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Abstract

The Boltzmann equation with the Bhatnagar-Gross-Krook collision model (Boltzmann-
BGK equation) has been widely employed to describe multiscale flows, i.e., from
the hydrodynamic limit to free molecular flow. In this study, we employ physics-
informed neural networks (PINNs) to solve forward and inverse problems via the
Boltzmann-BGK formulation (PINN-BGK), enabling PINNs to model flows in both
the continuum and rarefied regimes. In particular, the PINN-BGK is composed
of three sub-networks, i.e., the first for approximating the equilibrium distribution
function, the second for approximating the non-equilibrium distribution function,
and the third one for encoding the Boltzmann-BGK equation as well as the corre-
sponding boundary /initial conditions. By minimizing the residuals of the governing
equations and the mismatch between the predicted and provided boundary/initial
conditions, we can approximate the Boltzmann-BGK equation for both continuous
and rarefied flows. For forward problems, the PINN-BGK is utilized to solve various
benchmark flows given boundary/initial conditions, e.g., Kovasznay flow, Taylor-
Green flow, cavity flow, and micro Couette flow for Knudsen number up to 5. For
inverse problems, we focus on rarefied flows in which accurate boundary conditions
are difficult to obtain. We employ the PINN-BGK to infer the flow field in the entire
computational domain given a limited number of interior scattered measurements on
the velocity without using the (unknown) boundary conditions. Results for the two-
dimensional micro Couette and micro cavity flows with Knudsen numbers ranging
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from 0.1 to 10 indicate that the PINN-BGK can infer the velocity field in the entire
domain with good accuracy. Finally, we also present some results on using transfer
learning to accelerate the training process. Specifically, we can obtain a three-fold
speedup compared to the standard training process (e.g., Adam plus L-BFGS-B) for
the two-dimensional flow problems considered in our work.

Keywords: Boltzmann-BGK equation, physics-informed neural networks, rarefied
flows, velocity slip, inverse problems, transfer learning

1. Introduction

Multiscale flows spanning the rarefied and continuum regimes are present in di-
verse applications, such as shale gas flow in porous media [, 2|, vacuum technology
B, 4], and microfluidics [B, B, [7]. The Boltzmann equation with the Bhatnagar-
Gross-Krook collision model (Boltzmann-BGK equation) [§] is a widely used model
for descriptions of both rarefied and continuous flows [J, 10]. Several numerical
methods have been developed to solve the Boltzmann-BGK equation in recent years
since analytical solutions are difficult to obtain, such as finite difference based meth-
ods, e.g., lattice Boltzmann method (LBM, in the low-speed limit at the continuum
regime) [11, 12, 13, 14, 15, 16, 17, 18, 19, 20], finite volume based methods [21], e.g.,
the uniform gas kinetic scheme (UGKS) [22, 23, 24], the discrete ordinate method
(DOM) [25], the discrete uniform gas kinetic scheme (DUGKS) [26, 27], and so on.
Successful applications of the aforementioned approaches include multiscale heat
transfer [2§], reactive transport in porous media [29], and non-equilibrium flows [24],
to name just a few.

In addition to the conventional numerical methods, deep learning algorithms
have emerged recently as an alternative for solving partial differential equations
(PDEs), especially in conjunction with sparse data [30, 81, B2, B3]. In particular,
we focus on the physics-informed neural networks (PINNs) proposed in [33] due to
their effectiveness in solving both forward and inverse PDE problems as well as the
straightforward implementation. Different from the classical numerical methods in
which the differential operators are approximated by the data on certain discrete
lattices (meshes), PINNs compute all the differential operators of a PDE using the
automatic differentiation technique [34] involved in the backward propagation [33].
Consequently, no mesh (structured mesh or unstructured mesh used in the classical
numerical methods) is required for the PINN to solve PDEs, which saves a lot of
in grid generation [35, B6]. Another attractive feature is that PINNs are capable of
solving the inverse PDE problems effectively [33, B7] and with the same code that is
used for forward problems. Specifically, PINNs can infer the unknown parameters in
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a PDE and reconstruct the solution given partial observations on the solution to the
PDE. Successful examples of using PINNs for forward and inverse flow problems are:
(1) modeling both laminar and turbulent channel flows [38], (2) learning the density,
velocity, and pressure fields based on partial observations on the density gradient in
high-speed flows [39], and (3) inferring the velocity and pressure fields given mea-
surements from spatio-temporal visualizations of a passive scalar, e.g., temperature
or solute concentration [40].

Despite the great progress of PINNs for solving such flow problems, so far only
flows in the continuum regime described by the Navier-Stokes or Euler equations
have been considered, to the best of our knowledge. However, for flow problems in
the rarefied or transitional regimes such as gas flow in shale nanopores [41, 42], no
existing PINNs or their variants can be applied directly. In addition to PINNs, Han
et al. proposed to solve the Boltzmann-BGK equation using the deep convolution
neural networks [43], which works well for multiscale flows with a Knudsen number
ranging from 1073 to 10. However, only forward problems are considered in [43],
i.e., solving the Boltzmann-BGK equation given boundary/initial conditions. In
practical applications, accurate boundary conditions can be quite difficult to obtain,
especially for (1) multiscale flows across different flow regimes [44, 45, 16, 47, 18], and
(2) rarefied flows within complicated geometries, e.g., porous media [49, 50, 51, p2].
An interesting question arising here is: can we predict the velocity field when we
only have access to a limited number of scattered interior measurements on the
velocity rather than the boundary conditions? We refer to this problem as an “inverse
problem” in the present study. To leverage the merits of PINNs for both forward
and inverse problems, we propose herein to employ PINNs for solving both the
forward and inverse problems via Boltzmann-BGK formulation (PINN-BGK), hence
developing a new PINN capability in simulating seamlessly both the continuum and
rarefied regimes.

The remainder of the paper is organized as follows. In Section E, we describe
the details of PINNs for solving the Boltzmann-BGK equation. In Section B, we
present the results for modeling some benchmark two-dimensional flows in both the
continuum and rarefied regimes. In Section i, we apply the PINN-BGK to inverse
problems, i.e., inferring the flow field in the entire computational domain given a
limited number of scattered measurements on the velocity. A brief summary is then
presented in Sec. B We finally present more details on the PINN-BGK and a
systematic study on the parameters in PINN-BGK in [Appendix A| and Appendix
ﬁ respectively.
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2. Methodology

2.1. From Boltzmann-BGK equation to discrete velocity Boltzmann-BGK model
The Boltzmann equation with the simplified collision model, i.e., Bhatnagar-

Gross-Krook (BGK) model [8], is considered here, which can be expressed as

U vevi=—tir-

ot
=0 =1, (1)

where f = f(x, &, t) is the particle distribution function moving with a velocity &
at position  and time ¢, 7 is the relaxation time related to the dynamic viscosity u
and the fluid pressure p as 7 = pu/p, and ¢ is the equilibrium distribution function
given by the Maxwellian equilibrium distribution function,

eq __ P |€ _ ’U,|2
7" = GrrTypR P <_ 9RT ) 2

where R is the gas constant, T is the temperature, D is the spatial dimension, p is
the density related to the fluid pressure as p = p/RT, w is the fluid velocity; f™?
denotes the non-equilibrium part of the distribution function. The conservative flow
variables, i.e., p and u, are the moments of the distribution function and can be
computed as follows [53, b4],

