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Abstract. There has been recent interest in fast calculations of the tokamak

axisymmetric vertical instability for real time feedback control purposes. It is shown

that the maximum eigenvalue for the basic rigid version of this stability problem can

be obtained by finding the positive root to a simple scalar function. This function

can be generalized to include plasma mass and has complexity linear in the number

of conductive elements. The formulation is based on standard matrix decompositions

of the fixed-geometry part of the eigenproblem. The calculation bottleneck is the

summary of mutual inductances from the reconstructed equilibrium current density.

The with-mass spectrum can be made fully real-valued by the addition of a critical

amount of damping with negligible effect on the vertical growth rate. The calculation

has been implemented in the plasma control system at the DIII-D tokamak and used

in experiments.
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1. Introduction

The vertical instability of elongated toroidal plasmas constitute a basic constraint in

the design and operation of tokamak experiments [1–4]. It is routinely stabilized using

feedback control with poloidal field coils. Recent experimental work with the aim to

increase the operational reliability of tokamaks has incorporated real time calculation

and estimation of the vertical growth rate [5–8]. The idea is to (dynamically) detect

the proximity to parameter regime boundaries where the vertical feedback circuit can

no longer maintain stability in the presence of perturbations. Ignoring such boundaries

can otherwise lead to disruptions through so called vertical displacement events, which

may damage the tokamak itself [9, 10].

This note provides two specific contributions. First, a new lightweight numerical

calculation of the basic version of the rigid-motion vertical eigenvalue problem is

reported. It is based on pre-calculating a sequence of two matrix coordinate

transformations; a well-known simultaneous diagonalization of two quadratic forms of

which one is positive definite [11, 12]. Its implementation was instrumental in recent
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experimental work at the DIII-D tokamak [7] and is less complex and about an order

of magnitude faster than that reported in [5] albeit at some loss of generality. Second,

it is shown that the same coordinate transformations render the with-mass version of

the rigid vertical stability problem equally simple. A closed-form approximate critical

value for an effective damping parameter is provided for the with-mass version of the

eigenproblem. This damping removes the rigid n = 0 “Alfvénic” oscillation, with very

small impact on the vertical growth rate.

The remainder of this note is organized as follows. Section 2 describes the basic

engineering physics model, derives the coordinate transformations, and presents the

main results. Section 3 outlines the implementation, details the specific DIII-D instance

of the eigenproblem, and compares it to a standard rigid code. Numerical results are

shown for a DIII-D plasma to gauge the impact of the added damping. All these

calculations are done with the DIII-D standard engineering physics geometry. This

note concludes with a short discussion in section 4.

2. Calculation

For the purposes here it suffices to include only one mechanical degree of freedom

(rigid vertical displacement z). A compact self-contained preparation of the relevant

equations for plasma vertical motion is obtained by writing an appropriate magneto-

mechanical [13] Lagrangian

L =
1

2
mż2 +

1

2
ĪTM̄(z)Ī + φ (1)

which has as many electrical degrees of freedom as there are conducting axisymmetric

elements. The first term in (1) holds the mechanical kinetic energy, the second term

corresponds to magnetostatic energy for the configuration, and the third term is a

electrostatic potential φ (used to book-keep the applied voltage). Keeping in mind that

a current is a momentum variable in the Lagrangian, the Euler-Lagrange equations

encoded by (1) yield

d

dt
(mż)− 1

2

∑

i,j

∂M̄i,j(z)

∂z
ĪiĪj = − νż (2)

d

dt

(

M̄(z)Ī
)

− V̄ = − R̄Ī (3)

when augmented with Rayleigh dissipation terms R = (1/2)νż2 + (1/2)ĪT R̄Ī [13, 14].

Coupled nonlinear equations (2)-(3) describe the vertical momentum and mutually

inductive circuit respectively. R̄ is a diagonal matrix with conductor resistances on

the diagonal, Īi are the current elements in Ī, and V̄ is a vector of applied voltages.

The total plasma current Ip is included as one of the elements in vector Ī, the other

elements correspond to poloidal field coils and passive vessel elements. In this lumped

formulation, only the elements associated with Ip in the matrix M̄(z) depend on z. The

plasma self-inductance M̄p,p is actually a constant independent of z, but all the other

elements M̄i,p = M̄p,i, i 6= p, are functions of z.
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When Ip and the plasma mass m are treated as constants, the linearized dynamical

system

mz̈ + νż = Kz + bTx (4)

M ẋ +Rx = − bż (5)

can be obtained from (2)-(3) above. Equations (4)-(5) introduces

K = IpI
T
0

∂g

∂z
(6)

and

b = Ipg (7)

where

g =

[

∂M1,p

∂z
,
∂M2,p

∂z
, . . . ,

∂MJ,p

∂z

]T

(8)

collects gradients of mutual inductances Mj,p between the plasma and the J fixed

conductors j = 1 . . . J , and I0 is the vector of currents in the same J fixed conductors.

