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Abstract

This work presents novel multiscale spatial data analytics using Ripley’s K-function, as a measure
of spatial interaction, to study one-dimensional arrangement of fractures. Fracture spatial
arrangements are classified into clustered, anticlustered, or indistinguishable from random by
testing statistical significance of the calculated Ripley’s K-function. Characterizations of fracture
arrangements are performed as a function of length scale and position. Analysis of the K-function
along the study interval identifies where fracture clustering and anticlustering occur. A simulation
technique is also introduced here to statistically reconstruct spatial arrangements and to generate
fracture realizations that are spatially similar to the fractures observed in the field. With this
simulation technique, one can also fill spatial gaps in fracture measurements where data are absent,
unreliable, or unused. Synthetic as well as field-measured 1D fracture datasets are used for testing
and demonstration. Methods introduced in this work can be readily applied to fracture datasets

observed in outcrops, borehole image logs, and cores.

1. Introduction

When rock fractures are evaluated as a set, their spatial arrangement becomes especially important
(e.g., Smith and Schwartz, 1984; Berkowitz, 2002; Laubach, 2003; Olson, 2004; Narr et al., 2006;

Gale et al., 2014; Hardebol et al., 2015). Spatial arrangement describes how arrays of objects are
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positioned in a space based on the sequence of and the distances between the objects (e.g., Laubach
et al., 2018). Subsurface observations show that fracture networks often span multiple scales and
may exhibit diverse spatial arrangements (e.g., Gillespie et al., 2001; Gauthier et al., 2002; Hooker
et al., 2009; Questiaux et al., 2010; Gale et al., 2014; Laubach et al., 2018; Li et al., 2018; Wang
etal., 2019; Bagni et al., 2020; Dichiarante et al., 2020). Fractures may be clustered (e.g., Laubach,
1992; Marrett et al., 2018; Li et al., 2018; Wang et al., 2019), anticlustered — also referred to as
more regularly spaced — (e.g., Odling et al., 1999; Gillespie et al., 1999), or indistinguishable
from random (e.g., Narr and Suppe, 1991). Hence, spatial arrangements may transition from one
state to another as the scale of measurement changes (e.g., Gillespie et al., 1999; Sanderson and
Peacock, 2019). For example, a meter-scale fracture cluster may appear regularly spaced if
inspected by a magnifying lens. These multiscale variations make characterization of fracture

arrangements scale dependent.

Spatial arrangements are quantified using the sequence of and the distances between fractures. In
1D applications, the distances between fractures can be calculated by spacing data. Spacing is
equivalent to the distance between intersection points of neighboring fractures with a sampling
line interval, such as a scanline, borehole, or core, placed perpendicular to the orientation of
fractures. Traditional statistical measures that summarize histograms and the size distribution of
fracture spacings, such as the mean p, the standard deviation o, and the coefficient of variation
C, = 0/u, do not account for spatial arrangements, because they are calculated regardless of the
location and the sequence of fractures. To illustrate this issue, consider two fracture sets with
identical fracture spacing histograms and coefficients of variation, but with two different spatial
arrangements (Fig. 1). In one set, fractures are clustered around the middle, whereas in the other

set, fractures are randomly distributed. In this example, the mean p, the standard deviation o, and
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the coefficient of variation C, are unaffected by the change of spacing sequence and yield identical

values in both fracture sets.

Figure 1: Comparison of spatial arrangements in two fracture sets. (a) Both fracture sets have identical mean
U, standard deviation o, coefficient of variation Cy, and histograms of fracture spacing. (b) However,
they exhibit different spatial arrangements. Set 2 is clustered, whereas set 1 is indistinguishable from
a random arrangement.

To identify fracture arrangements, some methods use cumulative distribution functions for fracture
spacing (e.g., Sanderson and Peacock, 2019; Bistacchi et al., 2020); however, they perform spatial
analysis only at one scale (i.e., the largest scale of measurement). To perform a multiscale spatial
analysis, methods such as lacunarity (Roy et al., 2014) and correlation count (Marrett et al., 2018)
use incremental sizes of length scale, similar to lag distances in semivariograms (e.g., Laubach et
al., 1995; Hanke et al., 2018). However, these methods quantify the average spatial arrangement

and provide no information on the variation of fracture arrangement as a function of position.

Fracture arrangement may not be the same everywhere along the study interval. For example, if a
scanline measurement is divided into different segments, and each segment is analyzed separately,
different fracture arrangements may be observed at a given scale (Bistacchi et al., 2020). Fracture
arrangement can be clustered in one segment and anticlustered in another segment. Therefore,
when fracture arrangement is reported as an average, these local variations are overlooked.
Evaluating the changing nature of fracture arrangement as a function of position can objectively
reveal additional information about location, boundaries, and properties of clustered and

anticlustered structures along a study interval.

Another valuable aspect of quantifying spatial arrangement of fractures is that one can statistically
reconstruct (simulate) fracture arrangements and generate fracture realizations that are spatially

similar to the fractures observed in the field. For ground water and petroleum engineering
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subsurface applications, multiple synthetic fracture realizations are commonly generated, such as
for uncertainty quantification and for testing production scenarios (e.g., Shakiba, 2014, 2018;
Nejadi et al., 2017; Sun et al., 2017). Such fracture realizations should be generated based on the
fracture datasets observed in borehole image logs, cores, or outcrop exposures, to ensure that they
represent realistic spatial arrangements. Several methods have been introduced in the literature to
simulate fracture arrangements. However, they apply only to specific types of spatial
arrangements, such as uniform, random, periodic, or fractal arrangements, and they assume the
same type of arrangement across all length scales (e.g., Gillespie et al., 1993; Borgos, 2000;
Sanderson and Peacock, 2019). As mentioned, fractures may exhibit diverse spatial arrangements
that change from one scale to another. Therefore, more advanced and universal methods are

required for simulating naturally occurring fracture arrangements.

