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Abstract
The Boltzmann equation with the Bhatnagar-Gross-Krook collision model (Boltzmann-
BGK equation) has been widely employed to describe multiscale flows, i.e., from
the hydrodynamic limit to free molecular flow. In this study, we employ physics-
informed neural networks (PINNs) to solve forward and inverse problems via the
Boltzmann-BGK formulation (PINN-BGK), enabling PINNs to model flows in both
the continuum and rarefied regimes. In particular, the PINN-BGK is composed
of three sub-networks, i.e., the first for approximating the equilibrium distribution
function, the second for approximating the non-equilibrium distribution function,
and the third one for encoding the Boltzmann-BGK equation as well as the corre-
sponding boundary/initial conditions. By minimizing the residuals of the governing
equations and the mismatch between the predicted and provided boundary/initial
conditions, we can approximate the Boltzmann-BGK equation for both continuous
and rarefied flows. For forward problems, the PINN-BGK is utilized to solve various
benchmark flows given boundary/initial conditions, e.g., Kovasznay flow, Taylor-
Green flow, cavity flow, and micro Couette flow for Knudsen number up to 5. For
inverse problems, we focus on rarefied flows in which accurate boundary conditions
are difficult to obtain. We employ the PINN-BGK to infer the flow field in the entire
computational domain given a limited number of interior scattered measurements on
the velocity without using the (unknown) boundary conditions. Results for the two-
dimensional micro Couette and micro cavity flows with Knudsen numbers ranging
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from 0.1 to 10 indicate that the PINN-BGK can infer the velocity field in the entire
domain with good accuracy. Finally, we also present some results on using transfer
learning to accelerate the training process. Specifically, we can obtain a three-fold
speedup compared to the standard training process (e.g., Adam plus L-BFGS-B) for
the two-dimensional flow problems considered in our work.
Keywords: Boltzmann-BGK equation, physics-informed neural networks, rarefied
flows, velocity slip, inverse problems, transfer learning

1. Introduction1

Multiscale flows spanning the rarefied and continuum regimes are present in di-2

verse applications, such as shale gas flow in porous media [1, 2], vacuum technology3

[3, 4], and microfluidics [5, 6, 7]. The Boltzmann equation with the Bhatnagar-4

Gross-Krook collision model (Boltzmann-BGK equation) [8] is a widely used model5

for descriptions of both rarefied and continuous flows [9, 10]. Several numerical6

methods have been developed to solve the Boltzmann-BGK equation in recent years7

since analytical solutions are difficult to obtain, such as finite difference based meth-8

ods, e.g., lattice Boltzmann method (LBM, in the low-speed limit at the continuum9

regime) [11, 12, 13, 14, 15, 16, 17, 18, 19, 20], finite volume based methods [21], e.g.,10

the uniform gas kinetic scheme (UGKS) [22, 23, 24], the discrete ordinate method11

(DOM) [25], the discrete uniform gas kinetic scheme (DUGKS) [26, 27], and so on.12

Successful applications of the aforementioned approaches include multiscale heat13

transfer [28], reactive transport in porous media [29], and non-equilibrium flows [24],14

to name just a few.15

In addition to the conventional numerical methods, deep learning algorithms16

have emerged recently as an alternative for solving partial differential equations17

(PDEs), especially in conjunction with sparse data [30, 31, 32, 33]. In particular,18

we focus on the physics-informed neural networks (PINNs) proposed in [33] due to19

their effectiveness in solving both forward and inverse PDE problems as well as the20

straightforward implementation. Different from the classical numerical methods in21

which the differential operators are approximated by the data on certain discrete22

lattices (meshes), PINNs compute all the differential operators of a PDE using the23

automatic differentiation technique [34] involved in the backward propagation [33].24

Consequently, no mesh (structured mesh or unstructured mesh used in the classical25

numerical methods) is required for the PINN to solve PDEs, which saves a lot of26

in grid generation [35, 36]. Another attractive feature is that PINNs are capable of27

solving the inverse PDE problems effectively [33, 37] and with the same code that is28

used for forward problems. Specifically, PINNs can infer the unknown parameters in29
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a PDE and reconstruct the solution given partial observations on the solution to the30

PDE. Successful examples of using PINNs for forward and inverse flow problems are:31

(1) modeling both laminar and turbulent channel flows [38], (2) learning the density,32

velocity, and pressure fields based on partial observations on the density gradient in33

high-speed flows [39], and (3) inferring the velocity and pressure fields given mea-34

surements from spatio-temporal visualizations of a passive scalar, e.g., temperature35

or solute concentration [40].36

Despite the great progress of PINNs for solving such flow problems, so far only37

flows in the continuum regime described by the Navier-Stokes or Euler equations38

have been considered, to the best of our knowledge. However, for flow problems in39

the rarefied or transitional regimes such as gas flow in shale nanopores [41, 42], no40

existing PINNs or their variants can be applied directly. In addition to PINNs, Han41

et al. proposed to solve the Boltzmann-BGK equation using the deep convolution42

neural networks [43], which works well for multiscale flows with a Knudsen number43

ranging from 10−3 to 10. However, only forward problems are considered in [43],44

i.e., solving the Boltzmann-BGK equation given boundary/initial conditions. In45

practical applications, accurate boundary conditions can be quite difficult to obtain,46

especially for (1) multiscale flows across different flow regimes [44, 45, 46, 47, 48], and47

(2) rarefied flows within complicated geometries, e.g., porous media [49, 50, 51, 52].48

An interesting question arising here is: can we predict the velocity field when we49

only have access to a limited number of scattered interior measurements on the50

velocity rather than the boundary conditions? We refer to this problem as an “inverse51

problem” in the present study. To leverage the merits of PINNs for both forward52

and inverse problems, we propose herein to employ PINNs for solving both the53

forward and inverse problems via Boltzmann-BGK formulation (PINN-BGK), hence54

developing a new PINN capability in simulating seamlessly both the continuum and55

rarefied regimes.56

The remainder of the paper is organized as follows. In Section 2, we describe57

the details of PINNs for solving the Boltzmann-BGK equation. In Section 3, we58

present the results for modeling some benchmark two-dimensional flows in both the59

continuum and rarefied regimes. In Section 4, we apply the PINN-BGK to inverse60

problems, i.e., inferring the flow field in the entire computational domain given a61

limited number of scattered measurements on the velocity. A brief summary is then62

presented in Sec. 5. We finally present more details on the PINN-BGK and a63

systematic study on the parameters in PINN-BGK in Appendix A and Appendix64

B, respectively.65
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2. Methodology66

2.1. From Boltzmann-BGK equation to discrete velocity Boltzmann-BGK model67

The Boltzmann equation with the simplified collision model, i.e., Bhatnagar-
Gross-Krook (BGK) model [8], is considered here, which can be expressed as

∂f

∂t
+ ξ · ∇f = −1

τ
(f − f eq)

fneq = (f − f eq) , (1)

where f = f(x, ξ, t) is the particle distribution function moving with a velocity ξ
at position x and time t, τ is the relaxation time related to the dynamic viscosity µ
and the fluid pressure p as τ = µ/p, and f eq is the equilibrium distribution function
given by the Maxwellian equilibrium distribution function,

f eq =
ρ

(2πRT )D/2
exp

(
−|ξ − u|2

2RT

)
, (2)

where R is the gas constant, T is the temperature, D is the spatial dimension, ρ is
the density related to the fluid pressure as ρ = p/RT , u is the fluid velocity; fneq
denotes the non-equilibrium part of the distribution function. The conservative flow
variables, i.e., ρ and u, are the moments of the distribution function and can be
computed as follows [53, 54],

