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motion14

Corresponding author: J. E. Borovsky, jborovsky@SpaceScience.org

{1{

A
ut

ho
r 

M
an

us
cr

ip
t  

 

 

 

 

 

�����������������	���
�������	���
�����������������������	���������
���	�
�������
�������������������	���
���������������������������
�����
���
���������������
�
�������
�����
���������	��������
���
�	�����
�
�����	�����
���������	���
�����
�����
�����	�����������	�����
���
�	�	�����������������������	���
�����������������
�
�����
�����������������
���
��������������������������
���
�������	�
�����������
���
�����
�������
�	���
�
�����	�����������
�������
�������������	���
�����
�������
�����
�������
���
�������������
�����
�������	�
���	�������������	�������
�����������
��� 
�!�"���!�"�#�$�%�#�"�#�!�&�'�"�(�"�!�"�)��

���������������	�������
�������������
�	�
���	�
�������������
�������������	�����'���������������	�������
���
�����
����

https://doi.org/10.1029/2021JA030106
https://doi.org/10.1029/2021JA030106
https://doi.org/10.1029/2021JA030106
http://crossmark.crossref.org/dialog/?doi=10.1029%2F2021JA030106&domain=pdf&date_stamp=2022-08-11


A
ut

ho
r 

M
an

us
cr

ip
t 

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

manuscript submitted to JGR-Space Physics

Abstract15

The behavior of energetic particles in the Earth's dipole and stretched magnetic-�eld mod-16

els is explored with a focus on the shift of the atmospheric loss cone away from the magnetic-17

�eld direction and on non-adiabatic behavior occurring when the particle gyroradius be-18

comes comparable with the gradient scale length of the local magnetic �eld. It is shown19

that the equatorial loss cone is aberrated away from the magnetic-�eld direction (pitch20

angle of 0� ) by the perpendicular drift of a charged particle (which is referred to as the21

"Mozer transform" described in (Mozer, 1966, https://doi.org/10.1029/JZ071i011p02701)).22

It is found that the Mozer coordinate transformation in pitch-angle/gyrophase-angle space23

better organizes the behavior of bounce times, mirror altitudes, drift speeds, and �rst24

adiabatic invariant. It also describes the loss-cone shift accurately for a certain range of25

values of the adiabaticity parameter � , de�ned by the ratio of the particle gyroradius to26

the local radius of curvature of the magnetic �eld. For particles with larger � , the Mozer27

transform (evaluated with the standard gradient-curvature drift) breaks down and the28

"central trajectory" theory can be used to calculate the angular shift of the loss cone,29

which now includes an Earthward shift. When � becomes relatively large, stochastic �eld30

line curvature (FLC) scattering occurs: we show the intimate connection between the31

strength of FLC scattering and the loss-cone shift. By comparing ion orbits in the dipole32

and Tsyganenko (Ts89 and Ts04) magnetic �elds, we conclude that the loss cone of ring-33

current ions is signi�cantly modi�ed during geomagnetically active times.34

1 Introduction35

The loss cone is a fundamental concept taught in plasma and space physics and36

found in many text books (e.g., Alfv�en and F•althammar (1963); Kivelson and Russell37

(1995); Parks (1991); Schulz and Lanzerotti (1974) and others), with many important38

applications such as magnetic mirror devices and the Earth's radiation belts. The con-39

cept stems from the theory of adiabatic invariants and, speci�cally, from the conserva-40

tion of the �rst adiabatic invariant, the magnetic moment � , associated with the gyro-41

motion of a charged particle across the magnetic �eld. It has a fundamental importance42

in magnetospheric physics, since particles with equatorial pitch angles smaller than the43

width of the loss cone (a few degrees at geosynchronous orbit) can precipitate into the44

atmosphere, yielding a major loss mechanism for magnetospheric charged particles. Note45

that it is customary to de�ne the loss cone by assuming conservation of the zeroth-order46

expansion (in the smallness of the parameterm=q, with m and q mass and charge of the47

particle (Gardner, 1966; Northrop, 1963b), or, equivalently, in the smallness of the adi-48

abaticity parameter given by the ratio of the particle gyroradius to the gradient length49

scale of the local magnetic �eld (Heckman, 1967)) of the magnetic moment,� 0 = mv2
? =(2B )50

(where m is the particle's mass,v? is the particle speed perpendicular to the magnetic51

�eld, and B is the magnetic �eld strength), instead of the actual � . This leads to a loss52

cone whose center is 0� , i.e. the direction of the local magnetic �eld. In the following,53

we will use the term unshifted loss cone orzeroth-order loss cone to characterize the clas-54

sic loss cone associated with the conservation of� 0.55

In this paper, using an extremely accurate symplectic integration scheme to nu-56

merically calculate ion orbits, a coordinate system that organizes the behavior of charged57

particles orbiting in dipole and stretched magnetic �elds is explored. The most promi-58

nent characteristic of the coordinate system is the accounting for of the displacement of59

the zeroth-order loss cone away from the equatorial magnetic pitch angle of 0� .60

The coordinate system is based on what we refer to as the "Mozer transform" (Mozer,61

1966) wherein the magnetic gradient-curvature drift of the charged particle is subtracted62

from its motion. In the equatorial plane of the dipole magnetic �eld, this yields a dif-63

ferentially rotated coordinate system with the largest rotation angle for particles with64

pitch angles in the loss cone and with the rotation angle going to zero for particles with65
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pitch angles of 90� (Borovsky et al., 2022). The coordinate transformation (and the dis-66

placement of the zeroth-order loss cone away from the magnetic-�eld direction) is im-67

portant for radiation-belt protons and for ring-current protons (Mozer, 1966) and it is68

important for radiation-belt electrons. The importance is even greater for heavy ions.69

Additionally, in non-dipolar magnetic �elds the loss-cone shift is more severe.70

Knowledge of the loss-cone shift is particularly important for proposed experiments71

wherein high-energy electron beams are �red from spacecraft in the magnetospheric equa-72

tor into the loss cone to illuminate the upper atmosphere in the sense of arti�cial aurora (Borovsky,73

Delzanno, Dors, et al., 2020; Borovsky, Delzanno, & Henderson, 2020; Delzanno et al.,74

2016; Porazik et al., 2014; Powis et al., 2019; Sanchez et al., 2019; Willard et al., 2019).75

Knowledge of the loss-cone shift is knowledge about where to aim the accelerator.76

The transformation is characterized by a shift of the zeroth-order loss cone in the77

direction of the gradient-curvature drift. From equation (4) of Mozer (1966), the angu-78

lar shift � � of the center of the loss cone is approximately79

� � = arcsin( vc=v) (1)80

where vc is the gradient-curvature-drift speed of the particle at the equator and v is the81

total speed of the particle. Note that we have used the full gradient-curvature drift in82

equation (1) for completeness, but for the regimes where equation (1) is accurate, as dis-83

cussed below, it is the curvature drift that matters. For a dipole at the equator, vc =84

3
m
�

v2
jj + v2

? =2
�

=(qBr ) (cf. Eqs. (5.27a) and (5.32) of Spjeldvik and Rothwell (1985),85

in SI units) where 
 is the relativistic factor, vjj is the particle speed along the magnetic86

�eld, q is the particle's charge, andr the distance from the center of the Earth. For a87

positively-charged particle v c is westward and for a negatively-charged particlev c is east-88

ward. Hence, for positive ions the angular shifts � � of both the northern and southern89

loss cones are westward and for electrons the shifts are eastward. Note that the Mozer90

transform of expression (1) also works for non-dipolar magnetic �elds, although the gradient-91

curvature-drift speed v c may be di�cult to evaluate in the formula for those cases.92

