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ABSTRACT8

Providing public transportation with quality service is critical to attracting more passengers to9

the system. However, high-demand routes are prone to the so-called bus bunching – a tendency of10

buses to group as a consequence of variations in travel times and demands. Bus holding is applied11

to overcome this effect. In this study, we present a novel method for bus holding in which the control12

law is based only on the buses’ position using a computationally efficient rolling horizon approach.13

The method uses similar inputs as linear control approaches while not increasing significantly14

the computational time. On the other hand, the method overcomes key a weakness of the linear15

control approach thanks to the explicit constraint handling that always ensures the control action16

effectiveness. Simulation experiments in a validation case and a model-specific for a bus rapid17

transit line in Curitiba, Brazil showed a reduced holding time and improved resilience, delivering18

more than 20% reduction in delay time accounting for the on-board and station delays.19

20

Keywords: Bus Bunching, Dynamic Holding, Rolling Horizon, Forward Headway, Simulation,21

Public Transportation.22

INTRODUCTION23
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Public transportation is one of the most effective and sustainable ways to move across a city.24

The provision of a quality service – which is focused on minimizing the travel time at an affordable25

cost – is the key to encourage the population on choosing this mode of transportation. However, in26

high-frequency transit lines, this high level of service is hard to achieve due to a tendency of buses27

to group to each other, which is often referred to as bus bunching (Daganzo 2009; Newell and Potts28

1964; Bartholdi and Eisenstein 2012; He et al. 2020). Dynamically holding buses at stations is one29

key strategy to avoid the bus bunching without adding excessive delays to passengers (Bartholdi30

and Eisenstein 2012).31

This tendency of buses to group or bunch is explained by a vicious cycle that occurs when a bus32

becomes late (or early) and increases (decreases) the headway to the following bus. With a larger33

headway, there is more time for passengers to arrive at the stations. These additional passengers34

lead to a greater boarding time which ultimately leads to a further delay, increasing, even more,35

the headway (Daganzo 2009; Bartholdi and Eisenstein 2012). Through the same principle, this36

will lead to further delays and increases the spacing between the buses even more, perpetuating the37

problem.38

One method to alleviate this issue is holding the buses at stations. The research on bus holding39

started in the 1960s with (Newell and Potts 1964), followed by (Osuna and Newell 1972), (Barnett40

1974), and many others (see (Sánchez-Martínez et al. 2016) for more references). A simple idea41

that transportation agencies often apply is to add slacks on the schedule and hold buses at stations42

whenever they are ahead of their schedule (Daganzo 2009; Petit et al. 2019). If they are behind43

schedule, they leave the station immediately until they are back on schedule.44

More recently, other techniques have been applied. Some methods are based on keeping similar45

headways between buses through a linear control theory (see (Daganzo 2009; Xuan et al. 2011;46

Bartholdi and Eisenstein 2012; Zhang and Lo 2018)). Using linear control, an amount of slack is47

added, implicitly or explicitly, to allow delayed vehicles to catch up. With that slack, vehicles can48

effectively travel faster than scheduled and therefore counterbalance the bunching effect. These49

methods also tend to require little information about the system to determine the holding time –50
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usually just the headway to the following and leading buses. However, since it is based on linear51

control theory, the control action is unconstrained and it is possible to obtain negative holding52

times based on the control law. This is not feasible in a real implementation and in this situation53

the holding is corrected to zero (i.e., no holding applied). Nevertheless, the magnitude of effective54

action is smaller than necessary and bunching may ensue in critical situations.55

The rolling horizon scheme has also been applied to this problem (see (Eberlein et al. 2001;56

Delgado et al. 2009; Laskaris et al. 2016; Koehler et al. 2011; Delgado et al. 2012)). The rolling57

horizon approach embeds the system dynamics in an optimization problem to obtain control actions58

and has been widely used in control applications (Rossiter 2018). Specifically to the bus bunching59

problem, the bus motion law along with operational constraints, such as avoiding negative headway,60

are integrated into an optimization problem whose objective is to minimize a performance metric.61

This strategy is in general more complex compared to headway-based strategies.62

Particularly to headway-based linear control, analytical results, such as stability, are provided in63

(Xuan et al. 2011). It is also shown that the method can work with smaller slacks compared to the64

scheduled control. This method is widely applied and studied. Recent research has look into further65

aspects such as target headway estimation (Andres and Nair 2017) and control points selection (Dai66

et al. 2019). Nonetheless, in a recent review study (Sánchez-Martínez et al. 2016), the methods67

based on rolling horizon performed consistently better than linear-based control methods. Research68

conducted by (Muñoz et al. 2013) further analyses the rolling horizon method by comparing two69

approaches with different horizon lengths.70

On the other hand, the rolling horizon approach and other optimization-based techniques have71

their drawbacks and limitations. First, they usually require more information about the system such72

as estimated demand and boarding and alighting times. In more sophisticated settings, updated73

information in real-time informationmight also be required (Sánchez-Martínez et al. 2016). Second,74

this approach tends to lead to optimization problems that require a considerable amount of time75

to be solved (Asgharzadeh and Shafahi 2017; Sánchez-Martínez et al. 2016). Because of the76

computation burden, oftentimes heuristics are applied as opposed to obtaining a solution in enough77
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time for real-time applications (Gkiotsalitis and Van Berkum 2020).78

