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We present an energy scaling function to predict, in a specific range, the energy of bosonic
trimers with large scattering lengths and finite range interactions, which is validated by quantum
Monte Carlo calculations using microscopic Hamiltonians with two- and three-body potentials. The
proposed scaling function depends on the scattering length, effective range, and a reference energy,
which we chose as the trimer energy at unitarity. We obtained the scaling function as a limit cycle
from the solution of the renormalized zero-range model with effective range corrections. We proposed
a simple parameterization of the energy scaling function. Besides the intrinsic interest in theoretical
and experimental investigations, this scaling function allows one to probe Efimov physics with only
the trimer ground-states, which may open opportunities to identify Efimov trimers whenever access
to excited states is limited.

I. INTRODUCTION

Loosely bound few-body quantum systems close to
unitarity, when the two-body scattering length diverges,
have the corresponding densities distributed over a much
larger region beyond the range of their mutual interac-
tions. In this situation, the details of the inter-particle
potential become almost irrelevant once the interaction
can reproduce the ground-state spectrum. These basic
quantum properties are fundamental in understanding
few-body effects such as the Thomas collapse [1] or the
related well-known Efimov effect [2, 3]. The former cor-
responds to the collapse of the three-body ground state
when the range of the two-body interaction goes to zero.
The latter tells us that an infinite number of three-body
bound states can be found in the exact unitary limit.
Later it was shown that both phenomena are closely re-
lated by a scale transformation [4].

Bound and resonant states emerge as we approach the
unitary limit. The independence on the details of the
two-body potential was also observed by Phillips [5] when
studying the correlation between the triton binding en-
ergy and the doublet nucleon-deuteron scattering length
by using several nucleon-nucleon potential models. Efi-
mov and Tkachenko later explained this effect within the
framework of the zero-range theory [6].

The Efimov effect is also present in N > 3 sys-
tems, where N is the number of particles. For ex-
ample, Tjon studied the fixed-slope correlation between
tetramer and trimer binding energies of 4He [7], the so-
called Tjon line [8], which is closely related to the three-
body Efimov physics [9–12]. Coester et al. [13] stud-
ied nuclear-matter binding energy variations with phase-
shift-equivalent two-body potentials.
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The study of few-nucleon correlations, which con-
tributed to the characterization of the Thomas collapse
and Efimov effect, followed pioneering mathematical ap-
proaches to three-body problems, done by Skorniakov
and Ter-Martirosian [14], Danilov [15], and Faddeev [16].
The search for three-body systems where Efimov states
could be characterized began with few-nucleon and few-
atom systems [17–20].

The experimental searches for Efimov states in nu-
clear physics encountered apparent limitations due to the
properties of nucleon-nucleon interaction. The discovery
of exotic nuclear systems, which could be described as
a core with a two-neutron halo [21, 22] is the appropri-
ate place in nuclear physics for investigations of possible
bound or resonant states with Efimov character [23, 24].

The first prediction of Efimov states in few-atomic sys-
tems was made by Lim et al. [25], pointing out its possi-
ble relevance in helium gases at low temperatures. This
prediction was later made more convincingly when con-
sidering the possibility of one excited Efimov state in the
three-helium atomic system [26]. For a review on the ini-
tial studies considering the Efimov nature of 4He trimer,
the reader is referred to Ref. [27]. The excited Efimov
state in 4He trimer was confirmed experimentally in 2015
by Kunitski et al. [28]. The ultracold collision properties
of 4He trimer have been discussed since 1997 [29], with
access to new experimental data motivating investiga-
tions, in the context of Efimov physics, on the ultracold
collision properties of a 4He dimer with a third atomic
particle (4He, 6,7Li, and 23Na) [30, 31].

The experimental realization of Bose-Einstein conden-
sation with extremely diluted atom clouds in 1995 [32–
34] was a milestone for atomic physics. The possibil-
ity to control atom-atom interactions via Feshbach reso-
nances [35–38] enabled the experimental search for Efi-
mov states in atomic systems. Three-body Efimov states
have been identified in different experimental setups,
with the first evidence observed in an ultracold gas of ce-
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sium atoms [39]. The success in observing the existence
of Efimov states in cold-atom systems is being explored
by theoretical and experimental investigations [40, 41].

