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Abstract

Self-organized microstructures and patterns have been widely observed in non-equilibrium physical sys-
tems. In particular, irradiation in metals creates far-from-equilibrium environments, in which the competing
dynamics of defect production and annihilation can lead to unique self-organized superlattice structures, e.g.,
void and gas bubble superlattices. From a physical point of view, the superlattice structures are dictated by
the intrinsic symmetry breaking in the metals, i.e., anisotropy caused by the breaking of continuous rota-
tional symmetry. In the literature, two distinctive anisotropies, elastic anisotropy and di usion anisotropy
of interstitials, have been proposed to be the origins of superlattice formation. However, it is still unclear
which anisotropy dominates the symmetry selection of superlattice structures. In this paper, we study elastic
anisotropy and its e ect on the symmetry of void superlattices. By using theoretical analyses and phase eld
simulations, we show that elastic anisotropy in cubic metals can lead to either face-centered cubic or simple
cubic superlattices depending on the Zener anisotropy ratio. The superlattices formed under this elastic
anisotropy mechanism must form under the in uence of spinodal decomposition, as the mechanism requires
perturbations in the vacancy concentration eld to develop into spatially-static concentration waves. We
compare to existing work on symmetry selection in superlattices via di usion anisotropy and to experimental
observations, and we suggest that concentration wave development under the in uence of elastic anisotropy
is not the mechanism for symmetry selection during the formation of irradiation-induced void superlattices,
but that di usion anisotropy could be the dominant mechanism.

Keywords: irradiation, superlattice, elasticity, symmetry

1. Introduction

The versatility and usefulness of metallic materials originate from their rich microstructures, which can
be modi ed through thermomechanical processing [1{4]. An intriguing possibility for designed materials is
the harnessing of self-organization processes in non-equilibrium systems. Irradiation in particular is a pow-
erful tool to create far-from-equilibrium environments, producing a variety of defects that can self-organize
through physical interactions. For example, ordered void and gas bubble superlattices have been widely
observed in metallic materials under irradiation [5{11]. Generally, the symmetry of a superlattice appears
to be related to the crystallographic symmetry of the matrix material. In experiments, face-centered cubic
(FCC) superlattices have been observed in FCC metals, while both body-centered cubic (BCC) and FCC
superlattices have been observed in BCC metals [9, 11]. In the literature, two major mechanisms have
been proposed for defect self-organization processes [12{17]. One is based on the elastic interactions among
multiple voids or bubbles; elastic anisotropy has been shown to lead to an ordered spatial distribution [15].
The other is based on the anisotropic di usion of self-interstitial atoms (SIAs) or interstitial clusters to
control the preferred void or bubble alignment direction [12, 16, 17]. Even though a number of individual
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theories based on either elastic anisotropy or di usion anisotropy have been proposed for superlattice for-
mation mechanisms [11{19], a systematic study on the e ect of elastic anisotropy on symmetry selection
during superlattice formation and an analysis comparing the e ects of the two di erent anisotropies is still
unavailable.

Previous work has studied the e ect of di usion anisotropy on superlattice symmetry selection [17, 20, 21].
That approach includes theoretical analyses to determine the eigenmodes of certain solutions within the
system, which will promote the formation of certain microstructures. The predicted theoretical behavior
is validated with appropriate simulation methods, such as kinetic Monte Carlo and phase eld modeling.
The key focus of the theoretical studies is to determine the symmetries of composition uctuations that
will occur within the material before the formation of void or bubble superlattices that promote superlattice
formation, rather than on a quantitative model of void formation under irradiation. The phase eld model
employed in the study of di usion anisotropy is a simple, single-component spinodal decomposition model
that tracks the concentration of vacancies in the system due to their role in void formation [20]. While
there are other, more complex descriptions of vacancies and interstitials in metals (e.g., [16, 22, 23]), more
complex free energy models are much more di cult, if not impossible, to study analytically. This free energy
formulation captures vacancy composition uctuations in a simple, computationally e cient manner and
allows quantitative analysis of underlying symmetry factors and qualititative modeling of microstructure
evolution.

In this paper, we study the e ect of elastic anisotropy and isotropic di usion with a mathematical stability
analysis and with phase eld simulations, similar to previous analyses on the e ect of di usion anisotropy
[17, 20, 21], in an e ort to provide a direct comparison of the two e ects on superlattice formation. We
study the superlattice symmetry in cubic metals depending on the Zener ratio of the elastic moduli as well as
their stability against coarsening. We compare all of the results with experimental observations and suggest
which factor is dominant for symmetry selection of irradiation-induced void superlattices.