Comparing the linear control methods and the rolling horizon approaches, they have comple-79

mentary features. While the rolling horizon in general yields better performance, it might not be80

feasible for real-time operations due to computational complexity, especially in large instances.81

The linear control approach is computationally efficient at expense of worse performance and lower82

resilience. In this study, we propose a computationally efficient rolling horizon approach that yields83

computational times suitable for a real-time application while being resilient as the rolling horizon84

control approach. In particular, we show that the lower resilience of the linear control methods85

occurs by not taking into account properly (although considered a posteriori) the impossibility of86

negative hold times. The proposed method, following the horizon approach, can handle this aspect87

through explicit constraints in the optimization problem. To reduce the computational burden, we88

propose a convex formulation with terminal cost that results in low computational times, suitable89

for real-time application in large-scale scenarios.90

This paper is organized as follows. In Section SYSTEM MODEL, we briefly introduce the91

system model and the key assumptions. In Section CONTROL METHODS, we introduce the92

control methods with a brief review of the linear control methods as well as the proposed methods.93

In Section SIMULATION EXPERIMENTS, we show the results in two different scenarios, a94

validation case with homogeneous demand and a real case application. Finally, in the last section95

we state our conclusions.96

SYSTEM MODEL97

A hypothetical cyclic trajectory with #1 buses traveling continuously through #B stations is98

considered. Stations are indexed by B = 1, 2, ..., #B, where station B precedes station B + 1 (station99

#B precedes station 1). Similarly, buses are indexed by = = 1, 2, ..., #1, where bus = precedes bus100

= + 1 and bus #1 precedes bus 1 (Figure 1).101

This service is intended to serve high-frequency lines and, therefore, passengers do not plan102

their arrival at the station (Furth and Muller 2006). For that reason, we are considering that the103

passengers’ arrival at a specific station follows a Poisson distribution. We are also assuming the104
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operation had started and buses are already running at the beginning of the simulation; that is, the105

buses’ initial position in the simulation are at different locations throughout the network. Other106

assumptions are made as follows:107

1. Bus fleet and stations can accommodate the passengers’ demand (i.e., the passengers do not108

wait at a station because of the buses’ capacity);109

2. Buses can be held at every station;110

3. Overtaking is not permitted;111

4. The holding time is computed when a bus arrives at a given station (i.e., this value does not112

change while the bus is held at the station);113

5. The current position of each bus is known;114

6. Travel times between stations are random variables and are not impacted by external ele-115

ments (i.e., we do not model the impact of other elements such as background traffic and116

traffic lights endogenously).117

The model is based on discrete events, in which each event is a bus stop at a station, with time C118

being evaluated in each of these events. We can use this formulation to evaluate the station of any119

bus in the network after a defined number of stops. If the last observed station for the bus = is B=,120

we can map its station at the : th stop at the station B = ((=, :) such that:121

((=, :) = mod {B= − 1 + :, #B} + 1. (1)122

Therefore, B = B= for : = 0, B = B= + 1 for : = 1, and so on, cycling back to B = 1 after reaching123

station #B.124

This map ((=, :) can be evaluated for any arbitrary number of future steps for all = = 1, . . . , #1125

buses in the corridor. Then, to compute the headway between bus = and its preceding bus, = − 1126

mod #1, we can use the same mapping, such that B = (= − 1, :), to obtain the step :− =  −(=, :)127

in which the preceding bus, = − 1 mod #1, stopped at station ((=, :), for each pair (=, :).128
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In the following model, we also define equations based only on pairs (:, =) that means the129

: th stop from its last observed (: = 0) for the bus =, while omitting the corresponding station B.130

Nevertheless, station B can be retrieved through the map B = ((=, :). Table 1 summarizes the131

variables presented here and the remaining variables used in this paper.132

The system is modeled using two main components: the bus motion law and the passenger trip133

dynamics. The bus motion law is defined as:134

0= (: + 1) = 0= (:) +max{�= (:), �= (:)} + �= (:) + 2̃B = = 1, . . . , #1, : > 0, (2)135

where 0= (:) is the arrival time of the bus = at its : th station, 2̃B is a random variable with mean136

