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5 ABSTRACT: We introduce a multi-reward reinforcement learning (RL) approach to train a
6 flexible bond-order potential (BOP) for 2D phosphorene based on ab initio training data sets.
7 Our approach is based on a continuous action space Monte Carlo tree search algorithm that
8 is general and scalable and presents an efficient multiobjective optimization scheme for high-
9 dimensional materials design problems. As a proof-of-concept, we deploy this scheme to
10 parametrize multiple structural and dynamical properties of 2D phosphorene polymorphs.
11 Our RL-trained BOP model adequately captures the structure, energetics, transformation
12 barriers, equation of state, elastic constants, and phonon dispersions of various 2D P
13 polymorphs. We use this model to probe the impact of temperature and strain rate on the
14 phase transition from black (α-P) to blue phosphorene (β-P) through molecular dynamics
15 simulations. A decrease in critical strain for this phase transition with increase in temperature
16 is observed, and the underlying atomistic mechanisms are discussed.

17 Phosphorene, a recently discovered 2D analogue of bulk
18 phosphorus, has generated a tremendous amount of
19 excitement owing to their unique physicochemical and
20 electronic properties, and structural features1 that include its
21 puckered layered structure. In particular, it presents a widely
22 tunable band gap, strong in-plane anisotropy, and high carrier
23 mobility,2−5 which make it an exciting material of choice for
24 emerging electronic, optoelectronic, and spintronic applica-
25 tions.
26 There are several polymorphs of phosphorene, each of which
27 can have a significant variation in their physical, chemical,
28 electronic, and mechanical properties. Two most notable
29 polymorphs of phosphorene are the black (α-P)6 and blue (β-
30 P)7 phosphorene that are known for their tunable band gap,
31 which is usually modulated by varying the number of layers or
32 the applied strain. Their band gap can be tuned over a much
33 larger regime of 0.3−2.0 eV, as compared to other counterparts
34 such as WSe2 and MoS2 for which this value ranges around
35 1.2−1.8 eV. Moreover, heterostructures that comprise
36 graphene/phosphorene stacking have resulted in a much
37 wider band gap ranging from 0.004 to 4.26 eV.8 The α-P and
38 β-P polymorphs have been explored in the areas of chemical
39 catalysis, detectors, and photocatalytic reactions.9,10 Given the
40 wide variation in the polymorph properties of 2D phospher-
41 eneblack is semiconducting, whereas blue can be metallic
42 there has been a lot of effort focused on engineering the phase
43 transformation to exercise better control over phenomena such
44 as electron−phonon coupling enhancement,11 superconduc-
45 tivity,12 semiconductor to metal transition,13 band gap
46 modification,14 and direct−indirect band gap transition.15

47Strain engineering or applications of pressure represents one of
48the viable routes to modify the structure and thereby the
49properties of 2D phosphorene.16

50Several recent theoretical studies, primarily based on first-
51principles calculations, have explored the effect of strain on the
52electronic structure of single- and/or few-layer phosphorene.
53For example, density functional theory (DFT) calculations17 of
54a few-layer (one to five layers) α-P suggest that compressive
55strain can lead to a semiconductor−metal transition. On the
56other hand, the biaxial tensile strain was found to only affect
57the band gaps and does not alter other electronic properties of
58the system. In another study18 a reversible semiconductor−
59metal transition was observed at ∼13% of normal compressive
60strain that was attributed to the strong interlayer interactions
61between the phosphorus pz orbitals. The authors also found a
62direct−indirect band gap transition at ∼3% of strain suggesting
63that strain can engineer property modulation structural
64modifications.
65There are several other unique properties including
66mechanical properties that are also of significant interest. For
67example, phosphorene can sustain tensile strains over 30%
68which is higher than that reported for graphene19 or single-
69layer MoS2.

20 The puckered structure results in a negative
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70 Poisson ratio, higher ductility in the AM (armchair) direction
71 compared to the ZZ (zigzag) direction and good mechanical
72 flexibility.21 These studies clearly indicate the importance of
73 understanding structure−property relationships in phosphor-
74 ene polymorphs. More importantly, while there has been a
75 significant amount of computational effort, most have primarily
76 involved the use of first-principles calculations based on DFT.
77 Dynamical studies that aim at understanding the structural and
78 phase transformation upon application of external stimuli
79 (such as mechanical,22 thermal,23,24 etc.) over time (pico-
80 seconds to microseconds) and length scales (≫tens of
81 nanometers) are of significant importance. In this respect,
82 classical molecular dynamics (MD) simulations represent an
83 excellent approach to address this challenge.
84 It is not surprising that there have been significant efforts on
85 developing high-quality interatomic potentials for phosphor-
86 ene. Some notable classical potential models include the
87 Stillinger−Weber (SW)25 potential to individually model α-P
88 and β-P phases, with a model for the α-P phase that consists of
89 two separate atom types. There is a parametrization of
90 ReaxFF26 that is capable of modeling both the black and blue
91 polymorphs, but their stress−strain curves erroneously display
92 no indication of phase transition. There have been a few
93 qualitative reports on a possible transition from α-P to β-P27 as
94 a part of mechanical property evaluation. A recently developed
95 machine learning based Gaussian approximation potential28