2. Theoretical analysis of anisotropic elasticity on crystalline defect evolution

2.1. Model formulation

To understand the possible thermodynamic and kinetic e ects of elastic anisotropy on superlattice for-
mation, we develop kinetic equations for vacancies and interstitials within cubic metals. For simplicity, we
only consider the formation of irradiation-induced void superlattices in this paper. Irradiation can produce a
variety of defects in the target material depending on the energy transferred from the irradiating particle to
the matrix atoms, but for simplicity we focus on single vacancy and interstitial defects. We denote vacancies
with v and interstitials with i.

The energetic driving force for void formation arising from elasticity is considered through a modi ed
Cahn-Hilliard equation [15, 24], which is a generalized di usion equation, and rate theory is added for the
production and reaction of defects [25]. The Cahn-Hillard approach provides a simpli ed phase separation
description of void formation, as we are more interested in understanding the behavior of the defects within
the matrix before void formation that will promote void formation, rather than the highly complex problem
of vacancy clustering leading to void nucleation. In this model, a void is described as a new \phase", the
formation of which is the result of vacancy di usion and accumulation [16, 22, 26{36].

The total free energy of the system,F, is formulated to account for the presence of vacancies, denoteg,
and interstitials, denoted ¢;, which are present in the matrix and void phases. The energy is a combination
of the chemical and elastic free energies,

1
F= f(c:c)+ 2 (r C\,)de + Eelastic ; Q)
\

where the term within the integral is the chemical component and E¢pasiic IS the total elastic energy of
the system. Within the integral, f (c,;¢G) is the bulk chemical free energy density and the gradient term
captures chemical inhomogeneities, especially the di use interface between the void and matrix. One gradient
energy coe cient, , is incorporated for vacancies; gradients of interstitials are not involved in the di use
void/matrix interface.



Kinetic equations are de ned for the evolution of the concentration of vacancies and interstitials that
include chemical driving forces and defect recombination, with

F
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where P is the production rates of defects,M denotes the atomic mobility of the defects,K;, is the reaction
rate for the recombination between vacancies and SIAsK s and Kis represent the sink strengths within
the microstructure for vacancies and SlAs, respectively, andD and is the di usivity of the defects. The

di usivity is related to the mobility as M = D= % for each defect type.

To facilitate the mathematical analysis, we perform several approximations to the kinetic equations. First,
we adopt a simpli ed representation of the chemical free energy dependence on vacancies and interstitials, so
that the expression forf (c,; ) is simpli ed to a double-well dependence on the concentration of vacancies

(to allow void formation), and a parabolic dependence on interstitial concentration:

flaio)= G o)+ e @

To have interstitial phase separation, both an interstitial gradient energy term and a negative second deriva-
tive of the free energy are needed. However, as interstitial phase separation is not being needed, a gradient
energy term for the interstitials is not needed. The lack of a gradient energy term forc; allows the simpli -
cation of Eqg. (3) as,

@c _

@t
where we have used‘ffi = ki andM; = D= %;r = Dj=k;. In addition, we consider a linear approximation
of the recombination term to model the e ect of irradiation,

r Dirc+Pi(l c¢) Kycce KisDig: (5)
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where ¢, = Vi y&dVandg = Vi v G dV are the spatially-averaged, time-varying concentrations for

vacancies and interstitials. This approximation is valid for recombination behavior when the concentration
uctuations are relatively small compared to the average concentration, which is the case during the initial
stage of void formation. It also enablesc, and ¢; to be decoupled, facilitating the analysis.

We follow microelasticity theory [37] for further analysis of the in uence of elasticity on superlattice
formation. This theory contains the concept of static concentration waves that can develop to form patterns
within a material, which we investigate here. To facilitate the analysis, Eqs. 2 and 5 are represented in
Fourier space, allowing for the identi cation of speci c crystallographic directions of that promote superlattice
formation. We focus on the waves with nite wave length (k 6 0), as an in nite wavelength corresponds to
a mean- eld value only. Equation 2 is written as

F
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and Eq. 5 is written as
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where ¢; is the Fourier transform of ¢,, & is the Fourier transform of ¢;, and the fg notation indicates that
the Fourier transform is taken of the term in brackets. The wave vector is denoted byk. The symmetry
of the void superlattice is dictated by the two anisotropic terms of fr  M,r Civgk and fr  Djr ¢gk, as
indicated by their dependence onk, which has both a magnitude and a direction. The speci ¢ dependence
of these terms onk are due to the underlying thermodynamic and kinetic natures of the self-organization
process. In the following subsection, we will discuss the e ects of elastic interactions and compare to existing
research on di usion anisotropy on the selection of superlattice structure in detail.