ϕ =

∫
ψfdξ, ψ = (1, ξ), (3)

where

ϕ = (ρ, ρu), ρ =

∫
fdξ, ρu =

∫
ξfdξ. (4)

Note that the aforementioned particle velocity ξ is continuous, which makes it
computationally inefficient to solve Eq. (1). To reduce the computational cost, the
discrete velocity model is generally used while keeping the mass and momentum
conserved [21, 53]. In particular, one can project Eq. (1) onto the Hermite basis by
expanding f(x, ξ, t) in terms of the Hermite orthonormal polynomials in the velocity
space ξ. In addition, by truncating the Hermite polynomials up to Nth order, the
following discrete velocity Boltzmann-BGK model (DVB) can be obtained (See [54]
for more details on the derivations):

∂fi
∂t

+ ξi · ∇fi = −1

τ
(fi − f eqi ) , i = 0, ..., Q− 1, (5)
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where ξi is the ith discrete velocity, and Q here is the number of discrete velocities.68

Meanwhile, Eq. (5) serves as the governing equation and will be solved in this study.69

For the low-speed isothermal flows (i.e., the Mach number Ma ≈ |u|/
√
RT ≪

1.0) considered in this study, f eqi is the Hermite expansion up to second order of Ma
for the Maxwellian equilibrium distribution function (i.e., Eq. (2)), which reads as
[26, 54]

f eqi (ρ,u) = wiρ

[
1 +

ξi · u
RT

+
(ξi · u)2

2(RT )2
− u · u

2RT

]
, (6)

where ωi is a set of constant weights for different ξi. In addition, the conservative
flow variables, i.e., ρ and u, are computed as

ρ =

Q−1∑
i=0

fi =

Q−1∑
i=0

f eqi , ρu =

Q−1∑
i=0

ξifi =

Q−1∑
i=0

ξif
eq
i , (7)

based on the property of the collision operation, i.e., the collision operator conserves70

the mass as well as the moment [54]. The employed discrete velocity model will be71

introduced for each specific case in Secs. 3 and 4.72

2.2. Physics-informed neural networks for solving DVB model73

In this section, we first discuss how to extend PINNs for solving both forward74

and inverse problems via the Boltzmann-BGK formulation (i.e., PINN-BGK). Then75

we present the boundary conditions employed in our study.76

2.2.1. PINN-BGK77

As shown in Fig. 1, the PINN-BGK is composed of three sub-networks, i.e.,78

one to approximate the equilibrium distribution function (i.e., NN eq), the second79

one for the non-equilibrium distribution function (i.e., NN neq), and the last one to80

encode the Boltzmann-BGK equation as well as the corresponding boundary/initial81

conditions. In particular, NN eq takes (x, t) as input, and outputs the macroscopic82

variables, i.e., ρ, and u. f eqi (ρ,u) can then be obtained based on Eq. (6). Meanwhile,83

NN neq takes in (x, t) and outputs the non-equilibrium part of fi (i.e., fneqi ) for each84

ξi. More details on the PINN-BGK can be found in Appendix A.85

Note that the distribution function fi(x, t) is decomposed into an equilibrium
part (i.e., f eqi ) and a non-equilibrium part (i.e., fneqi ), i.e., fi(x, t) = f eqi + fneqi , in
the PINN-BGK. Generally, the magnitudes of f eqi and fneqi can be quite different.
For continuous flows, we can conduct the following multiscale analysis for Eq. (5)
since the relaxation time τ is a small parameter (e.g., τ < 10−2) [15, 55]. Specifically,
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Figure 1: Schematic of PINNs for solving the discrete velocity Boltzmann-BGK equation (PINN-
BGK). NN eq and NNneq are employed to approximate the equilibrium (feq

i ) and non-equilibrium
(fneq

i ) parts of the distribution functions, respectively. σ is the activation function, which is set as
the hyperbolic tangent function in this work. Ri(x, t) = ∂tfi+ξix∂xfi+(fi − feq

i ) /τ is the residual
of the Boltzmann-BGK equation. IC/BCs represent the initial and boundary conditions.

we can expand fi in terms of τ as [56]

fi = f
(0)
i + τf

(1)
i + τ 2f

(2)
i + .... (8)

Substituting Eq. (8) into Eq. (5), we can obtain the following equations [56]:

1

τ
: f

(0)
i = f eqi , (9)

τ 0 : f 1
i = −

(
∂tf

(0)
i + ξi · ∇f (0)

i

)
. (10)

As we truncate fi to O(τ 2), the following equation can then be obtained

fi = f
(eq)
i + τf

(1)
i +O(τ 2). (11)
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With the aid of Eq. (10), we can rewrite Eq. (11) as

fi ≈ f eqi − τ
(
∂tf

(0)
i + ξi · ∇f (0)

i

)
, (12)

which can be further rewritten as

fneqi = fi − f eqi ≈ −τ (∂tf eqi + ξi · ∇f eqi ) , (13)

where fneqi is the same as in Fig. 1. As we can see in Eqs. (9) and (13), f eqi can86

be more than 100 times larger than the fneqi in continuous flows [57, 58]. If we87

approximate fi with one deep neural network (DNN) directly, it is probable that88

fneqi will not be resolved accurately since f eqi dominates over fi. However, fneqi has89

a strong influence on the convergence of the governing equation in Eq. (5) due to90

the fact that τ is also a small parameter, e.g., τ ∼ O(10−4) in Sec. 3.1 (Numerical91

results for the effect of fneqi on predicted accuracy are presented in Sec. 3.1). We92

therefore apply two DNNs to approximate f eqi and fneqi , respectively.93

In forward problems, we assume that both the initial/boundary conditions and
the governing equations are known, and hence we can solve the Boltzmann-BGK
equation by minimizing the following loss function,

L = LEq + LIC + LBC ,

LEq =
1

Ne

Q−1∑
i=0

Ne−1∑
j=0

|Ri(xj, tj)|2,

LIC =
1

Ni

Ni−1∑
j=0

|ϕNN eq(xj, 0)− ϕ∗(xj, 0)|2,

(14)

where Ri(x, t) is residual of the governing equation that is defined as

Ri :=
∂fi
∂t

+ ξi · ∇fi +
1

τ
(fi − f eqi ) . (15)

In addition, LEq, LIC , and LBC represent the loss function for the residual of the94

DVB equation, the initial condition as well as the boundary condition. Specifically,95

ϕ denote the macroscopic variables, i.e., ρ/u, and ϕNN eq and ϕ∗ are the output of96

NN eq and the given initial conditions, respectively. Ne and Ni are the number of97

the training data for governing equations and initial condition, respectively. Note98

that the initial conditions used here are similar as that is often used in the lattice99

Boltzmann method [15, 26]. Furthermore, we will present the details on LBC in Sec.100

2.2.2.101
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For inverse problems, we assume that we know the equations as well as a small
set of interior measurements on the velocity, but the initial/boundary conditions are
unknown. We then infer the velocity field by minimizing the following loss function:

L = LEq + Lu,

Lu =
1

Nu

Nu−1∑
j=0

|u(xuj , tuj)− u∗(xuj , tuj)|2,
(16)

where LEq is the same as in Eq. (14), and Lu denotes the mismatch between the102

predictions and the measurements, (xu, tu) are the locations of measurements, and103