The elements Mj,p are the same as the entries in the column of M̄ in eq. (3), but omitting

the self-inductance M̄p,p which is never needed here. The matrix M is formed from M̄

by deleting its row and column corresponding to the plasma current state. Similarly,

the plasma resistance R̄p,p drops out of this fixed-Ip model.

The state x in (4)-(5) now holds the perturbed currents, I − I0 = x. The key

observation is that only the scalar K (dimension N/m) and the vector b (dimension

Wb/m) depend on the specific plasma equilibrium. M only stores mutual inductances

between fixed-position conductors, and (the diagonal of) R only holds nominally

constant resistances for the same fixed conductors (active and passive). The standard

(massless) condition for vertical instability is geometrical (not involving data in R) and

is here represented by bTM−1b > K > 0 [3].

2.1. Simultaneous diagonalization

The application of two types of standard matrix decompositions renders (5) diagonal.

First, M is symmetric positive definite so it has a Cholesky factorization

M = LLT (9)

where L is lower triangular. Second, whenever R = RT (which specifically holds here

since R is diagonal), the real-valued symmetric eigenvalue decomposition

L−1RL−T = Q = UΛUT (10)

can be used on the intermediate matrix Q = QT formed using L as a symmetric

weighting on R. In (10), U is orthonormal and Λ is diagonal with non-negative elements

λi ≥ 0. In the new coordinate

ξ = UTLTx (11)
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system (5) becomes diagonalized

ξ̇ = −Λξ − βż (12)

where

β = UTL−1b (13)

which is a triangular backsubstitution followed by a orthonormal transformation. It

holds
∑

i ξ
2

i = xTMx,
∑

i β
2

i = bTM−1b, and βTξ = bTx.

2.2. Standard massless case

Neglecting both plasma mass m and damping parameter ν results in the force balance

condition Kz + bTx = 0 replacing equation (4). Combining the time-derivative of this

rank-1 constraint with (5) results in
(

M −K−1bbT
)

ẋ+Rx = 0. Now using (11) results

in
(

I −K−1ββT
)

ξ̇ +Λξ = 0. Finally, by applying the Sherman-Morrison formula and

introducing the square root coordinate χ = Λ1/2ξ, this becomes an eigenvalue problem

for a symmetric rank-1 update of a diagonal matrix

A1 = −Λ + α× ccT (14)

in the sense, χ̇ = A1χ, where c = Λ1/2β and α = −
(

K − βTβ
)

−1

> 0. From the matrix

literature [15] it follows that the maximum eigenvalue calculation for (14) is reduced to

finding the root λ > 0 to the equation

0 = 1− λ

K

∑

i

β2

i

λi + λ
(15)

where an upper bound (not very tight) is λ̄ = maxi(−λi) + α
∑

i β
2

i λi. Solving (15) in

using bisection with initial bracket
[

0, λ̄
]

will always work whenever the root exists (i.e.

assuming K −
∑

i β
2

i < 0, K > 0).

2.3. Inductive stability margin

In the context of this rigid model, it is also possible to solve a similar scalar equation

for the inductive stability margin ms, introduced in [3], associated with the vertical

displacement. This quantity is independent of the conductor resistivities and can be

equated with the positive root x > 0 of

0 = 1− 1

K

∑

i

b̃2i
1 + x

(16)

with the upper bound x̄ = −1+b̃T b̃/K, and where the vector b̃ = L−1b was introduced.

The amount of work required to prepare data for the calculation of ms is less than the

work required for λ since matrix U is not used. This has to be the case since the resistor

data in R cannot influence this quantity.
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2.4. Generalized with-mass case

With the “balanced” change of coordinates ζ =
[√

Kz,
√
mż,xTLU

]T

the total system

matrix for (4)-(5) becomes

A =







0
√

K/m 0T

√

K/m −ν/m βT/
√
m

0 −β/
√
m −Λ






(17)

in the sense ζ̇ = Aζ, and it can be shown (Schur complements and the matrix

determinant lemma) that the equation for its maximum eigenvalue

0 = 1− λ

K

(

ν +
∑

i

β2

i

λi + λ

)

− m

K
λ2 (18)

is a generalization of (15). Equation (18) is also valid for m = 0, ν > 0 (massless but

damped).