¢=/¢M&¢=ﬂ£% 3)
where
¢=@mm%p=/ﬂ%pu=/§me (4)

Note that the aforementioned particle velocity & is continuous, which makes it
computationally inefficient to solve Eq. ([ll). To reduce the computational cost, the
discrete velocity model is generally used while keeping the mass and momentum
conserved [21, 53]. In particular, one can project Eq. (ﬁ;) onto the Hermite basis by
expanding f(x, &, t) in terms of the Hermite orthonormal polynomials in the velocity
space &. In addition, by truncating the Hermite polynomials up to Nth order, the
following discrete velocity Boltzmann-BGK model (DVB) can be obtained (See [54]
for more details on the derivations):

Ofi
ot

+£i'vfi:_%(fi_fieq)v i:O7"'aQ_1v (5)
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where &; is the ith discrete velocity, and @) here is the number of discrete velocities.
Meanwhile, Eq. (E) serves as the governing equation and will be solved in this study.

For the low-speed isothermal flows (i.e., the Mach number Ma ~ |u|/vVRT <
1.0) considered in this study, f/? is the Hermlte expansion up to second order of Ma
for the Maxwellian equilibrium distribution function (i.e., Eq. (#)), which reads as

2d, 54]
eq . Elu (5@“)2 u-u
Fetp) = wp 14 Sy Co 2] ©)

where w; is a set of constant weights for different &;. In addition, the conservative
flow variables, i.e., p and u, are computed as

Q-1
£ pu=> &ifi = Za i (7)

=0 =0

e

Q-1

Il
o

7

based on the property of the collision operation, i.e., the collision operator conserves
the mass as well as the moment [p4]. The employed discrete velocity model will be
introduced for each specific case in Secs. B and

2.2. Physics-informed neural networks for solving DVB model

In this section, we first discuss how to extend PINNs for solving both forward
and inverse problems via the Boltzmann-BGK formulation (i.e., PINN-BGK). Then
we present the boundary conditions employed in our study.

2.2.1. PINN-BGK

As shown in Fig. m, the PINN-BGK is composed of three sub-networks, i.e.,
one to approximate the equilibrium distribution function (i.e., N N¢,), the second
one for the non-equilibrium distribution function (i.e., NN ,.,), and the last one to
encode the Boltzmann-BGK equation as well as the corresponding boundary /initial
conditions. In particular, NN, takes (x,t) as input, and outputs the macroscopic
variables, i.e., p, and u. f{¥(p,u) can then be obtained based on Eq. (B) Meanwhile,
NN peq takes in (x,t) and outputs the non-equilibrium part of f; (i.e., f“?) for each
&;. More details on the PINN-BGK can be found in Appendix Al

Note that the distribution function f;(x,t) is decomposed into an equilibrium
part (i.e., fi?) and a non-equilibrium part (i.e., f/'Y), i.e., fi(x,t) = f{9+ f in
the PINN-BGK. Generally, the magnitudes of fi* and f/“/ can be quite different.
For continuous flows, we can conduct the following multiscale analysis for Eq. (H)
since the relaxation time 7 is a small parameter (e.g., 7 < 1072) [15, 55]. Specifically,




NN peq physics-informed part

Figure 1: Schematic of PINNs for solving the discrete velocity Boltzmann-BGK equation (PINN-
BGK). NN, and NN ¢4 are employed to approximate the equilibrium (f;?) and non-equilibrium
(f“?) parts of the distribution functions, respectively. o is the activation function, which is set as
the hyperbolic tangent function in this work. R;(x,t) = Oyfi +&ix0xfi+ (fi — fi7) /7 is the residual
of the Boltzmann-BGK equation. IC/BCs represent the initial and boundary conditions.

we can expand f; in terms of 7 as [@]
fi= £+ (8)
Substituting Eq. (B) into Eq. (B), we can obtain the following equations [@]
SO =g )
O fl= (0 &), (10)
As we truncate f; to O(7?), the following equation can then be obtained

fi= fi(eq) + Tfi(l) + 0(72)- (11)
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With the aid of Eq. ()7 we can rewrite Eq. () as

fim it =7 (00 + & 910 (12)
which can be further rewritten as

[ =fi— = =10+ & V), (13)

where f"“? is the same as in Fig. EI As we can see in Egs. (E) and (@) [ can
be more than 100 times larger than the f*“? in continuous flows [57, 58]. If we
approximate f; with one deep neural network (DNN) directly, it is probable that
fi? will not be resolved accurately since f{? dominates over f;. However, f"“? has
a strong influence on the convergence of the governing equation in Eq. (B) due to
the fact that 7 is also a small parameter, e.g., 7 ~ O(107%) in Sec. @ (Numerical
results for the effect of f"“Y on predicted accuracy are presented in Sec. ). We
therefore apply two DNNs to approximate f{? and f;"“?, respectively.

In forward problems, we assume that both the initial/boundary conditions and
the governing equations are known, and hence we can solve the Boltzmann-BGK
equation by minimizing the following loss function,

L =Lgys+ Lic+ Lpc,
Q—1N.—1

1

Lee =+ > IR ty))
€ =0 j=0 (14)
1 N;—1

LIC = ﬁz J;O ‘¢NNeq(wj7O) - ¢*(wj70)’27

where R;(x,t) is residual of the governing equation that is defined as

ofi
ot
In addition, Lgg, Lic, and Lpc represent the loss function for the residual of the
DVB equation, the initial condition as well as the boundary condition. Specifically,
¢ denote the macroscopic variables, i.e., p/u, and ¢ux,, and ¢* are the output of
NN, and the given initial conditions, respectively. N, and N; are the number of
the training data for governing equations and initial condition, respectively. Note
that the initial conditions used here are similar as that is often used in the lattice

Boltzmann method [15, 26]. Furthermore, we will present the details on Lg¢c in Sec.
.2.2.

Ri= Sy e Vi (i ). (15)
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For inverse problems, we assume that we know the equations as well as a small
set of interior measurements on the velocity, but the initial /boundary conditions are
unknown. We then infer the velocity field by minimizing the following loss function:

L= LEq+Lua

16
u N Z |U wuja _U*(wuj'atuj)’27 ( )

where Lg, is the same as in Eq. (@), and L, denotes the mismatch between the
predictions and the measurements, (x,,t,) are the locations of measurements, and
N, is the number of measurements.

2.2.2. Boundary conditions in PINN-BGK

In general, the pressure or velocity at a boundary is provided for the boundary
condition in a flow problem. To solve the discrete velocity Boltzmann-BGK equation,
we need to specify appropriate boundary conditions for the discrete distribution
functions based on the given pressure/velocity, i.e., kinetic boundary conditions. In
the present study, two different kinetic boundary conditions, i.e., Eq. () and the
diffuse Maxwell boundary condition, are employed for the continuous and rarefied
flows, respectively.

