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ABSTRACT

In nonlinear optics, significant effort is concentrated on improving the strength and efficiency of interactions; however, experimentally
investigating nonlinear materials is a complex, time-consuming, and costly investment. Moreover, it is often challenging to isolate, study, and
optimize material parameters in an experiment due to complexities in the growth process. Recently, epsilon-near-zero materials have received a
great deal of attention as promising nonlinear optical materials, but like many up-and-coming materials, the ability to explore and optimize
their properties has been challenging. Here, we establish a framework to rapidly evaluate the performance of nonlinear epsilon-near-zero
materials for both inter- and intraband effects in silico, requiring only an energy–momentum (E–k) diagram, linear optical properties, and
experimental conditions. Measured nonlinear reflection and transmission in gallium-doped zinc oxide films are compared to the numerical
framework for both intra- and interband excitation to verify accuracy across wavelength and irradiance while two figures of merit (FoMs) are
introduced to quickly evaluate the performance of films without a full numerical framework. This capability is used to predict the performance
of highly doped gallium nitride, cadmium oxide, zinc oxide, and indium tin oxide films, and efficient intra- and interband operation conditions
are identified. Through this numerical framework and the FoMs, the exploration of unstudied epsilon-near-zero materials is enabled without
the need for a nonlinear experiment, thereby accelerating the search for more efficient nonlinear materials and excitation conditions.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0077116

Nonlinear optics is well-known to be limited by the weak interac-
tion of light and matter, which has fostered research into improved
materials for ultrafast on-chip and interactions.1 Recent research has
explored organic materials,2,3 2D materials,4,5 and metamaterials6–9 as
well as emerging topological structures10,11 to improve nonlinear
effects. Among them, epsilon-near-zero (ENZ)12–26 materials—films
with a condition of Refeg ¼ 0—have received significant attention.12,13

Recent experiments have shown large modulation of reflection-
transmission17,27,28 as well as adiabatic frequency conversion29,30

driven by a strong intensity-dependent refractive index (IDRI). Such
enhanced nonlinearities arise due to the inherent features of ENZ,
which combine a “slow,” but fast enough (�THz scale), free-carrier
nonlinearity that enables interactions to accumulate over the
pulse width alongside slow light enhancement and strong field

localization.12,29,31 It is also important to note the distinction
between the ENZ and near-zero-index (NZI). Both ENZ and NZI
conditions can be achieved in homogeneous materials (e.g., doped
films or phononic materials), which achieve local ENZ/NZI condi-
tions.17,32,33 On the other hand, structured materials (e.g., metamate-
rials or waveguides) achieve an effective or macroscopic “near-
zero-wavevector” condition through geometric manipulation of
finite permittivity constituents.6–9,35,36 While both approaches can
be useful in their own right, the enhancements provided to nonlinear
phenomena differ. Researchers should consider the end goals when
making use of ENZ enhancement.12,13 Here, we focus our efforts on
the study of degenerately doped semiconductors as they provide
ENZ properties without requiring complex nanofabrication while
offering all nonlinear enhancement mechanisms.

Appl. Phys. Lett. 120, 031103 (2022); doi: 10.1063/5.0077116 120, 031103-1

VC Author(s) 2022

Applied Physics Letters ARTICLE scitation.org/journal/apl

https://doi.org/10.1063/5.0077116
https://doi.org/10.1063/5.0077116
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0077116
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0077116&domain=pdf&date_stamp=2022-01-18
https://orcid.org/0000-0002-5555-3142
https://orcid.org/0000-0003-4791-4742
https://orcid.org/0000-0001-5195-6326
https://orcid.org/0000-0003-0725-8736
https://orcid.org/0000-0002-3825-5434
mailto:nkinsey@vcu.edu
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1063/5.0077116
https://scitation.org/journal/apl


A large IDRI has been experimentally shown in several homoge-
neous ENZ materials, including transparent conducting oxides
(TCOs) at near-infrared wavelengths.33,34 The genesis of the large
IDRI of TCOs stems from the redistribution of free electrons in the
E–k space and their resulting occupation of states with differing effec-
tive masses (intraband) as well as the generation of additional electron-
hole pairs within the material (interband).12,28,37 A non-parabolicity
parameter can be invoked to describe this response,38–42 but this
approach generally requires the non-parabolicity parameter to be
known a priori, limiting the applicability to well-established materials.