The shift of the zeroth-order loss cone can also be seen (but less intuitively) in ex-93

pansions of the magnetic moment about the small adiabaticity parameter94

� = r g=Rc (2)95

(e.g. Gardner (1966); Heckman (1967); Porazik et al. (2014)), wherer g = 
mv= (qB)96

is the gyroradius for a pitch angle of 90� and Rc = B 2=jB � r B j is the radius of cur-97

vature of the magnetic �eld. Note that the adiabaticity parameter � is very related to98

the Mozer shift angle vc=v (in radians) of the loss cone: at the Earth's equator, for small99

pitch angles they are both 3
mv= (qBr ). The shift of the loss cone can also be seen in100

the concept of the "central trajectory" (Il'in et al., 1992; Il'ina et al., 1993).101

Expression (1) describes the shift of the direction of the loss-cone center relative102

to the equatorial magnetic �eld, which can be thought of as a rotation of the spherical103

coordinate system; as will be shown, the entire coordinate system undergoes a di�eren-104

tial rotation (Borovsky et al., 2022). To be conserved, the conventional de�nitions of105

the �rst adiabatic invariant (i.e., mv2
? =(2B ) or

H
pdq with q and p canonical coordinates106

and momenta associated with periodic motion) must account for the drift velocity of the107

particles, i.e. must be applied in the reference frame of the drift velocity (Il'ina et al.,108

1993; Mozer, 1966). (See also Appendices A and B.) The simple coordinate transforma-109

tion explored here provides a much more tractable description of the conservation of�110

than do the expansions of the �rst adiabatic invariant developed in prior publications111

(e.g. Dragt and Finn (1976); Gardner (1966); Heckman (1967); Northrop (1961, 1963b,112

1963a); Northrop et al. (1966); Stern (1971)). The Mozer-transformed coordinates also113

organize the bounce motion of charged particles.114
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Calculating the orbits of charged particles in dipole magnetic �elds is a very old115

problem (e.g. Alfv�en and F•althammar (1963); Roederer (1970); St�rmer (1907); St�rmer116

(1955)). Several prior works have investigated the dynamics of charged particles in non-117

uniform (dipolar and non) magnetic-�eld con�gurations (e.g. Anderson et al. (1997); Arte-118

myev et al. (2015); Birmingham (1984); Chirikov (1987b); Delcourt et al. (1994, 1996);119

Ebihara et al. (2011); Jung and Scholz (1988); Shibahara et al. (2010); Tagare (1986);120

Tu et al. (2014); Young et al. (2002, 2008)). Those works focused on the non-adiabatic121

changes of the magnetic moment and the resulting pitch-angle scattering of charged par-122

ticles as an important loss mechanism of energetic particles. This is a �nite-� e�ect that123

becomes important when the gyroradius of the charged particle becomes comparable to124

the gradient scale length of the local magnetic �eld. Through �eld line curvature pitch-125

angle scattering, particles can be lost to the atmosphere even in absence of pitch-angle126

scattering induced by electromagnetic waves. Birmingham (1984) studied magnetic-�eld127

con�gurations relevant to the Jovian magnetosphere and derived an equation showing128

that the change in magnetic moment � � varies sinusoidally with the gyrophase angle129

of the particle at the equator. Delcourt et al. (1994) developed a simple model for the130

change in magnetic moment arising from an impulsive centrifugal force as the particle131

traverses the minimum curvature region, and used it to interpret ion precipitation in the132

plasma sheet (Delcourt et al., 1996). Anderson et al. (1997) studied the onset of non-133

adiabatic ion motion using the parameterization introduced by Birmingham (1984) and134

Delcourt et al. (1994) and concluded that non-adiabatic pitch-angle scattering is impor-135

tant for the near-Earth magnetosphere. Young et al. (2002) analyzed the accuracy of pre-136

vious models of � � and developed a more general model valid for realistic magnetic-�eld137

geometries. In a later publication, they studied �eld line curvature scattering in a quiet138

inner magnetosphere and the resulting phase space distributions (Young et al., 2008).139

Ebihara et al. (2011) performed a ring-current simulation of a speci�c storm, showing140

that �eld line curvature scattering can be a signi�cant contributor to the decaying of the141

ring current. Tu et al. (2014) used test-particle simulations to analyze cumulative � �142

e�ects on detrapping of high-energy protons and developed an empirical model for the143

minimum value of � at which all protons of a given pitch angle and energy are lost due144

to �eld line curvature scattering. Shibahara et al. (2010) used test-particle calculations145

to show that �eld line curvature scattering can lead to butter
y distributions of ener-146

getic protons around midnight in the equatorial plane. Similarly, Artemyev et al. (2015)147

studied the association between butter
y distributions of relativistic electrons in the night-148

side outer radiation belt with �eld line curvature scatering. Importantly, none of these149

works explored the Mozer transform coordinates and the shift of the zeroth-order loss150

cone associated with �nite-� e�ects which is the focus of this paper.151

This report is organized as follows. In section 2 we explore two ion trajectories that152

highlight the problem of the conservation of the zeroth-order �rst adiabatic invariant � 0153

for small pitch angles in the dipole magnetic �eld and introduce the Mozer-transformed154

coordinate system which is the proper reference frame to evaluate� using the conven-155

tional de�nition of adiabatic invariant. In section 3, the displacement of the zeroth-order156

loss cone away from the zero-equatorial-pitch-angle direction is explored for values of�157

up to unity in the dipole magnetic �eld. The loss cone becomes dependent on the gy-158

rophase angle� . The Mozer transform provides an excellent approximation of the loss-159

cone displacement up to� � 0:2, with the loss cone shifting in the � = 270� direction160

(westward) for positive ions. For higher values of� , the loss cone shifts also relative to161

the � = 270� direction and we provide accurate approximations of its center as a func-162

tion of � . We also look at multiple equatorial crossings of ions characterized by di�er-163

ent values of � as they drift in the dipole magnetic �eld and emphasize the connection164

between �eld line curvature scattering and the loss-cone shift. In section 4, we show that165

the Mozer-transformed coordinate system organizes bounce motion. The shift of the loss166

cone in stretched magnetic �elds (Ts89 and Ts04) is analyzed in section 5. The �ndings167

of this study are summarized in section 6. In Appendix A numerical solutions to the168

one-dimensional harmonic-oscillator equation are analyzed to demonstrate that adiabatic169
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invariants can be calculated with the conventional de�nition using quantities measured170

in the reference frame of the oscillator, supporting Mozer's "intuitive approach" that yielded171

the transform. In Appendix B, the importance of curvature versus gradient drift is dis-172

cussed for particles with small and large equatorial pitch angles.173

2 Conservation of the First Adiabatic Invariant174

In this section we investigate the dynamics of positively-charged ions in the Earth's175

static dipole magnetic �eld. The results will be equally valid for electrons. In a Carte-176

sian coordinate system with the origin at the center of the dipole andz-axis antiparal-177

lel to the Earth's magnetic moment, the magnetic �eld is given by178

B dip = �
B0R3

E

r 5 (3xzx̂ + 3yzŷ + (2 z2 � x2 � y2)ẑ ) (3)179

where r = xx̂ + yŷ + zẑ is the point of interest, RE is the Earth's radius, and B0 =180

