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Abstract—To support the smart grid paradigm, there has been
a significant increase in sensor deployments and metering in-
frastructure in distribution systems. However, the measurements
provided by these sensors and metering devices are typically
sampled at different rates and could suffer from losses during
the aggregation process. It is crucial to effectively reconcile the
time-series measurements for a reliable state estimation. While
weighted least squares has been the traditional approach for state
estimation, sparsity-based approaches like matrix completion
have become popular due to their superior performance in
low-observability conditions. This paper proposes a Bayesian
framework for both multi-timescale data aggregation and ma-
trix completion based state estimation. Specifically, the multi-
scale time-series data aggregated from heterogenous sources
are reconciled using a multitask Gaussian process that exploits
the spatio-temporal correlations. The resulting consistent time-
series alongwith the confidence bound on the imputations are
fed into a Bayesian matrix completion method augmented with
linearized power-flow constraints to accurately estimate the
states in low-observability conditions. Results on three phase
unbalanced IEEE 37 and IEEE 123 bus test systems reveal the
superior performance of the proposed Bayesian framework. The
computational complexity for the proposed Bayesian framework
is also quantified.

Index Terms—Bayesian methods, Matrix completion, Gaussian
Process, Smart grid, multi time-scale measurements.

NOMENCLATURE
Variables and functions
S Total number of sensors
N No. of observations in st sensor
m Three-phase nonslack buses
Z Noisy matrix at 100% FAD

o? Signal variance of RBF kernel function
l Lengthscale of RBF kernel function
o? Noise variance of GP

Unknown low-rank matrix
Estimated low-rank matrix
) GP prior function

GP mean function

GP covariance function
Noise matrix

Voltage phasors
Admittance matrix

Active power injections
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Reactive power injections

Mean of the GP posterior distribution
Covariance of the GP posterior distribution
Zero-load voltage

Three phase nodal voltage at the slack bus
Rank of matrix X

Rank of matrix X

Factorized matrices of matrix X

Noise precision

Precision prior for Bayesian Matrix Completion
Set of latent variables = (A, B, ~)

Posterior covariance matrix of j** row of B

ith row of A for which (i, ) € Q

j*" row of B for which (i, j) € Q

Posterior covariance matrix of i*" row of A
Observed entries in j* column of Z

Observed entries in i*" row of Z

Initial parameters of precision prior for Bayesian
Matrix Completion

Create diagonal matrix

Magnitude operation

Conjugate of ¢

Frobenius norm

Nuclear norm

Time in training dataset

Measurements corresponding to time X, in training
dataset

AMI measurements

yYscapa SCADA measurements

YpPmU
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Xsy Xg
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PMU measurements

Time in test dataset

Observed measurements in test dataset

Unknown measurements in test dataset
Parameters associated with the GP mean function
Parameters associated with the GP kernel function
Global function shared across all sensors
Sensor-specific function

Acronyms

FAD  Fraction of available data

DSSE Distribution system state estimation
AMI  Advanced Metering Infrastructure
PMU Phasor Measurement unit

CS Compressive Sensing

MC  Matrix Completion

SVD  Singular value decomposition

DMS Distribution Management Database
GP Gaussian Process



Indices and Sets
s, t Index of sensor
b Index of bus

iter  Index of iterations
Q Set of known entries
M Training dataset

D Test dataset

I. INTRODUCTION

TATE estimation (SE), one of the most critical tasks in
S a power system, refers to the estimation of all voltage
phasors in the system based on noisy measurements [1]. Con-
ventionally, SE in distribution system is difficult due to lack
of sufficient measurements making the system unobservable
[2]. However, with the transition to a smart grid, there has
been a significant increase in deployment of sensors and smart
meters to improve situational awareness [3]. Smart meters,
supervisory control and data acquisition (SCADA) sensors and
plethora of distribution automation devices have significantly
aided distribution system management [4]. The sources of
information available from a smart distribution system include:
(1) Remote terminal unit (RTU) measurements aggregated by
the SCADA system that typically includes bus voltage and
head line currents. These measurements are sampled at rates
ranging from a few seconds to minutes. (2) Smart meters
concentrators or advanced metering infrastructure (AMI) data
comprising of active and reactive power consumption details
of customers. The sampling rate is usually around 15 min. The
AMI sensors located on the secondary side of the distribution
systems collect consumer data for billing purposes. The load
composition of a primary feeder can be calculated according
to the energy consumption of all the customers served by the
feeder. The measurements at the primary feeder are averaged
over 15 min interval [5]. These aggregated measurements
serve as pseudo-measurements for SE purpose and are critical
for increasing the data redundancy in the distribution system
[6].(3) Voltage phasor measurements collected by PMUs (pha-
sor measurement units) typically sampled at 120 samples/sec.
The information collected by these metering devices presents
some challenges. Firstly, the measurements from heteroge-
neous sources are sampled at different rates and are rarely
synchronized. The sources of information discussed above can
be broadly classified as - (1) Fast rate measurements collected
by PMUs or SCADA systems that are typically sampled every
few seconds, and (2) Slow rate measurements at the primary
feeder averaged over every 15 minutes or hours. Secondly,
the information aggregated from these sources can be in-
termittent and/or corrupted due to communication network
impairments. Hence, one of the key challenges in distribution
system automation is to properly aggregate and reconcile
noisy, corrupted, heterogeneous and incomplete time-series
data. Secondly, understanding how to exploit these measure-
ments for state estimation at any desired timescale will be
critical in developing optimal control mechanisms.