For continuous flows, we only consider cases with velocity boundary conditions
in this study. Generally, the density at each boundary is unknown. As reported in
[69], the density fluctuation in the incompressible limit is of order O(Ma?), where
Ma = |u|/v/RT < 1.0. The density field is initialized as 1 in_our computations, we
can thus approximate the density at the boundary as p,, ~ 1 [26]. Consequently, the
unknown f:? and f*“/ at the boundary condition can be computed based on Eq. (f)
and Eq. (@), respectively. The loss function for the velocity boundary condition in
PINN-BGK is then expressed as

LBC = Lch + Lch + LEBC’
Ny—1

Lch = Z |¢NNeq mb], ) (b*(wbﬁtj)'Q?

Nbl

ne: neq,* (17)
LfBC’ = Z Z |f ./\;INneq 5 )_fl ¢ (wbj7t])’27
7j=0 &;n>0
Np—1
Lone =5 32 O 1B, )l
7j=0 &;n<0
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where N, is the number of points used to compute the loss function for boundary
conditions, ¢y, and ¢* are the output of NN, and the given boundary conditions,
respectively: f" ﬁ?Nne (s, ;) is the output of NN peq, and f;""(xy,, t;) is computed
using Eq. (@, n is the unit inward-wall vector normal to the boundary. We would
like to mention that L,,,, and L, can be viewed as the boundary conditions for
the equilibrium (f{?) and non-equilibrium part (f/"“?) in f; since f; = fi%+ f"““.

For rarefied flows, the gas-surface interaction is implemented via the diffuse
Maxwell boundary condition as follows [26]:

filxp, t) = puf{1(1,uy), (& -n>0), (18)

where u,, is the wall velocity, and p,, is the density at the wall which is determined
based on the condition of impermeable wall as [26]

 2emeol&i - n) i, t)
P S & ) [ (L ) (19)

Note that Egs. (@) and (@) are used to determine the unknown distribution func-
tions with velocities pointing to the flow. For particles leaving the wall, we again
impose them to satisfy Eq. (f), which is the same as in continuous flows. We then
express the boundary conditions in the loss function as

Lpc = Lch + LEBC’

Lch = Lch1 + Lch,27
Np—1

Lch,1: Z Z | finn ( Ty, t ) fi*(a:bj7tj>|27
7j=0 &;n>0

e o 20
[ z[@ " r+|2a e P

Ny—1

LEBc: Z Z |Ri(zy,,t5)]7,

7j=0 &;-n<0

where f; vy = fj]wveq + fizw,., is the predicted distribution function using the
DNNs._f(xs, ,t ) is obtained usmg Egs. (@) and (), and R; is predicted residual in
Eq. (@g It is worth mentioning that only Ly, ., and Lg,. are needed to determine
the unknown distribution function f;(axs,t) at the boundary. However, here we add
one more constraint for f'\fy, ~ based on Eq. ([), i.e., Ly,.,, since fi(zp,t) is
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decomposed into an equilibrium (f;?) and a non-equilibrium part (f;*“?), which is
similar as in the continuous flows discussed above.

We would like to point out that various kinetic initial /boundary conditions have
been developed during the past few decades, and interested readers can refer to
[15, 14, 26, b6] for more details.

3. Forward problems

In this section, we will apply the PINN-BGK to model various two-dimensional
flow problems given boundary /initial conditions, i.e., (1) continuous flows including
time-independent /dependent cases, e.g., Kovasznay flow and Taylor-Green flow; and
(2) rarefied flows, i.e., micro-Couette flows with Knudsen numbers ranging from 0.01
to 5.

3.1. Kovasznay flow

We first employ the PINN-BGK to simulate the two-dimensional steady incom-
pressible Kovasznay flow in a two-dimensional rectangular domain with a length
—% < z < 2 and height —% <y < % The exact solutions for the flow considered
here are [60]:

u(z, y) = uo[l — exp (Ax) cos (2my)],

oz, 9) = o exp(Aa) sin(2ry)], (1)

1
p(z, y) = poll — 5 exp (2Az)] + C,
where uy and py are reference velocity and reference pressure, respectively, C' is a

constant, L is half the height of the computational domain, u = (u,v) represents the
fluid velocity, p is the fluid pressure, and

Re Re? uoL
= —_—— R 2 —_
A 5 \/ 1 +4n2, Re ot (22)

where v is the kinematic viscosity. In addition, Dirichlet boundary conditions which
can be derived from Eq. (@) are imposed on all boundaries.
Here we employ the two-dimensional-nine-speed (D2Q9) model [61], which is

10
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widely used for continuous flows. Specifically, D2Q9 is defined as &; = ce; in which,

¢ =V3RT,wy =14/9,
Wiy = 1/9, w58 = 1/36,
e = (0, 0), (23)
e =—e3=(1,0), ea=—es = (0, 1),

€5 = —€7 = (1, 1)7 €g — —€g = (—1, 1)

The D2Q9 model will be used in all continuous flow cases in this study, i.e., Secs.

, @, and @ In our simulations, Re = 10, ug = 0.1581, py = 0.05, RT = 100,
C = RT, and L = 1. The kinematic viscosity and the relaxation time can then
be computed as v = Lug/Re = 0.0158 and 7 = u/p = v/RT = 1.58 x 107%. In
addition, we randomly sample 17,000 points for the evaluation of residuals, and 300
points are used on each boundary to provide Dirichlet boundary conditions. As for
the optimization, we first employ the Adam [62] to train the PINN-BGK until the
loss is less than 1073, then we switch to the L-BFGS-B [63] until convergence.

We note that 7 ~ O(107) in the present case, leading to f;"*? ~ O(10™*) accord-
ing to Eq. () Based on our experience, the optimization algorithm works well as
the output of a NN is of the order O(1). Such a small value of f*? in the present
case will make it difficult to be approximated by DNNs. We then scale the output
of NN yeq as fi3in,., = 10,000 x f;*! to make it of the order O(1), where f;{f\,
is the output of the NN ., and f"“? is the predicted non-equilibrium distribution
function used in Eq. (p).

To study the effect of scaling of f]"“? on the predicted accuracy, we compare the

results for two different cases, i.e., with and without scaling for f/'“?, in Fig.
In both cases, we employ 5 hidden layers with 40 neurons per layer for NN, and
NN peq. We see that the training loss for the case with scaling (Case A) is about three
orders smaller than that without scaling (Case B). Furthermore, we also present the
predicted residuals on a uniform lattice, i.e., x x y = 125 x 100, for two representative
equations, i.e., fo and f5, in Figs. M— 2(c). We observe that the computed residuals
for Case B are about two orders larger than those in Case A, which suggests that
the scaling of f"? can significantly improve the predicted accuracy.

11
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Figure 2: PINN-BGK for Kovasznay flows: (a) Time hlstorles of the total loss function obtained
by different cases. Case A: fo\/an ~ 10000;"%; Case B: f"\#y =~ f{"“?. (b) Predicted residuals

neq

for fo and f5 for Case A. (c) Predlcted residuals for fo and f5 for Case B.