2B representing the travel time between stations B = ((=, :) and ((=, : + 1), �= (:) is the boarding137

time, �= (:) is the alighting time. The holding time, �= (:), is defined by the control law. The138

boarding time, �= (:), depends on the number of passengers boarding:139

�= (:) = �1
#B∑
9=1

-B, 9 (:), B = ((=, :), = = 1, . . . , #1, : > 0, (3)140

where �1 is the boarding rate per unit time per passenger. The alighting time, �= (:), depends on141

the number of passengers in the bus that is heading station B = ((=, :):142

�= (:) = �4.=,B (:), B = ((=, :), = = 1, . . . , #1, : > 0, (4)143

where �4 is the alighting rate per unit time per passenger. After the bus departs, the number of144

passengers is updated based on the number of passengers that boarded and the number of passengers145

that left the bus:146

.=, 9 (: + 1) = .=, 9 (:) + -B, 9 (:), B = ((=, :), 9 ≠ B = = 1, . . . , #1, : = 1, . . . , (boarding)

.=, 9 (: + 1) = 0, B = ((=, :), 9 = B = = 1, . . . , #1, : = 1, . . . .(alighting),
(5)147

where .=, 9 (B = ((=, :)) is the number of passengers heading to station 9 currently at bus n.148
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Similarly, -B, 9 is the number of passengers heading to destination 9 waiting at station B.149

Additionally, the number of passengers that are going to board depends on the passenger arrival150

rate, _B, 9 , and the time elapsed between two consecutive bus arrivals. We first compute the number151

of arrivals for each different destination station through a sample from Poisson distribution:152

-=, 9 (:) = %>8BB>=(_B, 9 , 0=+1( −(=, :)) − 0= (:)) B = ((=, :), = = 1, . . . , #1, : > 0, (6)153

and we generate individual passenger arrival times C ?
=, 9
(:) for ? = 1, . . . , -=, 9 through a sample of154

a Poisson distribution.155

The station delay *BC
= (:) is the sum of the waiting time of each passenger at a specific station156

for the incoming bus:157

*BC
= (:) =

9=#B∑
9=1

-=, 9 (:)∑
?=1
(0= (:) − C ?=, 9 (:)), = = 1, . . . , #1, : > 0. (7)158

The on-board delay at the : − Cℎ stop of the bus = is the delay experienced by the passengers159

inside the bus while the bus is not moving and it is calculated as:160

*>1
= (:) =

∑
∀(=)
(�= (:) + �= (:)).= (:) = = 1, . . . , #1, : => 0. (8)161

The total delay incurred for bus = in its : th stop is the sum of the on-board and the station delay:162

*= (:) = *>1
= (:) +*BC

= (:) = = 1, . . . , #1, : = 1, . . . . (9)163

CONTROL METHODS164

Here, we introduce the control methods considered in this study. In the first section, we provide165

a brief review of linear control methods with special attention to the method proposed in (Daganzo166

2009). This class of methods is a simple and yet efficient approach to avoid bunching. It generally167

requires either information about the leading or both the leading and follower bus to compute168

holding times. However, under extreme conditions, the computed hold can be negative. In a real169

7 de Souza, September 29, 2021



application, no holding is applied and the bus departs immediately. Nevertheless, from the system170

perspective, this bus is behind its schedule (and for this reason a negative hold was computed)171

and even the immediate departing of the bus may not be enough to restore even headways. More172

importantly, this negative hold is still accounted for when computing the delays of other buses,173

which ultimately, can lead them to bunch. To overcome this issue, we are proposing a new method174

that will be discussed thereafter.175

Linear Control Methods176

Methods that use linear control theory are usually simpler in terms of system information needed177

and computational time as the control law is obtained through simple operations. Among many178

linear control methods, we are considering here the forward headway proposed by (Daganzo 2009).179

In the forward headway, the control goal is to keep a fixed headway as close as possible to the180

target headway � using a linear control law. The target headway is computed based on the cycle181

time, ) (the average time between two successive arrivals of a bus at the same station), and the182

number of buses, #1. This method assumes a default bus-hold time or slack in each station (3B).183

The usage of this slack can be adjusted to allow buses to run faster when they are behind schedule.184

Here, we are assuming that all slacks 3B are the same for each station. The slack time is a trade-off185

between resilience and average performance. In other words, a longer slack decreases the chance186

of buses to bunch at the expense of lower commercial speeds of the system.187

The forward headway sets the unconstrained holding time, �D
= (:), of each bus = based on the188

headway time to its leading bus:189

�D
= (:) = 3B − (U + VB) (ℎ= (:) − �), = = 1, . . . , # − 1, : > 0, (10)190

where ℎ= (:) = 0= (:) − 0=−1(:) is the time elapsed between the bus = and its predecessor and is191

referred to as headway. The variable U is the feedback gain, a parameter to be determined. This192

parameter controls how fast the system responds to oscillations (disturbances). If U is close to 0 the193

response is slow; increasing U accelerates the response. It has been shown the region of stability194
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for alpha in the interval (0, 1). Another parameter to be defined is VB, the incurred delay of a bus195

per unit time of delay, and it depends on the arrival time at each station and the boarding rate:196