In this work, we aim to establish a closed-loop predictive frame-
work for evaluating both the interband and intraband nonlinear
response of ENZ materials using a kinetic model. Our approach is ver-
ified using nonlinear reflection measurements on Ga:ZnO and then
expanded to materials XX:GaN and YY:CdO (XX is Ge43,44 or Si45 and
YY is Dy,46 F,47 or In48), requiring only the input of a band structure
and relevant experimental parameters. Calculations are performed for
both interband and intraband nonlinear processes of films within cur-
rent doping limits or just beyond, and a figure of merit (FoM) for each
effect is outlined. The model provides a feasible way to change material
properties that are typically controlled by growth conditions to high-
light performance tradeoffs and rapid material evaluation.14

For refractive index nonlinearities in homogeneous ENZ materi-
als, two potential processes are possible: intraband transitions that
redistribute the electrons in the E–k space and interband transitions
that produce excess free carriers.28,37 In the case of intraband pro-
cesses, absorption results in excess energy density stored in the
material

DUIR tð Þ ¼ A kIR; tð Þ I0IRtIR
d

gIR tð Þ; (1)

where AðkIR; tÞ is the absorptivity at the IR pump wavelength calcu-
lated through the angularly resolved transfer matrix method.49 I0IR is
the incident IR pump intensity, tIR is the pump pulse FWHM, d is the
film thickness, and gIRðtÞ is the fraction of energy in the material from
the pump given by

g tð Þ ¼ 1
2

erf
t
r

� �
þ 1

� �
1; t < 0;

e�
t

sIR ; t � 0;

(
(2)

where r is the time of the Gaussian IR pump pulse. After thermaliza-
tion of the non-equilibrium electron population through electron–
electron scattering (occurring on the order of 10s fs47,48), the absorbed
energy causes a rise in the effective electron temperature, Te, inducing
high energy or “hot” electrons that are heavier than their low energy
counterparts. This energy relaxes to the lattice through electron–
phonon scattering with a characteristic time of sIR, generally been
shown to be�200 fs.50,51

As the excited electrons remain at higher energies in the band,
the average effective mass of the electrons increases, calculated for any
temperature, Te and carrier concentration,N , through

m�avg Teð Þ ¼
1
N

ð1
0

f l;Te; Eð Þq Eð Þ
m� Eð Þ dE

 !�1
; (3)

where f l;Te; Eð Þ is the Fermi–Dirac distribution of carriers with a
chemical potential l, qðEÞ is the density of states (DOS) of the

conduction band near the C point, and N ¼
Ð1
0 f ðl;Te; q Eð ÞdE. The

optical effective mass as a function of energy is calculated through16

m� Eð Þ ¼ 2

3�h2k

dE
dk
þ 1

3�h2
d2E
dk2

� ��1
: (4)

Inherent to this assumption is that the conduction band minimum
(CBM) is located at the C point, exhibits spherical symmetry, and is
not degenerate at C. Materials such as GaN, CdO, ITO, and AZO all
fit these conditions while other well-known films, such as Si, require
tensor nature and the consideration of multiple valleys.

In the case of interband processes, absorption results in the pro-
duction of excess electrons with density

DN ¼ A kUV ; tð Þ I0UVtUV
d

1
�hx

gUV tð Þ; (5)

where gUV is given in Eq. (2) replacing sUV for the relaxation time of
the interband process. As free carriers are generated, an equal density
of holes is also generated in the valence band forming an e–h pair. The
optical contribution of the generated holes can be neglected for many
materials due to their high effective mass, which only slightly alters the
conductivity.52 The relaxation rate for the e–h pairs varies greatly
based on material quality and doping levels between 100s of femtosec-
onds and the picoseconds. The increase in the carrier concentration
from interband absorption also induces an increase in energy of the
electron sea to account for the new carriers. This change in the energy
density is approximated as

DUUV � DN lþ DN
q lð Þ

 !
; (6)

where DN=qðlÞ is approximately the change in the Fermi level.
Following these calculations, two conservation equations can be

established to encompass both effects—conservation of carriers and
conservation of energy

N ¼ N0 þ DN ¼
ð1
0
f l;Te; Eð Þq Eð ÞdE; (7)

U ¼ U0 þ DUIR þ DUUV ¼
ð1
0
f l;Te;Eð Þq Eð ÞEdE; (8)

where Uo is the linear energy density of the system. By solving these
equations in tandem, l and Te can be calculated at every point in time
for any combination of UV and IR pumps. This allows calculation of
m�avg and, thus, the permittivity as described through the Drude model.