2.2. Mathematical analysis of the ect of elastic anisotropy on superlattice symmetry

Theoretically, the symmetry of a superlattice could be caused by the elastic interaction among voids.
The total elastic energy can be formulated with Eshelby inclusion theory [38] and Khacharturyan-Shatalov
microelasticity theory [37, 39]. The elastic energy can be expressed rst in its real-space form,

1
Eelasic = 2 ipg (r) i (r) pg(r)dv; 9)
\
where jjuq is the fourth-order elastic tensor, j is the elastic strain, and r indicates the local position.

Note that Einstein summation notation is used. In microelasticity theory, the elastic e ects of voids are
represented by an equivalent eigenstrain,ﬁ , that induces zero stress in the void and a stress in the matrix
[39], such that the total elastic strain is given as

i (D= 7@ 5 (10)
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where }j"t (r)= 3 @5 O is the total strain and u; is the displacement. Here, the eigenstrain is

given as an isotropic contraction that is dependent upon the concentration of vacancies as
P =la() oll; (11)

where j is the eigenstrain tensor for a vacancy, that is,

c 0 o3
y=40 ° 05; (12)
0 0 ¢

and °© is a scalar. Note that the specic formulation of the eigenstrain is not so important: referencing
against an average vacancy concentration or de ning it in some other linear formulation with the vacancy
concentration will, it will be seen, have the same qualitative result on the mathematical analysis.
However, microelasticity theory provides for complete solutions to the elastic energy by recasting Eq. 9
into Fourier space [39], so that
1 k d3k

Eelastc = > B ]rj e‘vﬁ,W; (13)

where ¢; is the complex conjugate ofcyand k is the wavevector in reciprocal space. For convenience,
we can separatek into length, k = jkj, and direction, k= k=kj. All of the information regarding the
elastic behavior of the system is contained withinB (K), which is the only quantity in Eq. 13 that contains

a directional dependence. The quantityB(Q) is given as

( vV VvV
iipg i ; k=0
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where ( K) captures the elastic anisotropy. Note that this formulation for B(K) applies for an in nite
material with no stress or strain applied to any boundaries [39]. Additional de nitions for terms within B(Q)
are given as

i\j/ = ipq \,;q (15)
and K
(R = (16)

We pursue an eigenvalue analysis to determine the critical directions of superlattice formation subject to
elastic anisotropy. By considering Egs. 1 and 13, then Egs. 7 and 8, the kinetic equations, can be re-written
in reciprocal space in the form of a coe cient matrix, A, as

@y

— = Aun(k)e, + A 17
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and

@ = Auet An(ke = (P+Kug)e (Do + Kuc,+ KisDoe; (19
where f s the second-order derivative off , the bulk chemical free energy density. Because we focus on
elastic anisotropy, we assume thatD; is isotropic and takes a value ofDg in Eq. 19.

The static concentration wave analysis looks for solutions to the reciprocal space linear di erential equa-
tions Egs. 18 and 19; these solutions will result in static concentration waves in real space. The eigenvalues,
arbirarily referred to as R; and R;, of the coe cient matrix A, are the key. The solution of the above linear
di erential equations can be written in the form

e = Cieftt + CeRet; (20)

where C; and C, are constants determined by the initial condition. Note that R; and R, depend onk. If
R1(k) < 0 or Rz(k) < 0, any uctuations will decay for the term with the negative eigenvalue, while if either
R1(k) > 0 or Ry(k) > 0, regardless of whether the other eigenvalue is less than or equal to zero, the system
will lose stability to the concentration wave with wave vector Kk, i.e., such a wave will develop over time. An
eigenvalue of zero indicates the critical eigenvalue for wave formation, such that a critical con guration for
wave development is that one eigenvalue is less than zero and one is equal to zero.

The eigenvalues ofA can be determined via the determinant,

[A1a(k)  R(K)[Az22(k) R(K)] Ai2A2 =0 (21)

Assuming the rst developed wave isk., one of the eigenvalues should reach a maximum d_.. The critical
conditions in determining k. are described in Egs. 22 and 23,

R(ke) =0 22)
and dR(k
RO e =0: (23)

We consider Eq. 21 and its rst-order derivative,
Arr(ke)Az(ke) A2A2 =0 (24)
and

dlA11(K)A2(k)  AAx].
dk k=ke

=0: (25)