We further compare the relative Ly errors (erry) for u, v and f;*“? for these two
cases, where erry, is defined as

\/Zx,y Wj(ajv y7t) - we(xayvt)P
oy el g, )P

and 1. is the exact solution here. In particular, the exact solutions for u_and v
are in Eq. (@), and the reference solution for f“? is computed from Eq. () For
brevity, we only present the relative errors for f3°? and f:'“? as representatives since
the results for the remaining f;"“? are similar as these two. As displayed in Table

, the predictions in Case A are all in good agreement with the exact solutions and
much better than the results from Case B. These results again indicate that the
scaling of f;"“? is able to substantially improve the predicted accuracy.

We note that the errors for f;"“? are about one order greater than those for u/v,
which may be attributed to the roundoff in the computation of f*“ i.e., f/"? =
FiNAr e,/ 10,000. Another test case (Case C in Table [I)) is then conducted here, i.e.,
we replace the NN, with the exact solutions for p/u/v, and only train NN ., to
satisfy the governing equation. Other parameters (e.g., size of NN, scaling of f"?,
etc.) as well as the optimization method are all the same as in Case A. As shown,
the errors for f"? in Case A are comparable to those in Case C, which validates the

present assumption.
To accelerate the training process, we employ the transfer learning strategy, which
has been widely used to enhance the convergence of training for diverse deep learning

ErTy =

, v =u, v, and f", (24)

12



Table 1: PINN-BGK for Kovasznay flows: Relative Ly errors of velocity (u, v) and two rep-
resentative non-equilibrium distribution functions.

Case A: f;fﬁ}aneq ~ 10,000f"“Y; Case B:

f;f\?j\/mq ~ f]"“; Case C: fZﬁ}INMq ~ 10,000f“?, p, u, and v are from the exact solutions.

erry, erTy  eITynes eI ynes
Case A 0.21% 0.60% 3.49%  4.56%
Case B 65.19% 58.66% 89.41% 82.14%
Case C - - 1.81% 2.23%

Table 2: PINN-BGK for Kovasznay flows: Relative Lo errors and computational cost at differ-
ent Reynolds numbers for different cases. L-BFGS-B (TL): L-BFGS-B optimization with transfer
learning. L-BFGS-B only: L-BFGS-B optimization with random initialization. All the computa-
tions are performed on a workstation with one Quadro RTX 6000 GPU and Intel(R) Xeon(R) Gold
6242 CPU @ 2.80GHz CPU.

Re Case erry err, Walltime (min)
L-BFGS-B (TL) 0.2% 0.75% 20.84

20 | Adam + L-BFGS-B | 0.36% | 0.98% 57.05
L-BFGS-B only 0.40% | 1.12% 32.15
L-BFGS-B (TL) 0.22% | 0.89% 36.14

40 | Adam + L-BFGS-B | 0.26% | 0.91% 63.65
L-BFGS-B only 2.63% | 108.78% 31.47
L-BFGS-B (TL) 0.43% | 1.07% 28.18

60 | Adam 4+ L-BFGS-B | 0.27% | 1.06% 75.87
L-BFGS-B only | 3.08% | 119.43% 32.76

13
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problems [64, 65]. In particular, we employ the PINN-BGK to model the flows for
three different Reynolds numbers, i.e., Re = 20, 40, and 60. The weights/biases
for each case are initialized with those for the case Re = 10 on its completion of
training. Note that only the L-BFGS-B algorithm is used for optimizing the loss
function in the transfer learning cases. Here, we also present the results for using the
Adam plus L-BFGS-B as used in the previous case for comparison. As we can see,
comparable accuracy can be obtained by using the L-BFGS-B with transfer learning
and the standard training process used in this work, i.e., first Adam and then L-
BFGS-B. However, we can obtain up to a three-fold speedup with transfer learning
as compared to the latter case.

It is worth mentioning that the L-BFGS-B algorithm is based on the Newton’s
method, hence the computational accuracy strongly depends on the initial guess. In
other words, it is easy for the L-BFGS-B to converge to a local optimal without good
initialization of the weights/biases in DNNs. For demonstration, we then present the
results for using the L-BFGS-B with random initialization for the DNNs (which is
referred to as L-BFGS-B only in Table E) As shown, the computational time for the
L-BFGS-B (TL) and L-BFGS-B only is similar for all the three test cases. However,
the L-BFGS-B with transfer learning can achieve much better accuracy than the L-
BFGS-B with the random initialization. In particular, the predicted accuracy for the
L-BFGS-B (TL) is about two orders better than the L-BFGS-B only for the vertical
velocity in the last two cases, i.e., Re = 40, and 60.

Finally, (1) we present a systematic study on the effects of architectures of DNNs
nd the number of residual /boundary points on the predicted accuracy in [Appendi
B, (2) we note that the multiscale analysis in Sec. only holds for continuous
flows in which 7 is a small parameter. In the present study, we assume f;"“? has a
similar magnitude as O(7) in all test cases, and scale fi’y, =~ to O(1) based on 7
used in the corresponding case to improve the predicted accuracy, and (3) we employ
the same scaling factor for f;ﬁ}]qu in the entire computational domain for all test
cases considered in the present study. For cases where the magnitude of f"“? varies
in different part of the domain, a promising way to obtain the proper scaling factor
is to employ a space-dependent weight for fln f;}aneq whose value can be optimized in
a similar way for optimizing the hyperparameters in DNNs. Interested readers can
refer to the self-adaptive PINNs [66] for more details.

3.2. Taylor-Green flow

We proceed to model a time-dependent flow problem, i.e., the Taylor-Green flow,
using the PINN-BGK. The computational domain is defined as z € [—m, 7], y €
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[—7, m]. The exact solution is set as follows

u(w, y, t) = —cos(z)sin(y)e ™",

v(z, y, t) = sin(x) cos(y)e ", (25)

1
p(z, y, t) = —Z[cos(Qx) + cos(2y)]e ",

where u, and v are the velocity components in the horizontal and vertical directions,
respectively, and p denotes the fluid pressure. Finally, all the initial and boundary
conditions are derived from Eq. (R5).

In simulations, we set RT = 100, » = 0.01, and ¢ € [0,10]. The D2Q9 veloc-
ity model is also employed here. As for the training data, 300 random points are
employed on each boundary while 160,000 random points in the spatial-temporal
domain are used to compute the residuals of Eq. (B) Both NN, and NN, con-
tain 6 hidden layers with 80 neurons per layer. Similar as the first test case, two
optimization algorithms, i.e., Adam and L-BFGS-B are used. Specifically, we first
train the DNNs using the Adam optimizer until the loss is less than 1.0 x 10~* with
an initial learning rate of 5x 10™*, and then we switch to the L-BFGS-B optimization
until convergence.

[ — Exact
——-PINN-BGK

Exact
I ——-PINN-BCGK

—x /2 0 /2 7 - —7/2 0 72 ™
Y

(a) (b)

Figure 3: PINN-BGK for Taylor-Green flows: Predicted velocity profiles. (a) u component for
x=0att=1,5,and 10. (b) v component for for y =0 at ¢t =1, 5, and 10.

The predicted velocity profiles at three representative times, i.e., t = 1, 5 and 10,
are illustrated in Fig. H We see that the predicted velocities agree well with the exact
solutions. Furthermore, we present the relative Lo errors for the predicted u/v/p in
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more detail in Table H, which demonstrates the good accuracy of the PINN-BGK for
modeling unsteady flows.