96 (GAP) is trained on a very diverse data set of P configurations
97 representing a model capable of making predictions across
98 several polymorphs of P, but its high quality comes at a greater
99 computational expense in comparison to its analytical
100 counterparts. It is highly desirable to develop accurate but
101 fast interatomic potentials for performing dynamical simu-
102 lations of materials.
103 Traditionally, the development of these potential models,
104 including those based on machine learning, involve navigation
105 through a high-dimensional parameter space and remain
106 nontrivial. Briefly, local optimization techniques rely on
107 gradient based information (which require well-defined
108 gradients of the objective function). While this approach can
109 be efficient, it is limited in terms of the search space explored.
110 In contrast, the global optimization techniques, such as those
111 based on genetic algorithms,29 particle swarm,30 or Bayesian
112 optimization,31 explore a wider search space and thus have
113 been successful. However, their performance both in terms of
114 the solution quality and the number of evaluations to reach an
115 optimal solution tends to be poor in higher dimensional search
116 spaces. This is further complicated when one is dealing with
117 multiple objectivesthe search algorithms tend to be biased
118 depending on the choice of weights or are dependent on the
119 user (pareto-type) to choose from the pareto front.
120 Here, we introduce a multi-reward reinforcement learning
121 (RL) workflow (Figure 5) that allows us to efficiently navigate
122 through a high-dimensional parameter space involving a
123 multiple set of objectives. To circumvent the issues with the
124 choice of the weights, we introduce the concept of multiple
125 rewards arranged in a hierarchical level within the framework

126of a continuous action space RL algorithm such as Monte
127Carlo tree search (MCTS). We apply it to a representative
128problem of multiobjective potential parameter optimization to
129develop a computationally cheap yet efficient bond-order
130potential (BOP) model for phospherene polymorphs. We
131chose the BOP formalism since it involves navigating through a
132relatively complex 14-dimensional space (please see the
133Supporting Information), but the output potential model is
134efficient enough to simulate longer time-scale and larger
135length-scale simulations to study strain-induced phase
136transition between α-P and β-P.
137Using the multi-reward RL workflow, we obtain optimal
138 t1model parameters shown in Table 1. To assess the model
139accuracy, we compare its predictions against those in the
140training set obtained through DFT calculations. The results are
141 t2presented in Table 2. We find that the relative error in lattice

142parameters prediction is less than 8% for the different
143polymorphs, while the errors in energetics are less than 6%.
144We note that it is quite difficult to optimize potentials when
145the different polymorphs have almost identical cohesive
146energies. Our potential, however, simultaneously captures the
147properties and energetics of both the α and β phases
148accurately, even though both phases have near-identical
149energies. The relative energetic ordering of different poly-
150morphs is in excellent agreement with that of DFT
151computations. Note (see Table 2) that the polymorphs
152investigated in this work for strain-induced phase transition,
153i.e., α-P and β-P, are predicted with much lower errors in
154comparison to the higher energy or non-equilibrium
155monoclinic (θ-P) polymorph.
156Our model accurately reproduces the shape of the equation
157of state (EOS) curve for the different polymorphs and our
158elastic constant predictions are in good agreement with that
159 f1from the first-principles calculations (Figure 1a and Table 2).
160We further compare the phonon dispersion curves predicted
161across the different polymorphs (Figure 1b) by the model with
162respect to those obtained from DFT. The model predictions
163are in excellent agreement with those from DFT calculations in
164terms of both shape and magnitude.
165A clear crossover could be seen in the strained
166 f2configurations at 0 K (Figure 2), which suggests that the

Table 1. RL Optimized BOP Model (Tersoff) Parameters of Phosphorene Obtained in This Work

m γ λ3 (Å
−1) c d θ n

1 0.883338 0.873251 86567.3351 222.44853 −0.269673 0.80808
β λ2 (Å

−1) B (eV) R (Å) D (Å) λ1 (Å
−1) A (eV)