2.3. Discussion

The above equations suggest that the e ect of elastic anisotropy on superlattice formation via the con-
centration wave mechanism requires a spinodal decomposition to operate. The mathematical analysis begins
with the assumption of an initially uniform concentration eld and nds that there is a static spatial wave so-
lution with uniform amplitude to the concentration evolution equations under the in uence of an anisotropic
elastic modulus. There is a critical stability condition that must be overcome to promote static concentration
wave formation and there is a minimum of A1;(k)A22(k) at k. with a value of A;2A2;. Examining Eq. 18
and Eg. 19, it becomes evident that for a given set of elastic tensor values, void eigenstrains, recombination
coe cients, and defect mobilities, that the chemical free energy density plays an important role in the ability
of a concentration wave to form. In a system with a given uniform vacancy concentrationc, (e.g., before
the formation of a concentration wave), we can compute the value of ®{c,), that is, the curvature of the
chemical free energy density. The analysis indicates that a positive curvature of the total free energy (in
which nucleation growth is the operating mode of void formation) will cause any uctuations in the con-
centration eld to die out, while a negative curvature (in the spinodal region) will promote the increase in
the amplitude of the uctuations [40]. Due to its spatially uniform nature, the concentration wave solution
is the potential precursor to a superlattice. Thus, the analysis indicates that the system must be within
the spinodal region to develop spatially static concentration waves that increase in amplitude with time,
which will ultimately lead to the system spontaneously decomposing into void and matrix phases. While it



is theoretically possible to have a nucleation barrier that requires a supersaturation as high as the spinodal
composition to overcome, it is extremely unlikely, and spinodal decomposition would proceed in competi-
tion. Furthermore, the formation of a void (e.g., by nucleation) will introduce a long-range elastic eld that
destroys the periodicity needed to develop the static concentration wave.

The development of concentration waves in spinodal systems is well known, in which the initial phase
separation is dominated by the spontaneous ampli cation of wave modes less than the critical wave vector,
and decay of modes greater than the critical wave vector [40, 41]. In an isotropic system, a developing
concentration wave will have only a characteristic wavelength, without directional dependence. Conversely,
the introduction of the elastic modulus and vacancy eigenstrain introduce a directional dependence to the
wave vector via the non—zeroB(Q) term (Eq. 14). The mathematical analysis seeks the critical eigenvalues
for wave formation, such that one eigenvalue is less than zero and one is equal to zero, and must consider
the directionally-dependent value of B (K). For any given direction of k in reciprocal space, there is a value
of B(K) and a value of f ®that satis es the equations. Via Eq. 18, f ®and B (K) are linked when solving
Eq. 21 for the eigenvalues. Inspection of Eq. 21 with the appropriate substitutions from Eq. 18 and Eq. 19
indicates that B (K) is proportional to - f % As f ®decreases past its critical value, the system will destabilize
and concentration waves will form. When B(Q) is small, f ©is small and negative, and asB (Q) increases,
e.g., by changing the direction ofk, the required magnitude for f °°to solve the equation increases as well.
Considering the free energy forc, < 0:5, a negativef ° corresponds to a composition within the spinodal
region, and a more negativef ®°corresponds to a larger vacancy concentration in that region. The system will
destabilize at the critical point with the smallest magnitude of f °°(and lowest value ofc, ), which corresponds
to the k that minimizes B (K).

As reported in the literature [37], the minimum of B (K) only depends on the Zener ratio of the system,
Z =2Cyuy=(Cy; Cq). If Z < 1, the minimum is reached whenk is along the h111 directions, which
suggests an FCC superlattice (thek vectors de ne a BCC lattice in reciprocal space). If Z > 1, the
minimum is reached whenk is along the h10G directions, which suggests a simple cubic (SC) superlattice
(the k vectors de ne a SC lattice in reciprocal space) [42]. I1iZ = 1, there is no directional preference fork,
so no superlattice will form.

The two simpli cations to the model, the free energy formulation for interstitials and the lack of eigen-
strain for interstitials, are done to enable the eigenmode analysis. Mathematically, the eigenmode analysis
becomes prohibitively complex without these approximations. However, these simpli cations do not signi -
cantly impact the result of the eigenmode analysis, because appreciable void formation requires a signi cant
excess of vacancies over interstitials. Physically, the interstitial concentration will be much lower than the
vacancy concentration, and their e ect on the symmetry of the concentration wave development will negli-
gible. Furthermore, including isotropic dilatational eigenstrains for interstitials will not qualitatively a ect
the results. The B(K) term would include the eigenstrain tensor of the interstitial; however, the directional
dependence oB (K) still would only arise from the anisotropic elastic modulus. As a result, the directional
dependence ok would remain unchanged.

Though the e ect of interstitials are simpli ed, they should be included in the eigenmode analysis and
phase eld model. By inspection of Eq. 18, Eqg. 19, and Eq. 21, it is evident that the production, recombi-
nation, and sink rate will impact the magnitude of k. for concentration wave development. That is, these
factors will not change the symmetry of the wave, but they will change the spacing of the wave, its rate of
development, and the spinodal concentration. We choose not to signi cantly explore the e ect of produc-
tion, recombination, and di usion rates in the manuscript, as our primary focus is on the concentration wave
symmetry, rather other second-order e ects.