For simplicity, we consider films thin enough to assume the
absorption is uniformly distributed throughout the film (d < 1=a),
but note that the model can be extended to include thickness depen-
dence. This is a good assumption for common ENZ materials such as
ITO and Al:ZnO studied in the literature27,32,33,53 with film thicknesses
�300nm. This assumption holds true for interband as long as the UV
pump is at the band edge. Additionally, the permittivity change attrib-
uted to Moss–Burnstein shifts is not considered, and the bandgap is
fixed, allowing a single e1 in the near-infrared to account for high-
frequency absorption. This is a reasonable assumption for low to mod-
erate pumping regimes but would lead to deviations under high UV
pump irradiances as band filling would result in saturation of the UV
pump absorption.
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To verify the model, nonlinear reflection measurements were
conducted on a GZO film with ENZ e kENZ ¼ 1700 nmð Þ ¼ 0þ i0:41
and a thickness of 225nm grown on 24nm of ZnO on a c-plane sap-
phire substrate.54–56 Linear optical properties were determined via var-
iable angle spectroscopic ellipsometry (J.A. Woollam M-2000),57

performing successive measurements of the sapphire substrate, ZnO/
sapphire, and finally, GZO/ZnO/sapphire to ensure accurate extrac-
tion. Nonlinear pump-probe experiments were conducted for both a
near-infrared pump at 1890nm (to excite an intraband effect) and an
ultraviolet pump at 325nm (to excite an interband effect), each with a
60 fs pulse width, see Fig. 1(a). A white light probe is generated from
the pump by focusing the beam inside a 5mm thick sapphire crystal
and is used to observe the change in the sample’s reflection and trans-
mission over the range of 1150–1600 nm using a pair of CCDs
(Ultrafast Systems Cam NIR-2). The pump pulse is chopped at
2.5 kHz with a laser repetition rate of 5 kHz. The white light probe
(<10� with respect to pump angle) was detected at 5 kHz, therefore
directly measuring the difference between the pumped and unpumped
samples to generate DR=R. Reflection data were taken at 30� from the
sample normal. In all cases, the pump was horizontally polarized while
the probe was vertically polarized and in the same plane to minimize
two-beam coupling effects.58 The peak irradiance of the IR pump at
1890nm was 13, 33, and 83 GW=cm2 (Pavg¼ 1.3, 3.3, and 8.3 mW,
respectively) and 1, 2, 6, and 14 GW=cm2 (Pavg¼ 0.2, 0.5, 1.3, and 3.1
mW, respectively) for the UV pump at 325nm with results shown in
Figs. 2(a)–2(d). These intensities are below the damage threshold for
GZO.28

To fit the experimental data, theoretical E–k diagrams for ZnO
were computed using the Heyd–Scuseria–Ernzerhof (HSE) hybrid
density functional theory59 as implemented in VASP code,60 tuned to
reproduce the experimental bandgap of each material, see Fig. 1(b).
Plane-wave energy cutoffs of 500 eV were used in all cases. The experi-
mental lattice structure is taken as a starting point, and the fraction of
exact exchange a and the range separation parameter l are adjusted to
yield the low-temperature experimental bandgap at the C-point,
resulting in a¼ 0.3 and l¼ 0.0517 1/Å for ZnO. The lattice structure
is then relaxed using the bandgap-tuned HSE to within 0.01 eV/Å, and
the band structure is calculated. The lattice relaxations result in a slight
deviation from the experimental bandgap; however, tests show that
effective masses are only weakly affected by the slight differences
between experimental and theoretical band gaps.61 The conduction

band of Ga:ZnO was obtained from ZnO assuming the band is filled
with electrons according to the Fermi–Dirac distribution, and assum-
ing the bandgap renormalization effects are negligible.

Taking the E–k diagram of Ga:ZnO, shown in Fig. 1(b), as well as
the experimental parameters, the theory can predict the peak magni-
tude of the change in reflection vs irradiance and probe wavelength for
both inter- and intraband nonlinear effects without fitting parameters,
see Figs. 2(c) and 2(d). Variations between the predicted linear reflec-
tion of the sample and the reflection as measured through FTIR
account for some errors in the spectral location of the theoretical
curves compared to measured results, particularly in the short wave-
length region of Fig. 2(c). When observing the results, we note the
change in sign of the normalized reflection in both pumping scenarios.
The refractive index of our film is less than unity for the majority of
wavelengths, wherein excitation can be thought of as moving the
material closer to an impedance matching condition with air (intra-
band) or becoming further mismatched (interband). However, for
short wavelengths, the linear impedance of GZO is already close to
that of air, and thus, at shorter wavelengths, the behavior is reversed.