This work develops novel spatial quantitative tools using Ripley’s K-function, as a measure of
spatial interaction, to characterize, analyze, and model fracture arrangements across various scales.
Ripley’s K-function has been extensively used in various fields, such as ecology, geography, and
astronomy to describe spatial arrangement of discrete points or events (e.g., Stoyan and Penttinen,
2000; Stein et al., 2000; Marcon and Puech, 2003; Wiegand and Moloney, 2013). Fractures
observed in outcrops, borehole image logs, or subsurface cores are examples of discrete objects

that can be analyzed by Ripley’s K-function.

In this paper, we first describe how Ripley’s K-function is calculated for 1D fracture measurements
and how it can be interpreted to identify statistically significant clustered and anticlustered
arrangements. We use a natural fracture dataset for demonstration. Next, we develop a novel
approach based on a local version of Ripley’s K-function to visualize variation of spatial

arrangement along the study interval. This approach identifies the location and properties of
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fracture clusters and anticlusters along the study interval. Finally, we introduce a simulation
technique using Ripley’s K-function to generate fracture realizations that honor the spatial
arrangement of the measured dataset. We indicate how the simulation technique can be deployed
to fill in gaps in measurements. Although examples presented in this paper are based on 1D
datasets, published 2D and 3D applications of Ripley’s K-function in other fields allow our
modeling results to be readily extended to practical problems in 2D and 3D subsurface fracture

prediction.

2. Fracture dataset

The 1D fracture dataset used here is from the work of Marrett et al. (1999, 2018), who performed
fracture measurements on a limestone outcrop exposed on the bed of the Pedernales River in
Pedernales Falls State Park, Texas (Fig. 2a). Here the limestone strata are from the Upper Member
of the Pennsylvanian Marble Falls Formation, and they were exposed by erosion through the Glen
Rose Limestone found on the slopes on both sides of the river. The limestone rocks are crinoid-
rich, gray packstones and wackestones that suggest a shallow-marine setting. Facies comprise algal
mounds, chert, siliceous limestone (silica derived from sponge spicules), and shale (Erlich and
Coleman, 2005; Gomez, 2007; Wright et al., 2007). Two sets of fractures occur at Pedernales,
NNE-striking, mostly unmineralized joints and EW-striking calcite-filled veins. Both sets are sub-
perpendicular to bedding planes. Veins at Pedernales are more abundant and cross multiple layers.
Some of the veins are cut by stylolites. Spatial analysis here is performed only for the veins

(hereinafter fractures) (Fig. 2b).

Figure 2: Marble Falls Limestone and veins at Pedernales. (a) Limestone outcrop exposed on the bed of the
Pedernales River in Pedernales Falls State Park, Texas. (b) Image of the calcite-filled veins.
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Spacings between 916 fractures were obtained along a scanline approximately 59 m long,
perpendicular to the orientation of the fractures. Color contrast between fracture-filling calcite
cement and the surrounding rock matrix facilitates measurement of fracture spacings. Fracture
spacings larger than 5 mm are measured with a ruler or tape with + 1 mm precision. Fracture
spacings less than 5 mm are measured with a logarithmically graduated comparator (Ortega et al.,
2006) and with the aid of a 10x magnifying lens. The comparator allows measurement of spacings
as small as 0.05 mm. Fractures with aperture sizes or spacings less than 0.05 mm are ignored. The
position of a fracture is the distance from the start of the scanline to the fracture wall. Subsequently,

spacings are calculated as the distances between positions of two neighboring fractures.

In addition to fracture positions and spacings, aperture sizes were also measured using
comparators. However, we used only the position and spacing data to analyze fracture arrangement
in this work. For more details on the dataset, measurement techniques, and regional geology, see

papers by Marrett et al. (1999, 2018).

Fracture locations (stick plot) and fracture frequency over equally sized bins along the scanline at
Pedernales are illustrated in Fig. 3. Most of the fractures cluster around the left side of the study
interval. There is an abundance of fractures between 0 and 27 m, and a paucity between 27 and 59
m. Between 0 and 27 m, intensity is non-uniform, and fractures form clusters of various sizes
(marked by spikes in fracture intensity, for example between 3.8 m and 5.2 m). Such spatial
arrangements of inter-nested clusters are qualitatively fractal (Gillespie et al., 1999; Marrett et al.,

2018).

Figure 3: Visualization of fracture measurement at Pedernales. Stick plot indicating fracture locations (top),
and variation of frequency over 50 equal-size bins of 1.16 m along the study interval (bottom).
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Furthermore, the size distribution of fracture spacings spans four orders of magnitude and is
approximately lognormal, identified by a Gaussian-shaped histogram on a logarithmic axis (Fig.
4). Summary statistics for the size distribution of spacings are in Table 1. Based on the estimated
values of the sample mean (4 = 64 mm) and the standard deviation (¢ = 156 mm), the coefficient
of variation for fracture spacings is calculated as C, = g/u = 2.43. A Cy of greater than 1 implies
a wide range of spacings, which clustered patterns possess (Gillespie et al., 1999). However, C,
provides no information about how the arrangement of fractures changes as a function of scale
and along the study interval. Coefficient of variation applies to nearest-neighbor fracture spacings,
and it only confirms a strongly clustered arrangement at small scales. Longer range fractal spatial
arrangements cannot be discerned from nearest-neighbor spacings without data on the spacing

sequence, and the same holds for other aspects of arrangement.

Figure 4: Histogram (bottom) and box plot (top) of fracture spacing at Pedernales. Spacings are on a
logarithmic axis. Box plot displays the first and third quartiles (box edges), the median (middle line
inside the box), variability outside the first and third quartiles (whiskers), and outliers (red squares)
of spacing data.

Table 1: Summary statistics for size distribution of fracture spacings at Pedernales. Units are millimeters.