Table 3: PINNs for Taylor-Green flows: Relative Lo errors of pressure (p) and velocity (u,v) at
different times.

Time ¢=0.0 t=20 t=40 ¢t=60 =80 ¢=100
err, 0.00092% 0.0011% 0.0012% 0.0015% 0.002% 0.0037%
err,  0.0058%  0.16% 0.24% 0.30%  0.35%  0.48%
err,  0.0051%  0.16% 0.26% 0.35%  0.44%  0.55%

3.3. Reqgularized Cavity flow

Here we model the cavity flow using the PINN-BGK. The computational domain
is set as x € [0, 1], and y € [0, 1]. The upper boundary is moving from the left to
right with a velocity u,, defined as

cosh(r(z — L/2)]
o = tmaz (1 ~ cosh(rL/2) ) ’ (26)

where r = 10 is a constant, u,,,, = 1.0 is the maximum velocity at the top wall, and
L = 1is the characteristic length of the cavity. Note that the velocity is continuous at
the two upper corners, which is less physical but can alleviate the effect of singularity
on the computational accuracy. A similar strategy has also been employed in [67, 6§].

In simulations, Re = L., /v = 100, where v is the kinematic viscosity. We
employ 4 hidden layers with 50 neurons per layer for NN, and 8 hidden layers with
60 neurons per layer for NN ,,. As for the training data, 257 uniformly distributed
points on each boundary are used to provide Dirichlet boundary conditions, and
45,000 random points are employed to compute the residuals of the equations. To
accurately predict the boundary layers, we divide the whole computational domain
into nine subdomains (sdy, sdi,--- ,sds) as shown in Fig. , which is similar as
the nonuniform meshes used in the conventional numerical methods [69, 70]. In
each subdomain, 5000 random points are employed to evaluate the residuals of the
governing equations. For the optimization, we first train the DNNs using the Adam
optimization with an initial learning rate 1.0 x 10~ for 50, 000 iterations, and then
train the DNNs for 50,000 steps using Adam with a smaller learning rate 1.0 x 1072,
Finally, we switch to the L-BFGS-B until convergence.
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Figure 4: PINN-BGK for cavity flows: (a) Schematic of the subdomains for cavity flow. (b)
Predicted u- and v-velocity profiles along y = 0.5 and x = 0.5, respectively.

The predicted velocity profiles along the central lines (z = 0.5 and y = 0.5) are
illustrated in Fig. . In addition, the results from the lattice Boltzmann method
(LBM) [55] with 256 x 256 uniform grid are also displayed in Fig. @ as reference. As
we can see, the predictions using the PINN-BGK agree well with the results from
the LBM.

3.4. Micro Couette flow

The PINN-BGK is now applied to simulate the micro Couette flow between two
parallel plates. The computational domain is set as 0 < x < 0.1, —0.5 < y < 0.5.
The top (i.e., y = 0.5) and bottom walls (i.e., y = —0.5) move with a constant velocity
U, in an opposite direction. For rarefied flows, the Knudsen number Kn is defined
as Km = MA/L, where \ is the mean free path, and L is the characteristic length
of the system. Note that \ is related to the relaxation time 7 in the Boltzmann-
BGK equation as A = 74/mRT/2 [26]. Based on Kn, gas flows can be divided into
four regimes: the hydrodynamic regime (Kn < 0.001), the slip regime (0.001 <
Kn < 0.1), the transition regime (0.1<Kn < 10), and the free molecular flow regime
(Kn > 10) [10]. Here, we employ the PINN-BGK to model the flows in two regimes,
i.e., the slip regime (0.001 < Kn < 0.1), and the transition regime (0.1 < Kn < 10).
In addition, the two-dimensional-sixteen-velocity (i.e., D2Q16) model is employed
for the slip regime while a two-dimensional 28 x 28 velocity model (28 x 28-DVB)
is used for the flows in transition regime. Interested readers can refer to [54, 71] for
more details on these two discrete velocity models.
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Figure 5: PINN-BGK for micro-Couette flows: Predicted horizontal velocity profiles in the slip
regime using the D2Q16 model.

We first apply the PINN-BGK to simulate the Couette flow in the slip regime. In
particular, three different cases, i.e., Kn = 0.01, 0.05, and 0.09, are considered. For
all the test cases, we set u,, = 0.1, RT = 1.0. In addition, both NN, and NN,
have 6 hidden layers with 30 neurons per layer. In our simulations, 10 uniformly
distributed points are used on each boundary to provide the Dirichlet boundary
conditions and 10,000 random points are employed to compute the residuals of the
equations. Similarly, both the Adam and L-BFGS-B are used for optimization as
follows: the Adam optimizer with an initial learning rate 1073 is first employed until
the loss is less than 1072, and then L-BFGS-B is applied until convergence.

0.5 05

e e ] Sone et al.
0.4 ---PINN-BGK Kn=1 Y

e Sdl
g;* ““““““ T
) 0.1
xX
(a)

Figure 6: PINN-BGK for micro-Couette flows in transition regime: (a) Schematic of subdomains.
(b) Predicted horizontal velocity profiles.

The horizontal velocity profiles predicted by PINN-BGK are displayed in Fig. B
In addition, the solutions to the linearized Boltzmann equation [72] are presented
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as reference. We observe velocity slip at the upper boundary in all test cases,
which is well captured by the PINN-BGK. Specifically, the relative L, errors be-
tween the PINN-BGK and the reference solutions are 0.55%, 0.59%, and 0.85% for
Kn = 0.01, 0.05, and 0.09, respectively, suggesting that the PINN-BGK is capable
of providing accurate predictions for the flows in the slip regime.

We now simulate the Couette flow in the transition regime. Here two different
cases, i.e., Kn =1 and 5 are considered. In both cases, NN, has 2 hidden layers
with 30 neurons per layer, and NN, has 2 hidden layers with 40 neurons per layer.
Here, the 28 x 28 discrete velocity model is employed, in which RT is set to be 1/2.
Note that the model is more computationally expensive than the previous cases, so
we utilize the minibatch approach [73, [74] with a batch size of 800 for both cases to
accelerate the training. In addition, 10 uniformly distributed points on each bound-
ary are employed to enforce the boundary conditions. To accurately capture the
slip boundary layers near the upper and bottom walls, we divide the computational
domain into 3 subdomains as shown in Fig. . In sdy and sdy, 800 uniformly dis-
tributed residual points are employed, while 1,600 uniformly distributed points are
employed to compute the residuals of equations in sd;. The Adam optimizer with an
initial learning rate 1072 is used for optimization. The predicted horizontal velocity
profiles from the PINN-BGK for both cases are depicted in Fig. @; we observe that
they agree well with the reference solutions from the linearized Boltzmann equation
in [[72].

4. Inverse problems

In this section, we test the performance of the PINN-BGK for inverse problems.
Specifically, we focus on rarefied flows with unknown velocity boundary conditions.
We assume that we only have partial measurements on the velocity inside the com-
putational domain. The objective is to infer the entire flow field based on a limited
number of scattered observations on velocity with the aid of the Boltzmann-BGK
equation.