3:09� 10� 5 T is the strength of the magnetic �eld at the magnetic equator at a distance181

of 1 RE from the origin. The motion of a particle with mass m and chargeq in the ex-182

ternal magnetic �eld B with electric �eld E = 0 is described by the Newton-Lorentz183

equations:184

dr
dt

= v ;
d(
m v(r ))

dt
= qv(r ) � B (r ) (4)185

where 
 = (1 � v2=c2) � 1=2 is the Lorentz factor, v is the particle speed andc is the186

speed of light.187

We trace the motion of positively-charged ions in the dipole magnetic �eld (3) by188

numerically integrating Eqs. (4). The ions are initially located in the equatorial plane189

at the distance of geosynchronous orbit (r = 6 :6RE ) and the ions' parameter of adia-190

baticity � , equation (2), is set to 0.08. This corresponds to a 700 keV proton or a 44 keV191

oxygen ion O+ .192

First, consider the trajectory of a 700-keV proton at geosynchronous orbit with an193

initial equatorial pitch angle � = 0 � and velocity vector aligned with the magnetic �eld194

as shown by the blue arrow in the left panel of Figure 1. The trajectory of this ion is shown195

by the blue curve in the right panel of Figure 1. The green curve in this �gure is the mag-196

netic �eld line along which the ion was initialized. The initial zero pitch angle implies197

that the perpendicular (to B ) component of the ion's initial velocity v? = 0 and thus198

initially � 0 = 
mv 2
? � g=2 is also zero. Here� 0 is the zeroth-order expansion of the �rst199

adiabatic invariant � in the smallness of� , which is commonly adopted instead of� in200

the considerations that lead to the unshifted loss cone. Furthermore,� g is the cyclotron201

period evaluated with the local magnetic �eld, � g = 2 �
m= (qjB j). If the instantaneously202

evaluated � 0 was conserved, one would expectv? to remain zero and the particle would203

move along the magnetic-�eld line without gyration until it is lost into the atmosphere.204

The numerical experiment shows (Figure 1, right panel) that the particle starts to gy-205

rate as it moves toward the Earth and eventually it mirrors at an altitude well above the206

Earth's atmosphere, contrary to what would be expected from the simplistic zeroth-order207

adiabatic approximation. Even though initially � 0 = 0 and the equatorial pitch angle208

� = 0 � , the ion is not in the atmospheric loss cone. Note also that the particle does not209

gyrate along the magnetic-�eld line along which it was initially injected (green line). For210

the next numerical experiment, we initialized another 700-keV proton from the same lo-211

cation with the same � value. However, this time the ion's initial pitch angle � was set212

to 4:6� and its initial gyrophase angle � to 270� (westward of the �eld direction) as shown213

by the red vector in the left panel of Figure 1. (The gyrophase angle in the equatorial214

plane is de�ned as the angle betweenr and v? changing from 0� to 360� in anticlock-215

wise manner with respect tor .) The zeroth-order loss-cone half angle216

� = arcsin

 r
Bequat

Batmos

!

(5)217

{5{



A
ut

ho
r 

M
an

us
cr

ip
t 

This article is protected by copyright. All rights reserved.  

 

 

 

 

 

 

 

manuscript submitted to JGR-Space Physics

for the ion obtained from the conservation of � 0 is � � 2:89� , and thus in this second218

experiment the ion's mirror point is expected to be above the atmosphere. The red curve219

in the right panel of Figure 1 is the trajectory of this second proton. It is seen that the220

particle moves toward the Earth without any gyromotion and travels into the origin of221

the dipole. Interestingly, the trajectory of the �rst particle seems to gyrate around the222

trajectory of the second particle. This red trajectory was denoted the "central trajec-223

tory" by Il'in et al. (1992) and Il'ina et al. (1993). From this example it becomes clear224

that even for a particle with � as small as 0.08 (corresponding to 700-keV protons in the225

ion radiation belt or 44-keV O+ ions in the ring current, or 35.7-MeV electrons), the stan-226

dard zeroth-order approximation does not give realistic predictions in the vicinity of the227

loss cone.228

The temporal behavior of the �rst adiabatic invariant � of the blue-trajectory ion229

of Figure 1 (with � = 0.08 and initial equatorial pitch angle of 0 � ) is examined in Fig-230

ure 2. For particles in the Earth's magnetosphere the �rst adiabatic invariant is usually231

expressed in terms of the magnetic moment or orbital 
ux, e.g. � = 
mv 2
? =(2B ). (See232

Section 2.3.7 of Alfv�en and F•althammar (1963) for a discussion of this.) We will use an233

expression for� that di�ers by the constant 2 �m
=e from this. Since we are going to234

use integral expressions for� as well as instantaneous evaluations, the action-integral235

form of � is used: � =
H

P ? � dL (i.e. equation (12.64) of Jackson (1975)), where236

P ? is the canonical momentum associated with the motion of a charged particle perpen-237

dicular to the magnetic �eld, dL is the line element along the path of the particle, and238

where the integral is over a full cycle of motion. Following Jackson (1975), this can be239

written as � = (1 =2)
H


mv 2
? dt where the integral is over a full gyroperiod� g. (See240

also Ehrenfest (1916).) Note that most textbooks (e.g. Alfv�en and F•althammar (1963);241

Kivelson and Russell (1995); Schulz and Lanzerotti (1974)) approximate the �rst adi-242

abatic invariant as an instantaneously evaluated quantity � 0 = 
mv 2
? � g=2. (See Stern243

(1971) for an extensive discussion of those approximations and see Borovsky and Hansen244

(1991) for a discussion of� conservation over a complete gyroperiod versus not a com-245

plete gyroperiod.) The blue curve in Figure 2(b) is � 0 = 
mv 2
? � g=2 evaluated with the246

instantaneous values ofv? and B for the blue-trajectory ion of Figure 1 as it mirrors in247

the dipole magnetic �eld; the curve in Figure 2(a) is the distance of the mirroring pro-248

ton from the center of the Earth. The large variations of � 0 occur in the equatorial re-249

gions of the dipole and the variations are much smaller away from the equator. (See also250

Figure 1 of Porazik et al. (2014).) Note that there is some sort of conservation going on251

since � 0 returns to the same value away from the equator as the ion mirrors. The green252

curve in Figure 2(b) is � = (1 =2)
H


mv 2
? dt (integrated over a full gyroperiod) for the253

ion. As can be seen, the green curve for the integral form of� has much less variation254

and is better "conserved" (although it still varies overall by a factor of about 2) than the255

blue curve for the instantaneous� 0 = 
mv 2
? � g=2.256

The oscillations of the zeroth-order adiabatic approximation � 0 in the blue curve257

could be reduced by taking into account higher-order terms of the asymptotic expansion258

of the �rst adiabatic invariant, however, the higher-order terms are not easy to derive259

or use. Fortunately, Mozer (1966) provided a very simple and intuitive physical expla-260

nation of the observed trajectories. As was pointed out by Mozer (1966), only part of261

the particle's perpendicular velocity v? participates in gyration around the magnetic-262

�eld line, another part is involved in the guiding-center drift263

vdrift = v c + v r B264

=

mv 2

k

qB
R c � B

R2
cB

+

mv 2

?