Nu is the number of measurements.104

2.2.2. Boundary conditions in PINN-BGK105

In general, the pressure or velocity at a boundary is provided for the boundary106

condition in a flow problem. To solve the discrete velocity Boltzmann-BGK equation,107

we need to specify appropriate boundary conditions for the discrete distribution108

functions based on the given pressure/velocity, i.e., kinetic boundary conditions. In109

the present study, two different kinetic boundary conditions, i.e., Eq. (13) and the110

diffuse Maxwell boundary condition, are employed for the continuous and rarefied111

flows, respectively.112

For continuous flows, we only consider cases with velocity boundary conditions
in this study. Generally, the density at each boundary is unknown. As reported in
[59], the density fluctuation in the incompressible limit is of order O(Ma2), where
Ma ≈ |u|/

√
RT ≪ 1.0. The density field is initialized as 1 in our computations, we

can thus approximate the density at the boundary as ρw ≈ 1 [26]. Consequently, the
unknown f eqi and fneqi at the boundary condition can be computed based on Eq. (6)
and Eq. (13), respectively. The loss function for the velocity boundary condition in
PINN-BGK is then expressed as

LBC = LmBC
+ LfBC

+ LEBC
,

LmBC
=

1

Nb

Nb−1∑
j=0

|ϕNN eq(xbj , tj)− ϕ∗(xbj , tj)|2,

LfBC
=

1

Nb

Nb−1∑
j=0

∑
ξi·n>0

|fneqi,NNneq
(xbj , tj)− fneq,∗i (xbj , tj)|2,

LEBC
=

1

Nb

Nb−1∑
j=0

∑
ξi·n<0

|Ri(xbj , tj)|2,

(17)
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where Nb is the number of points used to compute the loss function for boundary113

conditions, ϕNN eq and ϕ∗ are the output of NN eq and the given boundary conditions,114

respectively; fneqi,NNneq
(xbj , tj) is the output of NN neq, and fneq,∗i (xbj , tj) is computed115

using Eq. (13); n is the unit inward-wall vector normal to the boundary. We would116

like to mention that LmBC
and LfBC

can be viewed as the boundary conditions for117

the equilibrium (f eqi ) and non-equilibrium part (fneqi ) in fi since fi = f eqi + fneqi .118

For rarefied flows, the gas-surface interaction is implemented via the diffuse
Maxwell boundary condition as follows [26]:

fi(xb, t) = ρwf
eq
i (1,uw), (ξi · n > 0), (18)

where uw is the wall velocity, and ρw is the density at the wall which is determined
based on the condition of impermeable wall as [26]

ρw = −
∑

ξi·n<0(ξi · n)fi(xb, t)∑
ξi·n>0(ξi · n)f

eq
i (1,uw)

. (19)

Note that Eqs. (18) and (19) are used to determine the unknown distribution func-119

tions with velocities pointing to the flow. For particles leaving the wall, we again120

impose them to satisfy Eq. (5), which is the same as in continuous flows. We then121

express the boundary conditions in the loss function as122

LBC = LfBC
+ LEBC

,

LfBC
= LfBC,1

+ LfBC,2
,

LfBC,1
=

1

Nb

Nb−1∑
j=0

∑
ξi·n>0

|fi,NN (xbj , tj)− f ∗
i (xbj , tj)|2,

LfBC,2
=

1

Nb

Nb−1∑
j=0

[
|
Q−1∑
i=0

fneqi,NNneq
(xbj , tj)|2 + |

Q−1∑
i=0

ξif
neq
i,NNneq

(xbj , tj)|2
]
,

LEBC
=

1

Nb

Nb−1∑
j=0

∑
ξi·n<0

|Ri(xbj , tj)|2,

(20)

where fi,NN = f eqi,NN eq
+ fneqi,NNneq

is the predicted distribution function using the123

DNNs, f ∗
i (xbj , tj) is obtained using Eqs. (18) and (19), and Ri is predicted residual in124

Eq. (15). It is worth mentioning that only LfBC,1
and LEBC

are needed to determine125

the unknown distribution function fi(xb, t) at the boundary. However, here we add126

one more constraint for fneqi,NNneq
based on Eq. (7), i.e., LfBC,2

, since fi(xb, t) is127
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decomposed into an equilibrium (f eqi ) and a non-equilibrium part (fneqi ), which is128

similar as in the continuous flows discussed above.129

We would like to point out that various kinetic initial/boundary conditions have130

been developed during the past few decades, and interested readers can refer to131

[15, 14, 26, 56] for more details.132

3. Forward problems133

In this section, we will apply the PINN-BGK to model various two-dimensional134

flow problems given boundary/initial conditions, i.e., (1) continuous flows including135

time-independent/dependent cases, e.g., Kovasznay flow and Taylor-Green flow; and136

(2) rarefied flows, i.e., micro-Couette flows with Knudsen numbers ranging from 0.01137

to 5.138

3.1. Kovasznay flow139

We first employ the PINN-BGK to simulate the two-dimensional steady incom-
pressible Kovasznay flow in a two-dimensional rectangular domain with a length
−1

2
≤ x ≤ 2 and height −1

2
≤ y ≤ 3

2
. The exact solutions for the flow considered

here are [60]:

u(x, y) = u0[1− exp (λx) cos (2πy)],

v(x, y) = u0[
λ

2π
exp(λx) sin(2πy)],

p(x, y) = p0[1−
1

2
exp (2λx)] + C,

(21)

where u0 and p0 are reference velocity and reference pressure, respectively, C is a
constant, L is half the height of the computational domain, u = (u, v) represents the
fluid velocity, p is the fluid pressure, and

λ =
Re

2
−

√
Re2

4
+ 4π2, Re =

u0L

ν
, (22)

where ν is the kinematic viscosity. In addition, Dirichlet boundary conditions which140

can be derived from Eq. (21) are imposed on all boundaries.141

Here we employ the two-dimensional-nine-speed (D2Q9) model [61], which is
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widely used for continuous flows. Specifically, D2Q9 is defined as ξi = cei in which,

c =
√
3RT,w0 = 4/9,

w1∼4 = 1/9, w5∼8 = 1/36,

e0 = (0, 0),

e1 = −e3 = (1, 0), e2 = −e4 = (0, 1),

e5 = −e7 = (1, 1), e6 = −e8 = (−1, 1).

(23)

The D2Q9 model will be used in all continuous flow cases in this study, i.e., Secs.142

3.1, 3.2, and 3.3. In our simulations, Re = 10, u0 = 0.1581, p0 = 0.05, RT = 100,143

C = RT , and L = 1. The kinematic viscosity and the relaxation time can then144

be computed as ν = Lu0/Re = 0.0158 and τ = µ/p = ν/RT = 1.58 × 10−4. In145

addition, we randomly sample 17, 000 points for the evaluation of residuals, and 300146

points are used on each boundary to provide Dirichlet boundary conditions. As for147

the optimization, we first employ the Adam [62] to train the PINN-BGK until the148

loss is less than 10−3, then we switch to the L-BFGS-B [63] until convergence.149

We note that τ ∼ O(10−4) in the present case, leading to fneqi ∼ O(10−4) accord-150

ing to Eq. (13). Based on our experience, the optimization algorithm works well as151

the output of a NN is of the order O(1). Such a small value of fneqi in the present152

case will make it difficult to be approximated by DNNs. We then scale the output153

of NN neq as fneqi,NNneq
= 10, 000 × fneqi to make it of the order O(1), where fneqi,NNneq

154

is the output of the NN neq, and fneqi is the predicted non-equilibrium distribution155

function used in Eq. (5).156

To study the effect of scaling of fneqi on the predicted accuracy, we compare the157

results for two different cases, i.e., with and without scaling for fneqi , in Fig. 2.158

In both cases, we employ 5 hidden layers with 40 neurons per layer for NN eq and159

NN neq. We see that the training loss for the case with scaling (Case A) is about three160

orders smaller than that without scaling (Case B). Furthermore, we also present the161

predicted residuals on a uniform lattice, i.e., x×y = 125×100, for two representative162

equations, i.e., f2 and f5, in Figs. 2(b)- 2(c). We observe that the computed residuals163

for Case B are about two orders larger than those in Case A, which suggests that164

the scaling of fneqi can significantly improve the predicted accuracy.165
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(a) (b) (c)

Figure 2: PINN-BGK for Kovasznay flows: (a) Time histories of the total loss function obtained
by different cases. Case A: fneq

i,NNneq
≈ 10000fneq

i ; Case B: fneq
i,NNneq

≈ fneq
i . (b) Predicted residuals

for f2 and f5 for Case A. (c) Predicted residuals for f2 and f5 for Case B.