VB = �1

∑
9

_B, 9 . (11)197

Note that �D
=,B is referred as unconstrained headway because it can be negative (i.e., nothing198

prevents it to be negative if ℎ= (:) is large on Equation (10)). However, since it is not possible to199

perform a negative holding time, the value of �= (:) is then computed as:200

�= (:) = max{�D
= (:), 0}. (12)201

The holding time determined by the linear control for a late bus can be negative (Equation (10)),202

which is not operationally feasible. Therefore, in a real application, when this scenario occurs, the203

holding time is zero and the bus departs immediately. However, this adjustment is not taken into204

account to compute the control action on the adjacent buses. In other words, their control action is205

computed assuming the late buses will be able to realize the negative holding time. The successive206

violation of this constraint could lead to a bus bunching.207

We note that the forward headway is not the only holding strategy based on linear control.208

(Xuan et al. 2011) and (Cats et al. 2011) present and compare several of them, such as the backward209

headway and the two-way headway. Nevertheless, all of them have a similar pattern in which an210

unconstrained control is computed first and then bounds (i.e., no negative holds) are applied later.211

Common criticisms to the forward headway are (i) it assumes a fixed headway � which may not212

be optimal (Bartholdi and Eisenstein 2012) and (ii) at each arrival, the headway depends only on213

the headway to its leader. An alternative is to consider both forward, ℎ= (:) and backward, ℎ=−1(:)214

headways, which is called the two-way headway method:215
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�D
= (:) = U

ℎ=−1(:) − ℎ= (:)
2

�= (:) = max{�D
= (:), 0}.

(13)216

This strategy attempts to keep the bus =with the same headway to its leader and follower. This is217

similar to what is presented in (Cats et al. 2011) and (Sánchez-Martínez et al. 2016). Nevertheless,218

note from Equation (13) that the unconstrained headway can also lead to negative hold times.219

To tackle this problem, we propose a new method based on a rolling horizon scheme.220

The Proposed Method221

We present a rolling horizon method in which the inputs are the same as those of the linear222

control methods, but take advantage of the rolling horizon scheme. We aim to improve the system223

resilience while keeping a small computational time of the linear control methods especially by224

formulating a convex optimization problem (Boyd et al. 2004).225

The rolling horizon provides the possibility of adding explicit constraints into the model. In this226

way, we can impose that holding times are always non-negative. However, unlike other research227

using rolling horizon (e.g., (Eberlein et al. 2001; Delgado et al. 2009; Koehler et al. 2011; Delgado228

et al. 2012)), the data requirement is much simpler, similar to the linear control methods. The only229

real-time information needed is the past arrival and departure times of each bus in the previous230

stations. It does not require information about the number of passengers at the stations or passengers231

boarded in real-time.232

Rolling horizon is an approach that uses explicitly the model of the system to account for its233

future states as a function of the control actions (Rossiter 2018; Wang et al. 2014). The extent234

to which the optimization problem "looks ahead" is defined as the prediction horizon. Here we235

consider our prediction horizon as # steps. For our particular problem, one step for a given bus is236

a stop event into a specific station. The outcome of the optimization problem is optimal �★= along237

the horizon for the subject bus that had stopped.238

Specifically for our problem, every time a bus stops, which we refer to as =̂, an optimization239
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problem that considers the dynamics and holding time is instantiated. For all other buses that = ≠ =̂,240

the control sequence consists of �= (:) for : = 1, . . . , # . For the bus =̂, the holding time of the241

current arrival (step : = 0) is also considered. For that particular step, the arrival time is already242

known but our goal is to compute the holding time. Once the optimal holding time is known, the243

departure time of bus =̂ is computed based on �BC0A
=̂
(0) and this information is sent to the bus driver.244

The system dynamics is based on the deterministic formulation of the modeling presented in245

Equations (2) – (9) with a few changes. Specifically, the travel times between stations and arrivals246

are assumed to be constant instead of random variables. Also, following the rolling horizon247

approach, a key parameter is the prediction horizon which is defined on how long (or how many248

discrete events) into the future the controller considers to compute optimal control actions.249

Recall that for the bus that just stopped, referred to as =̂, we also consider the steps : = 0 for250

control action and boarding times so we represent the  = the steps defined for the bus =:251

 = =


1, . . . , # = ≠ =̂

0, . . . , # = = =̂.

(14)252

We also represent the set  = as the steps in which the variables are defined for bus =.253

The bus motion law becomes:254

0= (: + 1) = 0= (:) + �= (:) + �= (:) + 2B, = = 1, . . . , #1, : = 1, . . . , #, : ∈  =. (15)255

The boarding time depends on headway between two buses, the arrival rate at the station, and256

the boarding rate (�1):257

�= (:) = (0= (:) − 0=−1(:))�1_= : ∈  =, = = 1, . . . , #1 . (16)258

Here we assume that the boarding time will be higher than the alighting time (i.e., �= (:) >259

�= (:)) so, therefore, themax operator on Equation (2) is eliminated. This avoids a non-linearity that260

would lead to a non-convex optimization problem thereby significantly increasing the computational261
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time.262