2qB
B � r B

B 2 (6)265

(Northrop, 1963a) where v c is the curvature drift velocity, v r B is the gradient drift ve-266

locity, and R c is the radius of curvature of the magnetic �eld line at the particle's lo-267

cation. Therefore, we can use Mozer's prescription to improve the �rst adiabatic invari-268
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ant by simply subtracting vdrift from v? :269

� =

m (v? � vdrift )2� g

2
(7)270

Indeed, the orientation of the velocity vector of the second particle in our numerical ex-271

periment (red curve in Figure 1(b)) was chosen such thatv? = vdrift . In this case there272

is no velocity component participating in gyromotion and the particle moves toward the273

Earth without any gyration as was demonstrated in Figure 1. Expression (7) amounts274

to calculating the �rst adiabatic invariant in a coordinate system moving with the guiding-275

center drift: we refer to this as the \Mozer transform\. For the blue-trajectory ion of276

Figure 1, the instantaneous value of� 0M = 
m (v? � vdrift )2� g=2 is plotted as a func-277

tion of time as the red curve in Figure 2(b). The instantaneous value of� 0M is much-278

better "conserved" than are the values of the instantaneous� 0 = 
mv 2
? � g=2 or the in-279

tegral � = (1 =2)
H


mv 2
? dt. Finally, the purple curve in Figure 2(b) plots the inte-280

gral form � M = (1 =2)
H


m (v? � vdrift )2 dt integrated over a full gyroperiod: as can281

be seen this is well conserved, even in the equatorial regions.282

For intuition, the improvement in the conservation of � by translating into the refer-283

ence frame of the oscillation is also demonstrated in Appendix A, where the one-dimensional284

harmonic oscillator is analyzed.285

Note that, for the 700-keV proton of Figure 2, the drift used in the Mozer trans-286

form was the sum of the curvature drift and the gradient-B drift vdrift = v c+ v r B . The287

relative roles of the curvature versus gradient drifts in the conservation of� are explored288

in Appendix B.289

For the proton with � = 0.08 in Figure 2(b), the various values of � return to the290

same value at the mirror points after each equatorial crossing. In Figure 3 the� 0 value291

as a function of time is plotted for an ion with equatorial � = 0.27 for comparison to the292

� = 0.08 ion in Figure 2(b). For higher � (larger than � 0:1 { 0:2 (Birmingham, 1984;293

Chirikov, 1987b), di�erent models give slightly di�erent estimates), � undergoes irreversible294

chaotic jumps as it crosses the point of the largest �eld-line curvature (at the equator).295

These jumps � � can be evaluated by comparing� at mirror points between successive296

bounces (Anderson et al., 1997) (e.g. Figure 3). These jumps will be discussed further297

in section 3.298

3 Modi�cation of the Loss Cone in a Dipole Magnetic Field299

In section 2 it was pointed out that the loss cone derived from the zeroth-order adi-300

abatic theory does not describe accurately whether a particle will be lost or trapped in301

a dipole magnetic �eld. In this section, we investigate in more detail the angular shift302

of the ion loss cone in the Earth's dipole magnetic �eld by conducting test-particle sim-303

ulations. The orbits of positively-charged ions are integrated from the equator to the mir-304

ror point; ions with mirror points below 1 :01RE will be considered lost into the atmo-305

sphere. Modi�cation of the loss cone for "small" (. 0:14) and "large" (& 0:14) values306

of � = r g=Rc are discussed separately and simple physics-based recipes of how to quan-307

tify the modi�ed loss cone are given.308

3.1 Cases when the Parameter of Adiabaticity � . 0:14309

We �rst consider the modi�cation of the loss cone for ions with � = r g=Rc . 0:14.310

In the left panel of Figure 4, each curve with a given color represents a set of initial (equa-311

torial) pitch angles � and gyrophase angles� corresponding to particles with a given value312

of � that mirror at an altitude of 1 :01RE . All of the ions with equatorial coordinates (� ,313

� ) inside the closed contour curves or below the open contour curves have mirror points314

below 1:01RE and thus will be lost to the atmosphere. We can see from the plot that315
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for very small values of � (black line), the edge of the loss cone coincides with pitch an-316

gle � = 2.89� obtained by assuming the constancy of� 0: particles with pitch angles smaller317

than this critical pitch angle of 2 :89� will be lost independent of their initial gyrophase318

angle. However, as� increases (i.e. as the ion kinetic energy increases), the loss cone be-319

comes dependent on the initial gyrophase angle. Similar result for relativistic electrons320

initialized at large geocentric distances were shown in Figure 3 of Porazik et al. (2014).321

Based on the Gardner (1966) expansion for the �rst adiabatic invariant � , Porazik et al.322

(2014) derived an equation the solutions of which are edge-of-the-loss-cone contour lines323

in equatorial � -� coordinates. The equation was derived with the assumptions (1) that324

the particle's mirror point is on the same �eld line as the initial point at the equator and325

(2) that the asymptotic expansion of the magnetic moment is conserved using the adi-326

abatic invariant up to the second order. Although not discussed in Porazik et al. (2014),327

the asymptotic-expansion equation for the boundaries performs well for relatively small328

values of � , but has increasingly large error for larger� .329

In the right panel of Figure 4, the loss-cone contours are plotted in polar (spher-330

ical) coordinates with equatorial pitch angle � representing the radial coordinate and331

the equatorial gyrophase angle� representing the angular coordinate. The various col-332

ors correspond to the various values of� as de�ned in the left panel. The modi�ed loss333

cones for the positive ions are circles with approximately constant radius shifted from334

the zero pitch angle in the direction of � = 270� (westward), i.e., shifted by the Mozer335

transform in the direction of the gradient-curvature drift of positive ions. (Note that for336

negative ions and for electrons, the loss-cone shift would be in the eastward� = 90 �
337

direction.) As can be seen from a comparison of the plot in the right panel with that of338

the left panel, the polar coordinates greatly clarify the shift and angular area conserva-339

tion of the loss cone. Thus, the center of the loss cone corresponds to the equatorial co-340

ordinates (� 0, � 0) of a particle that penetrates closest to the dipole center. As was demon-341

strated in section 2, this is the particle that moves without gyromotion and travels into342

the origin of the dipole (i.e., moves along the central trajectory). It was also shown that343

the perpendicular component of that particle's velocity vector is equal to the gradient-344

curvature drift such that there is no component of the particle's velocity participating345

in gyromotion. Therefore, the initial gyrophase angle of this particle is � 0 = 270� and346

the initial pitch angle � 0 can be found by solving the equation:347

v? (� 0) = vdrift (� 0) (8)348

Testing this prediction of the loss-cone shift by integrating ion orbits, it is found that349

equation (8) estimates the center of the loss cone with an error that is< 4% for � <350

0:14 when equation (6) is used to compute gradient-curvature drift velocity.351

Note that for a positive ion, both the northern and the southern loss cones shift352

westward (in the � = 270� direction). Hence, as viewed from the equatorial plane the353

two loss cones are less than 180� apart in the sky. The case will be the same for negatively-354

charged particles with both loss cones shifting eastward (in the� = 90 � direction).355

3.2 Cases when the Parameter of Adiabaticity � & 0:14356

Figure 5 shows the modi�cation of the loss cone for� = r g=Rc > 0:14 in Carte-357

sian (left panel) and polar (right panel) coordinates. In the polar geometry, the center358

of the loss cone deviates away from� = 270� and the loss cone becomes non-circular359

for high values of � . The shift is no longer purely westward, but is westward and radi-360

ally inward (toward the Earth). Thus for larger values of � , the Mozer transform (ex-361

pression (1)) alone cannot describe the shift of the loss cone. In order to provide a sim-362

ple expression for the location of the center of the loss cone, we turn to the numerical363

integration of ion orbits and the central trajectory theory (Il'in et al., 1992; Il'ina et al.,364

1993). The central trajectory is the trajectory of a particle that moves without gyromo-365

tion to the center of the dipole and corresponds to the center of the loss cone. Il'ina et366

al. (1993) noted that particles injected from the center of the dipole with zero pitch an-367
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gle move without gyromotion to the equator, thus representing a central trajectory. They368

also pointed out that, for the purpose of decreasing the numerical integration time, it369

is su�cient to initialize a particle at distance . 0:3� 0:6RE from the center of the dipole370

in order to achieve high accuracy. We numerically integrated the motion of positive ions371

with varying energies and zero initial pitch angle injected from distances of� 0:3RE372

from the center of the dipole; when the ions crossed the equatorial plane, we recorded373

their pitch angle � 0, gyrophase angle� 0, and parameter of adiabaticity � . Next, simi-374

larly to Il'ina et al. (1993) (Equations (10a) and (10b) in the paper), we parametrized375

the pitch angle and gyrophase angle by the value of the ion's parameter of adiabaticity:376

for 0:14 � � � 0:23:377

sin(� 0) = 1 :148� 1:010 exp (� 0:012=�) (9)378

cos(� 0) = 0 :130� � 4:350 exp (� 1:603=�) (10)379
380

for 0:23 � � � 0:70:381

sin(� 0) = 0 :850� 0:212 exp (� 0:216=�) (11)382

cos(� 0) = 1 :071� � 0:275 exp (� 0:701=�) (12)383
384

for 0:70 � � � 0:96:385

sin(� 0) = 0 :905� 0:068 exp (� 0:297=�) (13)386

cos(� 0) = 0 :950� � 0:025 exp (� 0:553=�) (14)387
388

Using Equations (9)-(14), the center of the loss cone can be computed for a given value389

of � . The red dots in the right panel of Figure 5 were calculated using these equations.390