In the next section, a method of point pattern analysis is introduced to characterize the spatial

arrangement of fractures measured at Pedernales over multiple length scales.

3. Ripley’s K-function

Ripley’s K-function (hereinafter K-function) is a method of point pattern analysis that describes
spatial arrangements (Ripley, 1976, 1977; Baddeley et al., 2007; Dixon, 2014; Cressie, 2015). The
K-function applies to an array of discrete objects, and it quantifies spatial arrangements using the

distances between the objects. Fractures sampled along line intervals, such as in outcrop scanline
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measurements, borehole image logs, or subsurface cores, are examples of discrete objects that can
be analyzed by the K-function. In a fracture set with semi-parallel fractures, the orthogonal
distances between fractures can be reliably calculated by spacing data. In 1D measurements,
fracture spacings are measured as the distances between intersection points of neighboring
fractures with a sampling line interval. Consequently, the distance between two fractures of the
same set equals the cumulative sum of fracture spacings that fall between these two fractures.

Therefore, 1D fracture arrangements can be quantified by the K-function.

The main advantage of the K-function is that it takes scale as a primary variable in the spatial
analysis. This makes the K-function well suited for studying multiscale characteristics of fracture
arrangements. The K-function is defined as the “expected” number of neighboring points that fall
within the distance h from a point randomly selected inside the study domain, normalized by the

point intensity.

1
K(h) = 7% E[# of points within distance h from a randomly selected point] (D

where K (h) is the K-function at the length scale h; E[ ] is the expected value or expectation; and
A is the point intensity — the total number of points divided by the length of the study interval.

K (h) has a unit of length and is a measure of spatial dependence or interaction between points.

3.1 One-Dimensional Formulation of Ripley’s K-function
Formulations of the K-function can be derived for 1D, 2D, and 3D applications. Since our analysis
deals with 1D fracture datasets, only the 1D formulation is introduced. The 1D formulation of the

K-function applies to fracture datasets obtained from scanline measurements, borehole image logs,
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or subsurface cores. Calculation of the K-function is based on a point counting procedure. At every
length scale h, a search interval of half-width h is centered on the first fracture, and the total
number of neighboring fractures that fall within the search interval is counted. This step is repeated
by centering the search interval on all the other fractures and counting the number of neighbors.
Fig. 5 shows a schematic example of the fracture counting procedure. Finally, all the counted
numbers of neighbors are averaged and divided by fracture intensity. Therefore, the K-function in

a 1D application can be estimated by

L

N N
> wxH[a= |y - x] @)

i=1 j=1|j#i

where L is the total length of the study interval; N is the total number of fractures; |xj — xil is the

distance between fractures i and j along the study interval; H is the Heaviside step function (which

returns O for h — |xj - xi| < 0, and 1 otherwise); and w; is a weighting factor that corrects for

edge effects.

Figure 5: Example of fracture counting used in K-function calculation.

Note that the 1D formulation of the K-function is analogous to the correlation sum (e.g., Du
Bernard et al., 2002; Grassberger and Procaccia, 2004; Marrett et al., 2018; Sanderson and
Peacock, 2019), except that the K-function incorporates an alternative method for edge correction,
and it is normalized by the length of the study interval (L). Normalizing by length allows
comparison of the K-functions calculated for datasets of different lengths or fracture intensities.

Since K-function analysis is well-established in many other fields, many tools and methods can be
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readily deployed for characterization of fracture arrangements, such as methods for edge correction

in 2D and 3D, analytical forms for various spatial patterns, and research codes.

3.2 Edge Correction

Edge or boundary effect refers to a condition where part of a search interval lies outside the study
domain (Fig. 6). Since fractures outside the domain boundaries are not measured, the actual
number of neighboring fractures in this situation is unknown. Inability to count neighboring
fractures that are outside the study domain results in an underestimation of the K-function (i.e., a
bias low). This issue becomes more significant at large length scales because it becomes more

likely that part of the search interval would extend beyond the study interval.

Figure 6: Illustration of edge effect. Part of the search interval shown on the left falls outside the study domain.
Eq. 3 can be used to calculate weighting factor for edge correction. The search interval on the right,
however, is completely inside the study domain; therefore, weighting factor is 1.

To correct for edge effects, a weighting factor is used in the K-function formulation to increase the
number of counted neighboring fractures proportional to the fraction of the search interval that
falls outside the study domain. Ripley (1976, 1977) proposed the following equation for the

weighting factors.

2h

dinside

3)

w; =

where h is the half-width of the search interval (same as the length scale h in Eq. 2), and d;;s;iq4e
is the part of the search interval that overlaps with the study interval. If all the search interval
centered on a specific fracture is inside the study domain, the associated weighting factor equals 1

(w; = 1), meaning that edge correction is not required.
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3.3 Normalized K-function
In a random arrangement, the expected number of neighboring fractures within the distance h from
arandomly selected fracture is calculated by multiplying the size of the search interval (2h) by the

fracture intensity (A = N/L). Therefore, the expected value of K(h) in a random arrangement is

1 L (N
Krandom(h) = IE [# of fractures within distance h] = N (f Zh) =2h 4)

Values of K(h) greater than K, 4,40m(h) indicate fracture clustering, whereas values of K(h)
smaller than K;.4,40m(h) indicate anticlustering at the length scale h. To simplify comparisons,
the calculated values of K (h) are further normalized by K, 4nq0m (R). Thus, at the length scale h,

the normalized K-function is

N N
K(h) L
Kalh) = s = Z Z w; X H[h = |x; — xi|] )

i=1 j=1]j#i
Therefore, for random arrangements K, (h) = 1. Consequently, K, (h) > 1 shows fracture
clustering, whereas K,(h) < 1 shows anticlustering. However, note that not all clustered or
anticlustered arrangements are statistically significant. Even in a random arrangement, the
calculated K, (h) can still be greater or less than the expected value of 1, indicating some degree
of clustering or anticlustering. For random arrangements, K,,(h) = 1 refers to the average of many
realizations of random arrangements (i.e., the expected value). Therefore, a test of statistical
significance is needed to identify whether an observed fracture clustering or anticlustering is

statistically significant.
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4. Statistical Bootstrap

For any statistical measure, quantifying confidence limits and uncertainty is important for
understanding the variability and significance of measurements, experiments, or calculations to
support interpretation and decision making. For classification of fracture arrangements, variability
in random spatial arrangements can be specified by a confidence interval to identify clustered or

anticlustered arrangements.