We further compare the relative L2 errors (errψ) for u, v and fneqi for these two
cases, where errψ is defined as

errψ =

√∑
x,y |ψ(x, y, t)− ψe(x, y, t)|2√∑

x,y |ψe(x, y, t)|2
, ψ = u, v, and fneqi , (24)

and ψe is the exact solution here. In particular, the exact solutions for u and v166

are in Eq. (21), and the reference solution for fneqi is computed from Eq. (13). For167

brevity, we only present the relative errors for fneq2 and fneq5 as representatives since168

the results for the remaining fneqi are similar as these two. As displayed in Table169

1, the predictions in Case A are all in good agreement with the exact solutions and170

much better than the results from Case B. These results again indicate that the171

scaling of fneqi is able to substantially improve the predicted accuracy.172

We note that the errors for fneqi are about one order greater than those for u/v,173

which may be attributed to the roundoff in the computation of fneqi , i.e., fneqi =174

fneqi,NNneq
/10, 000. Another test case (Case C in Table 1) is then conducted here, i.e.,175

we replace the NN eq with the exact solutions for ρ/u/v, and only train NN neq to176

satisfy the governing equation. Other parameters (e.g., size of NN eq, scaling of fneqi ,177

etc.) as well as the optimization method are all the same as in Case A. As shown,178

the errors for fneqi in Case A are comparable to those in Case C, which validates the179

present assumption.180

To accelerate the training process, we employ the transfer learning strategy, which181

has been widely used to enhance the convergence of training for diverse deep learning182
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Table 1: PINN-BGK for Kovasznay flows: Relative L2 errors of velocity (u, v) and two rep-
resentative non-equilibrium distribution functions. Case A: fneq

i,NNneq
≈ 10, 000fneq

i ; Case B:
fneq
i,NNneq

≈ fneq
i ; Case C: fneq

i,NNneq
≈ 10, 000fneq

i , ρ, u, and v are from the exact solutions.

erru errv errfneq
2

errfneq
5

Case A 0.21% 0.60% 3.49% 4.56%
Case B 65.19% 58.66% 89.41% 82.14%
Case C - - 1.81% 2.23%

Table 2: PINN-BGK for Kovasznay flows: Relative L2 errors and computational cost at differ-
ent Reynolds numbers for different cases. L-BFGS-B (TL): L-BFGS-B optimization with transfer
learning. L-BFGS-B only: L-BFGS-B optimization with random initialization. All the computa-
tions are performed on a workstation with one Quadro RTX 6000 GPU and Intel(R) Xeon(R) Gold
6242 CPU @ 2.80GHz CPU.

Re Case erru errv Walltime (min)

20
L-BFGS-B (TL) 0.2% 0.75% 20.84

Adam + L-BFGS-B 0.36% 0.98% 57.05
L-BFGS-B only 0.40% 1.12% 32.15

40
L-BFGS-B (TL) 0.22% 0.89% 36.14

Adam + L-BFGS-B 0.26% 0.91% 63.65
L-BFGS-B only 2.63% 108.78% 31.47

60
L-BFGS-B (TL) 0.43% 1.07% 28.18

Adam + L-BFGS-B 0.27% 1.06% 75.87
L-BFGS-B only 3.08% 119.43% 32.76
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problems [64, 65]. In particular, we employ the PINN-BGK to model the flows for183

three different Reynolds numbers, i.e., Re = 20, 40, and 60. The weights/biases184

for each case are initialized with those for the case Re = 10 on its completion of185

training. Note that only the L-BFGS-B algorithm is used for optimizing the loss186

function in the transfer learning cases. Here, we also present the results for using the187

Adam plus L-BFGS-B as used in the previous case for comparison. As we can see,188

comparable accuracy can be obtained by using the L-BFGS-B with transfer learning189

and the standard training process used in this work, i.e., first Adam and then L-190

BFGS-B. However, we can obtain up to a three-fold speedup with transfer learning191

as compared to the latter case.192

It is worth mentioning that the L-BFGS-B algorithm is based on the Newton’s193

method, hence the computational accuracy strongly depends on the initial guess. In194

other words, it is easy for the L-BFGS-B to converge to a local optimal without good195

initialization of the weights/biases in DNNs. For demonstration, we then present the196

results for using the L-BFGS-B with random initialization for the DNNs (which is197

referred to as L-BFGS-B only in Table 2). As shown, the computational time for the198

L-BFGS-B (TL) and L-BFGS-B only is similar for all the three test cases. However,199

the L-BFGS-B with transfer learning can achieve much better accuracy than the L-200

BFGS-B with the random initialization. In particular, the predicted accuracy for the201

L-BFGS-B (TL) is about two orders better than the L-BFGS-B only for the vertical202

velocity in the last two cases, i.e., Re = 40, and 60.203

Finally, (1) we present a systematic study on the effects of architectures of DNNs204

and the number of residual/boundary points on the predicted accuracy in Appendix205

B, (2) we note that the multiscale analysis in Sec. 2.2 only holds for continuous206

flows in which τ is a small parameter. In the present study, we assume fneqi has a207

similar magnitude as O(τ) in all test cases, and scale fneqi,NNneq
to O(1) based on τ208

used in the corresponding case to improve the predicted accuracy, and (3) we employ209

the same scaling factor for fneqi,NNneq
in the entire computational domain for all test210

cases considered in the present study. For cases where the magnitude of fneqi varies211

in different part of the domain, a promising way to obtain the proper scaling factor212

is to employ a space-dependent weight for fneqi,NNneq
whose value can be optimized in213

a similar way for optimizing the hyperparameters in DNNs. Interested readers can214

refer to the self-adaptive PINNs [66] for more details.215

3.2. Taylor-Green flow216

We proceed to model a time-dependent flow problem, i.e., the Taylor-Green flow,
using the PINN-BGK. The computational domain is defined as x ∈ [−π, π], y ∈
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[−π, π]. The exact solution is set as follows

u(x, y, t) = − cos(x) sin(y)e−2tν ,

v(x, y, t) = sin(x) cos(y)e−2tν ,

p(x, y, t) = −1

4
[cos(2x) + cos(2y)]e−4tν ,

(25)

where u, and v are the velocity components in the horizontal and vertical directions,217

respectively, and p denotes the fluid pressure. Finally, all the initial and boundary218

conditions are derived from Eq. (25).219

In simulations, we set RT = 100, ν = 0.01, and t ∈ [0, 10]. The D2Q9 veloc-220

ity model is also employed here. As for the training data, 300 random points are221

employed on each boundary while 160, 000 random points in the spatial-temporal222

domain are used to compute the residuals of Eq. (5). Both NN eq and NN neq con-223

tain 6 hidden layers with 80 neurons per layer. Similar as the first test case, two224

optimization algorithms, i.e., Adam and L-BFGS-B are used. Specifically, we first225

train the DNNs using the Adam optimizer until the loss is less than 1.0× 10−4 with226

an initial learning rate of 5×10−4, and then we switch to the L-BFGS-B optimization227

until convergence.228

(a) (b)

Figure 3: PINN-BGK for Taylor-Green flows: Predicted velocity profiles. (a) u component for
x = 0 at t = 1, 5, and 10. (b) v component for for y = 0 at t = 1, 5, and 10.