As can be seen from the plot, the estimated center of the loss cone coincides with the391

actual center of the loss cone computed from the particle orbits. We note, however, that392

for high values of � the loss cone becomes less circular and somewhat 
attened. The cir-393

cular approximation, however, still gives fairly accurate estimation of the actual loss cone394

and can be used for� up to � 0:8� 0:9. Note that the area on the sky of the loss cone395

is preserved.396

We have demonstrated that for charged particles with� & 0:05 the loss cone be-397

comes strongly dependent on the equatorial gyrophase angle (Figures 4 and 5) as well398

as pitch angle. The natural question is whether a particle which initially had equatorial399

pitch angle � 0 and gyrophase angle� 0 outside of the loss cone will return to the equa-400

tor after mirroring with coordinates ( � , � ) outside of the loss cone, in other words, if the401

particle stays e�ectively trapped. The question of the trapping of charged particles in402

axisymmetric magnetic �elds has been extensively studied theoretically (Chirikov, 1987a;403

Dragt, 1965).404

In Figure 6 the motion of positively-charged ions with various values of� are in-405

tegrated in the Earth's dipole magnetic �eld during multiple drift periods. All particles406

were initialized at the equator with pitch angle � = 5 � and gyrophase angle� = 0 � ,407

i.e., with the phase coordinates outside of the loss cone (Figures 4 and 5). A single ion408

mirroring (and drifting) in the dipole magnetic �eld repeatedly crosses the equatorial plane;409

every time this happens, its coordinates (� , � ) are marked as a dot in Figure 6; di�er-410

ent colors represent coordinates of particles with di�erent � values (i.e. di�erent kinetic411

energies). Additionally, the loss cones for particles with� = 0 :13 and � = 0 :24 are plot-412

ted as shaded blue and green circles, respectively. Particles with relatively small� re-413

peatedly fall inside a narrow circular band outside of the particles' loss cones (e.g., vi-414

olet and red rings corresponding to equatorial coordinates of ions with� = 0 :04 and415

0:08 respectively). Speci�cally, they were launched outside of the loss cone and they stay416

outside of the loss cone. As� increases, the widths of the bands widen. For example, equa-417

torial crossings of the particle with � = 0 :13 fall into a wider band shown by the blue418

dots in Figure 6; however, the band is still outside of the particle's loss cone (solid blue419
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circle). For higher � the particle eventually di�uses into the loss cone as shown in Fig-420

ure 6 for a particle with � = 0 :24 (green dots). This process is called �eld line curva-421

ture (FLC) scattering and is the result of chaotic jumps in � � (as seen in Figure 3) (Anderson422

et al., 1997; Artemyev et al., 2015; Birmingham, 1984; Delcourt et al., 1994, 1996; Young423

et al., 2002, 2008).424

While we do not study FLC in detail here, since it has already been the subject425

of numerous prior investigations (some of which are discussed in the introduction), it is426

important to emphasize the connection between FLC and the loss-cone shift. Both are427

�nite-gyroradius e�ects, with the Mozer loss-cone-shift angle vc=v and the adiabaticity428

parameter r g=Rc both being (for small pitch angles) 3
mv= (qBr ) at the Earth's equa-429

tor, and they are linked: If you have FLC scattering because of �nite � , you have a shifted430

loss cone. Note, however, that the loss cone can be shifted without particles experienc-431

ing FLC, as seen, for instance, for the case characterized by the blue dots in Figure 6.432

The onset of FLC scattering may be related to the onset of the radially inward shift of433

the loss cone seen in Figure 5. The analysis of Il'in et al. (1992) (see also Il'ina et al. (1993)434

and Il'in et al. (1997)) argues that at larger values of � the central trajectory bulges out435

in the radial direction from a dipole shape at the equator and the central trajectory de-436

velops a "kink" (cf. Figure 1 of Il'ina et al. (1993)). This means that particles on a cen-437

tral trajectory originating from one loss cone are no longer on the central trajectory for438

the conjugate loss cone after they cross the equatorial region and they will eventually439

mirror instead of going into the conjugate loss cone, i.e. the orbital properties become440

very di�erent after crossing the equatorial region. In addition, for the parameters con-441

sidered here for a dipole magnetic �eld,� � 0:2 is roughly the onset for FLC. For � �442

0:2 in the dipole, the loss cone has shifted considerably relative to the local equatorial443

magnetic �eld direction. Note also that the particle with � = 0 :13 (blue dots) does not444

enter the loss cone because the loss cone has shifted, but would have been lost if the loss445

cone had remained centered around 0� . The particle with � = 0 :24 (green dots) expe-446

riences strong FLC and eventually gets lost. It would have been lost earlier if the loss447

cone was not shifted, as evidenced by the fact that there are several green dots near the448

0� pitch angle. These considerations are important for those works that model the ring449

current or the radiation belts through a Fokker-Planck di�usion equation: to include an450

accurate characterization of FLC, one not only needs to have a model of the jumps of451

the magnetic moment that can be used to extract suitable di�usion coe�cients (e.g., Young452

et al. (2002)), one also needs to include the loss-cone shift. To the best of our knowledge,453

however, this is not yet done. Arguably this is because these codes are formulated in the454

space of the adiabatic invariants, where phase space is reduced from six dimensions to455

three and the information on the instantaneous phases of the particles is lost (Walt, 2005),456

thus rendering accounting for the loss-cone shift and its dependence on the gyrophase457

angle problematic. Given the potential importance of FLC as a loss mechanism (e.g., for458

instance, Ebihara et al. (2011)), however, accounting for the loss-cone shift (and in gen-459

eral for the dependence on the particles' phase) could be an important direction for fu-460

ture ring-current and radiation-belt modeling e�orts.461

4 The Coordinate System that Organizes Bounce Motion462

The displacement of the loss cone away from the equatorial pitch angle� = 0 �
463

is part of a coordinate transformation (a di�erential rotation) that organizes the bounce464

motion, mirror altitudes, bounce times, second adiabatic invariants, and drift velocities465

of charged particles in the dipole magnetic �eld. This transformed coordinate system466

also organizes the behavior of charged particles undergoing pitch-angle di�usion caused467

by angular scattering (e.g. wave-particle interactions) away from the equatorial plane468