Also, we ensure no overtaking:263

0= (:) ≥ 0=−1(:), . . . : ∈  =, = = 1, . . . , #1 . (17)264

Finally, the holding time cannot be negative:265

�= (:) ≥ 0 : ∈  =, = = 1, . . . , #1 . (18)266

This is the key advantage of this formulation since the controller is aware beforehand (i.e.,267

through constraint (18)) of the impossibility of applying a negative holding time and this impossi-268

bility is considered to compute the holding time of adjacent buses.269

The control action �= (:) is computed to minimize the expected delay with a penalty terminal270

cost:271

� =

#∑
:=1

#1∑
==1

[
`_((=,:) |ℎ= (:) − ℎ= ( ) | + .̄((=,:) (�= (:) + �= (:))

]
+ W%(#). (19)272

The first term is a proxy for the accumulated delay at the station, assuming passengers arrive273

at a constant rate _B for B = ((=, :). Assuming constant arrivals, the station delay would be274

computed as 1
2_((=,:) (ℎ

2
=); however, depending on the initial stations, it could lead to a non-convex275

optimization problem. Instead, we penalize deviations from the absolute value of the equilibrium276

headway (which would be achieved at step  ). The second term is the delay experienced by the277

bus at the station, where .̄B is the average number of on-board passengers at the station B. Note _B278

and .̄B are parameters in this formulation and not variables that need to be obtained in real-time.279

The last term (%(#)) is the terminal cost, which is common in the rolling horizon approach.280

It models a cost that may be incurred depending on the state the system reaches at the end of the281

horizon. A proper adjustment of terminal cost and can lead to shorter horizon length and therefore282

decreasing the computational time (Rossiter 2018; Wang et al. 2014; de Souza et al. 2020). For283

example, a particular set of holding times can minimize the delays in steps : = 1, ..., # but reaches284
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the end of the horizon with uneven headways that will cause delays later. The terminal penalty is285

an attempt to internalize such costs. In our case, we penalize uneven delays by attempting to reduce286

the largest headway by the end of the prediction horizon:287

%(#) = max
==1,...,#1

ℎ= (#). (20)288

As the constraints of non-negative holding times are taken into account, the control action is289

always feasible. Therefore, the holding time is obtained by solving the following optimization290

problem, where the inputs are the current station and the last departure time of each bus:291

%(=̂) : min
D
� =

#∑
:=1

#1∑
==1

[
`_((=,:) |ℎ= (:) − ℎ= ( ) | + .̄((=,:) (�= (:) + �= (:))

]
+ W max

==1,...,#1

ℎ= (#)

0= (: + 1) = 0= (:) + �= (:) + �= (:) + 2B : ∈  =, : = 1, . . . , #1

ℎ= (:) = 0= (:) − 0=−1( −(=, :)) : ∈  =, : = 1, . . . , #1

�= (:) = (0= (:) − 0=−1( −(=, :)))�1_= : ∈  =, = = 1, . . . , #1

0= (:) ≥ 0=−1( −(=, :)) : ∈  =, = = 1, . . . , #1

�= (:) ≥ 0 : ∈  =, = = 1, . . . , #1

 = =


1, . . . , # = ≠ =̂

0, . . . , # = = =̂.

(21)292

The optimization problem in Equation (21) can be cast into a linear program by transforming the293

max operator into #1 inequality constraints and, therefore, leading to shorter computational times294

even for problems with hundreds of variable (Boyd et al. 2004). Any general linear programming295

solver can be used, such as CPLEX and GUROBI. For our numerical experiments, we used the296

open-source CVXPY (Diamond and Boyd 2016) library and the ECOS solver (Domahidi et al.297

2013). As a note from an implementation perspective, notice that  −(=, :) may refer to past steps298

(: < 0) and the past arrival times are necessary when building the optimization problem (21).299
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The controller is implemented as follows. Every time a bus = arrives at a station B = ((=, :),300

the following steps are performed:301

1. The arrival time 0= (0) is recorded and the maps ((=, :) and  −(=, :) are built for all #1302

buses based on the previous arrival times;303

2. Optimization problem in Equation (21) is initiated and solved, and all holding times �= are304

computed for all buses;305

3. The bus =̂ is held for � =̂ (0).306

These steps are repeated for every bus at all the stations.307

SIMULATION EXPERIMENTS308

We present simulation results in this section to validate the proposed rolling horizon (RH)309

method and compare it with the previously described forward headway (FH) method. We also310

simulate the model in a no-control scenario to demonstrate the benefits of having a control strategy.311

First, a simulation overview and the characteristics of the scenario used are introduced. The312

results are then presented and discussed, including the effects of varying the horizon length in the313

RH model.314

Finally, we compared the proposed RH method along with other control methods in a real case315

application based on a Bus Rapid Transit (BRT) line in Curitiba, Brazil.316

Simulation Overview317

We performed numerical simulations to validate our proposed control method. The simulation318

runs at fixed time steps, ΔC, set to one second for all experiments. At the beginning of the319

simulation, the first arrival for each origin-destination (=, 9) pair is generated from a sample of320