The predicted velocity profiles at three representative times, i.e., t = 1, 5 and 10,229

are illustrated in Fig. 3. We see that the predicted velocities agree well with the exact230

solutions. Furthermore, we present the relative L2 errors for the predicted u/v/p in231
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more detail in Table 3, which demonstrates the good accuracy of the PINN-BGK for232

modeling unsteady flows.233

Table 3: PINNs for Taylor-Green flows: Relative L2 errors of pressure (p) and velocity (u, v) at
different times.

Time t = 0.0 t = 2.0 t = 4.0 t = 6.0 t = 8.0 t = 10.0
errp 0.00092% 0.0011% 0.0012% 0.0015% 0.002% 0.0037%
erru 0.0058% 0.16% 0.24% 0.30% 0.35% 0.48%
errv 0.0051% 0.16% 0.26% 0.35% 0.44% 0.55%

3.3. Regularized Cavity flow234

Here we model the cavity flow using the PINN-BGK. The computational domain
is set as x ∈ [0, 1], and y ∈ [0, 1]. The upper boundary is moving from the left to
right with a velocity uw defined as

uw = umax

(
1− cosh[r(x− L/2)]

cosh(rL/2)

)
, (26)

where r = 10 is a constant, umax = 1.0 is the maximum velocity at the top wall, and235

L = 1 is the characteristic length of the cavity. Note that the velocity is continuous at236

the two upper corners, which is less physical but can alleviate the effect of singularity237

on the computational accuracy. A similar strategy has also been employed in [67, 68].238

In simulations, Re = Lumax/ν = 100, where ν is the kinematic viscosity. We239

employ 4 hidden layers with 50 neurons per layer for NN eq, and 8 hidden layers with240

60 neurons per layer for NN neq. As for the training data, 257 uniformly distributed241

points on each boundary are used to provide Dirichlet boundary conditions, and242

45, 000 random points are employed to compute the residuals of the equations. To243

accurately predict the boundary layers, we divide the whole computational domain244

into nine subdomains (sd0, sd1, · · · , sd8) as shown in Fig. 4(a), which is similar as245

the nonuniform meshes used in the conventional numerical methods [69, 70]. In246

each subdomain, 5000 random points are employed to evaluate the residuals of the247

governing equations. For the optimization, we first train the DNNs using the Adam248

optimization with an initial learning rate 1.0× 10−4 for 50, 000 iterations, and then249

train the DNNs for 50,000 steps using Adam with a smaller learning rate 1.0× 10−5.250

Finally, we switch to the L-BFGS-B until convergence.251
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(a) (b)

Figure 4: PINN-BGK for cavity flows: (a) Schematic of the subdomains for cavity flow. (b)
Predicted u- and v-velocity profiles along y = 0.5 and x = 0.5, respectively.

The predicted velocity profiles along the central lines (x = 0.5 and y = 0.5) are252

illustrated in Fig. 4(b). In addition, the results from the lattice Boltzmann method253

(LBM) [55] with 256× 256 uniform grid are also displayed in Fig. 4 as reference. As254

we can see, the predictions using the PINN-BGK agree well with the results from255

the LBM.256

3.4. Micro Couette flow257

The PINN-BGK is now applied to simulate the micro Couette flow between two258

parallel plates. The computational domain is set as 0 ≤ x ≤ 0.1, −0.5 ≤ y ≤ 0.5.259

The top (i.e., y = 0.5) and bottom walls (i.e., y = −0.5) move with a constant velocity260

uw in an opposite direction. For rarefied flows, the Knudsen number Kn is defined261

as Kn = λ/L, where λ is the mean free path, and L is the characteristic length262

of the system. Note that λ is related to the relaxation time τ in the Boltzmann-263

BGK equation as λ = τ
√
πRT/2 [26]. Based on Kn, gas flows can be divided into264

four regimes: the hydrodynamic regime (Kn < 0.001), the slip regime (0.001 <265

Kn < 0.1), the transition regime (0.1<Kn < 10), and the free molecular flow regime266

(Kn > 10) [10]. Here, we employ the PINN-BGK to model the flows in two regimes,267

i.e., the slip regime (0.001 < Kn < 0.1), and the transition regime (0.1 < Kn < 10).268

In addition, the two-dimensional-sixteen-velocity (i.e., D2Q16) model is employed269

for the slip regime while a two-dimensional 28 × 28 velocity model (28 × 28-DVB)270

is used for the flows in transition regime. Interested readers can refer to [54, 71] for271

more details on these two discrete velocity models.272
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(a) Kn = 0.01 (b) Kn = 0.05 (c) Kn = 0.09

Figure 5: PINN-BGK for micro-Couette flows: Predicted horizontal velocity profiles in the slip
regime using the D2Q16 model.

We first apply the PINN-BGK to simulate the Couette flow in the slip regime. In273

particular, three different cases, i.e., Kn = 0.01, 0.05, and 0.09, are considered. For274

all the test cases, we set uw = 0.1, RT = 1.0. In addition, both NN eq and NN neq275

have 6 hidden layers with 30 neurons per layer. In our simulations, 10 uniformly276

distributed points are used on each boundary to provide the Dirichlet boundary277

conditions and 10, 000 random points are employed to compute the residuals of the278

equations. Similarly, both the Adam and L-BFGS-B are used for optimization as279

follows: the Adam optimizer with an initial learning rate 10−3 is first employed until280

the loss is less than 10−3, and then L-BFGS-B is applied until convergence.281

(a) (b)

Figure 6: PINN-BGK for micro-Couette flows in transition regime: (a) Schematic of subdomains.
(b) Predicted horizontal velocity profiles.

The horizontal velocity profiles predicted by PINN-BGK are displayed in Fig. 5.282

In addition, the solutions to the linearized Boltzmann equation [72] are presented283
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as reference. We observe velocity slip at the upper boundary in all test cases,284

which is well captured by the PINN-BGK. Specifically, the relative L2 errors be-285

tween the PINN-BGK and the reference solutions are 0.55%, 0.59%, and 0.85% for286

Kn = 0.01, 0.05, and 0.09, respectively, suggesting that the PINN-BGK is capable287

of providing accurate predictions for the flows in the slip regime.288

We now simulate the Couette flow in the transition regime. Here two different289

cases, i.e., Kn = 1 and 5 are considered. In both cases, NN eq has 2 hidden layers290

with 30 neurons per layer, and NN neq has 2 hidden layers with 40 neurons per layer.291

Here, the 28× 28 discrete velocity model is employed, in which RT is set to be 1/2.292