3. Phase eld simulations of self-organized void superlattices

3.1. Formulation and numerical methods

The above analytical results are con rmed and the microstructure evolution is further studied by phase
eld simulations. Following our previous e orts studying the e ect of di usion anisotropy on superlattice
formation [17, 20] as well as the theoretical analysis in Section 2, we choose a simple chemical free energy
density description that includes a region of spinodal decomposition, that is, a region of intrinsic thermo-
dynamic instability, in order to visualize the behavior of the predicted concentration waves. The total free



Table 1: Parameters for phase eld simulations

Py P; Kiv My Do ¢ Zener ratio Cua Ci Cus
20.0 20.0 150 300 100 0.5 -0.01 0.25 1400 600 100
20.0 20.0 150 300 100 0.5 -0.01 1 1400 600 400
20.0 20.0 150 300 100 0.5 -0.01 4 1400 600 1600

energy of the system is described by Eq. 1, and the chemical free energy density is given by Eq. 4. The
elastic energy is described by Eq. 9, and the local total strain is described by Eq. 10. The eigenstrain tensor
of the vacancies, ¥ , uses an isotropic contraction of © = 0:01, and the local eigenstrain, f]-) (r), is given as

vij
P(=oc i (26)

This is a small modi cation versus the form used in the eigenstrain analysis (Eqg. 11) to more closely match
other phase eld formulations and account for void strain on the matrix, but it will not qualitatively impact
the e ect of the eigenstrain. The elastic sti ness tensor is represented as

Ci (r) = ClE™ +(Cy?  CI™ )cy; (27)

where Ci?“kla“‘x is the elastic sti ness of the matrix and Ci‘j’l‘(’fd is the elastic sti ness of the void, which is taken
as a small, non-zero tensor to prevent numerical solver issues; this does not appreciably impact the behavior
of the system. Note that the elastic sti ness description here varies from that in the eigenvalue analysis
because the eigenvalue analysis only examines the matrix phase. Finally, the kinetics are described by Egs. 2
and 5.

The multiphysics phase eld model, including real-space mechanics, is implemented within the Multi-
physics Object-Oriented Simulation Environment (MOOSE) nite element framework [43]. The computa-
tional domain is (64%) units in dimension and is composed of (88) cubic hexahedral elements with linear
Lagrange shape functions. The orthonormal coordinate system of the computational domain corresponds to
the h10Q crystallographic directions. Periodic boundary conditions are used for the eld variablesc, and ¢
and the global strain system [44] is used to apply periodic strains. Each simulation is initialized with a uni-
formly zero interstitial eld and a vacancy concentration eld that spatially uctuates betweenOand1 10 6.
Implicit time integration is utilized with adaptive time stepping, employing the preconditioned Jacobian-
free Newton Krylov method. Additive Schwarz preconditioning with incomplete LU sub-preconditioning is
applied utilizing the full single matrix preconditioner.

3.2. Simulations results and discussion

To test the analytical predictions of superlattice formation and symmetry, we consider three di erent cubic
elastic sti ness tensors with Zener anisotropy ratios of 0.25, 1, and 4, with all else being equal in the phase eld
simulations. For simplicity, the e ects of sinks are not considered, i.e.,K,s = Kjs = 0. The dimensionless
parameters used within the simulations are listed in Table 1, resulting in a dimensionless interfacial energy
of 0.167, and dimensionalization details can be found in Ref. [20]. Setting,s = Kis = 0 will change the
rate at which concentration waves develop, but will not change the superlattice symmetry. Although we
could develop a more complex phase eld model with less approximations for interstitial behavior, we felt
it was more appropriate to utilize the same model studied in the mathematical analysis. The free energy
formulation prevents interstitials from entering the void phase and the interstitial concentration within
the void phase is within 2%. The resulting formulation has an average vacancy spinodal concentration of
approximately 0.3, and the average interstitial concentration is equal to the average vacancy concentration,
which is unphysically large at the spinodal. In fact, not assigning eigenstrain to the interstitials provides for
a more physical behavior with regards to mechanical behavior. Assuming vacancy eigenstrain is compressive
and interstitial eigenstrain is tensile, interstitial eigenstrain would have the e ect of reducing the overall local
eigenstrain. Provided that there is an excess of vacancies, as expected for void formation, the qualitative
results will be una ected.