4.1. Micro Couette flows

We first use the PINN-BGK to infer the velocity field for the micro Couette flow
based on a small set of measurements on velocity inside the computational domain.
The computational domain is set as 0 < x < 0.1, —0.5 < y < 0.5. The top and
bottom walls move with a constant velocity (i.e., u,, = 0.1) in an opposite direction,
which is the same as the case in Sec. . Three different cases, i.e., Kn =1, 5, and
10, are considered. We therefore employ the 28 x 28-discrete velocity model as in
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Sec. @ (b4, [71]. For all the test cases, RT is set to be 1/2. We then assume that we
have 10 sensors for the velocity, which are randomly located inside the computational
domain, as shown in Fig. . In addition, we utilize 4 hidden layers with 30 neurons
per layer for both NN., and NN ,.,, and 5,000 (N, = 5,000) residual points are
randomly selected inside the computational domain. To train the NNs, the Adam
optimizer with an initial learning rate 1072 is first used until the loss is less than
107%, and then the LBFGS-B optimizer is employed until convergence.

0.5 : 0.5

Sone et al,
——-PINN-BGK |
0.4r b

0.3r

Y
=)
LTRL T

Figure 7: PINN-BGK for inverse problems in micro Couette flow: (a) Locations of the sensors
for velocity. (b) Predicted velocity profiles along the vertical central lines for different Knudsen
numbers.

The predicted velocity profiles using the PINN-BGK are displayed in Fig. @,
and the solutions from the linearized Boltzmann equation [72] are presented as refer-
ence. As shown, the predictions from the PINN-BGK agree well with the reference
solutions for all cases. Furthermore, the relative Lo errors between the PINN-BGK
and the reference are 2.04%, 2.04%, and 1.44% for Kn = 1, 5, and Kn = 10,
respectively, which demonstrates that the PINN-BGK is capable of inferring the ve-
locity field based on partial interior scattered measurements on velocity without the
explicit knowledge of boundary conditions.

In addition to estimate the velocity field based on partial interior observations on
the velocity, we can also employ the PINN-BGK to predict the slip velocity at the
boundary for different Knudsen numbers. Here, we use the PINN-BGK to infer the
fluid velocity at the upper boundary for Kn ranging from 0.01 to 10. As shown in Fig.

, the predicted fluid velocities at the upper boundary w4 are in good agreement
with the reference solutions in [72], which clearly demonstrates the capability of the
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PINN-BGK for modeling multiscale flows. Also, we would like to point out that
the predicted velocities at the boundary can serve as Dirichlet boundary conditions
for other numerical methods, which need explicit boundary conditions to solve the
Boltzmann-BGK equations, such as the discrete unified gas kinetic scheme [26], the
unified gas kinetic scheme [75], etc. The obtained results from numerical solvers
can be employed to validate the flow field predicted by PINNs. This scenario may
happen in experiments in which we only have a few interior sensors for velocity, and
we have no information on the velocity or temperature at the wall.

Slone et al.
O PINN-BCK
0.8} ]
206}
e
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107 10~ 10" 10" 10’

HKn

Figure 8: PINN-BGK for inverse problems in micro Couette flow: normalized fluid velocity at the
upper boundary u . for different Kn. u,: moving velocity of upper wall.

4.2. Micro cavity flows

We now employ the PINN-BGK to infer the velocity field for the micro cavity
flow based on partial interior measurements on velocity, in which the computational
domain is set as 0 <z < 1, 0 <y < 1. The top wall of the cavity moves along the
x direction with the velocity defined in Eq. (@3 in which ., = 0.15 and r = 10
while the other walls are stationary. Again, we assume that only a few sensors for
the fluid velocity inside the domain are available while the boundary conditions are
unknown.

Here we test three different cases, i.e., Kn = 0.1, 1, and 10. In addition, the dis-
crete unified gas kinetic scheme (DUGKS) [26], which is a finite-volume solver for the
Boltzmann-BGK equation, is used to generate training data as well as provide refer-
ence solutions. In the DUGKS simulations, the computational domain is discretized
into 60 x 60 uniform grids. Similar as in [26, [75], the Newton-Cotes quadrature is
used to discrete the velocity space, and an 81 x 81 uniformly distributed velocities

in [-4V RT, 4V RT] x [-4V RT,4v RT| are employed. RT is set to be 1/2, v and 7
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can then be computed using Kn and RT. In the PINN-BGK, we employ the same
discrete velocity model as in DUGKS. In addition, we first assume that we have 100
sensors for the velocity, which are randomly distributed inside the computational

domain, see Fig.

Two hidden layers with 30 neurons per layer are used for
NN, while 6 hidden layers with 30 neurons per layer are employed for NN,.

Also, 12,000 random points are employed to compute the residuals for the equation
in the loss function. Similarly, the minibatch approach with a batch size of 128 is

employed to accelerate the training.
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08 . + 0.6+ - —-DNNs
0.67 e
= -
0.4+
0.2+
0 + o+ e L L L+
0 0.2 0.4 0.6 0.8

0.5 : 0.5 :
—DUGKS —DUGKS

0.4+ ——-PINN-BGK 0.4r ——-PINN-BGK
- —-DNNs -—-DNNs

Figure 9: PINN-BGK for inverse problems in micro cavity flows with random training data: (a)
Locations of sensors for u; (b - d): Predicted velocity profiles across the cavity center for (b)
Kn =0.1, (c) Kn=1.0, (d) Kn = 10.
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Table 4: PINN-BGK for inverse problems in micro cavity flows with random training data: Relative
L, relative errors for velocity (u, v) at different Knudsen numbers. DNNs: results from regression
without the constraint of PDEs. Reference solutions: DUGKS with 60 x 60 uniform grids.

K erry erry
" PINN-BGK | DNNs | PINN-BGK | DNNs
0.1 3.36% 18.68% 4.27% 19.65%
1 3.39% 16.02% 3.36% 15.71%
10 3.66% 15.13% 2.99% 18.81%

The predicted velocity profiles from the PINN-BGK across the cavity center for
different Knudsen numbers are presented in Figs. -0(d). In addition, the results
from DUGKS are also presented as reference solutions in Figs. % 0(d). We can
see that the PINN-BGK predictions are in good agreement with the results from
the DUGKS at the three Knudsen numbers, demonstrating the capability of the
PINN-BGK to model multiscale transitional flows with unknown velocity boundary
conditions.

To further demonstrate the effectiveness of the PINN-BGK, we also present the
results for regression (denoted as DNNs in Figs. 9(b)—b(d)), i.e., we employ NN,
to predict the velocity profiles based on the same measurements on velocity without
the constraint of the governing equation. We observe that the predictions from the
PINN-BGK are better than those from DNN regression, especially for areas near
the boundaries. We further compute the relative Ly errors for the PINN-BGK and
regression, in which_the results from the DUGKS are used as reference solutions.
As shown in Table @, the errors for the PINN-BGK are less than 5% in all cases,
suggesting that the PINN-BGK can accurately reconstruct the velocity field even
without the use of boundary conditions. In addition, the errors for regression are
larger than 15% in all cases, which means that enforcing the constraint of the gov-
erning equations in the loss function helps greatly to improve the accuracy of the
predictions.
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Figure 11: PINN-BGK for inverse problems in micro cavity flows with uniform training data (Case
IT): (a) Locations of sensors for w. The 100 training samples are uniformly distributed along 10
lines. (b - d): Predicted velocity profiles across the cavity center for (b) Kn = 0.1, (¢) Kn = 1.0,
(d) Kn = 10.