Note that the model is more computationally expensive than the previous cases, so293

we utilize the minibatch approach [73, 74] with a batch size of 800 for both cases to294

accelerate the training. In addition, 10 uniformly distributed points on each bound-295

ary are employed to enforce the boundary conditions. To accurately capture the296

slip boundary layers near the upper and bottom walls, we divide the computational297

domain into 3 subdomains as shown in Fig. 6(a). In sd0 and sd2, 800 uniformly dis-298

tributed residual points are employed, while 1, 600 uniformly distributed points are299

employed to compute the residuals of equations in sd1. The Adam optimizer with an300

initial learning rate 10−3 is used for optimization. The predicted horizontal velocity301

profiles from the PINN-BGK for both cases are depicted in Fig. 6(b); we observe that302

they agree well with the reference solutions from the linearized Boltzmann equation303

in [72].304

4. Inverse problems305

In this section, we test the performance of the PINN-BGK for inverse problems.306

Specifically, we focus on rarefied flows with unknown velocity boundary conditions.307

We assume that we only have partial measurements on the velocity inside the com-308

putational domain. The objective is to infer the entire flow field based on a limited309

number of scattered observations on velocity with the aid of the Boltzmann-BGK310

equation.311

4.1. Micro Couette flows312

We first use the PINN-BGK to infer the velocity field for the micro Couette flow313

based on a small set of measurements on velocity inside the computational domain.314

The computational domain is set as 0 ≤ x ≤ 0.1, −0.5 ≤ y ≤ 0.5. The top and315

bottom walls move with a constant velocity (i.e., uw = 0.1) in an opposite direction,316

which is the same as the case in Sec. 3.4. Three different cases, i.e., Kn = 1, 5, and317

10, are considered. We therefore employ the 28 × 28-discrete velocity model as in318
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Sec. 3.4 [54, 71]. For all the test cases, RT is set to be 1/2. We then assume that we319

have 10 sensors for the velocity, which are randomly located inside the computational320

domain, as shown in Fig. 7(a). In addition, we utilize 4 hidden layers with 30 neurons321

per layer for both NN eq and NN neq, and 5, 000 (Ne = 5, 000) residual points are322

randomly selected inside the computational domain. To train the NNs, the Adam323

optimizer with an initial learning rate 10−3 is first used until the loss is less than324

10−4, and then the LBFGS-B optimizer is employed until convergence.325

(a) (b)

Figure 7: PINN-BGK for inverse problems in micro Couette flow: (a) Locations of the sensors
for velocity. (b) Predicted velocity profiles along the vertical central lines for different Knudsen
numbers.

The predicted velocity profiles using the PINN-BGK are displayed in Fig. 7(b),326

and the solutions from the linearized Boltzmann equation [72] are presented as refer-327

ence. As shown, the predictions from the PINN-BGK agree well with the reference328

solutions for all cases. Furthermore, the relative L2 errors between the PINN-BGK329

and the reference are 2.04%, 2.04%, and 1.44% for Kn = 1, 5, and Kn = 10,330

respectively, which demonstrates that the PINN-BGK is capable of inferring the ve-331

locity field based on partial interior scattered measurements on velocity without the332

explicit knowledge of boundary conditions.333

In addition to estimate the velocity field based on partial interior observations on334

the velocity, we can also employ the PINN-BGK to predict the slip velocity at the335

boundary for different Knudsen numbers. Here, we use the PINN-BGK to infer the336

fluid velocity at the upper boundary for Kn ranging from 0.01 to 10. As shown in Fig.337

8, the predicted fluid velocities at the upper boundary ufluid are in good agreement338

with the reference solutions in [72], which clearly demonstrates the capability of the339
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PINN-BGK for modeling multiscale flows. Also, we would like to point out that340

the predicted velocities at the boundary can serve as Dirichlet boundary conditions341

for other numerical methods, which need explicit boundary conditions to solve the342

Boltzmann-BGK equations, such as the discrete unified gas kinetic scheme [26], the343

unified gas kinetic scheme [75], etc. The obtained results from numerical solvers344

can be employed to validate the flow field predicted by PINNs. This scenario may345

happen in experiments in which we only have a few interior sensors for velocity, and346

we have no information on the velocity or temperature at the wall.347

Figure 8: PINN-BGK for inverse problems in micro Couette flow: normalized fluid velocity at the
upper boundary ufluid for different Kn. uw: moving velocity of upper wall.

4.2. Micro cavity flows348

We now employ the PINN-BGK to infer the velocity field for the micro cavity349

flow based on partial interior measurements on velocity, in which the computational350

domain is set as 0 ≤ x ≤ 1, 0 ≤ y ≤ 1. The top wall of the cavity moves along the351

x direction with the velocity defined in Eq. (26) in which umax = 0.15 and r = 10352

while the other walls are stationary. Again, we assume that only a few sensors for353

the fluid velocity inside the domain are available while the boundary conditions are354

unknown.355

Here we test three different cases, i.e., Kn = 0.1, 1, and 10. In addition, the dis-356

crete unified gas kinetic scheme (DUGKS) [26], which is a finite-volume solver for the357

Boltzmann-BGK equation, is used to generate training data as well as provide refer-358

ence solutions. In the DUGKS simulations, the computational domain is discretized359

into 60 × 60 uniform grids. Similar as in [26, 75], the Newton-Cotes quadrature is360

used to discrete the velocity space, and an 81 × 81 uniformly distributed velocities361

in [−4
√
RT, 4

√
RT ]× [−4

√
RT, 4

√
RT ] are employed. RT is set to be 1/2, ν and τ362
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can then be computed using Kn and RT . In the PINN-BGK, we employ the same363

discrete velocity model as in DUGKS. In addition, we first assume that we have 100364

sensors for the velocity, which are randomly distributed inside the computational365

domain, see Fig. 9(a). Two hidden layers with 30 neurons per layer are used for366

NN eq while 6 hidden layers with 30 neurons per layer are employed for NN neq.367

Also, 12, 000 random points are employed to compute the residuals for the equation368

in the loss function. Similarly, the minibatch approach with a batch size of 128 is369

employed to accelerate the training.370

(a) (b)

(c) (d)

Figure 9: PINN-BGK for inverse problems in micro cavity flows with random training data: (a)
Locations of sensors for u; (b - d): Predicted velocity profiles across the cavity center for (b)
Kn = 0.1, (c) Kn = 1.0, (d) Kn = 10.
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Table 4: PINN-BGK for inverse problems in micro cavity flows with random training data: Relative
L2 relative errors for velocity (u, v) at different Knudsen numbers. DNNs: results from regression
without the constraint of PDEs. Reference solutions: DUGKS with 60× 60 uniform grids.

Kn
erru errv

PINN-BGK DNNs PINN-BGK DNNs
0.1 3.36% 18.68% 4.27% 19.65%
1 3.39% 16.02% 3.36% 15.71%
10 3.66% 15.13% 2.99% 18.81%

The predicted velocity profiles from the PINN-BGK across the cavity center for371

different Knudsen numbers are presented in Figs. 9(b)-9(d). In addition, the results372

from DUGKS are also presented as reference solutions in Figs. 9(b)-9(d). We can373

see that the PINN-BGK predictions are in good agreement with the results from374

the DUGKS at the three Knudsen numbers, demonstrating the capability of the375

PINN-BGK to model multiscale transitional flows with unknown velocity boundary376

conditions.377

To further demonstrate the effectiveness of the PINN-BGK, we also present the378

results for regression (denoted as DNNs in Figs. 9(b)-9(d)), i.e., we employ NN eq379

to predict the velocity profiles based on the same measurements on velocity without380

the constraint of the governing equation. We observe that the predictions from the381

PINN-BGK are better than those from DNN regression, especially for areas near382

the boundaries. We further compute the relative L2 errors for the PINN-BGK and383

regression, in which the results from the DUGKS are used as reference solutions.384

As shown in Table 4, the errors for the PINN-BGK are less than 5% in all cases,385

suggesting that the PINN-BGK can accurately reconstruct the velocity field even386

without the use of boundary conditions. In addition, the errors for regression are387

larger than 15% in all cases, which means that enforcing the constraint of the gov-388

erning equations in the loss function helps greatly to improve the accuracy of the389

predictions.390
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(a) (b)

(c) (d)

Figure 10: PINN-BGK for inverse problems in micro cavity flows with uniform training data (Case
I): (a) Locations of sensors for u. The 50 training samples are uniformly distributed along 5 lines.
(b - d): Predicted velocity profiles across the cavity center for (b) Kn = 0.1, (c) Kn = 1.0, (d)
Kn = 10.
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(a) (b)

(c) (d)

Figure 11: PINN-BGK for inverse problems in micro cavity flows with uniform training data (Case
II): (a) Locations of sensors for u. The 100 training samples are uniformly distributed along 10
lines. (b - d): Predicted velocity profiles across the cavity center for (b) Kn = 0.1, (c) Kn = 1.0,
(d) Kn = 10.