Here the statistical bootstrap is used to test the randomness hypothesis and to calculate uncertainty
interval of the K-function. The bootstrap method is a statistical technique that involves random
sampling with replacement (Efron, 1992; Hesterberg, 2011). The statistical bootstrap applies
Monte Carlo simulation, sampling with replacement, to assess uncertainty in any statistics. It
assumes stationarity as well as independent and representative sampling; more advanced

workflows of spatial bootstrap with declustering are discussed in Pyrcz and Deutsch (2014).

4.1 Confidence Interval for Random Fracture Arrangements

To find the confidence interval for the K-function of random arrangements, the statistical bootstrap
generates multiple realizations of random fracture arrangements with the same intensity as that of
the measured dataset. The K-function is then calculated for each realization. The confidence
interval serves as a benchmark envelope to identify arrangements significantly different from a
random arrangement. Lower and upper limits of the confidence interval are determined by the
choice of the confidence level (i.e., the probability for a statistic to be within the bounds, given

that the random hypothesis is correct).

Fig. 7 depicts the K-function and the normalized K-function of the Pedernales fractures. The
shaded areas are the 95% confidence intervals for the random fracture arrangements calculated by

100 bootstrap realizations. Values of K, (h) are greater than 1 at all length scales, indicating a
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persistent multiscale clustered arrangement. However, K, (h) is inside the confidence interval
between length scales of 1x10* and 3x10* m and, therefore the spatial arrangement is
indistinguishable from random, whereas at larger length scales K,,(h) is above the confidence

interval, indicating a statistically significant clustered arrangement.

Figure 7: Spatial analysis of fracture arrangement at Pedernales. Stick plot showing fracture locations along
scanline (top); calculated K-function (left); and normalized K-function (right). At length scales of
less than 3x10* m, the fracture arrangement is indistinguishable from random, whereas at larger
length scales a statistically significant clustered arrangement appears.

Moreover, the K-function and the normalized K-function are approximately linear on the log-log
plots between 2x 107 and 30 m length scales. This power law behavior implies a fractal geometry
(Gillespie et al., 1999; Marrett et al., 2018) in which larger clusters consist of groups of smaller
clusters. The degree of fractal clustering can be estimated by the correlation dimension (i.e., the
slope on the log-log plot). The correlation dimension from the K-function plot is 0.83, which is
consistent with the correlation dimension of 0.8 estimated from the correlation sum plot (Marrett

et al., 2018).

For comparison, Fig. 8 shows the K-function and the normalized K-function calculated for a
synthetic random arrangement. The K-function and the normalized K-function fall within the
confidence interval. Although the values of K,,(h) are greater or less than 1 at some length scales,

they are not statistically significant.

Figure 8: Spatial analysis of fracture arrangement in a dataset generated by random placement of fractures.
Stick plot showing fracture locations along the study interval (top); calculated K-function (left); and
normalized K-function (right). The K-function and normalized K-function fall inside confidence
interval across all length scales.
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4.2 Uncertainty in Ripley’s K-function

As mentioned in section 2, measurement of small spacings in the field is challenging, and it may
require additional tools such as a graduated comparator and a hand lens. Because of such
limitations, fractures that are spaced less than 0.05 mm were not recorded at Pedernales. Therefore,
accuracy of the measurement is expected to degrade at small scales. Departure of the K-function
from a fractal behavior (the linear segment on the log-log plot) at length scales of less than 1 mm
could be caused by the lower measurement accuracy and truncation. To calculate the uncertainty

interval in the K-function, the statistical bootstrap is deployed.

Fig. 9 depicts the K-function and the normalized K-function calculated for the Pedernales dataset
with the uncertainty intervals. At small length scales, the bootstrap sampling process produces a
larger uncertainty interval. Spatial arrangement at these small scales is mostly controlled by only
a few fractures tightly clustered around each other. Therefore, sampling with replacement produces
a large uncertainty interval. However, as length scale and the number of neighboring fractures

increase, the effect of sampling decreases and the uncertainty interval becomes smaller.

Figure 9: Uncertainty intervals in the K-function and normalized K-function calculated for Pedernales dataset
using statistical bootstrap.

5. Local fracture arrangement

The K-function discussed in sections 3 and 4 quantifies the overall fracture arrangement at each
scale by pooling all fractures across the study interval. This type of analysis quantifies fracture
arrangement as a function of scale but provides no information on the changing nature of fracture
arrangement along the study interval. Fracture arrangement may change from clustered in one

subregion to anticlustered in another subregion.
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In this section, we introduce a new approach that uses a local version of the K-function to evaluate
fracture arrangement as a function of length scale and position simultaneously. This approach
visualizes variation of the K-function as a function of position at various scales. By studying local
variations of fracture arrangement, one can objectively identify the location and size of fracture

clusters and anticlusters.