A. Related Work

Weighted least squares (WLS) is the conventional approach
for distribution grid state estimation (DSSE). However, due to

limited measurements, pseudo-measurements are incorporated
to ensure the observability of the system. In [6], the authors
propose a WLS based linear interpolation and extrapolation
technique to reconcile two time-scale data. However, this
approach fails to exploit the spatio-temporal correlations in the
time-series data. The issue of non-synchronized measurements
in DSSE is addressed in [7] based on the credibility of each
available measurement and appropriately adjusting the vari-
ance of measurements. The authors in [8] propose an extended
Kalman filter based approach to deal with the irregular sensor
sampling and random communication delays. The problem
of incorporating limited real-time measurements as well as
the delayed measurements from smart meters for DSSE was
addressed in [9].

Recently, sparsity based DSSE approaches have been pro-
posed to address the issue of unobservability at the grid edge.
These approaches exploit the network and data structure for
state estimation at low levels of data availability. Compressive
sensing (CS) based state estimation exploits the correlation
among the measurements in a linear transformation basis [10],
[11]. An extension of CS approach to three phase unbalanced
system is developed in [12]. Matrix completion and tensor
completion based DSSE is employed in [13] and [14] re-
spectively. Robust formulation of matrix completion against
bad data for DSSE was proposed in [15]. These approaches
utilize the sparsity of system states and measurements in
spatial and spatio-temporal domains, respectively. Joint matrix
completion and compressed sensing for highly unobservable
DSSE was proposed in [16]. The temporal correlation of
the system states is utilized in a block tensor completion
based DSSE framework in [17]. Matrix/tensor completion
approach fills the missing elements of the matrix/tensor by
obtaining a suitable low-rank approximation. This is achieved
by minimizing the nuclear norm resulting in a semi-definite
program whose computational complexity increases rapidly
with the size of the matrix. Authors in [18] propose an al-
ternating minimization algorithm that reformulates the matrix
completion for time-series data. However, the optimization
formulation is computationally inefficient. A decentralized
matrix completion for low-observable DSSE using proximal
alternating direction method of multipliers is employed in
[19]. This approach has a lower computational complexity
relative to classic matrix completion as the computation is
distributed among different areas. However, this approach
does not explicitly consider the integration of multi time-
scale measurements and requires tuning of parameters for
different sub-areas. A comparative analysis of the sparsity
based techniques along with their robust formulations to bad
data and network parameter uncertainties is presented in [20].

In this paper, we consider a Bayesian formulation for DSSE.
The proposed Bayesian framework consists of two stages:
(1) Stage 1 consists of reconciling multiple time-series data
using multi-task Gaussian process framework. This approach
provides a consistent time-series data at any desired timescale
along with confidence bounds on the imputed measurements.
The imputations are done over a time frame within which
the multi time-scale data is assumed to be available. (2)
Stage 2 consists of estimating the states of the network. The



consistent time-series obtained from stage 1 at any instant of
time is spatially limited only to a few nodes. Hence, a sparse
Bayesian matrix completion based DSSE approach which is
computationally efficient is developed for estimating the states
with associated confidence bounds.

B. Contributions

This work proposes a Bayesian matrix completion approach
for DSSE that incorporates the heterogeneous multi-timescale
time-series data and estimates the states in low observability
conditions. The main contributions of this paper are as follows:

o Multiple unevenly sampled time-series data is imputed
using multitask Gaussian process by exploiting the un-
derlying spatio-temporal correlations. This approach ef-
fectively imputes the time-series data in the presence
of missing measurements. Error reductions upto 76%
relative to a linear interpolation approach [6] is achieved
with 60% missing measurements.

o A framework to integrate the multi time-scale measure-
ments with sparsity based state estimators in a distri-
bution network is proposed. Specifically, a hierarchical
sparse Bayesian matrix completion approach is proposed
for DSSE. By augmenting the sparse Bayesian matrix
completion with linearized power-flow constraints, the
proposed method can effectively estimate the states under
low observability conditions where standard weighted
least squares approaches fail.

o Simulations are carried out on three phase unbalanced
IEEE 37 and IEEE 123 bus test systems to verify the
efficacy of the proposed Bayesian framework. It can
be inferred that accurate reconstruction of power and
voltages are achieved even at 50% fraction of available
data (FAD), which reflects the number of available mea-
surements in the system. The underlying computational
complexities of the proposed approach is also quantified.

II. PROPOSED BAYESIAN FRAMEWORK

Assume we have S sensors at different spatial nodes in
the distribution grid, each collecting data at a different rate.
The measurements collected by these sensors includes bus
voltages and power injections at various nodes. The data-
set M consists of {x,,y,}5_; where the s*" sensor data
contains time x, € R”s*! and its corresponding measurement
values y, € R"sX!. The number of observations for the
st sensor data is represented by n, which are different as
each sensor collects data at different temporal resolutions. The
observations ys consists of Yy a7, Yscapa OF ypyy mea-
surements. Here, the observations y aps; are the aggregated
AMI data of the s*® sensor obtained at x 47 times (15-min
interval data over 24-hr period). yscapa and ypypy are the
voltage magnitude measurements of s” sensor obtained from
SCADA and PMU sensors, respectively. These measurements
are obtained at time points Xgcapa (1-min interval) and
xpyu (0.1 s interval). The sampling rate of the sensors (AMI,
SCADA or PMUs) are different, hence the time instants xg
for each of them would also be different.
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1
1
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Fig. 1: Proposed Bayesian framework