Poisson distribution with average _=, 9 for the passengers going to destination 9 at station =. The321

passenger is queued at station = once its instant of arrival is reached and a new sample from a322

Poisson distribution is taken to determine the arrival instant of the next passenger for that specific323

origin-destination pair.324
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The buses’ operation works as follows. The bus departing from station B experiences a travel325

time from a sample of a normal distribution with average 2B and standard deviation X2B. There-326

fore, although the controller assumes constant travel times, in our simulation the travel times are327

stochastic. Once a bus arrives at each station, the boarding time is computed based on the number328

of passengers boarding and alighting (see Equation (2)). Bus states and station states are updated329

according to Equation (5) and Equation (6).330

If more passengers arrive during the boarding time, the departure time is updated accordingly.331

Once the boarding process finishes, the hold time is computed and applied. Passengers that arrive332

during the hold time can board the bus. The station delay is computed based on the arrival time of333

each passenger at the station, according to Equation (7).334

Validation Case335

A similar simulation model to one presented here was proposed by (Delgado et al. 2012), where336

the authors introduced a scenario susceptible to bunching when not properly controlled. Here,337

we simulated a case of an exclusive single lane containing 15 buses (#1 = 15) and 30 stations338

(#B = 30). The average travel time between each station is 60 seconds (2B = 60s), with a standard339

deviation of 10% (X = 6s). The boarding rate is 2 seconds per passenger and the alighting rate is340

1 second per passenger. We also considered an arrival rate of one traveler every two minutes for341

each OD pair (i.e., _=, 9 = 0.5 passengers/minute), except for the pairs with origin and destination342

at the same station which is set to zero (i.e., _=,= = 0 passengers/minute). Considering all possible343

OD pairs throughout the 30 different stations, this results in 435 passengers arriving on the system344

per minute.345

For the FH approach, the feedback gain was kept fixed at U = 0.6 and total slack of 10%. These346

values were chosen after performing a sensitivity analysis varying values of U (in steps of 0.1)347

and total slack (in steps of 1%). In this method, the choice of total slack is a trade-off between348

performance and resilience. Small slacks lead to smaller hold times; however, it makes the system349

more prone to bunching in presence of variations in travel times and demand. Increasing the slack350

reduces the probability of bunching at the expense of higher hold times (and potentially, a slower351
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bus system).352

The following cases are tested:353

• FH - the forward headway with U = 0.6 and total slack of 10%;354

• RH (4) - the proposed rolling horizon approach with horizon length of  = 4 bus stops;355

• RH (5) - the proposed rolling horizon approach with horizon length of  = 5 bus stops;356

• RH (7) - the proposed rolling horizon approach with horizon length of  = 7 bus stops.357

A 2-hour simulation was executed with 30 replications. To validate and compare the methods358

responding to incidents, we let a 10-minute period without any control action – a warm-up period.359

To evaluate the method proposed, we first compared the differences in headways at a specific360

station (we chose station 1) between the two techniques: the FH method and the RH approach361

proposed here.362

All the proposed rolling horizon approaches yield similar results and whenever we refer to RH363

here we depict the RH (4) case. Figure 2 shows the average and the standard deviation through the364

time of the headway for the 30 replications for each method. The red box represents the warm-up365

period of 10 minutes, where no control was applied. Through the simulated time, the average366

headway is lower for the RH method and it also shows a lower standard deviation – highlighting367

the reliability of the proposed method. On the other hand, the standard deviation of the FH method368

increased as the simulation progressed. This increase in standard deviation is caused by replications369

in which bus bunching occurred.370

The average headway for the 2-hour simulation was significantly lower for the RH method371

(0.046ℎ ± 0.001ℎ compared to the FH which was 0.049ℎ ± 0.001ℎ, ? < 0.01). This reduced372

headway is likely a result of the RH method not using a fixed slack; the controller takes advantage373

of periods when reduced slack is possible, reducing the length of the cycle.374

We also analyzed the buses’ trajectory during the simulation. A similar data representation has375

been shown for other control methods in (Delgado et al. 2012). For each strategy, we plotted the376

replication with the median result in terms of total delay. The red dashed line indicates the end of377
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the 10-minute warm-up period (Figure 3).378

Comparing both plots, some differences can be observed regarding the spacing of the buses.379

The FH control method caused some bunching during the simulation, which resulted in higher380

on-board and station delays. A more evident case of bunching can be seen towards the end of381

the simulation (around the 1.3 hours) where lines are temporarily not completely parallel. This382

bunching will result in an uneven headway between buses. Because of the characteristics of this383

simulation, the system was able to recover and regain evenly distributed headways. However, this384

recovery is not guaranteed to happen in every scenario and, therefore, the bunching needs to be385

avoided as much as possible. With that in mind and analyzing the left figure, it is possible to386

see that the RH method was able to maintain uniform headways between the buses throughout the387

simulation with no pronounced bunching observable.388

Finally, to better demonstrate the differences in the controllers’ performances, we analyzed the389

impacts they have on the system delay for the 30 simulation replications, comparing the no-control390

and the FH approaches to the proposed RH method. The results can be seen in Table 2.391