5.1 Local K-function

Recall that the K-function in Eq. 2 estimates the “average” number of neighboring fractures at each
length scale. The inner sum in Eq. 2 counts the neighboring fractures, and the outer sum integrates
the same calculation over all the fracture locations. In other words, the final value of the K-function
in Eq. 2 is the average of all the local values of the K-function calculated for each individual
fracture. Therefore, the local estimator for the K-function at the location of fracture i (referred to

as the local K-function) at the length scale h can be represented by

=Z| =

N
Kiw =2 > o x Hlh = |x = x| ©)
i=T]i%j

Similarly, the normalized local K-function will be

N
. L
K =5 " oox Hlh = | - x| )

i=1]i#j
Normalized local K-functions calculated for the Pedernales fractures are shown in Fig. 10. The x-
axis is the location along the scanline and the y-axis is length scale. Every point in this figure is
colored with the associated value of the normalized local K-function. Values of K (h) greater than
1 (warm colors) indicate fracture clustering, whereas values of K} (h) less than 1 (cool colors)

indicate anticlustering. Calculations are performed only at the fracture locations. Regions without
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fractures or with zero K-function are shown in white. Clearly, the left side of the study interval,
near the boundary, shows a higher degree of clustering (i.e., relatively greater values of K. (h))
than the remainder of the study interval. Also, multiple clusters exist in this region. However, to
demonstrate that these clustered and anticlustered arrangements are indeed statistically significant,

we applied the statistical bootstrap to individual fractures.

Figure 10: Profile of normalized local K-functions calculated for Pedernales fractures. For each fracture along
scanline (x-axis), normalized local K-function is calculated at each length scale (y-axis). Points in the
profile are colored with the associated values of normalized local K-function. Warm colors (values
greater than 1) indicate fracture clustering, whereas cool colors (values less than 1) indicate fracture
anticlustering.

To calculate the confidence interval for K,il (h) at the location of fracture i, all the other N — 1
fractures are randomly redistributed while holding the location of fracture i fixed. For every new
realization j, the normalized local K-function at the location of fracture i, K,il'j (h), is calculated
using Eq. 7. We repeated this process several times (j = 1, ..., M) to obtain a statistically large
number of samples. Finally, by comparing the observed value of K:(h) with that of the M
realizations (K,il'j (h) forj = 1, ..., M), we find the p-value (or percentile) for fracture i at the length
scale h (Eq. 8). We repeat this process for all the other fractures (i = 1, ..., N) and across different

length scales.

Rank(K}:(h))
M+1

pi(h) = ®)

Fig. 11a is a profile of the p-values calculated for the Pedernales fractures based on 99 bootstrap
realizations for each fracture (M = 99). Fractures with greater p-values are located within clusters,

whereas fractures with lower p-values are located within anticlustered arrangements.
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5.2 Fracture Arrangement along the Study Interval

A main advantage of the local analysis of fracture arrangement is that cluster boundaries at each
scale can be explicitly identified. To find the clustered and anticlustered arrangements that are
statistically significant, the lower and upper bounds for p-values should be selected. In this work,
the bounds of the p-values for statistically significant anticlustered and clustered arrangements are

0.025 and 0.975, respectively, for a 95% confidence interval.

Final profile of the statistically significant clustered and anticlustered arrangements at Pedernales
is plotted in Fig. 11b. Red and purple highlight statistically significant clustered and anticlustered
arrangements, respectively. Analysis of this figure reveals several important features. First, as
expected, the left side of the study interval up to 27 m exhibits statistically significant clustering
of fractures, whereas the remainder of the study interval contains statistically significant
anticlustered arrangements. Presence of a statistically significant anticlustered arrangement on the
right side was not identified by the analysis of the average K-function. Second, the number of red
“pillars” or bars at each length scale determines the number of clusters. If we draw a horizontal
line passing through the length scale h (y = h) and then count the number of red pillars that it
intersects, this is the number of clusters. Accordingly, the width of each red pillar at every length
scale is the size of that cluster. Third, as length scale increases, the adjacent smaller clusters merge
and form larger clustered structures. Merging of clusters is manifested by “dome-shaped”
configurations, for example between 7 and 17 m where multiple clusters merge and form one major
cluster at length scales larger than 4 m. In addition, Fig. 11b shows several thin localized clusters
that span only a few length scales. At larger length scales, these isolated clusters are averaged by
nearby anticlustered fractures, resulting in local arrangements that are not statistically

distinguishable from random, and thus they disappear from the profile. On the other hand, some
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of the clusters are so pronounced that not only do they span across all length scales, but they also
affect the interpretation of the local arrangement of nearby fractures as length scale increases. One
example is the cluster between 3.8 and 5.2 m along the study interval. The extension of this cluster

at various length scales is highlighted by a red, “wing-shaped” pattern centered at 4.5 m in Fig. 10.

Figure 11: Results of local analysis of the K-function at Pedernales. (a) Profile of local p-values. (b) Statistically
significant clustered (red) and anticlustered arrangements (purple). For fractures along scanline (x-
axis), p-values are calculated at every length scale (y-axis) based on 99 bootstrap realizations.

In comparison, Fig. 12 shows a profile of the local K-function analysis in a random arrangement.
Unlike the Pedernales dataset, the local analysis of the K-function in a random arrangement
indicates only sparse regions of fracture clustering and anticlustering. No major statistically
significant pattern or structure appears in this profile. All the isolated clusters and anticlusters

disappear as length scale increases.

Figure 12: Profile of statistically significant clustered (red) and anticlustered (purple) arrangements identified
by local analysis of the K-function along study interval in a synthetic random arrangement. Unlike
the arrangement at Pedernales, statistically significant arrangements here are minor, and they
disappear at larger length scales.

Results indicate that the local analysis of the K-function is more informative than the overall
analysis, and it provides more information about the location, frequency, and properties of

clustered and anticlustered arrangements along the study interval.

Note that the methods developed here help in understanding of the distribution of fractures in the
subsurface by quantifying spatial arrangements. Such spatial analyses are not necessarily sufficient
to explain the genesis of the clustering and anticlustering in the subsurface. Additional information
and studies are required for identifying geological processes that could influence fracture spatial

arrangements, such as faulting, folding, diagenesis, and boudinage. The Pedernales outcrop is a
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relatively undeformed panel of limestone with approximately constant thickness. Therefore, it
would be unlikely that any faulting, folding, or boudinage control the clustering of the veins.
Rather, fracture-fracture interaction during subcritical crack growth with modification of the local
stress field near fracture tips may have caused the observed clustering (c.f., Olson, 2004).
However, to reliably show any relationship (or lack thereof) between subsurface processes and the

clustering of the veins at Pedernales, a comprehensive modeling workflow is required.