(Borovsky et al., 2022).469

The ions (with the same � value) launched at the equatorial plane on the same cir-470

cle in Figure 6 all will have very nearly the same bounce period and all have approxi-471
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mately the same mirror altitude. This is demonstrated in Figure 7 where ion orbits are472

calculated for a large number of ions launched at 6:6RE in the equatorial plane, all with473

the same kinetic energy but with initial pitch angle and gyrophase angle corresponding474

to each dot in the �gure. The plots on the left are organized in terms of the mirror height475

of the particles during the �rst bounce, while the plots on the right are organized by the476

bounce time of the �rst bounce. The data in each plot is organized in �ve equally-spaced477

bins, each represented by a speci�c color. For instance, the �rst row of Figure 7 shows478

the mirror height (left) and bounce time (right) for protons with kinetic energy equal479

to 700 keV, i.e. � = 0 :08. The �ve equally-spaced bins range between the minimum value480

of 0.93RE and the maximum value of 2.48RE for the mirror height. For the bounce time,481

the minimum value is 8 s and the maximum value is 9.6 s. The second row corresponds482

to protons with kinetic energy equal to 2.415 MeV (� = 0 :15). The minimum values483

for the binning are 0.93RE and 4.1 s, while the maximum values are 2.66RE and 5.1484

s, for the mirror height and bounce time, respectively. In the third row, quantities cor-485

respond to 9.66-MeV protons (� = 0 :3). The minimum values for the binning are 0.93RE486

and 1.8 s, while the maximum values are 2.77RE and 2.6 s. Note in the bottom row that487

the color contours are beginning to show irregularities likely due to a stochastic behav-488

ior of the orbits for � = 0.3. Note also for the 9.66-MeV protons (� = 0.3) in the bot-489

tom row that the loss-cone shift is picking up an Earthward component (as in Figure 5).490

The black square in each plot of Figure 7 represents the center of the loss cone. From491

Figure 7 one can clearly see that the mirror height and the bounce time are organized492

according to the shift introduced by the Mozer transform: for � < 0:2, the curves of493

the various bins correspond to concentric circles centered by the aberrated loss cone. For494

higher values of� , the concentric nature of the plot is lost. These results are consistent495

with the �ndings in section 3, where we showed that, in the dipole, the Mozer transform496

provides an accurate description of the loss-cone shift up to� � 0:2 (when evaluated497

with the gradient-curvature-drift formula in equation (6)).498

Note that the transformed coordinate system has mirror symmetry across the equa-499

torial plane. For ions, both the northern loss cone and the southern loss cone are dis-500

placed eastward (in the � = 270� direction) from the magnetic �eld direction ( � = 0 � ).501

As viewed from the equatorial plane, the two loss cones are no longer 180� apart.502

In the calculations performed in Fig. 7 all protons were launched with the same initial503

location and di�erent pitch angles and gyrophase angles. Because of the non-uniform na-504

ture of the magnetic �eld, these protons do not move on the same drift shell: protons505

that are launched westward or eastward from the same location belong to drift shells sep-506

arated by their respective gyroradii. To check the importance of these e�ects, we have507

studied the trajectories of protons with di�erent initial launching point in the equato-508

rial plane, corresponding to an approximately same initial guiding center. Considering509

a uniform magnetic �eld, the relation between the initial launch point and the gyro-center510

of particle is given by511

x0 = xgc �
V? 0

! c0
sin � (15)

y0 = ygc +
V? 0

! c0
cos� (16)

Here xgc=RE = 6 :6, ygc=RE = 0 and z0 = 0. Note that ! c0 is the gyrofrequency eval-512

uated with the magnetic �eld at the position of the particle, hence Eqs. (15)-(16) are513

nonlinear. Obviously Eqs. (15)-(16) do not take into account the non-uniformity of the514

magnetic �eld, but they are su�cient to gain some zeroth-order understanding of the im-515

pact of the initial launch position on the particle trajectory. Figure 8 shows the trajec-516

tory of 700 keV protons with 10� initial pitch angle launched with the same initial equa-517

torial position (top panel, as in Fig. 7) and with equatorial position given by Eqs. (15)-518

(16) (i.e. with approximately same guiding center, bottom panel). Two gyrophase an-519

gles, 90� and 270� , are plotted. When particles are launched with the same position (Fig.520
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8, top panel), the particle launched eastward (� = 90 � ) is consistently above theL =521

6:6 magnetic �eld line (blued dashed curve), while the one launched westward (� = 270� )522

is consistently below. The latter particle also penetrates much deeper towards Earth be-523

fore mirroring. When particles are launched with approximately same initial guiding cen-524

ter (Fig. 8, bottom panel), both particles with � = 90 � and � = 270� move across the525

L = 6 :6 �eld line. The particle trajectories, however, resemble quite closely that ob-526

tained when launching from the same initial position. Similar results have been obtained527

for other pitch angles. Consequently, a plot of mirror height and bounce time versus pitch528

angle and gyrophase angle (not shown) is virtually indistinguishable from that of Fig.529

7. This indicates that the dominant e�ect organizing bounce motion is the loss cone shift530

while the fact that particles could sample slightly di�erent �eld lines depending on their531

gyrophase angle is a higher order e�ect.532

5 Modi�cation of the Loss Cone in Stretched Magnetic Fields533

In this section, symplectic orbit calculations are used to explore some of the changes534

to the loss-cone behavior that occur when the static magnetic �eld is non-dipolar.535

The displacement of the zeroth-order loss cone increases as the parameter of adi-536

abaticity � = r g=Rc increases. We will consider the displacement of the loss cone to be537

"signi�cant" enough if the ion loss cone shifts along the 270� azimuthal direction (or along538

90� for the electron loss cone) by a distance equal to the loss cone radius. Using this cri-539

terion, we next asses whether the energetic-ion populations of the Earth will be a�ected540

by the modi�cation of the loss cone in various magnetic-�eld topologies. In the left panel541

of Figure 9, magnetic-�eld lines modeled by a dipole, by the Ts89 (Tsyganenko, 1989),542

and by the Ts04 (Tsyganenko & Sitnov, 2005) magnetic-�eld models for a geomagnet-543

ically disturbed time (8 October 2012, 9 UT, Kp = 6+) are shown. The red (dipole544

magnetic �eld), blue (Ts89), and green (Ts04) magnetic-�eld lines all cross the equato-545

rial plane at the radial distance of 5:25RE at local midnight, i.e., approximately at the546

center of the ring current region. The curvature � = 1=Rc (where Rc is normalized to547

the Earth's radius) of the disturbed Ts89 and Ts04 magnetic-�eld lines at the equator548

is signi�cantly larger than the curvature of the dipole magnetic-�eld line ( � Ts04 = 3 :6,549

� Ts89 = 2 :5, and � dipole = 0 :57) and thus the parameter of adiabaticity � = �r g at550

the equator of the same ion with the same energy in the stretched, disturbed magnetic551

�eld is much larger than in the dipole magnetic �eld. In the right panel of Figure 9, �552

is computed for protons (solid lines) and oxygen ions (dashed lines) of various energies553

in the dipole, Ts89, and Ts04 magnetic-�eld topologies shown in the left panel. The hor-554

izontal yellow line in Figure 9 (right) marks the value of � for which the dipole loss cone555

is shifted by its radius. (As will be shown later, this critical value of � is approximately556

the same for both Tsyganenko magnetic-�eld models.) For protons, it is seen that the557

loss cone of only very energetic particles (with energies above� 1 MeV) is "signi�cantly"558

shifted in the dipole magnetic �eld. However, the loss cone of oxygen ions in the dipole559

magnetic �eld is signi�cantly shifted for the ions with energies above � 30 keV, which560

would a�ect a large portion of the ring current oxygen ions. For the storm-time stretched561

magnetic-�eld models, the loss cone of the ions for all species at all energies is signi�-562

cantly a�ected according to the Ts04 magnetic-�eld model and protons with energies&9 keV563

and oxygen ions with energies&1 keV according to the Ts89 model. Overall, values of564

