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ABSTRACT 
Lanthanide-based single-molecule magnets (SMMs) are promising building blocks for quantum 
memory and spintronic devices. Designing lanthanide-based SMMs with long spin relaxation time 
requires a detailed understanding of their electronic structure, including the crucial role of the spin-
orbit coupling (SOC). While traditional calculations of SOC using the perturbation theory applied 
to a solution of the non-relativistic Schrödinger equation are valid for light atoms, this approach is 
questionable for systems containing heavy elements such as lanthanides. We investigate the 
accuracy of the perturbation estimates of SOC by variationally solving the Dirac equation for the 
[DyO]+ molecule, a prototype of a lanthanide-based SMM. We show that the energy splittings 
between the M� states involved in spin relaxation depend on the interplay between strong SOC and 
dynamic electron correlations. We demonstrate that this interplay affects the resonances between 
the spin and vibrational transitions, and, therefore, the spin relaxation time. 
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The design of new lanthanide-based single-molecule magnets (Ln-based SMMs)1–11 is a very 
active field of research driven by their potential applications in spintronics1,12,13 and high-density 
information storage.14,15 Magnetic properties of Ln-based SMMs arise from the large electron spin 
(S) and orbital angular momentum (L) of lanthanide ions. The strong spin-orbit coupling (SOC)16–

22 combines S and L into the total angular momentum (pseudospin) J that defines magnetization 
of SMMs. To be useful for practical applications, an SMM must be characterized by slow 
relaxation of magnetization (long pseudospin relaxation time), which requires a strong anisotropy 
of the crystal field around Ln ion and a minimal coupling between the pseudospin and molecular 
vibrations.2,4 Therefore, the design strategy of Ln-based SMMs involves developing ligands that 
would produce a strong anisotropic environment and reduce couplings between the spin and 
vibrational states of the resulting complex. This strategy requires an ability to accurately predict 
energies and spin properties of the low-lying electronic states of potential SMMs using high-level 
ab initio electronic structure calculations. In such calculations, SOC is usually estimated using the 
perturbation theory applied to a non-relativistic solution of the Schrödinger equation corrected for 
only the scalar relativistic effects. However, it is not clear if this perturbation approach to SOC is 
suitable for molecules containing heavy elements, such as lanthanides and actinides.23 In this work, 
we address this question by variationally solving the relativistic four- and two-component versions 
of the Dirac equation for a prototype of Ln-based SMM.  

Electronic structure and magnetic properties of Ln-based SMMs can be understood by 
considering various interactions acting on the f-electrons of Ln ion. To be more specific, we 
consider a Dy3+-based SMM (Figure 1). The one-electron atomic Hamiltonian ℋ�� predicts the f 9 
electron configuration for the Dy3+ ion. The addition of the electron-electron interaction ℋ��� splits 
this electron configuration into the atomic terms 6H, 6F, 6P, etc., where the letters indicate the 
values of the orbital angular momentum L and the superscript is the spin multiplicity 2S+1=6 (five 
unpaired electrons). The SOC ℋ��� splits each term into levels with different values of the 
pseudospin J. For simplicity, only the lowest-energy manifold 6H� with J=|L – S|,…,L+S is shown 
in Figure 1. Finally, each level is split by the interaction with the ligands represented by the crystal 
field term ℋ���. Again, for simplicity, only the 2J+1=16 states originated from the ground level 
6H��/� are shown. For the  Kramer ions, which have the odd number of electrons as Dy3+, the 
crystal field splits each level into a pair of degenerate states characterized by the magnetic quantum 
number ±M�. The magnetic quantum number represents the projection of the pseudospin J on the 
quantization z-axis. Therefore, the crystal field produces a magnetic anisotropy barrier (��) for 
reversal of magnetization. Large �� is required to minimize the over-the-barrier magnetization 
relaxation corresponding to the pseudospin flipping between the M� = 15/2 and M� = −15/2 
states. In addition to the over-the-barrier relaxation, the quantum tunneling and the spin-vibrational 
coupling mediated transitions between different M� states also contribute to the overall spin 
relaxation in Ln-based SMMs.4–6,8,24–27 
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Figure 1. Electronic structure of a Dy3+-based SMM. The magnitude of interactions responsible 
for splitting of the energy levels increases from left to right (ℋ�� – one-electron atomic 
Hamiltonian, ℋ��� – electron-electron interaction, ℋ��� – spin-orbit interaction, ℋ��� – crystal field 
interaction). �� is the magnetic anisotropy barrier. The red arrows schematically show direction 
of the pseudospin J for each M� state. 