Due to the fact that the measurements at arbitrary locations may be difficult to
obtain in practical applications, next we first test the case in which we assume that
50 measurements on u are uniformly distributed along 5 lines (Fig. , Case I).
In simulations of the present case, the parameters (e.g., the architectures of DNNs,
optimizer, etc.) are kept the same as those in the previous one. The predicted
velocity profiles for Kn = 0.1, 1, and 10 across the cavity center are presented
in Fig. As observed, the results predicted by the PINN-BGK here are not as
accurate as those in Fig. 9, especially for areas near the boundaries. Specifically, the
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Table 5: PINN-BGK for inverse problems in micro cavity flows with uniformly sampled training
data: Relative Ly errors for velocity (u, v) at different Knudsen numbers. DNNs: results from
regression without the constraint of PDEs. Reference solutions: DUGKS with 60 x 60 uniform grids.
Case I: 50 measurements on u are uniformly distributed along 5 lines. Case II: 100 measurements
on u are uniformly distributed along 10 lines.

C % erry err,
ase " "PINN-BCK | DNNs | PINN-BGK | DNNs

0.1 937% | 25.45% | 36.58% | 21.52%

Casel | 1 851% | 35.29% | 21.39% | 23.07%
10 8.56% | 31.87% | 17.46% | 20.62%

0.1 326% | 20.22% 5.0% 10.47%

Case IT | 1 3.5% 17.99% | 4.49% | 15.99%
10 3.62% | 29.10% |  4.04% | 21.69%

relative Ly errors for velocity (Case I in Table B) are much larger than the results
from PINN-BGK in Table . We then increase the number of training samples to
100, which are uniformly distributed along 10 lines (Fig. ul_i)I, Case II). Specifically,
more measurements are added near the vortex zone in the present case. Similarly, we
employ the same parameters (e.g., the architectures of DNNs, optimizer, etc.) here
as in the previous cases. As disgayed in Fig. EI, better accuracy is then achieved,

which can also be seen in Table

Based on the results in Figs. —, we can further conclude that: (1) the predicted
accuracy can be enhanced by increasing the number of training data as we compare
the predictions in Figs. § and [L1 with the results in Fig. , (2) the predictions of
PINN-BGK are more accurate than those from regression, which again demonstrates
the physics-informed constraint is able to improve the predicted accuracy, and (3)
we can obtain better accuracy as we add more measurements near the vortex zone
well as the boundaries when comparing the results in Fig. @ with those in Fig.

0.

Note that the boundary condition for the upper wall in Eq. (@) is also used
in the DUGKS simulations here, aiming to reduce the effect of the singularities
at the two upper corners. This boundary condition may be less physical than the
constant velocity. However, the focus here is to test the performance of the PINNs for
reconstructing the velocity field given partial interior measurements with unknown
boundary conditions. We therefore utilize the simplified boundary condition here
and will leave investigations on the effect of different boundary conditions on the
computational accuracy in the future.
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22 5. Summary

423 The Boltzmann equation with the Bhatnagar-Gross-Krook collision model (Boltzmann-
2¢ BGK equation) is a well known model for describing multiscale flows from the hy-
w5 drodynamic limit to free molecular flows. The recently proposed physics-informed
26 mneural networks (PINNs) have shown expressive power for solving both forward and
27 inverse PDE problems in fluid mechanics and beyond. By leveraging the merits of the
28 Boltzmann-BGK equation and PINNs, we have solved forward and inverse problems
20 in multiscale flows via Boltzmann-BGK formulation using PINNs (PINN-BGK). In
w0 particular, the proposed PINN-BGK contains three sub-networks, i.e., one for the
w31 equilibrium distribution function, a second one to approximate the non-equilibrium
a2 distribution function, and a third one to encode the Boltzmann-BGK equation as
a3 well as the corresponding boundary /initial conditions. By minimizing the residuals
s of all governing equations and the mismatch between the predicted and provided
25 boundary/initial conditions, we can then solve both forward and inverse problems
16 in multiscale flows with the same formulation and the same code. We note that the
s PINN-BGK may not be as efficient as other kinetic-based methods (e.g., LBM) for
ss forward problems, especially for flows with low Knudsen numbers. The attractive
10 advantages for PINN-BGK are: (1) It is very efficient in solving inverse problems,
a0 even ill-posed inverse problems. (2) It is easy to implement and thus can serve as
w1 an educational tool to be used in the classroom as well as a research tool for solving
s> problems in computational science and engineering as mentioned in [33, B5]. (3) It
w3 is an unified method, which can be used for both forward and inverse problems in a
us wide range of flow regimes as shown in the present study.

e We first test the PINN-BGK for solving forward problems in multiscale flows.
s Specifically, the PINN-BGK is applied to model both continuous (e.g., Taylor-Green
w7 flows, cavity flows, etc.) and rarefied flows with Knudsen number ranging from 0.01
us to 5. The results demonstrate that the PINN-BGK is capable of approximating
mo accurately the solution to the Boltzmann-BGK equation given boundary/initial con-
0 ditions. We then apply the PINN-BGK to solve inverse problems; i.e., inferring the
1 velocity field based on a limited number of scattered interior observations on the
2 velocity without any information on the boundary conditions. In particular, we test
553 the performance of the PINN-BGK for micro Couette and cavity flows with a Knud-
sss  sen number ranging from 0.01 to 10. Our results demonstrate that the PINN-BGK is
is5  capable of reconstructing the velocity field with good accuracy based on a small set
6 of interior measurements on velocities. This is quite promising for multiscale flows
ss7 - within complicated geometries in which accurate boundary conditions are difficult
s 1o obtain, such as shale gas flow in pores at scales varying from nm to mm. Finally,
0 we demonstrate that we can achieve three-fold speedup by using transfer learning
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as compared to the standard training, i.e., Adam optimizer plus L-BFGS-B, for the
specific Kovasznay flow case we studied; Generally, a larger neural network as well
as more training points should be employed for a higher dimensional problem, sug-
gesting that more hyperparameters need to be optimized, and that more terms need
to be computed in the loss function. We therefore expect even greater speedup for

three-dimensional time-dependent flows.
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Appendix A. On the training of PINNs

Here we present more details on how to use the PINN-BGK to solve the Boltzmann-

BGK equation. Let NN (Fig. m) be an M-layer neural network and the NN
(Fig. m) be an N-layer neural network. Then f;? is approximated by the output of

the neural network NN é‘g as follows,

input layer :  NNY (z,t) = (x, 1),

neq

hidden layer: NN (x,t) = o(W NN (x,t) +b.,) for 1<I<M-—1,
output layer: NN (x,t) = WINNI " (x,t) + bl)),

and f"“? is approximated by the output of the neural network N

input layer : NN, (x,1) = (x,1),
hidden layer: NN!

neq neq neq
output layer: NN (@, t) = W NN !