By establishing the validity of the model, we can then extend the
framework to additional materials and rapidly evaluate their perfor-
mance as nonlinear ENZ materials for both inter- and intraband
effects in silico, requiring only an E–k diagram, linear optical proper-
ties, and experimental conditions. In particular, the popular ENZ films
ZnO heavily doped with Ga or Al (GZO and AZO, respectively) and
ITO are evaluated alongside heavily doped CdO and GaN for three
values of e00 at the permittivity crossover and several intensities of
inter- and intraband pumping, see Figs. 3(a)–3(d). The linear proper-
ties of each material used for the calculations are listed in Table I, and
the HSE hybrid density functional theory parameters of the gap tuned
materials are shown in Table II.

To decode the effects further and enable rapid evaluation of other
materials without the full numerical framework, a FoM can be estab-
lished for both effects. In our previous work, an intraband FoM is
developed as16

FoMintra ¼ Apump
1
m�

dm� lFð Þ
dE

� �
1
N

dn
dm�

� �
: (9)

The nonlinearity is dominated by a change in the effective mass quan-
tified by the non-parabolicity of dm�=dE. The index curvature at the
probe (typically near ENZ) indicates the sensitivity of the index to the

FIG. 1. (a) Experimental setup for nonlinear reflection measurements of GZO. (b) Energy–momentum diagram of ZnO near the C point toward A. (c) Transfer-matrix-method
calculations for the GZO sample compared to the measured FTIR data for the GZO sample.
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modification of the effective mass, quantified as dn=dm�. A large num-
ber of carriers or high initial effective mass reduces the overall effi-
ciency per unit energy.

Similarly, an interband FoM can be introduced considering the
change in free carriers

FoMinter ¼
Apump

Eg

� �
1
N

dN lFð Þ
dE

� �
1
m�
�dn
dN

� �
: (10)

Here, the dn=dN describes the sensitivity of the index to a change in
the carrier density (equivalent to a group velocity term) while dN=dE
describes the number of available states near the Fermi energy. Many
initial carriers or a high effective mass tend to decrease the efficiency
per unit energy. Finally, the absorption is normalized by the bandgap
energy, because the modulation of the carrier density is governed by
DN / A

�hx with �hx > Eg . In essence, wide-bandgap materials require
more energy to generate the same number of excess carriers.

From the FoM calculations, several important comparisons are
made to predict the preferred film for various applications. GaN is
found to be efficient for intraband operation due to its large non-
parabolicity. At moderate energies, where other band structures are
approximately hyperbolic, GaN forms a peak near the L-valley shown
in Figs. 4(a)–4(c). This pushes the non-parabolicity to extreme levels

as effective mass and DOS become quite large in this region, giving
rise to a large modulation as seen in Figs. 3(a) and 3(b). However, real-
izing ENZ GaN in the telecom range (1.3–1.5lm) is expected to be
challenging as incremental blue-shifts in the plasma frequency via
increased doping come with significant increases in the effective mass.
On the other hand, doped CdO is found to be more efficient for inter-
band. This is because CdO exhibits weak non-parabolicity and for low
to moderately doped CdO, each excess electron, thus, induces a nearly
equal change in the plasma frequency due to a slow variation in effec-
tive mass. Additionally, doped CdO has been shown to be ultra-low
loss in the plasma frequency range of 2–5lm, which leads to a sharp
index dispersion in the ENZ region.37,62,63 However, the high back-
ground permittivity requires many carriers to achieve ENZ, which
reduces the energy efficiency.