� for a large fraction of the storm-time ring current ions are well above the yellow line565

in Figure 9 (right) indicating that the center of the loss cone will be shifted far away from566

the 0� pitch angle. This is especially true for heavier ions, which can constitute a sig-567

ni�cant portion of the ring current ion population during geomagnetic storms (Hamilton568

et al., 1988). To further emphasize this point, the proton and oxygen-ion kinetic ener-569

gies for which the loss-cone shift is equal to the loss-cone radius in a dipole magnetic �eld570

and as a function of L drift shell can be found in Figure 10.571
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As seen in Figure 9 (left), the atmospheric footpoint of the dipole magnetic-�eld572

line has a higher latitude than the Tsyganenko magnetic-�eld lines crossing the equa-573

tor at the same distance (for reference, the magenta magnetic-�eld line in Figure 9 (left)574

is a di�erent dipole magnetic-�eld line that has atmospheric footpoint at the same ge-575

omagnetic latitude as the Ts04 magnetic-�eld line) and thus B atmos
dipole > B atmos

Ts . How-576

ever, the di�erence is negligible compared to the di�erence between magnitudes of stretched577

and dipole magnetic-�elds at the equator, with the stretched magnetic-�eld strength be-578

ing reduced comparing to the dipole magnetic �eld. Thus, generally we expect the ra-579

dius of the loss cone to be larger in a dipole magnetic �eld than in a stretched magnetic580

�eld. This is illustrated in Figure 11, where test-particles simulations were performed581

to determine the location of the loss cone for positive ions with various values of� (shown582

by di�erent colors) in a dipole magnetic �eld (the corresponding loss cones are shown583

as dashed circles) and in the Ts89K p = 6+ (solid circles) magnetic-�eld model. The584

ions for the simulations were initialized at the same equatorial distance of� 5.6 RE . The585

radius of the loss cone in the dipole magnetic �eld is clearly larger in Figure 11 than the586

radius of the loss cone in the Ts89 magnetic �eld, in agreement with the larger value of587

Bequat =Batmos . The loss-cone radius also stays approximately constant as� increases. For588

� . 0:12 the centers of the loss cone in the dipole and Ts89 magnetic �elds are shifted589

by approximately the same distance from the 0� pitch angle: in these cases the shift can590

be predicted using Equation (8). However, for higher� values the center of the loss cone591

in the Ts89 magnetic �eld becomes increasingly farther away from the center of the loss592

cone in the dipole magnetic �eld and thus Equations (9) { (14) cannot be used for non-593

dipolar magnetic-�eld topology. The central trajectory concept, however, still can be used594

for this new magnetic �eld con�guration using the algorithm described in section 3.2 or595

in Il'ina et al. (1993).596

6 Conclusions597

We have used highly-accurate test-particle simulations to study the orbits of en-598

ergetic ions in prescribed dipole and stretched magnetic �elds relevant to the Earth's mag-599

netosphere. (The results pertain to electrons also.) As the gyroradius of the ions rela-600

tive to the curvature of the local magnetic �eld (i.e. the parameter of adiabaticity � ) in-601

creases, the classic zeroth-order expansion of the �rst adiabatic invariant, the magnetic602

moment, is no longer conserved well. This leads to a shift of the zeroth-order loss cone603

relative to the magnetic-�eld direction (this also implies that the loss cone becomes de-604

pendent on the gyrophase angle of the particles) and, for larger values of� , to the so-605

called �eld line curvature pitch angle scattering. In a dipole magnetic �eld, the shift of606

the zeroth-order loss cone happens for protons with values of� as low as 0.05. We have607

explored a coordinate transformation, following Mozer (1966), which subtracts the gradient-608

curvature drift from the perpendicular velocity of the charged particles, and showed that,609

in the dipole, (1) the Mozer transform can predict the shift of the ion loss cone in the610

westward direction for values of � up to 0.2 and (2) the equatorial-crossing circles aber-611

rated by the Mozer transform organize the behavior of charged-particle orbits. For larger612

values of � , the shift of the loss cone also acquires an Earthward angular shift. In this613

case, it can no longer be predicted by the Mozer transform (evaluated with the standard614

gradient-curvature drift) but can be computed by the central trajectory theory and we615

prescribe parameterizations of the loss-cone shift in terms of� with 4% accuracy, valid616

for a dipole magnetic �eld and for values of � up to unity. At relatively-small � values617

(� � 0:2 for the dipole) �eld line curvature scattering commences. This paper pointed618

out a link between the strength of �eld line curvature scattering and the shift of the an-619

gular loss cone. Comparisons between ion orbits in a dipole magnetic �eld and in Tsy-620

ganenko (Ts89 and Ts04) magnetic-�eld models reveal the importance of the magnetic-621

�eld topology: the loss cone radius shrinks and its shift is more severe in the stretched622

magnetic �elds. Indeed, the loss cone of ring-current ions is substantially modi�ed in the623

stretched magnetic-�eld con�gurations representative of geomagnetically active times.624
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Note that Powis et al. (2019), Sanchez et al. (2019) and Willard et al. (2019) in-625

correctly allude that the loss-cone shift is a relativistic e�ect, whereas it is not. The 700-626

keV protons used to demonstrate this shift have relativistic factors of
 = 1 :00075.627

We wish to further emphasize how �eld line curvature scattering is intimately re-628

lated to the loss-cone shift: both occur due to �nite � and at the onset of �eld line cur-629

vature scattering the loss cone has shifted considerably. Indeed, knowledge of the loss-630

cone shift is important for models that describe the dynamics of the ring current or the631

radiation belts through a Fokker-Planck di�usion equation, since scattering in the loss632

cone is a major loss mechanism. We note, however, that these models are commonly for-633

mulated in the three-dimensional space of adiabatic invariants (or some other equiva-634

lent coordinate system). This is a reduction from the full six-dimensional phase space635

associated with loss of information on the instantaneous phase of the particles (which,636

implicitly, is consistent with a uniform phase distribution of the particles maintained by637

some e�cient phase-mixing process) (Walt, 2005). The fact that the shift of the loss cone638

becomes strongly dependent on the gyrophase angle will tend to make the phase distri-639

bution non-uniform. At present, therefore, it does not seem straightforward to include640

the full loss-cone shift and its dependence on the gyrophase angle in these models but,641

given the potential importance of �eld line curvature scattering as a loss mechanism, this642

could be an important development direction for the future.643

Knowledge of the loss-cone shift is also critical for active space experiments that644

intend to use charged-particles beams to study magnetosphere-ionosphere connections.645

Appendix A Appendix: The Harmonic Oscillator646

In this appendix it is demonstrated that the conventional adiabatic analysis must
be performed in the reference frame of the oscillator. To do this, the one-dimensional
harmonic-oscillator equation

m
d2x
dt2 = � ! 2x (A1)

is numerically solved, wherex is the position of the oscillator and ! 2 is the oscillator strength.647

The mass m of the oscillator is taken to be 1 gm. If! is not a function of time, then equa-648

tion (A1) has a solution of the form x = A cos(!t + � o) and vx = dx=dt = � A! sin(!t +649

� o), where A is the amplitude of the oscillation and � o is the initial (t=0) phase of the650

oscillation. For an oscillator strength that varies slowly in time and a mass m = 1 gm,651

the numerical solution to equation (A1) is plotted in blue in Figure 12(b) and (c) with652

the oscillator strength ! (t) plotted in Figure 12(a). The adiabatic invariant for the one-653

dimensional harmonic oscillator isJ =
H

mvx dx =
H

mv2
x dt where the integral is over654

a complete period of oscillation. The blue curve in Figure 12(d) isJ =
H

mv2
x dt numer-655

ically integrated from the solution plotted in Figure 12(c).656

The harmonic oscillator is then analyzed from a reference frame where the oscil-657

lator moves (translates) in the x direction relative to the observer. This is done twice:658

once for a translation at a uniform velocity and once for a translation velocity that varies659

slowly in time as does the oscillator strength. (This second case is to be analogous to660

a mirroring particle in the Earth's dipole where the curvature drift is largest at the equa-661

tor where the gyroperiod is largest.) For the constant velocity case, a speed of 20 cm/s662

is chosen: this speed appears as the horizontal green line plotted in Figure 12(c). For663

the constant-translation-velocity case the adiabatic invariant is J =
H

m(v+20 cm=s)2dt.664

This quantity is plotted as the green curve in Figure 12(d). For the varying velocity case665

the translation velocity vtrans is plotted as the red curve in Figure 12(c). The adiabatic666

invariant for this case J =
H

m(v+ vtrans )2dt is numerically integrated and plotted as667

the red curve in Figure 12(d). The harmonic-oscillator green and red curves in Figure668