0.783731 1.184091 69.693302 2.540076 0.114989 3.584868 1902.96888

Table 2. Lattice Parameters and Cohesive Energies of
Different Polymorphs of Phosphorene Obtained Using DFT
and BOP (Tersoff) Potential

phase α-P β-P

method DFT BOP DFT BOP

a (Å) 3.326 3.273 3.296 3.273
b (Å) 4.573 4.315 3.296 3.273
γ (deg) 90.000 90.000 60.00 60.00
Ecoh (eV/atom) −3.4799 −3.6742 −3.4804 −3.6742
C11 (GPa) 44.9138 27.6464 35.7721 22.5312
C12 (GPa) 8.4114 0.024 3.8423 3.3804
C22 (GPa) 10.9772 4.9874 35.765 22.5312
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167 model EOS can adequately represent the strain-assisted phase
168 transformation across these two polymorphs. We next compare
169 the energy barrier for transformation between α-P and β-P
170 polymorphs obtained by the BOP model and DFT using the
171 climbing image nudged elastic band calculations (please see
172 Supporting Information Section S1.4).32,33 The barrier
173 between black and blue phosphorene phases along with the
174 minimum energy pathway and saddle point was obtained from
175 climbing image nudged elastic band (CI-NEB) calculations.
176 Figure 2b shows the various NEB images that depict the
177 transition states, whereas panels c and d of Figure 2 show the
178 barriers for transformation between α-P and β-P polymorphs
179 computed using DFT and the RL-trained BOP model,
180 respectively. We find that the barriers are in good agreement

181(0.4 eV for DFT vs 0.6 eV for BOP) which allows us to now
182explore the use of strain to overcome this barrier and possibly
183control the phase transition.
184We next deploy our RL-trained BOP model and perform
185MD simulations to investigate the strain-assisted phase
186transition at different temperatures from 10 to 500 K (see
187Methods for more details). For brevity, we limit the discussion
188to the case of 300 K, while the results for other temperatures
189are provided in the Supporting Information. Starting from the
190black (α-P) phosphorene at various temperatures, the
191configuration was strained along [010] at a rate of 1 × 10−6

192 f3ps−1 until the 2D sheet reaches failure. Figure 3a showcases the
193stress−strain curve obtained from the simulations. Interest-
194ingly, the curve comprises multiple slopes unlike that of a

Figure 1. (a) Equation of state (EOS) and (b) phonon dispersion behavior of different polymorphs of phosphorene as obtained using the reference
DFT and the trained BOP (Tersoff) model in this work. In panel a, the energy is relative to the relaxed configuration with no strain.

Figure 2. (a) Energy of α-P and β-P phosphorene as a function of strain at 0 K as obtained using the Tersoff model. The sheet area and energy are
referenced with respect to those of relaxed α-P phosphorene. (b) Few transition snapshots obtained using DFT evaluations. Energy barrier for
phase transition from α-P to β-P using (c) DFT and (d) BOP (Tersoff) model.
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195 typical single-phase stress−strain curve; the stress reduces
196 around 14% strain and remains relatively flat until 32% strain,
197 when, subsequently, it begins to increase, although with a
198 different slope this time, until it drops to zero at 53% strain,
199 marking the failure of the 2D sheet. With a continuous
200 injection of strain energy into the system at isothermal
201 conditions, one would expect a monotonic increase in stress
202 until the yield point, but the observed behavior is remarkably
203 different.
204 This suggests that the strain energy leads to a change in
205 atomic rearrangement, indicating phase transition prior to
206 failure. Representative snapshots shown in Figure 3c confirm
207 the presence of multiple competing phases. To obtain a more
208 quantitative distribution of the α-P and the β-P phases during
209 the MD trajectory, we use an atomic fingerprinting analysis.
210 The observed transition is continuous and leads to mixed blue/
211 black/intermediate defective phases before the complete
212 transformation to pure phase.
213 To determine the phase distribution of the phosphorene
214 during the applied uniaxial strain, an atomistic fingerprinting
215 technique was used. We use the smooth overlap of atomic
216 positions (SOAPs) fingerprint (105-dimensional unique SOAP
217 fingerprint vector for each atom). The cosine distance was
218 computed and compared against those of atoms in pure blue
219 and black phosphorene. The smaller the cosine distance of an
220 atom fingerprint to that of the black (or blue) phosphorene,
221 the more likely it is that the atom belongs to the black (or
222 blue) phosphorene phase. With this definition, we charac-
223 terized each atom in a simulated trajectory as either blue, black,
224 or intermediate and studied their dynamical evolution (see
225 Figure 3b).
226 Comparing Figure 3a,b, we note that the 25% rise in β-P
227 phase corresponds to the decrease in stress around 14% strain.
228 With additional strain, the system completely transforms into