 
 
Calculating SOC accurately is critical for predicting the electronic structure and magnetic 

properties of Ln-based SMMs. While the traditional approach to estimating SOC with the 
perturbation theory applied to a non-relativistic solution of the Schrödinger equation works well 
for molecules containing only light atoms, for heavy elements like lanthanides,28–30 the use of the 
perturbative approach is questionable. In this work, we variationally solve the relativistic Dirac 
equation for the [DyO]+ molecule, a prototype of a Ln-based SMM.4 The magnetic anisotropy of 
oblate Ln ions is maximized in an axial crystal field.2,4 The linear [DyO]+ molecule is an example 
of an oblate Kramer ion in the perfectly axial field characterized by the doubly degenerate ±M� 
states. We focus on the effects of strong SOC and dynamic electron correlation on the energy 
splitting between the M� states and the spin relaxation rate. We compare our results with those 
obtained using the widely used perturbation approach to calculating SOC. 

The variational relativistic electronic structure calculations were performed by solving the 
Dirac equation in the DIRAC19 package.31 In this work, we compared the results of the four-
component and exact two-component (X2C)32–37 calculations. Recently, the X2C method has been 
shown to accurately model the X-ray absorption spectra and intersystem crossing transitions in 
molecules containing late-row elements.38,39 In our study, we find that the energy gaps between 
the M� states calculated using the four- and two-component methods agree within 9 cm-1 (Table 
S3), indicating the high accuracy of the variational X2C method. We also compare the results of 
the variational SOC calculations with those obtained using the conventional perturbative SOC 
approach, as implemented in the GAMESS40 and OpenMolcas41 suite of programs. To describe 
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the static electron correlation arising from the partially occupied quasi-degenerate 4f orbitals of 
Dy3+, we utilized the complete active space self-consistent field (CASSCF) method. The dynamic 
electron correlations were accounted for with the multireference configuration interaction method 
with single and double excitations (MRCISD)42,43, multiconfiguration quasi-degenerate second-
order perturbation theory (MCQDPT2),44 and complete active space second order perturbation 
theory (CASPT2).45 

The energies of the M� states of [DyO]+, which arise from the splitting of 6H15/2 level of Dy3+, 
were calculated using the variational and perturbation approaches and are shown in Figure 2. The 
energy splittings between the lowest pairs of the M� states (M� = ±15/2 and ±13/2; M� =
±13/2 and ±11/2) predicted with the variational SOC approach are about 40% larger than those 
obtained using the perturbation theory. At the room temperature, these larger energy splittings 
would result in an order of magnitude decrease in the population of the M� = ±13/2 states relative 
to the M� = ±15/2 states, and a half order of magnitude decrease in the population of the M� =
±11/2 states relative to the M� = ±13/2 states. Such large reduction of the excited state 
populations predicted by the variational approach is expected to suppress the spin relaxation 
mechanisms that proceed through these states.25,27 This will lead to the increase of the predicted 
blocking temperature (TB),5 the temperature below which the relaxation of magnetization is slower 
than the time scale of measurements. 
 

 
 
Figure 2. Energies of the M� states of the [DyO]+ arising from the ground spin-orbit level 6H15/2 
of Dy3+. The CASSCF state energies are shown for the perturbative SOC (panel A) and X2C (panel 
B) approaches. The red arrows schematically show the direction of pseudospin J for each M� state. 
 

In the variational SOC approach, the inclusion of dynamic electron correlation leads to a 
significant decrease in the energy splittings between the lowest M� states (Figure S5). In contrast, 
accounting for dynamic correlation in the perturbative SOC approach results in an increase in the 
energy splittings. Interestingly, when dynamic electron correlation is accounted for, the energies 
of M� states predicted by the variational and perturbative approaches are similar, with an important 
exception of the first excited M� = ±13/2 state whose energy is overestimated in the perturbative 
approach by 173 cm-1 (Figure S6). This indicates a fortunate cancelation of the error arising from 
treating SOC with perturbation theory and the error produced by accounting for only limited 
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amount of dynamic electron correlation. This cancelation of errors could be related to the fact that 
both the SOC and dynamic electron correlation are treated within the framework of the same 
multiconfigurational quasi-degenerate perturbation theory (MCQDPT2). 