The phase eld simulations demonstrate that concentration waves and void superlattices form for systems
with Z 6 1, but do not form for the system with Z = 1, with the spinodal decomposition mechanism. In
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Figure 1: The initial vacancy concentration eld for all the simulations.

all of the simulations, the initial sharp uctuations in the vacancy concentration eld (Fig. 1) increase in
length scale and become smoothed due to di usion. As the simulation progresses, the average concentration
of vacancies and interstitials increases in the simulations up ta, = ¢ = 0:3045 for all of the simulations, at
which time a quasi-steady concentration is reached (Fig. 2a). Note thatc, = ¢ throughout the simulations
and that the quasi-steady concentrations are controlled by the values oP;, P,, and K;, . During this period

of quasi-steady average concentrations, spatial variations develop in the concentration elds. This large
guasi-steady concentration is needed to access the spinodal decomposition mechanism for void formation.
Void formation occurs for all of the systems after the emergence of the concentration uctuations at the
guasi-steady concentration. The local vacancy concentration versus the local interstitial concentration is
shown for example in Fig. 2b for the body diagonal of the computational domain att = 14:28 for Z = 4.
During the incubation period before void formation, the amplitude of the concentration waves increases
though in all cases, the pattern of high and low concentration becomes almost static, and \nodes" (regions
of signi cantly increased vacancy concentration) develop. Eventually, the partitioning of vacancies into the
nodes increases past a critical point, and voids rapidly form via the spinodal mechanism. The voids undergo
coarsening, and the total average concentration of vacancies and interstitials increases after void formation.

The organization of the composition uctuations that occur before void formation depends on the Zener
anisotropy ratio. As predicted via the stability analysis, planar layers of alternating higher and lower vacancy
concentration occur alongf10Qg in the system with Z > 1, (Figs. 3a and 3b), while for the system with
Z < 1, these layers occur along 111g (Figs. 3c and 3d). No periodic concentration modulation occurs
for Z = 1 (Figs. 3e and 3f). Concentration waves develop along crystallographically equivalent planes,
contributing to the spatial organization of the vacancy nodes, which precede void formation. During the
incubation period, the planar spacing of the concentration waves is 12.8 units foZ = 4, varies between
11.3 to 12.9 units forZ = 0:25, and the wavelength for the spinodal decomposition is approximately 12.7
units. The planar spacing varies for theZ = 0:25 case because the planar organization is imperfect within
the domain. This is likely due to the use of periodic boundary conditions on a nite domain, which enforces
a maximum wavelength to t within the domain.

In these simulations, a small number of voids form, followed by the rapid formation of many more
voids (Fig. 4). The largest amplitude vacancy composition uctuations form the rst voids, while the
uctuations of smaller amplitude require more time to form voids. The vacancy nodes that form within
the planar concentration waves form a three-dimensional lattice pattern, leading to void formation in a
SC lattice for the system with Z > 1 (Figs. 4a and 4b) and an FCC lattice for the system withZ < 1
(Figs. 4c and 4d), although the lattice pattern is not perfect or complete throughout the domain. In the
elastically isotropic (Z = 1) system, the composition uctuations have no preferential planes and spinodal
decomposition continues normally with uncorrelated phase separation and random void formation (Figs. 4e
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Figure 2: a) The average concentrations of vacancies and interstitials within the three di erent phase eld simulations. The
average concentrations of vacancies and interstitials are equal at any moment. The average concentrations of vacancies and
interstitials rise initially, then obtain a quasi-steady value during the development of the concentration wave. Upon void
formation, the average concentrations rise again. b) A line plot across the body diagonal of the computational domain showing
the local variation of vacancies (orange dashed line) and interstitials (blue solid line) for Z =4 at t=14:28.

and 4f).

The void lattice is not stable against coarsening. As time continues, certain voids within the lattice grow
at the expense of other voids, destabilizing the lattice. Void coarsening occurs because the voids are slightly
di erent sizes due to their di erent formation times and because of the initial lattice pattern imperfections.
The voids that are not within the perfect or nearly perfect lattice region are subject to the most rapid
coarsening, while the voids within the more perfect lattice regions evolve much more slowly due to balanced
(symmetrical) elastic and chemical elds between the voids in the lattice. However, the long-term stability
of the void superlattices will not be discussed because the total average concentration of vacancies and
interstitials begins to rise after void formation. The increase in the average vacancy concentration causes
larger voids and drives interstitials (i.e., system mass) into the matrix phase, promoting void swelling. This
fuels void growth, rather than allowing the system to coarsen under the in uence of interfacial and elastic
energy.