12(d) are analogous to the green proton curve in Figure 2(b) and the blue harmonic-oscillator669

curve in Figure 12(d) is analogous to the purple proton curve in Figure 2(b). Figure 12(d)670
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indicates that to properly calculate the adiabatic invariant, it must be done using ve-671

locities taken from the reference frame of the oscillator. For charged particles in the Earth's672

magnetosphere, that is the lesson of the Mozer (1966) "intuitive approach".673

674

Appendix B Gradient Drift Versus Curvature Drift675

When looking at the loss-cone shift (at small values of the equatorial pitch angle),676

emphasis has been on accounting for the curvature drift in the Mozer transform. In this677

Appendix, the orbits of two protons with medium and large initial equatorial pitch an-678

gles are examined to explore the role of the gradient drift relative to the curvature drift.679

In the two panels of Figure 13 the instantaneous value of� = 
mv 2
? � g=2 is plot-680

ted as a function of time for the two protons in a dipole magnetic �eld (similar to Fig-681

ure 2): one with an equatorial pitch angle � o = 20 � [Fig. 13(a)] and one with an equa-682

torial pitch angle � o = 60 � [Fig. 13(b)]. In each panel the blue curve is the value of�683

without correcting for the Mozer shift, the green curve is the value of� accounting only684

for the curvature drift in the Mozer shift, and the red curve is the value of � account-685

ing for both the curvature drift and the gradient drift. Figure 13(a) ( � o = 20 � ) shows686

that accounting for the curvature drift (green curve) substantially improves the conser-687

vation of � for a particle with modest equatorial pitch angle and that including the cor-688

rection for the gradient drift (red curve) adds improvement to the � conservation. Fig-689

ure 13(b) (� o = 60 � ) shows that accounting only for the curvature drift (green curve)690

does not substantially improve the conservation of� for a particle with a large equato-691

rial pitch angle and that including the correction for the gradient drift (red curve) sub-692

stantially improves the conservation.693

The conclusion is that for particles with small equatorial pitch angles the account-694

ing for of the curvature drift is most important and for particles with large equatorial695

pitch angles the account for of the gradient drift is most important.696
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Figure 1. Left panel: orientation of the initial velocity vector of two particles initialized in the

equatorial plane at � 6:6RE . The �rst has initial pitch angle � = 0 � and the second has initial

pitch angle � = 4 :6� and initial gyrophase angle � = 270 � . Right panel: trajectories of the �rst

(blue line) and the second (red line) particles in the Earth's dipole magnetic �eld; the green line

is the magnetic �eld line which crosses equator at the point where the particles were initialized.
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Figure 2. Time evolution of 
m v 2
? � g=2 (blue line), 
m (v � v drift )2

? � g=2 (red line) and their

respective time integrals (green and purple lines) for a 700-keV proton injected equatorially at

6.6RE and with 0 � initial equatorial pitch angle.
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Figure 3. Variations of the instantaneous zeroth-order �rst adiabatic invariant � 0 (blue line)

and variations of the �rst adiabatic invariant with gradient-curvature-drift velocity taken into

account (red line) for protons with � = 0 :27. The other injection parameters are the same as in

Figure 2.
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Figure 4. (left panel) Contour lines of constant mirror point altitude equal to 1 :01RE ; di�er-

ent colors represent di�erent values of � . Particles initialized at the equatorial plane with pitch

angle � and gyrophase � inside (or below for open curves) the contour lines are lost in the at-

mosphere. (right panel) The same contour lines (i.e. the edges of the loss cone) shown in polar

geometry with � being the radial coordinate and � being the angular coordinate.
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Figure 5. Same as Figure 4 for� > 0:14:

Figure 6. Colored dots represent equatorial phase coordinates (pitch angle and gyrophase an-

gle) of ions moving in the Earth's dipole magnetic �eld; di�erent colors correspond to coordinates

of ions with di�erent values of � . The ions were initialized with pitch angle 5 � and gyrophase

angle 0� . Solid circles are loss cones for ions with� = 0 :13 (blue) and � = 0 :24 (green).
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Figure 7. Mirror height (left) and bounce time (right) of the �rst bounce for protons injected

equatorially at 6 :6RE with initial pitch angle and gyrophase angle corresponding to each dot in

the subplots. The data is organized in �ve equally-spaced bins between the minimum and maxi-

mum value for the given quantity. The top row is for 700-keV protons ( � = 0 :08, minimum height

0.93RE , maximum height 2.48RE , minimum bounce time 8 s, maximum bounce time 9.6 s),

the middle row is for 2.415-MeV protons ( � = 0 :15, minimum height 0.93RE , maximum height

2.66RE , minimum bounce time 4.1 s, maximum bounce time 5.1 s) and the bottom row is for

9.66-MeV protons ( � = 0 :3, minimum height 0.93 RE , maximum height 2.77RE , minimum bounce

time 1.8 s, maximum bounce time 2.6 s). The black square is the center of the shifted loss cone.

In the right plots, the white area near the shifted loss cone correspond to particles that reached

Earth and did not mirror.
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Figure 8. Trajectories of 700-keV protons with initial pitch angle equal to 10 � and two gy-

rophase angles,� = 90 � and � = 270 � , launched with the same equatorial position (top panel)

and with a position to yield an approximately same initial guiding center (bottom panel). The

blue dashed line represents the �eld line corresponding to L = 6 :6.
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Figure 9. (left panel) Magnetic �eld lines corresponding to dipole (red and magenta) and

storm-time Ts89 (blue) and Ts04 (green) magnetic-�eld models; (left panel) parameter of adia-

baticity � computed for various energies of protons (solid lines) and oxygen ions (dashed lines)

in the dipole (red), Ts89 (blue), and Ts04 (green) magnetic-�eld con�gurations shown in the left

panel. The horizontal yellow line marks the value of � for which the dipole loss cone is shifted by

its radius.

Figure 10. Ion kinetic energies for which the shift of the loss cone equals the radius of the

loss cone in a dipole magnetic �eld as a function of L drift shell.
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Figure 11. Loss cones computed for positive ions initialized at the equatorial distance 5:6RE

in the dipole (dashed lines) and Ts89 (solid lines) magnetic-�eld models; di�erent colors corre-

spond to ions with di�erent � (see legend).
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Figure 12. Analysis of the one-dimensional harmonic oscillator: (a) frequency of the oscillator

versus time for the example considered, (b) oscillator position versus time, (c) oscillator velocity

versus time (blue line) including constant (green line) and time-dependent (red line) translation

velocities of the oscillator relative to the observer, (d) adiabatic invariants in the oscillator refer-

ence frame (blue line) and in the observer reference frame (green and red lines).
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Figure 13. The time evolution of 
mv 2
? � g=2 for two 700-keV protons at 6.6 R E . In panel (a)

the proton has an initial equatorial pitch angle of 20 � and in panel (b) the proton has an initial

equatorial pitch angle of 60 � . The blue curve does not account for the Mozer shift, the green

curve accounts only for the curvature drift, and the red curve accounts for both the curvature

and gradient drifts.
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