For all-around materials, ITO and doped ZnO are well suited for
both interband and intraband nonlinear processes. A moderate non-
parabolicity and small background permittivity combine to induce
efficient nonlinear effects in both interband and intraband operations.
For interband operation, the low initial carrier concentration allows
new carriers to contribute to a large percentage of the overall concen-
tration without significantly increasing the average effective mass. For
intraband operation, the initial effective mass is moderately low with
non-parabolicity factor that allows for a large effective mass

FIG. 2. (a) Surface plot of nonlinear reflection for a white light probe with wavelengths of 1120–1600 nm and a delay time of �1 to 3 ps (a) pumped with 3 mW at 1890 nm and
(b) pumped with 3.1 mW at 325 nm. Cutlines taken at 1565 nm for each show the temporal dynamics of the film. Nonlinear reflection comparison of theory (solid) to experimen-
tal (dot) (c) pumped at 1890 nm with 1.3 (red), 3.3 (green), and 8.3 mW (blue) average power and (d) pumped at 325 nm with 0.2 (blue), 0.5 (green), 1.3 (red), and 3.1 mW
(black) average power.
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modulation. Additionally doped GaN, doped CdO, ITO, and doped
ZnO (AZO/GZO) have been shown to achieve ENZ ranges as low as
1.2lm.12,17,28,52,64

Additionally, the FoMs illustrate the tradeoffs in maximizing
nonlinearities of ENZ materials, specifically the link between the
absorptivity of the film for the pump and the need for a steep index
dispersion at the probe. In the intraband case, this competition produ-
ces an optimum for most films in the range of e00 ¼ 0.3–0.6.16 The
interband nonlinearity, however, allows more freedom as the absorp-
tion of free carriers is not connected to the index slope near ENZ. As a
result, one will always benefit from a lower loss at ENZ and higher
losses at the pumping frequency with the limit arising due to

impedance matching when the refractive index at ENZ approaches
zero. A last note that while the interband is more efficient, it is gener-
ally slower than the intraband process, leading to a strength-
bandwidth trade-off that should be considered for each application.
Yet, both processes in TCOs have been shown to achieve THZ scale
effects [see Figs. 2(a) and 2(b)].

In this work, we have developed a unifying and predictive in silico
framework of nonlinear refraction in homogeneous thin ENZ films,
requiring only a E–k band diagram and relevant experimental condi-
tions. Collectively, this enables practical and rapid exploration and

FIG. 3. (a) and (b) The change in permittivity for 100 nm thick films at ENZ calculated from intraband absorption at 787 nm for AZO, GaN, CdO, and ITO with k e0 ¼ 0ð Þ
¼ 1:8lm (solid, a) and k e0 ¼ 0ð Þ ¼ 2:2 lm (dashed, b). (c) and (d) The change in permittivity calculated from interband absorption for 0.1 eV above the effective band edge
of AZO, GaN, CdO, and ITO with k e0 ¼ 0ð Þ ¼ 1:8lm (solid, c) and k e0 ¼ 0ð Þ ¼ 2:2lm (dashed, d).

TABLE I. Linear properties for AZO/GZO, GaN, CdO, and ITO used to evaluate the
nonlinear response.

Material
Crossover

wavelength (lm)
Carrier concentration

(�1020 cm�3) Effective mass

AZO/GZO 1.8, 2.0, 2.2 3.94, 3.06. 2.44 0.35, 0.33, 0.32
GaN 1.8, 2.0, 2.2 6.88, 5.07, 3.90 0.38, 0.34, 0.32
CdO 1.8, 2.0, 2.2 7.68, 5.89, 4.63 0.41, 0.38, 0.37
ITO 1.8, 2.0, 2.2 4.44, 3.46, 2.77 0.39, 0.38, 0.37

TABLE II. HSE calculated lattice constants and bandgaps obtained by tuning the
fraction of exact exchange a and the range separation parameter l. The crystal
structure of ZnO and GaN is wurtzite, that of CdO is the rock salt structure, and that
of In2O3 is the bixbyite structure (space group 206, Ia3), which is a body-centered
cubic structure with eight formula units per primitive unit cell.

Material a l (1/Å) Eg (eV) a (Å)

ZnO 0.3 0.0517 3.41 3.26
CdO 0.25 0.383 2.14 4.73
GaN 0.25 0.114 3.42 3.19
In2O3 0.25 0.147 2.68 5.11
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optimization of unrealized ENZ materials for nonlinear optical
applications. A FoM is also proposed for the interband interaction
to aid in the intuitive understanding of performance tradeoffs and
to compare with the intraband FoM. For example, doped GaN,
doped CdO, ITO, and Al or Ga doped ZnO are investigated,
wherein doped GaN is found to be the most efficient for intraband
processes due to its highly non-parabolic structure while doped
CdO is found to be the most efficient for interband processes due to
its very parabolic band structure.
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right).
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