229100% α-P phase matching the change in the slope of the
230stress−strain curve at 32% strain. This can both be visually
231confirmed from the snapshots (Figure 3c) and also the phase
232distribution plot. Additionally, the slopes quantitatively depict
233a higher elastic modulus for the β-P phase which qualitatively
234agrees with the values predicted both by DFT and the BOP
235model (see Table 2). Therefore, the transition behavior has
236been verified both visually34 and analytically.
237Next we show that the above strain-induced phase transition
238in phosphorene can be tuned with a change in temperature and
239applied strain ratethis is relevant especially for materials
240employed in optoelectronic applications. Temperature effect
241on the critical strain needed for the onset of phase transition
242from black (α-P) to blue (β-P) phosphorene as a function of
243temperature is presented in Figure 3d. The critical strain
244needed for phase transition is inversely related with the
245temperature. While at extremely low temperatures (∼10 K)
246about 20% strain is needed to initiate the formation of β-P
247phase, this value drops to only 6% at 500 K. This inverse
248relation is expected as with increasing temperature thermal
249energy also assists in overcoming the transition energy barrier
250captured in Figure 2. Similarly, an increase in the strain rate
251can be observed to increase the critical strain necessary to
252initiate phase transition; compare red and green curves in
253Figure 3d. This again can be understood from kinetic effects as
254at lower strain rate the system has more time to jump over the
255transition barrier. (Also the effect of temperature on strain to
256failure can be noted in the Supporting Information from
257Figures S5 to S9. These results provide theoretical estimates
258and lay the groundwork for experimentalists to tune the
259operating conditions required to control the α-P to β-P phase
260transition.
261Density functional theory can accurately capture diverse
262bonding environments within a single formulationthis allows

Figure 3. Phase transformation in phosphorene due to uniaxial strain at 300 K. (a) Observed stress vs strain behavior, (b) fraction of α-P/
intermediate-P/β-P computed using the SOAP fingerprint analysis. (c) Associated (i), (ii), (iii), and (iv) demonstrating representative structures
during the transformation, with black/white/blue color highlighting the α-P/intermediate/β-P phase to which each P atom belongs. (d)
Temperature and strain-rate dependence of uniaxial strain at which α-P to β-P phase transformation was observed using the MD simulations. Error
bars indicate 2σ standard deviation from five independent simulations.
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263 it to model both clusters and interfaces (reactive as well as
264 nonreactive) to be captured. It is worth noting that the
265 scalability of several available DFT codes have now made ab
266 initio molecular dynamics (AIMD) simulations quite feasible.
267 Despite this progress, there still remains a significant gulf
268 between the spatiotemporal scales accessible to AIMD and
269 classical molecular dynamics (MD) simulations that employ
270 empirical physics based potentials. There have been several
271 different potential modelsthe BOP formalism represents a
272 simple and elegant way to capture both pair-wise and three-
273 body interactions. Powerful high-quality ML models such as
274 neural networks35,36 (NN) or GAP37 have emerged as a viable
275 alternative to DFTit is worth noting that ML models based
276 on NN are interpolative and as such perform poorly outside of
277 their training data set. GAP potentials represent an ML
278 approach to derive interatomic potentials directly from data
279 sets (energies and forces experienced by atoms) computed
280 using quantum mechanical calculations. While they achieve a
281 high degree of accuracy and are computationally much cheaper
282 compared to DFT, their computational cost is still high
283 compared to simpler physical models such as BOP. The BOP
284 formalism is thus computationally much cheaper, but the main
285 challenge lies in achieving high accuracy compared to DFT. If
286 trained properly (as shown in this work), it has the ability to
287 capture several diverse environments, allowing it to access time
288 and length scales that extend to several 100s of nanometers
289 and 100s of nanoseconds.
290 To illustrate this, we benchmark the RL-trained BOP model
291 against state-of-the-art classical and ML models such as SW,25