The concentration waves will only develop with a small perturbation in the vacancy concentration eld,
which may ultimately preclude long-term superlattice stability. Concentration waves will hot occur when
there is a uniform vacancy concentration, as the system has no point of reference around which to develop
a wave. Thus, some inhomogeneity must exist in real materials for the elastically-driven concentration
wave mechanism to become active. The resulting concentration wave will mostly likely have heterogeneous
wave amplitude (larger and smaller uctuations). As a result, spatiotemporally progressive void formation
will occur regardless of the actual void formation mechanism (spinodal decomposition or nucleation and
growth) and will result in a size distribution of voids, allowing coarsening to occur. Without a mechanism
to oppose coarsening, it appears unlikely that superlattices created by elastic energy will be kinetically or
thermodynamically stable.

Superlattices could form all at once (via spinodal decomposition), or they could form more gradually
via preferential nucleation, growth, and coarsening. As discussed in Section 2.3, the concentration wave
phenomenon occurs in the matrix phase, and the introduction of any voids (e.g., via nucleation and growth)
would destroy the uniformity and periodicity in the vacancy, interstitial, and stress elds needed for the
concentration wave formation. The key point is that the concentration wave mechanism occurdefore any
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Figure 3: The vacancy concentration eld shortly before void formation under the inuence of elasticity for the dierent
Zener anisotropy ratios, for a, b) Z =4, c,d) Z =0:25, and e, f) Z = 1. By visualizing shortly before void formation, the
relatively large di erence in high and low concentration can be seE@ to show the pattern in the developing concentration waves.
Isosurfaces are shown for ¢, = 0:3045, the average vacancy composition at the quasi-steady concentration. Isosurfaces are
shown at a slightly earlier time than the solid computational domains to improve visualization for each type of image.
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Figure 4: The vacancy concentration eld showing void formation under the in uence of elasticity for the di erent Zener
anisotropy ratios. Void formation is shown in its a, c, e) early stages and b, d, f) after all voids have formed. a, b) Z =4,c,d)
Z =0:25,and e, f) Z = 1. Isosurfaces are shown for ¢, = 0:5.
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Table 2: Superlattice selection resulting from anisotropic di usion of SIAs or SIA clusters in cubic crystals [45]

Anisotropic di usion Superlattice type

1-D: hl1ii BCC/FCC
1-D: h11d FCC

2-D: f111g FCC

2-D: f11Qg BCC/sC

void formation and induces speci ¢ patterns in vacancy concentrations that are governed by the anisotropy
of the elastic modulus. In addition, interstitial eigenstrain would only play a minor role on the concentration
wave phenomenon due to their low concentration in physical systems.

Because the concentration wave mechanism involves the curvature of the chemical free energy leading to
suppression or ampli cation of atomistic uctuations, a spinodal mechanism is necessary. Thus, discussing
aspects of the void phase, such as interfacial energy and bubble pressure, are outside the scope of the
concentration wave phenomenon. However, we have not tested a nucleation and growth mechanism in the
current phase eld model, and should not rule out the possibility of elasticity-driven superlattice formation
via elasticity e ects induced by existing voids, though we consider it to be unlikely.

4. Predicted superlattice symmetry selection compared to experimental observations

The physical origin of irradiation-induced void and gas bubble superlattices is a long-standing, contro-
versial issue within the literature. It is still under debate whether the formation of superlattices is caused by
elastic anisotropy, di usion anisotropy or Turing instability. There are also two di erent views on di usion
anisotropy: one-dimensional (1D) di usion (in which defects di use along one crystallographic family of
directions) v.s. two-dimensional (2D) di usion (in which defects di use along a crystallographic family of
planes). Here we make a complete summary of our analytical and simulation results to clarify the e ects of
elastic anisotropy and di usion anisotropy on superlattice symmetry selection for cubic materials.

First, we summarize our previous results regarding di usion anisotropy on superlattice symmetry se-
lection. Di usional anisotropy can lead to superlattice formation, both by the development of intersecting
concentration waves at a spinodal composition, and by the creation of di usion \shadows" by existing voids
in particular directions, leading to higher and lower vacancy concentrations that promote preferential void
nucleation and ordering [20]. The relationship between type of di usion anisotropy and superlattice symme-
try are listed in Table 2. If the superlattice formation is dominated by 1D SIA/SIA cluster di usion along
hl1li, either a BCC superlattice (di usion-controlled process) or an FCC superlattice (reaction-controlled
process) results [17, 20, 21, 45]. Diusion-controlled and reaction-controlled processes are distinguished
based on the competition between SIA di usivity (D;) and recombination rate (K;, ), and they control su-
perlattice symmetry by altering the preferential concentration wave modes. If the superlattice formation is
dominated by 1D SIA diusion along h110 or by 2D SIA diusion on f111g, an FCC superlattice results.
If the superlattice formation is dominated by 2D SIA diusion on f11Qy, the superlattice is either BCC
(di usion-controlled) or SC (reaction-controlled).