Distribution systems have poor observability due to insuffi-
cient measurements. In order to deal with this challenge, the
data collected by multiple sensors at the grid edge could be
leveraged. Hence, before DSSE operation, we reconcile the
heterogeneous measurements at a single time-scale. In order
to perform this, the proposed Bayesian framework is divided
into two stages as illustrated in Fig.1. In stage 1, the temporal
measurements at the buses are considered for imputation. In
stage 2, these imputed timeseries are leveraged at a single
snapshot of time along with their associated uncertainty for
Bayesian Matrix completion based DSSE. These stages are
discussed briefly in the following sections.

A. Stage I - Multi-task Gaussian Process

In this stage, a multi-task Gaussian process (GP) is used
to impute data at any required timescale based on unevenly
sampled multiple time-series data aggregated from different
sensors in the distribution grid. A GP is a collection of random
variables, any finite number of which has a joint normal
distribution [21]. GP defines a prior over functions given as,

F(x) ~ GP(m(x), k(x,x ) (1)

where, m(x) is the mean function and k(x, x ) is the covari-
ance (kernel) function. The kernel function k(-,-) dictates the
correlation among data points in the modelled function. There
are different kernel choices with one of the most popular being
RBF (radial basis function) kernel corresponding to:
0 (x — x0)2 !
k = o2 -
(Iv € ) 0s€Xp 2[2

2

where hyperparameters [ and o2 are the length-scale and

signal variance respectively. These hyperparameters dictate
the smoothness of the function. The training of the GP prior
refers to the estimation of the mean and kernel function hyper-
parameters based on the dataset M.

In the process of imputation, we have target tasks consisting
of time-series data D = {X,, ¥,, X}, ¥:}5_, where X, and
ys are observed data points with their corresponding values
respectively. Multi-task GP predicts the target task {XX,y*}
including the missing measurements given the observed data
and the prior parameters learned from the training dataset.



This prediction is accomplished across multiple time-series
simultaneously by capturing the spatial and temporal correla-
tion across them. In a distribution system, this is especially
relevant because voltage/power at one node is typically corre-
lated with voltage/power values at other connected nodes [6].
Temporal correlation is also a common characteristic of power
and voltages. The GP prior for multi-task GP is defined as,

f() = gP(m¢()7 k9(~7 ))v 3)

where, my(-) is the mean function and kg(-,-) is the co-
variance function parameterized by the sets of parameters ¢
and 6 respectively. The function m(-) could be based on a
deep neural network (e.g. multilayer perceptron (MLP)) [22].
This function models the global trend among the entire set of
diverse time-series in a multi-task paradigm. The ¢ parameters
associated with the mean function are globally shared across
all the time-series. kg(-,-) is the kernel for the GP prior
that captures the temporal correlation within each time-series.
The 6 parameters refers to the hyperparameters of the kernel
function. The effective encoding of the prior knowledge into
the GP model enables us to use only a few measurements for
achieving a high imputation performance [23].

The GP prior function can be perceived as,

fs(Z1) = g(Z1) + 1s(Z1) 4)

where, g(-) models global trend among the diverse sensor
signals and hence it is shared across all the sensors. We
consider the function g(-) as a mean function in GP prior
(my(+)). On the other hand, I,(-) models the sensor-specific
signal (for st" sensor) using the kernel function (Kj(-, -)). The
GP prior function f can be written as,
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The GP prior learnable parameters ¢ = {¢,0} as defined in
(3) are optimized by maximizing the log marginal likelihood
(LML) given as,

X

" = argmax log p(ys|xs, ¥) 5)

W s=1
where, the log-likelihood is the sum of individual time-series
data. An individual log-likelihood can be computed in closed
form as [21],
1

SO~ my ()T (KF 4+ 07 1)

1 Ng
(ys —mg(xs)) — §log|K§”” +0?I| — Elog(zw) (6)

log p(ys|xs,¢) =

Here, o2 represents the noise variance of the Gaussian process.
The LML is computed using the stochastic gradient descent
method [22]. After the GP prior parameters are optimized
and effectively encoded, we predict the target tasks based
on observed data. The posterior distribution can be calculated
using the Gaussian identities.

Let x and y be jointly Gaussian random vectors i.e.,

X

px A C
uy Cl B

The conditional distribution of x given y is,
p(xly) = N(ux + CB~Hy — py), A= CB~'CH (1)
Using (7), the predictive distribution of y; is,
P(YiIXE,¥s, %) = N(p", C") (®)

~N

with
p*=mg(X%) + Kg*(K§* +0°1) 71 (s —me(Xs)  (9)
C* = K;* — K;"(K§* + o°1) " (K§™) (10

where, (K3*) = (K;‘x)l and (KJ*)s = ko(Xs,X})

and (Kemz)ét = k@(is,f{t)

The posterior mean and variance as defined in (9), (10)
constitutes the consistent time-series which are computed at
those time instances where measurements are unobserved.
Here, the consistent time-series refers to reconciling all the
multi time-scale measurements at a common time-scale. The
proposed approach is capable of imputing the multi time-scale
measurements at any desired time-scale. In this work, as an
example, the narrowest measurement time resolution is chosen
when the measurement types are equal to or larger than two.
A confidence or credible interval can be evaluated based on
the predicted mean, variance and the desired confidence level.