We found that the order of the highest electronic states is sensitive to the level of theory (Figure 2, 
S5 and S6). If only the static electron correlation is included as in the CASSCF method, the variational 
SOC calculation predicts a deviation from the well-known bell-shape order, in contrast to the 
perturbative SOC prediction. In addition, for small double-zeta basis the bell-shape order is broken even 
in the CASSCF results (Table S8). Interestingly, if the dynamic electron correlation is included, the 
order of the states deviates from the bell shape regardless of the perturbative or variational approach to 
SOC. This can be explained by analyzing the electron excitations from the highest occupied to the 
lowest unoccupied molecular orbitals. The lowest unoccupied orbitals in [DyO]+ are characterized by 
large contributions from the atomic orbitals with small angular momentum (Figure S2), and therefore, 
the electron excitations to these orbitals stabilize the states with smaller value of MJ, such as  MJ = ±1/2 
and MJ = ±3/2. 

At higher temperatures, the magnetization relaxation in SMMs is often dominated by the 
energy transfer between the spin and vibrational degrees of freedom. Therefore, the spin relaxation 
rate of a state � can be rationalized using Fermi’s golden rule,46-50  

 

�� =
2�
ℏ

� ������������
�

�(��� ± ��),                                           (1)
��

 

 
where ��� is the spin-vibrational (spin-phonon) coupling8 along the vibrational normal mode �, 
��� is the frequency that corresponds to the energy gap between the states � and �, and �� is the 
frequency of the normal mode �. The delta function �(��� ± ��) approximates the vibrational 
density of states at energies ��� ± ��, where the minus sign corresponds to the phonon 
absorption, and the plus sign corresponds to the phonon emission. For a diatomic molecule, such 
as [DyO]+, Eq. (1) reduces to 

 

�� =
2�
ℏ

�|⟨�|d/dR|�⟩|��(��� ± �),                                              (2)
�

 

 
where ⟨�|d/dR|�⟩ is the spin-vibrational coupling, d/dR is the derivative (nonadiabatic) coupling 
operator, R is the internuclear distance, and � is the vibrational frequency. In general, each 
electronic state is represented as a linear combination of M� states of an ion. In the axially 
symmetric systems, such as [DyO]+, the total angular momentum J is conserved and each state is 
characterized by a specific M� value, which  leads to the vanishing spin-vibrational coupling (see 
Supporting Information). However, it is still insightful to assess how the variational treatment of 
SOC affects the resonances between the spin and vibrational transitions, which described by the 
delta function in Eq. (2). The fundamental vibrational frequency required to estimate the spin-
vibrational resonances was obtained by fitting the calculated energies in the vicinity of the equilibrium 
geometry with the harmonic potential. The anharmonic correction of 7 cm-1 was calculated from fitting 
the energies to the Morse potential. The obtained spectroscopic constants are given in Supporting 
Information. 
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The X2C-CASSCF calculations with variational SOC predict that the M� = ±13/2 to M� =
±11/2 (±13/2 ↔ ±11/2) transition is the closest (within 47 cm-1) to the vibrational transition at 
988 cm-1 (Figure 3A). The transition from the ground state to the first excited state (±15/2 ↔
±13/2) is off resonance with the vibrational transition, indicating that the ground state will not 
contribute to the spin-vibrational relaxation. Accounting for the dynamic electron correlation with 
X2C-MRCISD shifts the vibrational transition from 988 to 1086 cm-1 and shifts two spin 
transitions (±11/2 ↔ ±1/2 and ±15/2 ↔ ±13/2) toward the resonance (Figure 3B). 
Interestingly, the simultaneous shift of the vibrational and (±13/2 ↔ ±11/2) spin transitions 
preserves their proximity to each other (42 cm-1 energy difference). The shift of spin transitions 
toward vibrational frequency indicates that the spin-vibrational resonance conditions are sensitive 
to dynamic electron correlation. Therefore, to understand the spin relaxation mediated by spin-
vibrational coupling, it is important to account for dynamic correlation in the variational SOC 
calculations. 
 

 
Figure 3. Energies of the vibrational transition (solid green line) and the spin transitions between 
the M� states (dashed red lines) in [DyO]+ calculated using the variational SOC approach. The 
CASSCF transition energies without dynamic electron correlation (panel A) and the MRCISD 
transition energies with dynamic electron correlation (panel B). 
 