Due to the fact that the measurements at arbitrary locations may be difficult to391

obtain in practical applications, next we first test the case in which we assume that392

50 measurements on u are uniformly distributed along 5 lines (Fig. 10(a), Case I).393

In simulations of the present case, the parameters (e.g., the architectures of DNNs,394

optimizer, etc.) are kept the same as those in the previous one. The predicted395

velocity profiles for Kn = 0.1, 1, and 10 across the cavity center are presented396

in Fig. 10. As observed, the results predicted by the PINN-BGK here are not as397

accurate as those in Fig. 9, especially for areas near the boundaries. Specifically, the398
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Table 5: PINN-BGK for inverse problems in micro cavity flows with uniformly sampled training
data: Relative L2 errors for velocity (u, v) at different Knudsen numbers. DNNs: results from
regression without the constraint of PDEs. Reference solutions: DUGKS with 60×60 uniform grids.
Case I: 50 measurements on u are uniformly distributed along 5 lines. Case II: 100 measurements
on u are uniformly distributed along 10 lines.

Case Kn
erru errv

PINN-BGK DNNs PINN-BGK DNNs

Case I
0.1 9.37% 25.45% 36.58% 21.52%
1 8.51% 35.29% 21.39% 23.07%
10 8.56% 31.87% 17.46% 20.62%

Case II
0.1 3.26% 20.22% 5.0% 19.47%
1 3.5% 17.99% 4.49% 15.99%
10 3.62% 29.10% 4.04% 21.69%

relative L2 errors for velocity (Case I in Table 5) are much larger than the results399

from PINN-BGK in Table 4. We then increase the number of training samples to400

100, which are uniformly distributed along 10 lines (Fig. 11(a), Case II). Specifically,401

more measurements are added near the vortex zone in the present case. Similarly, we402

employ the same parameters (e.g., the architectures of DNNs, optimizer, etc.) here403

as in the previous cases. As displayed in Fig. 11, better accuracy is then achieved,404

which can also be seen in Table 5.405

Based on the results in Figs. 9-11, we can further conclude that: (1) the predicted406

accuracy can be enhanced by increasing the number of training data as we compare407

the predictions in Figs. 9 and 11 with the results in Fig. 10, (2) the predictions of408

PINN-BGK are more accurate than those from regression, which again demonstrates409

the physics-informed constraint is able to improve the predicted accuracy, and (3)410

we can obtain better accuracy as we add more measurements near the vortex zone411

as well as the boundaries when comparing the results in Fig. 11 with those in Fig.412

10.413

Note that the boundary condition for the upper wall in Eq. (26) is also used414

in the DUGKS simulations here, aiming to reduce the effect of the singularities415

at the two upper corners. This boundary condition may be less physical than the416

constant velocity. However, the focus here is to test the performance of the PINNs for417

reconstructing the velocity field given partial interior measurements with unknown418

boundary conditions. We therefore utilize the simplified boundary condition here419

and will leave investigations on the effect of different boundary conditions on the420

computational accuracy in the future.421
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5. Summary422

The Boltzmann equation with the Bhatnagar-Gross-Krook collision model (Boltzmann-423

BGK equation) is a well known model for describing multiscale flows from the hy-424

drodynamic limit to free molecular flows. The recently proposed physics-informed425

neural networks (PINNs) have shown expressive power for solving both forward and426

inverse PDE problems in fluid mechanics and beyond. By leveraging the merits of the427

Boltzmann-BGK equation and PINNs, we have solved forward and inverse problems428

in multiscale flows via Boltzmann-BGK formulation using PINNs (PINN-BGK). In429

particular, the proposed PINN-BGK contains three sub-networks, i.e., one for the430

equilibrium distribution function, a second one to approximate the non-equilibrium431

distribution function, and a third one to encode the Boltzmann-BGK equation as432

well as the corresponding boundary/initial conditions. By minimizing the residuals433

of all governing equations and the mismatch between the predicted and provided434

boundary/initial conditions, we can then solve both forward and inverse problems435

in multiscale flows with the same formulation and the same code. We note that the436

PINN-BGK may not be as efficient as other kinetic-based methods (e.g., LBM) for437

forward problems, especially for flows with low Knudsen numbers. The attractive438

advantages for PINN-BGK are: (1) It is very efficient in solving inverse problems,439

even ill-posed inverse problems. (2) It is easy to implement and thus can serve as440

an educational tool to be used in the classroom as well as a research tool for solving441

problems in computational science and engineering as mentioned in [33, 35]. (3) It442

is an unified method, which can be used for both forward and inverse problems in a443

wide range of flow regimes as shown in the present study.444

We first test the PINN-BGK for solving forward problems in multiscale flows.445

Specifically, the PINN-BGK is applied to model both continuous (e.g., Taylor-Green446

flows, cavity flows, etc.) and rarefied flows with Knudsen number ranging from 0.01447

to 5. The results demonstrate that the PINN-BGK is capable of approximating448

accurately the solution to the Boltzmann-BGK equation given boundary/initial con-449

ditions. We then apply the PINN-BGK to solve inverse problems, i.e., inferring the450

velocity field based on a limited number of scattered interior observations on the451

velocity without any information on the boundary conditions. In particular, we test452

the performance of the PINN-BGK for micro Couette and cavity flows with a Knud-453

sen number ranging from 0.01 to 10. Our results demonstrate that the PINN-BGK is454

capable of reconstructing the velocity field with good accuracy based on a small set455

of interior measurements on velocities. This is quite promising for multiscale flows456

within complicated geometries in which accurate boundary conditions are difficult457

to obtain, such as shale gas flow in pores at scales varying from nm to mm. Finally,458

we demonstrate that we can achieve three-fold speedup by using transfer learning459
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as compared to the standard training, i.e., Adam optimizer plus L-BFGS-B, for the460

specific Kovasznay flow case we studied; Generally, a larger neural network as well461

as more training points should be employed for a higher dimensional problem, sug-462

gesting that more hyperparameters need to be optimized, and that more terms need463

to be computed in the loss function. We therefore expect even greater speedup for464

three-dimensional time-dependent flows.465
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Appendix A. On the training of PINNs472