B. Stage 2 - Sparse Bayesian Matrix Completion

The consistent time-series obtained from GP is still limited
to specific spatial locations in the network where measure-
ments are aggregated. Matrix completion (MC) approaches
aim to estimate the complete matrix from a limited set
of observed entries. Specifically, matrix completion aims to
find the complete matrix X from an incomplete and noisy
observation matrix by suitable low rank approximation. The
low dimensionality in the matrix X results due to: (i) Spatial
correlation between measurements at different locations; (ii)
the correlation between different types of measurements via
linearized power-flow equations [19].

Assume that the measurements at the slack bus are known.
Thus, we use the measurements at the non-slack buses to
construct the data matrix. Let m denote the set of phases at all
the non-slack buses. The noisy matrix Z is constructed such
that each row represents a phase and each column represents
the measurement associated with the phase of each bus. For
each b € m, each row of the matrix Z € R™*"™, n = 5 is
structured as,

[Pb,Qb,%(Vb),%(Vb),‘Vbl], (11)

where, P, and Q,; represent the active power and reactive
power injections at each phase of non-slack bus b respectively.
The term $(v,) and I(vp) represent the real and imaginary
parts of voltage phasors at each phase of non-slack buses re-
spectively. Let Q C {1,...,m} x {1, ...,n} describe the known
entries in Z. The observation matrix Pq(Z) is represented as,

Z, if (m,n) e

Pa(2)] 0, otherwise

12)



The deterministic matrix completion formulation (13) re-
covers the complete low-rank matrix, as

X = argmin ||X|,
X

(13)
subject to || Po(Z) — Po(X)||F < €
v=M g +w, (14)
P
VI=K g +Iwl, as)

Here, the nuclear norm ||X||. is the sum of the singular
values of the matrix X. (14) and (15) captures the linearized
power-flow constraint relating voltage phasors v and voltage
magnitude |v| to the power measurements [24]. Here,

M= Y diag(w) ', —jY diag(w)™' ., (16)
K = |diag(w)| 'R(diag(w)M , 17)
and, w = —YE&YL()VO is the zero-load voltage  (18)

where, vo € C3 denote the complex vectors collecting the
three phase nodal voltage at the slack bus. Here, Yy €

C™ ™ and Yo € C™*3 are the sub-matrices of the
three-phase admittance matrix,
Yoo Yor 3 3
Y = c C(m+ )% (m+3) 19
Yro Yoo (19

It is important to note that branch currents can also be
incorporated in constructing the matrix Z in (11). Such a
branch formulation can be found in [13].

The formulation in (13) can be recast as a semidefinite
program which is computationally inefficient for large ma-
trices. A prior knowledge on the rank of the matrix is
generally required for this formulation [25]. Furthermore,
this formulation requires extensive parameter tuning as well
as data and application-dependent supervision. In order to
overcome these shortcomings and effectively incorporate the
output from stage 1, a hierarchical sparse Bayesian matrix
completion framework [25] is proposed. In the hierarchical
sparse Bayesian matrix completion framework, the unknown
low rank matrix is factorized into two matrices as

X = ABI (20)

where A is an m X r matrix, and B is an n X r matrix such that
rank(X) = r. The matrix X is the sum of the outer-products
of the columns of A and B such that,

21

where, k > r, a; and b denote the ' column of matrix
A and B respectively. The i*" row of matrix A and B is
represented by a; and b, respectively. In order to obtain the
low rank matrix, most of the columns in A and B should be
set to zero. To achieve this condition, the columns of A and

B are associated with Gaussian priors of precisions +y;, that is

p(Aly) =  N(a;0,7; 'Ly,)

i=1

(22)

i=1

(23)

During inference, most of the /s take large values, thus
forcing the columns of A and B to go to zero. The columns
of A and B have the same sparsity profile enforced by the
common precisions ;. These sparsity priors on the factorized
matrix encourages low-rank solutions. The precision ~y; are
assumed to have a Gamma hyperprior given as,

p(v:) = Gammal(c ! (24)

) g)
The parameters ¢ and d are set to small values to obtain broad
hyperpriors. The known entries in matrix Z as described in
(11) can also be written as,

Zij =X;; + Ny, (i,5) €Q (25)

where, X;; and N;; refers to the row entry 4 and column entry
7 in the matrix X and N, respectively. Using the model (25)
and factorized matrices A and B, the conditional distribution
of the observations are obtained as,

P(Z|A,B) = N(Zij|Xi5,85;")
(1,7)€Q

(26)

where (3 is the noise precision. The noise precisions (3)
and observations (Z) are obtained from the stage 1 output
(consistent time-series output from the multitask Gaussian
process framework). The joint distribution is therefore given
as,

P(Z,A,B,v) = p(Z|A,B)p(Alv)p(B[v)p(7)

The evaluation of posterior distributions of the latent variables
(A, B, ~) denoted as h given the observed matrix Z requires
the computation of p(z). However, this computation is in-
tractable as it involves marginalizing all latent variables. Mean
field variational Bayes is a method that computes the poste-
rior distribution approximations [26]. Factorized distributions
partition the latent variables into disjoint groups such that,

qh) = q(hy)