(z,t) = o(W! NN

(A.1)

N

neq as follows,

(z,t) +bl,,) for 1<I<N-1,
(z,t) + b

neq)?

(A.2)

where ¢ is a nonlinear activation function, which is set as the hyperbolic tangent
function in the present work; the superscript [ demotes the /th layer, W, and W,

are the weight matrixes for NN é\g and NNV
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vectors for NN é\g and NN ;Veq, respectively. To this end, we can express the distribu-
tion function f; as a function of (x,t) as well as the weights and biases in these two
neural networks. Meanwhile, we can tune the hyperparameter (i.e., weights/biases)
in the neural networks to fit a wide range of f; by minimizing a certain loss function
using the optimization algorithms.

In PINNs, the DNNs, which are universal approximators for any continuous func-
tions [76], are imposed to satisfy the PDE as well as certain boundary/initial con-
ditions. This is implemented by minimizing the mean square errors (MSE) of the
residuals for a PDE and the mismatches between the predicted and exact bound-
ary/initial conditions using the optimization algorithms (e.g., Adam [62], L-BFGS-B
[63]). In practice, the MSE is evaluated on scattered points which can be either
randomly or specially selected. Generally, randomly selected training points work
well for cases with smooth solutions, while for solutions with sharp gradients, more
points near the sharpness are required to fully resolve the solution [35]. Specifically,
the temporal and spatial derivatives in PDEs are computed using automatic differ-
entiation [34], in which the chain rule is applied for compositions of functions in
neural networks. Thus, no meshes are needed for the computation of the differential
operators in PDEs.

Appendix B. Systematic study on parameters in PINNs

In this section, we conduct a systematic study on the effect of different architec-
tures and the number of residual /boundary points on the computational cost as well
as on accuracy using the example of Kovasznay flow in Sec. . All computations in
this section are performed on a workstation with one GeForce RTX 2080 GPU and
Intel(R) Xeon(R) Gold 5217 CPU @ 3.00GHz CPU.

We first test the effect of the architectures for DNNs. The residual/boundary
points in all test cases are kept the same as in Sec. El] Although the DNNs have been
justified theoretically to be a universal approximator for any continuous function [76],
the optimal architecture for approximating a specified function is problem-dependent
and also empirical. Based on our experience, a DNN with 2 to 6 hidden layers with
20-60 neurons per layer is able to approximate most of the continuous functions well.
We therefore demonstrate the performance of 12 DNNs with different architectures
in Table @ As shown, the DNNs with 4 hidden layers and 20-60 neurons per
layer have the most accurate predictions among all the tested architectures. In
addition, the computational cost for DNNs with 4 hidden layers and different number
of neurons per layers is comparable, which is around 60 minutes for the three test
cases. Generally, a deep and wide DNN is more expressive than a shallow and narrow
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Table B.6: PINN-BGK for Kovasznay flows: Relative Lo errors of velocity (u, v) with different
architectures of neural networks. The architecture is presented in the form of depth x width, i.e.,
number of hidden layers x number of neurons per layer.

Architecture | err, | err, | Walltime (min)
2 x 20 0.62% | 3.57% 04.42
2 x40 1.12% | 6.02% 56.02
2 x 60 0.43% | 1.62% 65.18
4 % 20 0.44% | 1.86% 59.11
4 x 40 0.58% | 1.23% 59.38
4 x 60 0.38% | 1.16% 60.35
6 x 20 0.49% | 3.38% 49.97
6 x 40 0.48% | 1.46% 55.23
6 x 60 0.32% | 2.44% 68.30
8 x 20 0.79% | 3.15% 81.39
8 x 40 0.47% | 1.76% 67.81
8 x 60 0.23% | 1.24% 78.43

one, but it will requite higher computational cost and may also cause problems of
overfitting. A possible solution to this problem is the utilization of neural architecture
search (NAS) [77], which is able to obtain a neural network with optimal architecture
in a specified search space. We will leave investigations on this advanced technique
for future work.

We proceed to test the effect of the number of residual points. Similarly, here the

architecture of DNN as well as the boundary points are kept the same as in Sec.
In all test cases, the residual points are randomly selected in the entire domain. As
demonstrated in Table , the computational errors are similar as the number of
residual points is larger than 1,000. Meanwhile, the computational cost will increase
with the number of residual points.

We now test the effect of number of boundary points. The architecture of DNN
and the residual points are kept the same as in Sec. here. In all test cases,
the equidistant boundary points are employed on each boundary. As displayed in
Table , the computational errors are similar as the number of boundary points is
larger than 200, suggesting that 200 points are fine enough to resolve the boundary
conditions. In addition, the computational cost is similar for all test cases, which is
reasonable since the number of boundary points is much smaller than the residual
points.

We note that the single-precision floating point format is utilized in the com-
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Table B.7: PINN-BGK for Kovasznay flows: Relative Lo errors of velocity (u, v) using different
number of residual points. The computational errors and time are the averages over 5 runs with
different random residual points.

N,y erry, err, | Walltime (min)
100 | 0.55% | 3.54% 40.55

500 1.18% | 1.73% 51.29
1000 | 0.28% | 1.37% 46.04
5000 | 0.3% | 1.82% 49.55
10000 | 0.28% | 1.58% 56.07
15000 | 0.32% | 1.37% 68.43
20000 | 0.31% | 1.01% 63.92

Table B.8: PINN-BGK for Kovasznay flows: Relative Ly errors of velocity (u, v) using different
numbers of boundary points.

Ny | erry, err, | Walltime (min)
10 | 0.69% | 4.01% 45.56
100 | 0.43% | 2.73% 55.56
200 | 0.28% | 1.8% 56.78
300 | 0.3% | 1.82% 49.55
400 | 0.24% | 1.34% 48.90
500 | 0.28% | 1.83% 55.82
600 | 0.32% | 1.90% 52.15

putations of this study, which is similar as in [33, 86, B7]. To further demonstrate
the effect of the precision of floating-point numbers on predicted accuracy as well
as the computational cost, we present the results using double-precision floating
point numbers in Table . As shown, the predicted accuracy using the single- and
double-precision floating point format are similar, but the single-precision floating
point format is computationally cheaper on GPUs (compared to results in Table B.7).
We therefore employ the single-precision floating point numbers in our computations.

Finally, we would like to mention that the optimal architecture of the DNN as
well as the number of residual/boundary points in PINNs are problem-dependent.
To obtain good accuracy, one can tune the architecture of the DNN and the number
of residual /boundary points for PINNs based on the predicted residuals after training
adaptively, see [35] for more details.
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Table B.9: PINN-BGK for Kovasznay flows with the double-precision floating point format: Rela-
tive Lo errors of velocity (u, v) using different number of residual points. The computational errors
and time are the averages over 5 runs with different random residual points.

Nyp erry err, | Walltime (min)
1000 | 0.30% | 1.34% 59.76
5000 | 0.26% | 1.25% 62.03
10000 | 0.30% | 1.36% 59.72
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