6. Simulation of fracture arrangements

In subsurface studies, one may consider generating fracture model realizations based on 1D
fracture arrangements observed in the field from outcrop scanlines, borehole image logs, or cores.
For example, in modeling naturally fractured reservoirs, several discrete fracture network
realizations may be generated for uncertainty quantification, modeling hydrocarbon production
(e.g., Shakiba, 2014, 2018; Nejadi et al., 2017; Sun et al., 2017), or investigating hydraulic fracture
propagation (e.g., Olson, 2004; Wu and Olson, 2016; Weng et al., 2016). Therefore, it is important
for the generated fracture models to honor multiscale spatial properties and arrangement of the

fractures observed in the field.

6.1 Simulation Technique

In this section, we develop a simulation technique to statistically reconstruct multiscale spatial
arrangement of fractures in model realizations. The simulation starts with a random fracture
arrangement. A fracture is randomly selected and relocated along the study interval (i.e., randomly
perturbed). The K-function is then calculated for the new arrangement and compared against the
K-function of the original dataset. The new arrangement is accepted, if the mismatch between the
K-functions is reduced (i.e., a greedy approach); otherwise, it is rejected. The simulation follows

an iterative approach whereby each successful iteration brings the candidate realization closer to
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the target spatial arrangement. This simulation technique is formulated as a non-parametric
optimization problem. An algorithm based on random perturbation is deployed to find the solution
(Tscheschel and Stoyan, 2006; Illian et al., 2008; Wiegand and Moloney, 2013). A flow chart of

the proposed simulation technique is shown in Fig. 13.

The main advantage of this simulation technique is that it can incorporate any complex spatial
pattern as long as it can be quantified during optimization. Various summary statistics can be used
to calculate the error or the mismatch (loss function) between a simulated arrangement and the
target arrangement after each iteration. Here, loss function is defined as the L? norm of the error
in the K-function over various length scales to capture multiscale characteristics of fracture

arrangements. Therefore, the loss function E; after iteration j is described by

hn

= | ) wlKk®w-km]’ ©)

h=h,
where 7 is the total number of length scales; K" (h) is the K-function at the length scale h calculated
for the realization in iteration j; K(h) is the K-function at the length scale h calculated for the
observed fractures; and w; is the weighting factor for each length scale (different from the
weighting factor w; for edge correction in Eq. 2). If simulation of spatial arrangement at a specific
length scale is of more interest, a greater value should be selected for the associated weighting
factor (wj). Note that the simulation technique automatically honors fracture intensity. Each
fracture realization has the same number of fractures along the study interval as that of the original
dataset. Since fractures are only relocated during iterations, the overall fracture intensity remains

constant.
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Figure 13: Flowchart describing the simulation technique for 1D fracture arrangements.
6.2 Simulation of Fracture Arrangement at Pedernales
Fig. 14 illustrates the simulation results of the Pedernales fractures. The 1D fracture arrangements
generated after various iterations are shown in this figure. Based on visual inspection, the final
simulated fracture arrangement (after 100,000 iterations) is similar to the target fracture
arrangement at Pedernales. In this simulated arrangement, fractures are primarily clustered around

one side of the study domain, and multiple smaller clusters can be observed.

Figure 14: Comparison of original fracture arrangement at Pedernales (top) with simulated fracture
arrangements after various numbers of iterations.

In addition, good agreement exists between statistical properties of the final simulated arrangement
and those of the Pedernales dataset (Fig. 15). Calculated values of K, for the simulated
arrangement after 100,000 iterations are similar to those of the original dataset at the pre-specified
length scales of 10%, 10-3, 102, 10!, 1, and 10 m. The only discrepancy in the K-function values
occurs at the smallest length scale (10* m). Often more iterations are needed to match spatial
arrangement at small length scales. Comparison of the K-functions between candidate realizations
and the Pedernales fractures (right column in Fig. 15) shows that initial iterations capture the
spatial arrangement at larger scales. As the simulation proceeds, the spatial arrangements at small
scales match as well. At small length scales, the fracture spatial arrangement is dominated by only
a few clusters. To match these fine patterns, fractures should be randomly placed near each other,

which often requires many more iterations.

Although the optimization algorithm is primarily formulated to minimize the mismatch in the K-

function, a good match still exists between the histograms and the cumulative size distributions of
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fracture spacing. This indicates that some information redundancy may exist between these
summary statistics. Therefore, the K-function can capture multiscale spatial characteristics of

fracture arrangement at Pedernales.

Figure 15: Comparison of histograms of spacing (left column), cumulative distribution functions of spacing
(middle column), and normalized K-functions (right column) calculated for Pedernales dataset with
those of simulated fracture arrangements after various iterations (rows). As number of iterations
increases, deviations between statistical properties of simulated fracture arrangements and those of
Pedernales fractures decrease.

Fig. 16 shows how the loss function (total error) reduces as the simulation proceeds. After 100,000
iterations, a satisfactorily small error is achieved. Although the number of iterations is large, the
total computational time is reasonable. Since only one fracture is randomly relocated in each
simulation step, the spatial arrangement remains mostly unchanged from one iteration to another.
Storing and recycling variables and calculations from previous iterations greatly reduce the
computational time. Moreover, selecting proper stopping criteria (such as desired minimum error,
maximum number of iterations, maximum number of iterations with no error improvement, etc.)

prevents the optimization algorithm from conducting unnecessary iterations.