292 ReaxFF,26 and GAP28 (see the Supporting Information for
293 details on the property comparison). For a fair comparison, all
294 of the MD equilibration and production runs of different

f4 295 system sizes were carried out on a single CPU core. Figure 4

296 shows that the size effects were insignificant relative to the
297 computational cost of the different interatomic potentials;
298 different points of the same shape indicate varying sizes. As
299 expected, all the models are far apart when correlating cost
300 with accuracy−we observe that ML models such as GAP28

301 achieve high accuracy but also exhibit high computational cost.
302 Both SW and BOP (Tersoff) are scalable owing to their low
303 cost, but the SW model displays higher errors, perhaps due to
304 limited flexibility in the functional form. On the other hand,
305 the RL-trained BOP model has comparable accuracy to that of

306the GAP28 model but at a significantly (about an order of
307magnitude) lower computational cost.
308In summary, our multi-reward RL approach to develop high-
309fidelity yet computationally cheap BOP models opens up new
310opportunities for dynamical simulations of low-dimensional
311materials in the mesoscale regime, thereby accelerating their
312design and discovery.

313■ METHODS
314The MCTS tree consists of several nodes, each of which
315contains a unique BOP parameter set. The main idea is to
316grow those tree branches that contain nodes with promising
317parameter set. For this, the head node of the MCTS tree is
318initialized randomly with a BOP parameter set and then the
319four stages of MCTS are executed iteratively using a learning
320policy with modifications as outlined above. In the selection
321stage, the node with the highest score based on the learning
322policy is selected. Here, we use the popular upper confidence
323bound (UCB) as the learning policy, with important
324modifications to suit efficient optimization in the continuous
325potential energy surface as opposed to the traditional discrete
326design space. The learning policy contains two parts; one is
327focused on exploitation or achieving minimum error score,
328while the other is related to the exploration and is based on the
329ratio of parent to child node visits made by the MCTS agent.
330The latter term contains an exploration constant, a hyper-
331parameter that balances the exploitation vs exploration trade-
332off. Next, in the expansion stage, child nodes are added to the
333selected node such that their parameter values are small
334perturbations compared to that of the parent node. We note
335that the region of the space explored reduces with the increase
336in tree depth, which helps in the convergence of the
337algorithm.38 In the simulation stage, playouts are conducted
338for the newly generated child nodes to evaluate their
339performance and the scores of all relevant parent and child
340nodes are updated in the back-propagation stage. The global
341optimization of the parameter sets is achieved through a multi-
342reward MCTS scheme which is followed by a Simplex
343algorithm39 for subsequent local optimization to derive the
344final set of best parameters. The training data set derived from
345DFT computations are comprised of several different sets of
346objectives, which include structures of the various 2D
347phosphorene polymorphs and their energy, EOS, elastics,
348and phonon dispersion curves.
349Analogous to computer games, we introduce a rewards
350scheme where the objectives are evaluated on the basis of a
351hierarchical manner where errors for multiple properties are
352evaluated stage-wise depending on the typically increasing level
353of difficulty (and/or are at the discretion of the user). All of the
354multiple objectives or rewards are evaluated using LAMMPS.40

355Initially, the agent makes a heuristic guess of the BOP
356parameters within the specified bounds of the high-dimen-
357sional space. The property evaluations are ordered according
358 f5to their simulation cost, as demonstrated in Figure 5. The
359reward for the first stage (here lattice parameters) is evaluated,
360and if the constraint on the relative error is satisfied, the agent
361moves to evaluate the reward for the successive stages
362(cohesive energy, EOS, etc.) one at a time. The rewards
363from each stage are accumulated, and the overall reward is fed
364back to the agent. Thus, the reward value for a BOP parameter
365set is higher if it successfully completes multiple stages.
366This approach offers a 2-fold advantage, one being early
367rejection of parameter sets without having to evaluate all of the

Figure 4. Computational cost vs accuracy. The orange and blue
dashed lines denote the Pareto frontier. The models have been
evaluated at different sizes, and the error has been reported against the
target DFT values used to fit the model in this work.
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368 properties, thus saving time and computing power. The other
369 is the ability to tune the search space to identify and map
370 regions of good parameters relative to the most desired
371 properties simultaneously. More details on the hyperpara-
372 meters and the LAMMPS computations are provided in the
373 Supporting Information.
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Figure 5.Multi-reward RL workflow to train BOP model for phosphorene. The training set consists of structure, energy, EOS, elastics, and phonon
dispersions evaluated from DFT. The multi-reward technique gives the choice to tune the parameters on the basis of the relative importance of
desired properties. The global optimization is performed using MCTS, while the parameter set satisfying all of the different stages of objectives is
fed into a local optimizer like Simplex.
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