2.5. Critical dissipation

The introduction of a small mass here creates a (fragile) damped oscillatory “plasma”

mode [16]. This mode is typically ignored, since it corresponds to an unrealistically

rapid oscillation settling at the force balance condition. An approximation of this mode

is found by solving

λ2 + λ
ν

m
−K/m+

1

m

∑

i

β2

i = 0 (19)

assuming it has a complex-conjugate pair solution with comparatively large |λ|: λi/|λ|
small. The solution to (19) is complex valued with Reλ = −ν/(2m) and Imλ =

±
√

4ω2

0
− ν2/m2/2 whenever

ν < νcrit = 2mω0 (20)

with the (undamped) angular frequency

ω0 =

√

∑

i β
2

i −K

m
(21)

As m → 0 the solution modulus |λ| will be large. By setting the effective damping

parameter roughly at or above νcrit, one might expect the spectrum of (17) to be non-

complex. Below, it is demonstrated that this critical damping has insignificant impact

on the vertical growth rate using DIII-D parameters.

3. Numerical applications

3.1. Scaling of solver performance

The work required to solve for the eigenvalues is determined by the number of conducting

elements J . The number of numerical operations for a generic case is ∼ J3. The front-

loaded simultaneous diagonalization (∼ J3) takes this down to ∼ J assuming a constant
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number of bisections, but at the remaining runtime cost of a preparatory ∼ J2 vector

transformation. The significance of this reduction in complexity can be shown clearly

with the execution time scaling in Figure 1.

Figure 1. Scaling of execution time, comparing the RTRIG solver (this Note) versus

a standard approach of building a symmetrized matrix Y (22) and computing only its

eigenvalues (no eigenvectors, which would be much slower). Since this benchmark ran

on a non-real-time operating system, the minimum execution time across 250 trials is

reported. The exact wall-clock numbers depend on CPU model, clock-speed, numerical

libraries, and possibly compiler options. The scaling with J does not depend on those

details.

Assuming that (7) and (6) are available, the standard massless eigenproblem is that

of finding the eigenvalues of

Y = −R1/2

(

M − 1

K
bbT

)

−1

R1/2 (22)

where (in this benchmark) it is assumed that R is diagonal with non-negative elements

(R1/2 holds the square root of the diagonal). For each dimension J , a unique problem

instance is generated such that M is a random symmetric positive definite matrix,
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b is a vector of standard normal variates, K = ηbTM−1b, where 0 < η < 1 is a

uniform random number, and R has unformly random diagonal elements (independently

drawn the same way as η). The run-time cost using single-threaded double-precision

numerical linear algebra is then measured (repeatedly for each J with regenerated

problem instances). The run-time cost for the standard solution is composed of two

parts: the construction of Y , and the computation of the eigenvalues of Y . The sum

of these two execution times (black and red traces respectively) should be compared to

the RTRIG approach (shown as the blue trace). The RTRIG run-time cost is the sum

of computing (13) and bisecting (15).

For DIII-D, the total number of conductors is 20 (active) + 28 (passive). So the

length of vector (8) is J = 48. In [5], a system model with size J = 79 is reported.

Figure 1 demonstrates ∼ 10× (and larger) reductions in execution times using RTRIG

for both of these two cases. Notice that this benchmark only compares the vertical-

stability-specific part of the calculation. There is additional significant run-time cost

in processing the reconstructed equilibrium to get (8) and (6). If the RTRIG solver is

used, these other more generic calculations become the bottleneck.

3.2. Experimental deployment

A program that solves (15) was implemented in the DIII-D plasma control system (PCS)

[17]. The implementation is single-threaded and constitute a self-contained task that

post-processes the real-time magnetics-only equilibrium reconstructions (EFITs) [18]

which the PCS generates (roughly) once per millisecond. The total calculation requires

∼ 200µsec (using present PCS hardware), of which nearly all time is spent preparing

the vector (7) and scalar (6); according to Figure 1 it is estimated that only ∼ 10µsec is

spent on the actual solve. The calculation of the mutuals’ gradients required for (8) and

(6) is done using finite differencing (three-point stencil) and inner products repeatedly

involving the entire 65 × 65 EFIT grid toroidal current distribution (which also need

to be extracted from the EFIT). Weight vectors for this are pre-computed as part of

EFIT itself, and consists of mutual inductances between each conductor and the 4225

plasma grid cells. The eigenproblem is linearized around the presumed situation where

the passive element currents are set to zero.

Figure 2 shows an example comparison of the standard code RZRIG (which is a

rigid massless code but which also includes a radial degree of freedom) [9] evaluated on

standard offline EFITs, with RTRIG as evaluated on real time EFITs (which are not

as accurate). The difference between RZRIG and RTRIG both evaluated on the same

offline EFITs is not visible on the scale of this plot. Those differences (and more) are

instead tabulated, for a set of time-slices, in Table 1.