These numbers show that the FH method can control the system decreasing the delay by more392

than 34% compared to a no-control case – which proves the efficiency of the strategy. However, the393

RH method significantly improved the performance for both on-board and station delay (? < 0.01394

for both cases). The on-board delay reduction was mainly due to a faster operation of the buses and395

the station delay was due to both faster operation and more evenly spaced buses. The total delay396

significantly decreased (? < 0.01) reaching over 10% time reduction compared to the FH method397

and over 45% compared to the no-control.398

One critical parameter for the RH control was the horizon size considered. The results presented399

here used a horizon of 4 – that means the controller was taking into account the next 4 stops. A400

larger control horizon would predict a longer future and potentially generate better outcomes,401

however, the better performance could be undermined by higher computational time (which would402

be a hindrance for a real-time application). The performance does not change for different delays403

as can be seen in Table 2. Nevertheless, the CPU times were under 1 second for all the instances404
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of the proposed method, which shows that it could be used in a real-time application.405

The warm-up period also shows how the different methods respond to incidents. In Figure 3,406

it is noticeable the influence of having an incident on the bus trajectory. Both methods start the407

control of the system in a more chaotic situation (the trajectories are not evenly spaced) and are408

able to recover. However, the RH approach recovers even headways faster than the FH method.409

Real Case Application410

We applied the proposed method to a high-frequency transit line in Curitiba, Brazil. The city411

operates several Bus Rapid Transit (BRT) lines since the 1980’s (Lindau et al. 2010). The bus412

system serves about 2M people per day.413

We modeled the circular South Corridor that contains 40 stations and runs in both directions.414

The daily demand of this line is about 250 passengers daily and at peak time it serves 21 per415

hour according to the local agency. For this particular line, we have available the total en-route and416

stopped times between each 7major terminals. Because it is an exclusive lane, no significant change417

in travel time is expected due to external traffic conditions or time of the day. Therefore, peak and418

off-peak hours have the same travel times distributions (Sebastiani et al. 2016; Urbanization of419

Curitiba S/A 2021).420

Origin-destination tables were not available, however, the peak demands at each major station421

were. We assumed demands at other stations as 1/4 of the closest major terminal. We then422

normalized the demands so that we obtained a 21K passenger per hour at peak time. Finally,423

we applied a simple singly constrained gravity model (de Dios Ortúzar and Willumsen 2011) for424

generating an origin-destination matrix that matches total alighting and boarding at each station.425

The maximum number of buses operating that line is #1 = 25. The simulation was run at peak426

demand for 3 hours. The control started being applied after 500 seconds of simulation. We assumed427

variations of travel time of 15% of the average travel time between stations. All results presented428

are an average of 10 replications for each strategy. Four strategies were considered:429

• FH - the forward headway. We adjusted the values of slack W and U to find the ones that430
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yielded the best result;431

• TWH - the two-way headway. A similar method to the forward headway in the sense432

it attempts to keep an even headway across all busses. The control law is based on433

Equation (13);434

• RH (5) - the proposed rolling horizon approach with horizon length of K = 5 bus stops;435

• RH (SA) - sensitivity analysis of the rolling horizon approach. Here, a random disturbance436

was applied in the travel times, 2B, _B, �1, and .̄B for the RH approach. The controller437

assumed a value ?̃ = ? ×* (0.8, 1.2) where * (0, 1) is a sample of a random distribution438

between 0 and 1. Therefore, the controller assumes values with errors of up to 20% of439

its actual value. This case was introduced to evaluate the performance of the controller in440

the common deployment in which the true values of each parameter are not known due to441

inaccuracies on the measurements or day-to-day changes in the system.442

Table 3 presents the total, station, and on-board delay for all cases above. The RH and RH (SA)443

strategies outperform the FH and TWH strategies, reducing the total delay by slightly more than444

20%. Despite having errors on the input parameters, the performance did not degrade for the445

RH (SA). Although the total delay was higher, the performance was very similar to the RH case.446

Among the linear strategies, the FH was slightly better than the TWH.447

Figure 4 depicts the space-time diagram for each case. Each line in this diagram represents the448

trajectory of a bus (notice that the bus at station 40 appears again as station 0 at the bottom of the449

graph due to the bus line being circular). The RH strategies are able to achieve better performance450

by a higher level of coordination and to apply longer holds at specific stations when the control451

starts being applied. The FH and TWH strategies do apply significant holds and are also able to452

dissolve the initial perturbation, but they take longer to achieve even headways.453

CONCLUSION454

This study proposed a new method that combines the benefits of the forward headway approach455

(in particular the minimal input requirement) with the possibility of adding explicit constraints456
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provided by the rolling horizon approach. In other words, we suggest a simple version of the457

rolling horizon method that obtained significantly fewer total system delays when compared to458

other methods in the literature.459

The simulation experiments in a validation case and one that models a specific Bus Rapid460