Here we present more details on how to use the PINN-BGK to solve the Boltzmann-
BGK equation. Let NNM

eq (Fig. 1) be an M -layer neural network and the NNN
neq

(Fig. 1) be an N -layer neural network. Then f eqi is approximated by the output of
the neural network NNM

eq as follows,

input layer : NN 0
eq(x, t) = (x, t),

hidden layer: NN l
eq(x, t) = σ(W l

eqNN l−1
eq (x, t) + bleq) for 1 ≤ l ≤M − 1,

output layer: NNM
eq (x, t) =W

M
eq NNM−1

eq (x, t) + bMeq ),

(A.1)

and fneqi is approximated by the output of the neural network NNN
neq as follows,

input layer : NN 0
neq(x, t) = (x, t),

hidden layer: NN l
neq(x, t) = σ(W l

neqNN l−1
neq(x, t) + b

l
neq) for 1 ≤ l ≤ N − 1,

output layer: NNN
neq(x, t) =W

N
neqNNN−1

neq (x, t) + bNneq),

(A.2)

where σ is a nonlinear activation function, which is set as the hyperbolic tangent473

function in the present work; the superscript l demotes the lth layer, Weq and Wneq474

are the weight matrixes for NNM
eq and NNN

neq, respectively, beq and bneq are bias475
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vectors for NNM
eq and NNN

neq, respectively. To this end, we can express the distribu-476

tion function fi as a function of (x, t) as well as the weights and biases in these two477

neural networks. Meanwhile, we can tune the hyperparameter (i.e., weights/biases)478

in the neural networks to fit a wide range of fi by minimizing a certain loss function479

using the optimization algorithms.480

In PINNs, the DNNs, which are universal approximators for any continuous func-481

tions [76], are imposed to satisfy the PDE as well as certain boundary/initial con-482

ditions. This is implemented by minimizing the mean square errors (MSE) of the483

residuals for a PDE and the mismatches between the predicted and exact bound-484

ary/initial conditions using the optimization algorithms (e.g., Adam [62], L-BFGS-B485

[63]). In practice, the MSE is evaluated on scattered points which can be either486

randomly or specially selected. Generally, randomly selected training points work487

well for cases with smooth solutions, while for solutions with sharp gradients, more488

points near the sharpness are required to fully resolve the solution [35]. Specifically,489

the temporal and spatial derivatives in PDEs are computed using automatic differ-490

entiation [34], in which the chain rule is applied for compositions of functions in491

neural networks. Thus, no meshes are needed for the computation of the differential492

operators in PDEs.493

Appendix B. Systematic study on parameters in PINNs494

In this section, we conduct a systematic study on the effect of different architec-495

tures and the number of residual/boundary points on the computational cost as well496

as on accuracy using the example of Kovasznay flow in Sec. 3.1. All computations in497

this section are performed on a workstation with one GeForce RTX 2080 GPU and498

Intel(R) Xeon(R) Gold 5217 CPU @ 3.00GHz CPU.499

We first test the effect of the architectures for DNNs. The residual/boundary500

points in all test cases are kept the same as in Sec. 3.1. Although the DNNs have been501

justified theoretically to be a universal approximator for any continuous function [76],502

the optimal architecture for approximating a specified function is problem-dependent503

and also empirical. Based on our experience, a DNN with 2 to 6 hidden layers with504

20-60 neurons per layer is able to approximate most of the continuous functions well.505

We therefore demonstrate the performance of 12 DNNs with different architectures506

in Table B.6. As shown, the DNNs with 4 hidden layers and 20-60 neurons per507

layer have the most accurate predictions among all the tested architectures. In508

addition, the computational cost for DNNs with 4 hidden layers and different number509

of neurons per layers is comparable, which is around 60 minutes for the three test510

cases. Generally, a deep and wide DNN is more expressive than a shallow and narrow511
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Table B.6: PINN-BGK for Kovasznay flows: Relative L2 errors of velocity (u, v) with different
architectures of neural networks. The architecture is presented in the form of depth × width, i.e.,
number of hidden layers × number of neurons per layer.

Architecture erru errv Walltime (min)
2× 20 0.62% 3.57% 54.42
2× 40 1.12% 6.02% 56.02
2× 60 0.43% 1.62% 65.18
4× 20 0.44% 1.86% 59.11
4× 40 0.58% 1.23% 59.38
4× 60 0.38% 1.16% 60.35
6× 20 0.49% 3.38% 49.97
6× 40 0.48% 1.46% 55.23
6× 60 0.32% 2.44% 68.30
8× 20 0.79% 3.15% 81.39
8× 40 0.47% 1.76% 67.81
8× 60 0.23% 1.24% 78.43

one, but it will requite higher computational cost and may also cause problems of512

overfitting. A possible solution to this problem is the utilization of neural architecture513

search (NAS) [77], which is able to obtain a neural network with optimal architecture514

in a specified search space. We will leave investigations on this advanced technique515

for future work.516

We proceed to test the effect of the number of residual points. Similarly, here the517

architecture of DNN as well as the boundary points are kept the same as in Sec. 3.1.518

In all test cases, the residual points are randomly selected in the entire domain. As519

demonstrated in Table B.7, the computational errors are similar as the number of520

residual points is larger than 1,000. Meanwhile, the computational cost will increase521

with the number of residual points.522

We now test the effect of number of boundary points. The architecture of DNN523

and the residual points are kept the same as in Sec. 3.1 here. In all test cases,524

the equidistant boundary points are employed on each boundary. As displayed in525

Table B.8, the computational errors are similar as the number of boundary points is526

larger than 200, suggesting that 200 points are fine enough to resolve the boundary527

conditions. In addition, the computational cost is similar for all test cases, which is528

reasonable since the number of boundary points is much smaller than the residual529

points.530

We note that the single-precision floating point format is utilized in the com-531
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Table B.7: PINN-BGK for Kovasznay flows: Relative L2 errors of velocity (u, v) using different
number of residual points. The computational errors and time are the averages over 5 runs with
different random residual points.

Nrp erru errv Walltime (min)
100 0.55% 3.54% 40.55
500 1.18% 1.73% 51.29
1000 0.28% 1.37% 46.04
5000 0.3% 1.82% 49.55
10000 0.28% 1.58% 56.07
15000 0.32% 1.37% 68.43
20000 0.31% 1.01% 63.92

Table B.8: PINN-BGK for Kovasznay flows: Relative L2 errors of velocity (u, v) using different
numbers of boundary points.

Nbp erru errv Walltime (min)
10 0.69% 4.01% 45.56
100 0.43% 2.73% 55.56
200 0.28% 1.8% 56.78
300 0.3% 1.82% 49.55
400 0.24% 1.34% 48.90
500 0.28% 1.83% 55.82
600 0.32% 1.90% 52.15

putations of this study, which is similar as in [33, 36, 37]. To further demonstrate532

the effect of the precision of floating-point numbers on predicted accuracy as well533

as the computational cost, we present the results using double-precision floating534

point numbers in Table B.9. As shown, the predicted accuracy using the single- and535

double-precision floating point format are similar, but the single-precision floating536

point format is computationally cheaper on GPUs (compared to results in Table B.7).537

We therefore employ the single-precision floating point numbers in our computations.538

Finally, we would like to mention that the optimal architecture of the DNN as539

well as the number of residual/boundary points in PINNs are problem-dependent.540

To obtain good accuracy, one can tune the architecture of the DNN and the number541

of residual/boundary points for PINNs based on the predicted residuals after training542

adaptively, see [35] for more details.543
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Table B.9: PINN-BGK for Kovasznay flows with the double-precision floating point format: Rela-
tive L2 errors of velocity (u, v) using different number of residual points. The computational errors
and time are the averages over 5 runs with different random residual points.

Nrp erru errv Walltime (min)
1000 0.30% 1.34% 59.76
5000 0.26% 1.25% 62.03
10000 0.30% 1.36% 59.72
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