The symmetry selection of superlattices driven by elastic anisotropy of cubic materials under the concen-
tration wave phenomenon is listed in Table 3. If the superlattice formation is dominated by elastic anisotropy,
the superlattice could exhibit either FCC or SC symmetry depending on the Zener anisotropy ratio, regard-
less of the crystal symmetry itself. Note that there is no BCC superlattice that would result from elastic
anisotropy in cubic materials via the concentration wave phenomenon, and isotropic materials will not form
superlattices. Also note that the symmetry selection of superlattices driven by elastic anisotropy applies to
both voids and gas bubbles, as the sign of the eigenstrain does not a ect the result in Section 2.

The observed superlattice symmetry compared to the crystal symmetry provide indications of the active
superlattice formation and stabilization mechanisms. In FCC metals, only FCC type superlattices have
been observed [11]. In BCC metals, primarily BCC superlattices are reported [46, 47]. In addition, BCC
superlattices are observed in BCC tungsten, which has a Zener anisotropic value df = 1 [48]. Furthermore,
FCC superlattices are observed in BCC U-Mo alloy [9], which is also elastically isotropic [49].
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Table 3: Superlattice selection resulting from elastic anisotropy in cubic crystals [21]

Zener ratio (Z) Superlattice type

Z<1 FCC
Z>1 SC
Z=1 None

Finally, the di usion anisotropy mechanism can operate with or without spinodal decompaosition [17, 20],
but we show that superlattice formation via concentration wave development under the in uence of elastic
anisotropy requires a spinodal mechanism. Irradiated materials are known to develop vacancy clustering that
leads to void formation, leading to void nucleation and growth [50]. Indeed, the entire eld of cluster dynamics
modeling focuses on defect clustering behavior. It is extremely unlikely that vacancy supersaturations can
be achieved that would access a spinodal region in a free energy before nucleation and growth of voids would
occur, if indeed there even is a spinodal region in the free energy of a solid-vacancy system.

The above facts strongly suggest that concentration wave development under the in uence of elastic
anisotropy is not the mechanism by which void or gas bubble superlattices form, although it could be sec-
ondary in company with di usion anisotropy and play a role in rate of superlattice formation with irradiation
dose. The vast majority of FCC metals haveZ > 1, which would result in SC superlattice formation under
the concentration wave elastic anisotropy mechanism. However, these metals exhibit FCC superlattices,
which could form via both 1D and 2D di usion anisotropy. As mentioned above, the behavior of superlat-
tices in BCC materials does not appear to be governed by elastic anisotropy: BCC superlattices cannot form
in cubic materials via elastic anisotropy, and BCC materials with isotropic elasticity should not form super-
lattices at all. Interestingly, both elastically isotropic BCC materials generate FCC superlattices. However,
di usion anisotropy could promote both superlattice types in BCC metals. In BCC metals, the h11l and
f 110y are the close-packed direction and plane families, respectively, such that both 1D di usion alongl11i
and 2D diusion on f11Qy are possible. Further investigations are still needed to study the possibility of
superlattice formation via nucleation, growth, and coarsening under the e ect of elastic anisotropy.

5. Conclusions

In the paper, we perform a theoretical analysis of the e ect of elastic anisotropy in cubic materials on
irradiation-induced void superlattice symmetry selection and we con rm the analytical predictions with phase
eld simulations. We also compare the predictions of superlattice symmetry arising from elastic anisotropy,
previous predictions of superlattice symmetry arising from anisotropic di usion, and experimentally-observed
superlattices. We nd that elastic anisotropy can drive periodic concentration wave development in the ma-
trix phase at the spinodal composition, which can decay into three-dimensional, ordered void lattices. This
mechanism can lead to either FCC or SC superlattices depending on the Zener anisotropy ratio; BCC super-
lattices are not predicted. These superlattices are formed by the generation of static vacancy concentration
waves that promote void formation. Furthermore, elastically isotropic materials will not produce superlat-
tices. However, previous research indicates that di usion anisotropy can lead to either FCC, BCC or SC
superlattices depending on both the anisotropic di usion direction and the relative rates of defect produc-
tion, di usion, and recombination, and can operate with nucleation and growth or spinodal decomposition.
Comparing our results with existing experimental observations, we suggest that the development of periodic
concentration waves in the matrix from elastic anisotropy and void creation via spinodal decompaosition in
cubic materials is not responsible for symmetry selection upon void or gas bubble superlattice formation, but
suggest that di usion anisotropy can cause the experimentally observed superlattices. Further investigation
is still needed to determine the e ect of elastic anisotropy on possible superlattice formation via nucleation
and growth.
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