Transit line in Curitiba, Brazil. Assumptions needed to be made to model the real case application461

of Curitiba, however, we believed this simulation is a good representative case to test the proposed462

method in a larger scenario. Using these simulations, we showed that with the same inputs as463

the forward headway we can achieve more than a 20% decrease in the total system delay. We464

also demonstrate that the RH method could have a less varying average headway, which means465

it can deliver a more reliable solution for real-life applications (with less chance of bunching).466

Furthermore, through the plots of Figure 3, we showed that the RH can obtain more uniform467

headways and faster recovery after an incident.468

The results of this study go in line with previously demonstrated in the literature that rolling469

horizon approaches outperform linear control methods (e.g., (Sánchez-Martínez et al. 2016)).470

On the other hand, rolling horizon approaches tend to be more complex and oftentimes require471

more information about the system. The rolling horizon method proposed here, however, requires472

similar information as the linear control methods while outperforming them. Furthermore, the473

computational time is often a concern in RH approaches and we showed that for the proposed474

method the CPU times are around 1 second using an open-source solver in a large scenario with 40475

stations and 25 busses and therefore suitable for real-time application.476
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TABLE 1. Variables and parameters description

Variable Definition
B = ((=, :) The station B in which the bus = will reach after : stops
:− =  −(=, :) A map associating the stop :− in which the preceding bus of bus = stopped

at station B = ((=, :)
0= (:) Arrival time of bus = at its : th station (station B = ((=, :))
ℎ= (:) Headway between bus = and bus = − 1 at its : th station
�= (:) Holding time applied on bus = at its : th station
�D
= (:) Unconstrained holding time applied on bus = at its : th station

�= (:) Boarding time of bus = at its : th station
�= (:) Alighting time of bus = at its : th station
*B (:) Total delay at station B
*>1
= (:) Total on-board delay experienced by bus = at its : th station
*BC
= (:) Delay at station ((=, :) experienced by passengers that boarded bus = in its

: th stop
.=, 9 (:) Number of passengers on bus = at its : th station going to destination 9
-B, 9 (:) Number of passengers heading to destination 9 waiting for bus = at its : th station
_B, 9 Passenger arrival rate at station B going to destination 9 (_= =

∑
_B, 9 )

_B Passenger arrival rate at station B including all destinations (_B =
∑#B

9=1 _B, 9 )
2B Average travel time between station B and station B + 1
2̃B Random variable representing the travel time between stations B and B + 1
�1 Boarding rate in seconds per passenger
�4 Alighting rate in seconds per passenger
3B Slack time for station B

C
?

=, 9
(:) Arrival time of the ?th passenger that eventually boards bus =

in its : th stop
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TABLE 2. Delay and computational time comparison between a no-control case, the forward
headway (FH) strategy, and the proposed rolling horizon (RH) method. For the RH, we are
considering a horizon length 4 (RH (4)), a horizon length 5 (RH (5)), and a horizon length 7
(RH (7)).

Controller Station delay (h) On-Board delay (h) Total delay (h) % CPU (s)
No-control 649.99 ± 134.60 1465.55 ± 232.00 2115.54 ± 360.72 - -

FH 277.85 ± 91.94 1115.40 ± 117.46 1393.25 ± 208.53 -34.1% Neglibile
RH (4) 236.30 ± 4.18 913.01 ± 20.07 1149.30 ± 23.77 -45.7% 0.37
RH (5) 235.85 ± 6.15 904.98 ± 32.94 1140.83 ± 38.66 -46.1% 0.51
RH (7) 235.61 ± 5.04 907.71 ± 23.70 1143.32 ± 28.55 -45.9% 0.92
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TABLE 3. Delay and computational time comparison between the forward headway (FH) strategy,
the two-way headway (TWH) strategy, the rolling horizon length 5 (RH (5)) strategy, and the
sensitive analysis for the rolling horizon (RH (SA))

Controller Station delay (h) On-Board delay (h) Total delay (h) % CPU time (s)
FW 1859.9 ± 45.48 1759.4 ± 48.16 100.48 ± 5.31 - Negligible
TWH 2015.4 ± 42.82 1976.6 ± 43.19 38.86 ± 2.99 +8.3% Negligible
RH (5) 1419.7 ± 13.01 1368.2 ± 14.70 51.46 ± 3.61 -23.6% 1.01
RH (SA) 1447.2 ± 38.78 1386.1 ± 41.58 61.15 ± 5.77 -22.1% 1.02
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Fig. 1. System model representation
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Fig. 2. Average headway comparison between the forward headway method (FH) and the proposed
rolling horizon method (RH (4)) at station 1
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(a) Replication with the median total delay for FH.
Total delay of 1332 hours.

(b) Replication with the median total delay for RH.
Total delay of 1135 hours.

Fig. 3. Trajectory of buses for the forward headway (FH) method and the proposed rolling horizon
(RH) method
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Fig. 4. Space time diagram for the FH (top left), TWH (top right), RH (bottom left) and RH (SA)
(bottom right) strategies
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