For all the distributions of the form in (28), the posterior
approximation of each latent variable hy, is found using

logq(hy) = (log p(Z, h))y,p, + const

The posterior distribution of A and B decompose as inde-
pendent distributions of their rows. The approximate posterior
distributions of the latent variables are updated as,

q(a;.) = N (ai.| (a;), Xf)

where the mean and covariance is defined by calculating the
mean iterated over all the columns of a;. and accounting each
measurement’s precision 3

27)

(28)

(29)

(30)

ij>

(ai)! = (B) =2 (B)! 2! 31)



=¢ = ((8) (BB + 1) (32)
Here, ><
(B!B,) = (b )(by) + = (33)
7:(,5)EQ
and
T = diag(v)

Similarly, the posterior density of j** row of B is found as,

a(b;.) =N b;[(b;), =] (34)
where the mean and covariance are defined as,
(o)l = (B) =t (A 2!, (35)
b_ | -1
Ej_ (B) AjAj +T (36)

The posterior density of v; becomes a gamma distribution

qw0m7y4+%?) _ﬁ?d+¢ﬂag+ﬂﬁbv
(37)
with mean,
2c+m+n
i) = 38
) 2d + (ala;) + (blb.) (38)
The required expectations are given by
>
(alay) = (@)l@)+ = (39)
j K33
| > b
(blb.) = (bi)l(bs)+ 37 (40)
J

It is important to remember that the output of stage 1 provides
the uncertainty in imputations which can be used as an
estimate of the noise variances for the imputed measurements.
However, if a linear interpolation technique is used in stage
1, the noise precisions are not available. Hence, § will be
treated as a stochastic quantity whose approximate posterior
distribution is given as,

(FAD) xm xn
(12 — Po(ABN)|)%

The proposed Bayesian matrix completion based DSSE
approach is summarized in Algorithm 1.

(8) =

(41)

III. COMPUTATIONAL COMPLEXITY

The computational complexity of Stage 1 consisting of
multitask GP framework is O(Sn?) where ng is the total
number of data points in S** sensor and S is the total number
of sensors. This complexity is associated with the calculation
of the predictive distributions of multi-task GP approach using
(9) and (10).

The complexity in stage 2 includes the complexity associ-
ated with the matrix completion formulation. A deterministic
matrix completion requires the computation of singular value
decomposition (SVD) of the matrix at each iteration. This
involves semidefinite programming that are solved by interior
point methods. The computational complexity for calculat-
ing the SVD of the matrix in a deterministic method is

[ Inputs:- Unevenly sampled timeseries data at each bus (P;,, Qp, V},), network ]
parameters

‘ Impute timeseries data using multitask Gaussian process

lConsistent time-series data (stage 1 output)

‘ Form of a structured matrix (Z) at any instant of time
]

Initialize the matrices A and B as given in Eq. 43. Set the initial values for
parameters of ¥ = 107°. Set noise precisions obtained from Stage 1 output

!

Compute the approximate posterior distributions for all latent variables (A, B , y) ‘

l

Update X = ABT augmented with linearized power-flow constraints (Eq.14,15) ‘

]

- ”Xviter — iiler—l"
F
[[xter]],

No
<1077

Yes

Fig. 2: Flowchart of the proposed Bayesian framework in
distribution systems

Algorithm 1 Bayesian matrix completion based DSSE
Input: Measurement matrix Z, Set of known indices §2,
System model (M, w, K), tolerance limit (1), 3, ¢, d
Initialization: Initialize the matrices A and B as A = UD2
and Bl = D2V where Z = UDV!. Initialize ~. Set X0 =
Z.
: while w <n do
2. Calculate the mean and covariance matrix of A using
(31) and (32).
3:  Calculate the mean and covariance matrix of B using
(35) and (36).
4:  Calculate the posterior distribution of « using (38) -
(40).
5. Set Xiter — ABI alongwith additional linearized
powerflow constraints (14), (15).
6: iter < iter +1
7: end while
§: return X.

—_

O(mn - min(m,n)) where m and n are the number of rows
and columns respectively [27]. Furthermore, in order to solve
the linearized powerflow equations, the computation is O(m?).
The overall complexity of the sparse Bayesian matrix comple-
tion is O(m-min((FAD)3*n3, k3) +n-min((FAD)3m3, k3))
[25]. However, this complexity is also dependent on the FAD
and estimated rank at each iteration (k). In a sparse Bayesian
matrix completion, the effective rank is reduced in the first
few iterations and thus, the convergence is rapid. Hence, a
Bayesian matrix completion is computationally efficient than
deterministic matrix completion.

IV. SIMULATION RESULTS AND DISCUSSION

The efficacy of the proposed Bayesian framework is verified
on the three phase unbalanced IEEE 37 bus test system [28] as
well as IEEE 123 test system [29]. Fig. 2 shows the structure of