Figure 16: Loss function (total error) after each iteration calculated using Eq. 9.
6.3 Filling Measurement Gaps
In addition to the simulation of fracture arrangements, the proposed technique can be adopted for
restoring data gaps in measurements. Not all fractures are observed during a field measurement;
for example, an outcrop might be covered by vegetation, soil, or water (e.g., Peacock et al., 2019).
Or a core might be greatly damaged (e.g., Li et al., 2018). Such gaps can introduce error into the
spatial analysis of fracture arrangements. To restore fracture arrangement across the entire study

interval, the simulation technique can be deployed to generate a realization of fracture locations in
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the measurement gaps, a process known as statistical imputation. The synthetic example below

demonstrates the statistical imputation using the simulation technique.

Here we created a 60-m-long synthetic fracture arrangement with a gap in the middle. The two
sections with available fracture locations and the gap are each 20 m long. Fracture locations are
generated by superimposing a Thomas cluster point pattern on a random arrangement with
intensity of 10 fractures/m (Fig. 17). A Thomas point pattern belongs to the family of Neyman-
Scott point processes (Neyman and Scott, 1952) wherein clusters are randomly located along the
study interval. The central points of clusters are called “parents,” and the subsequent points inside
the clusters are called “daughters.” Distances between daughters and the corresponding parents
follow a zero-mean normal Gaussian distribution with the variance o2. Here three fracture clusters
are randomly placed on each side of the study interval. Within each cluster, there are 100 daughter
fractures. Distances between daughters and parents in each cluster follow a normal Gaussian

distribution with the standard deviation ¢ of 0.8 m.

Figure 17: A synthetic fracture arrangement with a gap in the middle. Fracture arrangement is created by
superimposing a Thomas cluster point pattern on a random arrangement with intensity of 10
fractures/m.

To restore the gap in the middle, the simulation technique needs a reference spatial arrangement
for the optimization problem (i.e., reference values of the K-function at multiple scales). Our
assumption here is that the fracture arrangement in the middle is similar to that in the rest of the
study interval. Since the fractures on both sides of the study interval are positioned using the same
approach, either side (or the average of the two) can be selected as the reference. In this work, we

chose the right side as the reference during optimization.
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Figs. 18 and 19 depict the restored fracture arrangement and the corresponding K-functions for
both sides of the study interval as well as for the simulated section in the middle. The simulated
fracture arrangement in the middle visually resembles the arrangement in the rest of the study
interval. Two or three clusters can be identified in the middle section, and fracture spacings inside
these clusters approximately follow a Gaussian distribution. Moreover, comparison of the K-
functions calculated for each section indicates that all three sections have similar spatial

arrangements over various length scales.

Figure 18: Restored synthetic arrangement. The gap in fracture arrangement, in the middle, is restored using
the simulation technique.

Figure 19: Comparison of the K-functions calculated for the left, middle, and right sections along the study
interval. Simulated fractures in the middle exhibit a spatial arrangement similar to those of the left
and right sections.

Replacing the data gap with a spatially similar arrangement allows a thorough evaluation of
fracture arrangement along the study interval. Now, with the middle section restored, formerly
segregated fractures can be pooled, and the entire length of the study interval can be studied as a
whole (Fig. 20). If the gap is not restored, it would erroneously inflate the degree of clustering.
For example, with the gap, the spatial arrangement is significantly clustered between 2x10* and
2x10 m length scales. However, after restoring the gap, the spatial arrangement becomes
indistinguishable from random at those length scales. Similarly, the spatial arrangement changes
from clustered to indistinguishable from random at length scales larger than 3 m after restoring the
gap. Therefore, missing data imputation is crucial when the goal is to analyze the entire length of

the study interval.
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Figure 20: Comparison of the K-functions calculated for the synthetic fracture arrangement before and after
restoring the gap (i.e., data imputation). Spatial analysis of fracture arrangement with the gap
erroneously shows a higher degree of clustering.

One potential application of our simulation technique is to predict fracture arrangements beyond
the boundaries of the study domain and at larger length scales than the scale of measurement. As
shown in Fig. 19, spatial analysis of the fracture arrangement was initially limited to length scales
of less than 10 m (half-length of the sections with available fracture data) because of the gap.
However, after data imputation, we extended the spatial analysis to a 30-m length scale (half-
length of the whole study interval). Therefore, using the simulation technique fracture
measurements made on the scale of an outcrop or a borehole image log, for example, can be
extended to subsurface reservoir scales for further modeling. Or, fractures measured in a core can
be used to generate synthetic fracture locations along the whole trajectory of the associated well
drilled through a formation of interest, while statistically preserving the spatial arrangement of
fractures. However, note that prediction of fracture arrangement beyond a visible sampling domain
and over larger length scales could be risky compared to restoration of measurement gaps inside
the boundaries of a study domain and at the observed range of length scales. Fracture arrangements
may greatly change from one region to another because of anisotropy and heterogeneity in
subsurface rock properties and stress states. For example, the left half of the scanline measurement
at Pedernales has a different arrangement from that of the right half. Prediction of fracture
arrangement in one half based on the observed fracture arrangement in the other half would
produce erroneous results. Therefore, prediction of fracture arrangements beyond the boundaries

of study domains must be corroborated by other relevant studies and field observations.
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Conclusions

Ripley’s K-function quantifies spatial arrangement of fractures in one-dimensional measurements
to identify statistically significant clustered and anticlustered arrangements. The average value of
the K-function is used to evaluate the overall fracture clustering and anticlustering, whereas local
values of the K-function are used in understanding the changing nature of fracture arrangement as
a function of position along the study interval. Local analysis is more informative than the overall
analysis of spatial arrangement, because it indicates where clustered and anticlustered

arrangements occur along the study interval.

