to positive HIN (θ = 0◦), which is the minimum
value of HIN (θ = 0◦ ∼ 180◦). By comparing the evolution of overstress and viscoplastic
localization criterion for P0 = 10MPa, 40MPa, and 140MPa, the peak of the overstress
always corresponds to a sign transition of HIN (from negative to positive) for the considered
band inclination. The full-field numerical simulations and corresponding analyses presented
in this section reveal that the proposed viscoplastic localization criterion can satisfactorily be
used to examine both quasi-instantaneous (i.e., load-induced) strain localization for general
band angles, as well as delayed band propagation patterns caused by locally unstable creep
response.

Figure 8: Gauss point analyses extracted from the full-field simulations under the confining
pressure of P0 = 10MPa: (a) Stress paths of red Gauss point and yellow Gauss point,
(b) Evolution of the axial strain during the creep stage, (c) Evolution of the viscoplastic
localization criterion HIN during the creep stage, and (d) Evolution of the overstress, Φ.

17

 10969853, 2022, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nag.3319 by O

ffice O
f Scientific A

nd T
echnical Inform

ation, W
iley O

nline L
ibrary on [04/10/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



A
u
th
or

M
an
u
sc
ri
p
t

This article is protected by copyright. All rights reserved.

Figure 9: Gauss point analyses extracted from the full-field simulations under the confining
pressure of P0 = 40MPa: (a) Stress paths of red Gauss point and yellow Gauss point,
(b) Evolution of the axial strain during the creep stage, (c) Evolution of the viscoplastic
localization criterion HIN during the creep stage, and (d) Evolution of the overstress, Φ.
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Figure 10: Gauss point analyses extracted from the full-field simulations under the confining
pressure of P0 = 140MPa: (a) Stress paths of red Gauss point and yellow Gauss point,
(b) Evolution of the axial strain during the creep stage, (c) Evolution of the viscoplastic
localization criterion HIN during the creep stage, and (d) Evolution of the overstress, Φ.
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Figure 11: Gauss point analyses extracted from the full-field simulations under the confining
pressure of P0 = 250MPa: (a) Stress paths of red Gauss point and yellow Gauss point,
(b) Evolution of the axial strain during the creep stage, (c) Evolution of the viscoplastic
localization criterion HIN during the creep stage, and (d) Evolution of the overstress, Φ.
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6 Conclusions

This paper has presented a versatile viscoplastic localization criterion for characterizing
the inception of quasi-instantaneous (i.e., load-induced) and delayed unstable strain local-
ization in rate-dependent solids. For this purpose, a system of ordinary differential equations
(OEDs) governing the temporal evolution of the response variables describing creep-induced
strain localization is formulated based on viscoplasticity and the control conditions inside
an active band. This viscoplastic localization criterion relates to the eigenvalues of the gov-
erning constitutive operator of the OEDs system, and can be used to identify the unstable
or stable material response inside spontaneously propagating deformation bands under sta-
tionary external loading. Using a non-associative strain-hardening elasto-viscoplastic model
able to capture different modes of strain localization, strain localization analyses by consti-
tutive equations are conducted at the material point level to show that the onset of different
modes of strain localization predicted by the proposed theory agrees with classic predictions
of the standard strain localization theory for rate-independent elastoplastic solids. This in-
dicates the applicability of the theory on capturing quasi-instantaneous strain localization.
The acceleration and deceleration of the response variables during the creep simulations is
caused by the relative movement between the stress state exceeding the elastic domain and
yield surface, which is associated with the increasing and decreasing of overstress, respec-
tively. The sign change of the viscoplastic localization criterion presented in this paper (from
negative to positive) corresponds to the transition point at which the evolution of response
variables shifts from accelerating to decelerating, and is also associated with the peak of
overstress. These results indicate that the proposed viscoplastic localization criterion is a
useful tool to explain transitions from unstable to stable (and viceversa) local deformation
response. The full-field numerical simulations have further corroborated these predictions.
In fact, during the creep stage, the strain evolution at local Gauss points shows an initial
unstable accelerating response followed by a subsequent stable decelerating response. The
peak of the overstress, which is related to the transition point of unstable and stable strain
response, was found to agree with the sign change (from negative to positive) of the local
viscoplastic localization criterion for specific band inclinations, thus demonstrating the ap-
plicability of the proposed criterion for the inspection of onset, propagation and arrest of
localized deformation zones.
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A The deformation kinematic of strain localization

In this paper, we assume that the kinematics of deformation inside the active bands is
consistent with simple shear conditions. As a result, the stress rate σ̇11, perpendicular to
the band, and τ̇12, parallel to the shear direction, are regarded as directly controlled, in that
associated with local equilibrium conditions. In addition to controlled stresses, kinematic
constraints include the requirement of plane-strain conditions, i.e., ε̇33 = γ̇13 = γ̇23 = 0,
and zero extensional strain along the shear direction, i.e., ε̇22 = 0. Within the context of
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controllability analyses, these constrain constitute the full set of control conditions. As a
result, the control variables are:

{
σ̇α

ε̇β

}
=





σ̇11
τ̇12
ε̇22
ε̇33
γ̇23
γ̇13





(A.1)

while, their corresponding response variables are:

{
ε̇α
σ̇β

}
=





ε̇11
γ̇12
σ̇22
σ̇33
τ̇23
τ̇13





(A.2)

As mentioned in the previous section, it is convenient to impose these conditions within
the reference system of the band. This procedure facilitates the analysis of strain local-
ization initiation and progression for arbitrary band inclinations. Such procedure involves
a directional cosine matrix, T , which converts the constitutive equations into a Cartesian
reference frame aligned with the band. Matrix T is defined as follows:

T =




l211 l212 l213 2l11l12 2l12l13 2l11l13
l221 l222 l223 2l21l22 2l22l23 2l21l23
l231 l232 l233 2l31l32 2l32l33 2l31l33

l11l21 l12l22 l13l23 (l11l22 + l12l21) (l12l23 + l13l22) (l11l23 + l13l21)
l21l31 l22l32 l23l33 (l21l32 + l22l31) (l22l33 + l23l32) (l21l33 + l23l31)
l11l31 l12l32 l13l33 (l11l32 + l12l31) (l12l33 + l13l32) (l11l33 + l13l31)




(A.3)

where, lij are the components of matrix L, defined as:

L =




cos θ sin θ 0
− sin θ cos θ 0

0 0 1


 (A.4)

in which, θ is the angle of clockwise rotation around the out of plane direction, also referred
to as the inclination of the deformation band.

B Expression of the modulus of controllability Hχ

The aim of this appendix is to show technical details for computing the modulus of
controllability Hχ to ease the practical use of the criterion for readers. According to Eqs.
11 and 7a, Hχ is expressed as follows:

Hχ = − ∂f

∂σR
β

T
[
De,R

ββ +De,R
βα

(
De,R

αα

)−1
De,R

αβ

] ∂g

∂σR
β

(B.1)
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where,
∂f

∂σR
β

and
∂g

∂σR
β

can be computed according to the following equation:

∂h

∂σR
=





∂h

∂σR
α

∂h

∂σR
β





=
(
T T
)−1





∂h

∂σα
∂h

∂σβ





=
(
T T
)−1 (

T T
σ

)−1 ∂h

∂σij
(B.2)

where, T is the directional cosine matrix given by Eq. A.3, h makes reference to ei-
ther the yield surface (h ⇒ f) or the plastic potential (h ⇒ g), and Tσ is a trans-
formation matrix to recast the order of components in the original stress vector from{
σ11 σ22 σ33 τ12 τ23 τ13

}T
to
{
σ11 τ12 σ22 σ33 τ23 τ13

}T
. It should be noted

here that
{
σ11 τ12

}T
represents the vector σα, while

{
σ22 σ33 τ23 τ13

}T
represents

the vector σβ. Tσ is given by:

Tσ =





1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1





(B.3)

Then,
∂h

∂σR
β

can be obtained by taking the last four components in the vector
∂h

∂σR
.

The computation of De,R
αα , De,R

αβ , De,R
βα , and De,R

ββ can be implemented according to
the following equation:

De,R =

{
De,R

αα De,R
αβ

De,R
βα De,R

ββ

}
= T

{
De

αα De
αβ

De
βα De

ββ

}
T−1 = TTσ

{
De

ijkl

}
T−1
σ T−1 (B.4)

where, De
ijkl is the elastic tensor given by Eq. 27. De,R

αα , De,R
αβ , De,R

βα , and De,R
ββ can be

obtained by taking the top-left corner 2× 2 sub-matrix, top-right corner 2× 4 sub-matrix,
bot-left 4× 2 sub-matrix, and bot-right 4× 4 sub-matrix in the matrix De,R, respectively.
Analogy, the partitioned elastic tensors De

αβ, De
βα, and De

ββ shown in Eq. 1 can be
obtained by taking the top-left corner 2× 2 sub-matrix, top-right corner 2× 4 sub-matrix,
bot-left 4 × 2 sub-matrix, and bot-right 4 × 4 sub-matrix in the matrix Tσ

{
De

ijkl

}
T−1
σ ,

respectively.

C Mesh sensitivity analysis

When analyzing strain localization bands in finite element simulations, the use of clas-
sical continuum models typically suffers from mesh dependency. Specifically, finite element
simulations show a reduction of localized zone thicknesses upon mesh refinement, which vi-
olates physical observations. In this appendix, quarter plane strain compression test sample
is used to verify that the use of viscoplastic regularization is able to gain mesh objectivity,
as shown in Fig. C.1. For different meshes, the overall mechanical responses are comparable
and the thicknesses of strain localization zones are consistent.
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Figure C.1: Mesh sensitivity analysis through quarter plane strain compression sample
(confining pressure P0 = 40MPa): (a) finite element model, (b) mechanical responses, and
(c-d) cumulative volumetric plastic strain contours from coarse mesh and fine mesh.

Data Availability Statement

Data sharing is not applicable to this article as no new data was generated during the
current study.
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