TABLE I: Root mean square error of imputed time-series data - 1% Gaussian noise

Syst Meas " 60% missing 40% missing 20% missing 10% missing
ystem casurements measurements measurements measurements measurements
Linear Linear Linear Linear
%EI,?‘E 37 Interpolation GP Interpolation GP Interpolation GP Interpolation GP
‘es‘t Active Power 16.8% 4% 5.8% 1.8% 1.82% 0.99% | 1.5% 0.7%
system Reactive Power | 13.25% 2.6% 53% 4% | 124% T07% | 13% 0.8%
IEEE 123 Active Power 22.5% 4.7% 11.39% 2.2% 2.3% 1.7% 1.47% 1.07%
test system | Reactive Power | 14.668% 1.798% | 7.9% 1.67% | 4.76% 1.32% | 2.46% 1.27%
TABLE II: Root mean square error of imputed time-series data - 10% Gaussian noise
Syst M ¢ 60% missing 40% missing 20% missing 10% missing
ystem casurements measurements measurements measurements measurements
Linear Linear Linear Linear
:EI;:E 37 Interpolation GP Interpolation GP Interpolation GP Interpolation GP
o Active Power | 15.7% 3% | 9.09% 185% | 5.12% 435% | 425% 712%
SYSIeM " Reactive Power | 11.29% 6.9% | 4.54% 327% | 2.81% 2.79% | 2.15% 2.66%

the proposed Bayesian framework consisting of stages 1 and 2.
The Bayesian matrix completion based DSSE is represented
by (30)-(40) alongwith the linearized powerflow constraints
(14), (15). An aggregated load profile at the primary node is
obtained by combining individual residential loads connected
on the secondary side of the feeder. The 24-hr active power
consumption profile at a load bus are synthetically generated
[6], [30]. Load reactive power can be defined in proportion
to the real load connected to the same bus with a power
factor of 0.9 lagging. Other load profiles at the load buses
of IEEE 37 and IEEE 123 bus test systems are generated
by adding an error pattern by using a sinusoidal wave of
random amplitude spanning the 24-hr period and random
noise terms. With this data, the voltage profile at all nodes
is obtained by running load flow. The aggregated primary
feeder measurements (active and reactive power injections)
are averaged over 15 min interval, SCADA measurements
(voltage magnitudes) are sampled at 1 min interval and the
PMU measurements are sampled at 0.1s interval. These are
all real measurements and not pseudo-measurements. The
measurement errors are assumed to be 0 mean with standard
deviation equal to 1% of the actual values for both power
and voltage measurements [13], [15]. The power injection
measurements at a subset of load buses are monitored using
the AMI sensors. The first stage consists of reconciling the
slow-rate and fast-rate time series data. The time-series data
is split into training and testing datasets. The locations of the
sensors used as training dataset is indicated in Fig.3. For our
case study, we have considered data from 10 aggregated AMI
sensors, 9 SCADA sensors and 3 PMU in the IEEE 37 bus
test system whose locations are given as,

1) 10 time-series data from the aggregated AMI sensors are
from the following load buses:
a) Phase A - Bus 2, 6, 7, 8.
b) Phase B - Bus 2, 7, 17.
¢) Phase C - Bus 2, 5, 7.
2) The 9 time-series data of SCADA sensors are obtained
at the three-phase buses 3, 4, and 9.
3) A PMU sensor is placed at bus 25, which measures the
voltages at three phases at 0.1s interval.

The AMI time-series data aggregated at a single bus is

sampled at 15-min interval. Thus, there are 96 measurements
over the 24-hr duration for an individual aggregated AMI
location. For 10 such aggregated AMI locations, the total
measurements are 10 x 96. This is the base-case scenario of
AMI data. Similarly, the SCADA measurements at a single bus
for one phase has 1440 data points obtained over a day. So, for
9 SCADA sensors, the total measurements are 9 x 1440. This
is the base-case scenario of SCADA data. At bus 25, we have
3 PMU time-series measurements (as three-phase time-series
voltages are obtained) where each time-series data is sampled
at 0.1s interval. It is to be noted that training of the GP prior
function can be performed using alternate sets of time-series
data, and this setup was used just for demonstration. This is the
base-case scenario of PMU data. This base-case scenario of
AMI, SCADA, and PMU data represents the training dataset.
There are no measurements that was considered to be missing
in this training dataset. It is important to note that even without
missing measurements, the dataset represents an unobservable
condition to perform DSSE.
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Fig. 3: Training dataset for IEEE 37 bus test system

Using the training dataset, the prior of GP function is learnt.
GP prior mean function consists of a deep neural network
with 2 hidden layers and ReLU activation functions. The mean



value at a time instant = corresponds to,

m¢(:c) = W30’(W20’(W1 (CC) + bl) + b2) + bg (42)

where, the W;’s are the weight matrices of the layers, the
b;’s are the biases, and o(-) is the ReLu activation function.
The GP kernel function consists of a radial basis function.
The parameters of GP prior are optimized by maximizing the
log marginal likelihood. Training of parameters was performed
for 100 epochs using stochastic gradient descent (Adam opti-
mizer).

The imputation is performed for the test data after the
GP prior parameters are optimized. The test data consists of
slow-rate and fast-rate measurements with random missing
measurements over the 24-hr period. The sensors and the
data available in the test dataset is decided by the FAD.
Fig.7 shows the meter locations for 20% FAD. We use the
SCADA, AMI and PMU measurements from these meters
as test data. The observed measurements includes the base
case scenario (as discussed in the training dataset) minus the
missing measurements at the bus locations shown in Fig. 7.
The missing measurements occurs for every time-series data
corresponding to each sensor. Consider 60% temporal missing
measurement scenario. Each SCADA sensor will have only
576 (1440 x 0.4) observed measurements randomly placed
over the 24-hr duration. Similarly, every PMU sensor will have
345600 (864000 x 0.4) observed measurements over the 24-hr
duration. Each AMI sensor in the test dataset will have 38
observed measurements (96 x 0.4) over the 24-hr duration.