Figure 4 highlights the importance of variational treatment of strong SOC in Ln-based SMMs 
by comparing the transition energies predicted by the variational (X2C-MRCISD) and traditional 
perturbative (MCQDPT2) SOC approaches. The first thing to notice is that the perturbative 
approach underestimates the harmonic vibrational frequency by 243 cm-1 compared to the more 
accurate variational SOC calculation. The perturbative SOC approach strongly affects the spin 
transition frequencies. Interestingly, this leads to the same near resonance condition between the 
(±13/2 ↔ ±11/2) spin and vibrational transitions as was observed in the variational SOC 
calculations. Therefore, both vibrational and spin transition frequencies are strongly affected by 
the variational treatment of SOC. This suggests that for predicting the spin relaxation rate in Ln-
based SMMs, the variational treatment of the strong SOC effects is highly desirable. 
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Figure 4. Energies of the vibrational transition (solid green line) and the spin transitions between 
the M� states (dashed red lines) in [DyO]+ calculated using the variational (panel A) and 
perturbative (panel B) SOC approaches. 

 
In summary, we variationally solved the relativistic Dirac equation for the [DyO]+ molecule, a 

prototype of Ln-based SMM. The predicted energies of the lowest M� states were compared with 
those obtained with the traditional approach based on the perturbation theory applied to a solution 
of the Schrödinger equation corrected only for the scalar relativistic effects. The results indicate 
that the anisotropy barrier and the energy splittings between the M� states depend on the interplay 
between strong SOC and dynamic electron correlation. This interplay affects the resonances 
between the spin and vibrational transitions, and, therefore, the spin relaxation time in SMMs. 
Without dynamic electron correlation, the variational SOC approach predicts a much larger 
anisotropy barrier and energy splittings between the M� states than the traditional perturbative SOC 
approach. However, when the dynamic electron correlation is included, the two approaches are in 
better agreement. This fortunate cancelation of errors suggests that the traditional approach 
utilizing the perturbation theory to account for both strong SOC and dynamic electron correlation 
can produce reasonable results. However, this situation may not be universal for all Ln-based 
SMMs. Moreover, even relatively small differences in the energies of M� states, as well as in 
vibrational frequencies, predicted by the variational and perturbative SOC approaches can have a 
large impact on the spin relaxation rate in SMMs. The presence of resonances between the spin 
and vibrational transitions is responsible for increasing the rate of spin relaxation.8,50,51 Therefore, 
the findings of this work have important implications for predicting the spin relaxation rate in Ln-
based SMMs and designing molecules with long spin relaxation time for applications in quantum 
information science. 

 
 

THEORETICAL METHODS 
 

The equilibrium Dy-O bond length of 1.74 Å was taken from literature.4 The fully uncontracted 
dyall.cv2z basis set52 was used in the DIRAC and GAMESS calculations, and the ANO-RCC-
VDZP and ANO-RCC-VQZP basis sets53 were used in OpenMolcas. The four-component 
MRCISD calculations were performed using the Dirac-Hartree-Fock molecular orbitals and the 
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results were compared with those calculated using the X2C method (Table S3). The two-
component MRCISD calculations using the CASSCF orbitals were performed using the X2C 
method. All two- and four-component calculations were carried out using the DIRAC package. 
The computational time costs of the four- and two-component MRCISD calculations were similar, 
while the four-component SCF calculations were about ten times slower than the corresponding X2C 
calculations. Since MRCISD is much more computationally demanding than SCF, the overall time costs 
of four- and two-component calculations are roughly the same (see Supporting Information).The 
perturbative SOC calculations in GAMESS were performed using the CASCI method with the 
Breit-Pauli Hamiltonian17 and the reference CASSCF wavefunction with the scalar relativistic 
effects described by the infinite-order two-component approach with the local unitary 
transformation (LUT-IOTC).54-56 The active space was comprised of nine valence electrons of 
Dy3+ distributed over seven 4� orbitals. In the perturbative SOC calculations, the CASSCF 
wavefunction was averaged over all 2L+1=11 levels of the 6H term of Dy3+. All electronic states of 
[DyO]+ arising from the ground levels 6HJ (J = 15/2, 13/2 ,…, 5/2) of Dy3+ were included in the spin-
orbit coupling Hamiltonian. The energy separation between the highest state arising from the 6H15/2 level 
and the lowest state arising from the 6H13/2 level is about 3500 cm-1. Therefore, we do not expect any 
significant interaction between the states arising from the different levels of Dy3+. In the two- and four-
component variational calculations, the dynamic electron correlation was accounted for with 
MRCISD, while MCQDPT2 (GAMESS) and CASPT2 (OpenMolcas) methods were used in the 
perturbative SOC calculations. The vibrational Dy-O frequency was calculated for M� = ±15/2 
state with the X2C-CASSCF (variational SOC) and CASCI (perturbative SOC) methods. To fit 
the harmonic potential, the 0.005 Å step along the Dy-O distance was used to sample the energies 
near the equilibrium geometry. 
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