In addition to spatial characterizations, the K-function can be deployed for simulation of fracture
arrangements. Practitioners can use the simulation technique to statistically reconstruct fracture
arrangements that mimic spatial arrangements observed in the field. This is a powerful capability
that expands and improve our ability to analyze and model naturally occurring fracture
arrangements. Our simulation technique can be also used for missing data imputation to restore
spatial gaps in measurements, such as in partially exposed outcrops, or for quality control to

validate data of low resolution or distorted measurements, such as in borehole image logs.

Powerful yet simple formulation of Ripley’s K-function, as well as simulation and data imputation
techniques, can be readily applied to various 1D fracture datasets from scanline measurements,
borehole image logs, and subsurface cores. Note that the methods we presented here primarily
apply to fractures from the same set. Fractures can be classified into various sets/groups based on
orientation, size, aperture filling condition, and other attributes. When fractures from multiple sets
exist in a dataset, the spatial relationships between different sets become as important as the spatial
arrangements within each set. Methods based on marked (labeled) point processes are good

candidates for such spatial analyses.
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Moreover, Ripley’s K-function can be extended to 2D and 3D applications. One approach is to
replace 1D search intervals with circular or spherical windows for 2D and 3D applications,
respectively. Consequently, new weighting factors should be derived to correct for edge effects in
higher dimensions. The challenge, however, will be how to transform fractures into discrete points
in higher dimensions. One solution would be to use barycenters of fracture traces or intersection
points. Such potential extensions of the K-function analysis should be tested by field data

measurements.
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Figure 1: Comparison of spatial arrangements in two fracture sets. (a) Both fracture sets have identical mean
U, standard deviation o, coefficient of variation Cy, and histograms of fracture spacing. (b) However,
they exhibit different spatial arrangements. Set 2 is clustered, whereas set 1 is indistinguishable from

a random arrangement.
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Figure 2: Marble Falls Limestone and veins at Pedernales. (a) Limestone outcrop exposed on the bed of the
Pedernales River in Pedernales Falls State Park, Texas. (b) Image of the calcite-filled veins.
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Figure 3: Visualization of fracture measurement at Pedernales. Stick plot indicating fracture locations (top),
and variation of frequency over 50 equal-size bins of 1.16 m along the study interval (bottom).
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Figure 4: Histogram (bottom) and box plot (top) of fracture spacing at Pedernales. Spacings are on a
logarithmic axis. Box plot displays the first and third quartiles (box edges), the median (middle line
inside the box), variability outside the first and third quartiles (whiskers), and outliers (red squares)
of spacing data.
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Figure 5: Example of fracture counting used in K-function calculation.
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Figure 6: Illustration of edge effect. Part of the search interval shown on the left falls outside the study domain.
Eq. 3 can be used to calculate weighting factor for edge correction. The search interval on the right,
however, is completely inside the study domain; therefore, weighting factor is 1.
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Figure 7: Spatial analysis of fracture arrangement at Pedernales. Stick plot showing fracture locations along
scanline (top); calculated K-function (left); and normalized K-function (right). At length scales of
less than 3x10* m, the fracture arrangement is indistinguishable from random, whereas at larger
length scales a statistically significant clustered arrangement appears.
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Figure 8: Spatial analysis of fracture arrangement in a dataset generated by random placement of fractures.
Stick plot showing fracture locations along the study interval (top); calculated K-function (left); and
normalized K-function (right). The K-function and normalized K-function fall inside confidence
interval across all length scales.
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Figure 9: Uncertainty intervals in the K-function and normalized K-function calculated for Pedernales dataset
using statistical bootstrap.
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Figure 10: Profile of normalized local K-functions calculated for Pedernales fractures. For each fracture along
scanline (x-axis), normalized local K-function is calculated at each length scale (y-axis). Points in the
profile are colored with the associated values of normalized local K-function. Warm colors (values

greater than 1) indicate fracture clustering, whereas cool colors (values less than 1) indicate fracture
anticlustering.
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Figure 11: Results of local analysis of the K-function at Pedernales. (a) Profile of local p-values. (b) Statistically

significant clustered (red) and anticlustered arrangements (purple). For fractures along scanline (x-
axis), p-values are calculated at every length scale (y-axis) based on 99 bootstrap realizations.
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Figure 12: Profile of statistically significant clustered (red) and anticlustered (purple) arrangements identified
by local analysis of the K-function along study interval in a synthetic random arrangement. Unlike

the arrangement at Pedernales, statistically significant arrangements here are minor, and they
disappear at larger length scales.
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Figure 13: Flowchart describing the simulation technique for 1D fracture arrangements.
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Figure 14: Comparison of original fracture arrangement at Pedernales (top) with simulated fracture
arrangements after various numbers of iterations.
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Figure 15: Comparison of histograms of spacing (left column), cumulative distribution functions of spacing
(middle column), and normalized K-functions (right column) calculated for Pedernales dataset with
those of simulated fracture arrangements after various iterations (rows). As number of iterations
increases, deviations between statistical properties of simulated fracture arrangements and those of
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Figure 16: Loss function (total error) after each iteration calculated using Eq. 9.
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Figure 17: A synthetic fracture arrangement with a gap in the middle. Fracture arrangement is created by
superimposing a Thomas cluster point pattern on a random arrangement with intensity of 10

fractures/m.
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Figure 18: Restored synthetic arrangement. The gap in fracture arrangement, in the middle, is restored using
the simulation technique.
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Figure 19: Comparison of the K-functions calculated for the left, middle, and right sections along the study

interval. Simulated fractures in the middle exhibit a spatial arrangement similar to those of the left
and right sections.
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Figure 20: Comparison of the K-functions calculated for the synthetic fracture arrangement before and after

restoring the gap (i.e., data imputation). Spatial analysis of fracture arrangement with the gap
erroneously shows a higher degree of clustering.



mean std min 25% 50% 75% max
Spacing 64 155 0.08 4 15 53 2260

Table 1: Summary statistics for size distribution of fracture spacings at Pedernales. Units are millimeters.