We have demonstrated the imputation of the unobserved
measurements for 1-min interval as well as 0.1s interval [31].
We compare the effective performance of imputation using GP
based approach and the simple linear interpolation technique
[6]. Both the fast and slow rate measurements are imputed at
the same time frame.

It can be inferred from Table II that the performance gain of
GP based approach is highly pronounced when percentage of
missing measurements is high. The performance of GP based
approach and the linear interpolation approach reconciled at
I-min interval for a single time-series of active and reactive
power at 60% missing measurements is illustrated in Fig.
4 and Fig. 5 respectively. Fig. 4 and Fig. 5 illustrates the
time-series data of aggregated active power at node 8 at
phase A and aggregated reactive power injection profile at
node 28 of phase C, respectively. The error at 60% missing
temporal measurements in GP based approach is only 2.6%
as compared to 13.28% error with linear interpolation ap-
proach. The imputations are also performed at 0.1s interval.
For 12-hour duration, the corresponding error of GP based
imputation at node 17 of phase B is 1.5% compared to the
linear interpolation error of 3.5%. The uncertainty bounds
associated with the imputed measurements provides a measure
of confidence in the imputations. The confidence bounds on
the imputed measurements is indicated by 95% confidence
interval. The uncertainty increases as we move away from
the measurement. As shown in Fig.4, the sudden widening
of the confidence region as we move from hour 12 to hour
16 is because of the lack of actual measurements during this
time. Linear interpolation technique fails in providing such

confidence bounds. As seen from the figures, the GP based
imputation provides accurate as well as smoother imputation
as compared to the linear interpolation technique.

We have also simulated the proposed GP approach in the
presence of 10% Gaussian noise for power measurements in
the IEEE 37 bus test system. Here, the AMI measurements
in both the training and test dataset consist of random 10%
Gaussian noise. Fig.6 shows the performance of GP based
approach against the linear interpolation for noisy AMI time-
series data at node 2 of phase A where we have considered
a 60% temporal missing measurement scenario. We have
simulated the performance of GP and linear interpolation using
the noisy time-series data for different missing measurements
as tabulated in Table II. It can be inferred that the GP-based
approach provides smoother and accurate imputation even
when slow-rate measurements are corrupted by higher noise
levels.
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Fig. 4: Active power time-series imputation by multi-task GP
framework
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Fig. 5: Reactive power time-series imputation by multi-task
GP framework

The predicted mean and the corresponding variances ob-
tained from the consistent time-series are further used in
stage 2 for performing state estimation. At any given instant
of time, an incomplete observation matrix whose structure
illustrated in (11) is what is available in a distribution system.
A sparse Bayesian matrix completion approach discussed in
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Fig. 6: Active power time-series imputation by multi-task GP
framework - 10% Gaussian Error

section II.LB is used in stage 2 for state estimation. The
observation matrix are sampled randomly to reflect different
FADs. While choosing the known elements in the matrix Z,
the zero injection measurements are also selected. Similar to
the FAD, a global measurement redundancy defined in [32]
quantifies the ratio of available measurements to the number
of states. By performing the SVD of the observed matrix (Z),
an initial factorized matrices (A and B) are obtained given as,

Z = UDVI (43)

with A = UDZ and B! = D2V, The initial parameters ¢
and d associated with the precisions < are assumed to be
10~C. The approximate posterior distributions for each of the
latent variables are updated using the mean field variational
Bayes approach discussed in section II.B. If the observation
matrix is obtained from linearly interpolated time-series, the 3

precisions are also updated. These computations are performed
H)"(iter_)’“(iter l” 17 -
== I < 107" is

ntil th nvergen riteri —
until the convergence criteria Xiter 1,

satisfied.

In order to quantify the performance of the matrix com-
pletion based approaches, MAPE (Mean Absolute Percentage
Error) and MIAE (Mean Integrated Absolute Error) metrics
are used for voltage magnitude, power and voltage angle,
respectively. They are defined as,

12X g —0
MAPE = — 27 100% (44)
m Vp
b=1
1 i
miag =~ =0l 000 (45)
b=1

where v, and 6, represent the true magnitude and angle at
bus b respectively. v, and 0, are the estimated magnitude and
angle, respectively.

We consider the IEEE 37 bus unbalanced test system where
the FAD is changed from 10% to 90%. We randomly vary the
locations and number of measurements for a given FAD.

1) The load buses for an IEEE 37 test system are,
a) Phase A load buses - Bus 2, 6, 7, 8, 13, 18, 19,
24, 217, 30, 31.
b) Phase B load buses - Bus 2, 7, 17, 21, 23, 24, 27,
30, 34, 36, 37.

¢) Phase C load buses - Bus 2, 5, 7, 9, 12, 14, 16,
22, 24, 26, 28, 36.

The Column 1 and Column 2 of matrix Z consists of
active and reactive power injection measurements of all
the phases of the non-slack buses. A FAD of 100%
represents the availability of load measurements at each
phase of the non-slack load buses.

2) Column 3 and Column 4 correspond to real and imag-
inary part of voltages. For a FAD of 100%, all these
measurements are available.

3) All the voltage magnitude measurements in Column 5
of matrix Z are available for a FAD of 100%.