The experiment shown in Figure 2 is a lower-single-null plasma where a pre-

programmed ramp in (upper) plasma elongation is started at t = 2.1 sec. As the

elongation is increased (while keeping the magnetic null at a constant position) the

plasma becomes increasingly vertically unstable. The end of the pre-programmed ramp
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Figure 2. Comparison of RZRIG (standard code) evaluated on standard offline

magnetics-only equilibrium reconstructions, and RTRIG (this note) as evaluated online

based on streaming real-time magnetics-only equilibrium reconstructions. The vertical

dash-dotted lines mark specific time-slices where more detailed comparisons are made

between various versions of the eigenproblem (Table 1).

is at t = 3.0 sec but is never reached since the plasma disrupts as a result of the induced

vertical displacement event. DIII-D plasmas, as in Figure 2, experience loss of vertical

stability control as the growth rate (dz/dt)/z approaches and exceeds ∼ 1000 sec−1. In

this particular shot RTRIG ran in real time “passively”, meaning that no action was

taken based off of the value of λ calculated online. RTRIG has also been used in “active”

(feedback based on λ) mode [7] and replaces the previous RZRIG emulation [8].

3.3. Example tabulation of λ, νcrit, and ω0

Denote the growth rate solution to (17) by λ(m, ν), so that λ(0, 0) is equal to the

standard non-damped massless solution, λ(m, 0) is the with-mass non-damped solution,

and λ(m, ν∗) is the critically damped with-mass solution. Table 1 shows values of λ(·, ·)
for specific time slices marked by dash-dotted lines in Figure 2. Realistic mass-values for

DIII-D plasmas are in the milligram range. In the table, m = 5.0×10−6 kg is used. The
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Table 1. Comparison of different variants λ(m, ν) of the vertical growth rate for

the subset of magnetics-only standard EFIT time slices marked in Figure 2. Also

comparison of the accuracy of the critical ν approximation. The plasma mass is set to

m = 5.0mg. The RTRIG column corresponds to λ(0, 0), and f0 = (2π)−1ω0.

time [s] RZRIG [s−1] RTRIG λ(m, 0) λ(m, ν∗) ν∗ [Ns/m] νcrit f0 [kHz]

0.760 20.9588 20.912 20.912 20.8808 2.6007 2.5967 41.328

1.020 88.2864 87.9845 87.9844 87.623 2.8168 2.8119 44.754

1.280 434.023 433.093 433.089 428.798 2.3010 2.2937 36.505

1.540 492.719 491.638 491.632 486.401 2.2723 2.2646 36.043

1.800 461.862 460.724 460.719 456.075 2.3045 2.2971 36.560

2.060 450.42 449.313 449.309 444.909 2.3311 2.3238 36.985

2.320 616.362 615.541 615.53 607.782 2.1654 2.1570 34.329

2.580 752.247 751.657 751.637 740.588 2.0752 2.0659 32.880

expected ordering of growth-rates is: λ(0, 0) > λ(m, 0) > λ(m, ν∗), with the additional

inequality RZRIG > λ(0, 0), since RZRIG has an additional degree of freedom. The

difference between RTRIG, λ(0, 0), and its with-mass perturbation λ(m, 0) is around

the fifth digit for this mass value. The critical value of the damping parameter ν∗ is

found by numerically bisecting the location where matrix (17) switches from all-real to

a complex spectrum. The relative difference between ν∗ and the approximation (20)

is ∼ 10−2 for this mass. The relative difference between ω0, approximation (21), and

actual ω∗ (oscillatory with-mass undamped mode) is ∼ 10−5. These differences vanish

as m goes to zero.

4. Discussion

In this Note, a fast new calculation of the rigid displacement vertical stability of a

tokamak plasma was presented. The method was implemented on the DIII-D tokamak.

The new solver formulation dramatically outperforms a standard approach in terms of

execution speed as the model complexity J increases. Although it was never required

for DIII-D, the total execution time could be improved further by optimizing the

computation of gradients of mutual inductances (which is beyond the scope of this

Note).

The added dissipation rate (1/2)νż2 can be justified as a representation of otherwise

unmodeled high-frequency magnetic damping effects. The damping effect exerted by the

conductors on the rigid plasma is essentially a low pass filtered force, driven by ż. This

damping is not correctly modeled at higher frequencies. It has been documented that in

the tens of kilohertz range, for DIII-D, magnetic braking modeling of rotating plasma

modes need to include Graphite tiles (these are not part of the axisymmetric standard

model for vertical stability and shape control) [19]. At the same time, for the conductors

that are included, skin effects increase the effective resistances, thus shorten the eddy

time-scales and increase the bandwidth of the damping. Detailed modeling of this can
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quickly become complex.

To be able to edit-out the oscillatory motion, while retaining a proper velocity

state, without adding complexity to the model (such as adding short time scale passive

elements) can be highly useful in e.g. fast nonlinear simulations, allowing larger

integrator time-steps. Possible future applications of the fast growth-rate calculation

methods reported in this note include gain-scheduled feedback control, and extensions

to the more general cases including radial motion, and plasma current dynamics. There

are also under-explored options to re-parametrize magneto-mechanical Lagrangians such

as (1) to go beyond rigid models while still keeping dimensionality low.
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