Hence, the maximum possible entries in column 1 and 2 of
Z is 68. The maximum possible entries of voltage magnitudes
(Column 3) and voltage phasors (Column 4 and 5) are 324.
For a FAD of 20%, we have presented the position and
type of measurements on the IEEE 37 bus test system in
Fig.7. Specifically, we have placed 6 SCADA sensors, 2 PMU
sensors to obtain 30 non-zero entries in columns 3-5. The
rest of the measurements in columns 1-2 are obtained via
the aggregated smart meter measurements. Thus, for FAD of
20%, we have a partially observed matrix Z with 78 total
measurement entries. This case represents a highly unobserv-
able distribution system. In this scenario, the states are voltage
magnitude and voltage angles while the measurements are
obtained from aggregated smart meters, PMU and SCADA.
The number of states at non-slack buses for IEEE 37 test
system are 218. The total measurements are 78. Hence, the
global measurement redundancy is 78/218 = 0.357.

Fig. 8, 9 and 10 show the errors in the estimated spatial
states obtained from multitask GP output corresponding to
60% temporal missing measurements and measurement noise
level corresponding to 1% and 10%. We have considered
measurements obtained from the consistent time-series data
at 5t" hour. Fig. 8 shows the comparative performance of
power recovery using GP based and linearly interpolated
time-series data followed by state estimation using Bayesian
matrix completion for IEEE 37 test system. It can be inferred
that estimates obtained from the GP outperforms the linearly
interpolated time-series at all FADs. For example, in the 1%
noise scenario, error reductions upto 10% are achieved in
the power recovery at 20% FAD. Fig. 9 and Fig. 10 show
the superior performance of GP in the recovery of voltage
magnitude as well as the angle at all the FADs, respectively.
As expected, the performance of state estimation degrades
with 10% noise in measurements, as seen from the results.
However, the proposed Bayesian MC based DSSE approach
ensures that the MAPE and MIAE of voltage estimation is
less than 2%.

The proposed Bayesian approach is also simulated on three
phase unbalanced IEEE 123 test system. In this system, the
Bayesian approach has better performance than simple linear
interpolation based technique. The recovery of power using the
two methods is shown in Fig. 11. A comparative performance
of voltage magnitude and voltage angle recovery between
the two approaches is illustrated in Fig. 12 and Fig. 13
respectively. The GP based approach estimates the states with



high accuracy as compared to the linear interpolation based
approach.
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Fig. 7: Measurement configuration at 20% FAD for three
phase unbalanced IEEE 37 bus test system.

TABLE III: Average time requirement (FAD = 75%)

Test Deterministic Bayesian

system MC MC

IEEE 37 Mean - 1.267s, Mean - 0.02s,

test system | Variance - 0.42 | Variance - 3.037 x10~°
IEEE 123 Mean - 8.1s, Mean - 0.48s,

test system | Variance - 1.32 | Variance - 1.4733 x10~*

The mean and variance of computational times based on
monte-carlo simulation and FAD of 75% for the Bayesian ma-
trix completion and deterministic matrix completion approach
is tabulated in Table.IIl. In accordance with the complexity
analysis in section III, the time complexity of Bayesian MC
is reduced at lower FADs. These time calculations are carried
out on Intel i9 core, 32 GB RAM with CVX Mosek package
[33]. From Table.Ill, it is evident that the proposed Bayesian
MC is an order faster than the deterministic MC. This is due
to the fact that computation of the SVD of the matrix at each
iteration is eliminated.

V. CONCLUSION AND FUTURE WORK

This paper proposes a Bayesian approach for effectively
aggregating heterogeneous intermittent time-series data and
using it to accurately estimating the distribution system states
in low-observability conditions. The proposed approach lever-
ages the spatio-temporal correlations in multi- timescale mea-
surements. Superior performance in the recovery of power as
well as voltage states are obtained in the proposed matrix
completion approach. The probabilistic formulation allows
us to compute the uncertainty in both data imputation and
state estimation while being computationally efficient. In the
presence of noisy measurements, the uncertainty associated
with the imputation can be quantified. Knowledge of the
variances obtained in the imputation stage provides different
noise precision parameters (3), which can then be used to
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Fig. 8: Power recovery performance at different FADs for
IEEE 37 test system corresponding to 1% noise and 10% noise
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Fig. 9: Voltage magnitude recovery performance at different
FADs for IEEE 37 test system corresponding to 1% noise and
10% noise
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Fig. 10: Voltage angle recovery performance at different FADs
for IEEE 37 test system corresponding to 1% noise and 10%
noise
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Fig. 11: Power recovery performance at different FADs for
IEEE 123 test system
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Fig. 12: Voltage magnitude recovery performance at different
FADs for IEEE 123 test system
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Fig. 13: Voltage angle recovery performance at different FADs
for IEEE 123 test system

guide the state estimation process. Test studies in IEEE 37
as well as IEEE 123 bus system reveals that the power and
voltage states are recovered with high fidelity.

The increase in the penetration of distributed generation
has enhanced the need for distribution grid monitoring. Dis-
tributed generation needs to be monitored at different time-
scales, ranging from day-ahead forecasting to real-time data

periodically submitted to the DMS. This information increases
the measurement redundancy in the system. As a possible
extension of this work, we can investigate aggregating these
forecasted information for GP imputation. Furthermore, the
proposed multi-task GP approach operates over a set time
frame (24 hour as an example). Once these measurements are
available, we impute at any desired time-scale. Future work
will consider imputation as and when data is available using
a recursive GP approach. We also plan to consider a mixture
of load profiles (industrial, commercial and residential) as part
of future analysis.
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