The spectrum of Efimov states in the limit of infinite
scattering length is characterized by an asymptotic dis-
crete scaling symmetry, which is the signature of renor-
malization group flow to a limit cycle. The connection
between the Efimov effect and renormalization group
limit cycles was first noted in Ref. [42]. The Efimov ef-
fect was realized as a universal scaling limit of the three-
body system [24, 43] and within the framework of effec-
tive field theory (EFT) [44, 45]. A summary of the iden-
tified scales and universal aspects in few-body systems
can be found in several reviews, considering nuclear and
atomic systems [46–52]. The main relevant interest in the
theoretical approaches is to establish possible extensions
of the observed universality by considering range correc-
tions, scaling limits, and extensions of such correlations
to more than three particles, which can be observed in
experimental investigations.

In the present work, our goal is to establish range cor-
rections when considering a trimer, composed of identi-
cal bosons of mass m close to unitarity, within the rep-
resentation of a universal scaling function, which corre-
lates the trimer energies for different scattering lengths
with the effective range. This provides a practical frame-
work yet untouched by previous related studies, such that
extensions to larger systems can be followed systemati-
cally whenever possible. Linear range corrections to the
zero-range approach were first considered to explain the
Phillips line [6]. Since then, range corrections have been
considered in several systematic studies [53–68]. In sup-
port to ongoing experimental investigations in cold-atom
physics [69–73], one can observe the interest in defining
more precisely the expansion parameters near the unitary
regime [74, 75].

Recently, a quantum Monte Carlo (QMC) study up to
N = 60 bosons [76] obtained the ground-state binding
energies at unitarity for clusters with sizes much larger
than the interaction range. Particularly, it is desirable to
follow systematically, at least for the simplest non-trivial
case of the three-boson system, the route of the ener-
gies when the unitarity limit is approached in terms of
the scattering length, effective range, and a three-body
scale. In this paper we propose an energy scaling function
containing information about the two-body system, i.e.,
the scattering length and effective range, and the trimer
energies at unitarity and finite scattering lengths. We in-
vestigated the scaling function, obtained as a limit cycle
from the range-corrected Skorniakov and Ter-Martirosian
equations, using QMC calculations with two- and three-
body potentials for a specific range of the physical pa-
rameters mentioned above.

This work is structured as follows. In Sec. II we in-
troduce the basic concepts necessary to construct the
energy scaling function and also the subtracted form
of the Skorniakov and Ter-Martirosian equation with fi-
nite range corrections, which allows us to obtain numeri-

cally the limit cycle which characterizes the scaling func-
tion. The method employed in this work to study the
trimer ground-state energy with finite range potentials,
namely the quantum Monte Carlo approach, is presented
in Sec. III. We provide calculations with the Skorniakov
and Ter-Martirosian zero-range model with finite range
corrections to show the limit cycle of the proposed scaling
function in Sec. IV. In Sec. V, we performed QMC simu-
lations with microscopic two- and three-body potentials
to compute the relevant quantities. By comparing the re-
sults obtained with both methods, we select among the
hundreds of systematical calculations the ones that are
within the universal window, which allows us to char-
acterize in detail the route toward unitary with finite
effective ranges. Finally, our conclusions are presented
in Sec. VI. In Appendix A, we show that a zero-range
parametrization of the Efimov states with an effective
range function that runs with the energy scale motivates
our ansatz for the scaling function.

II. UNIVERSAL SCALINGS

A. Effective range expansion

We start by reviewing some basic concepts applied to
low-energy scattering and weakly bound states of two
identical bosons. Let us consider the two-body scatter-
ing in the s-wave, described by the Schrödinger equation,
with a finite range spherically symmetric potential V (r),
which depends only on the distance r between the par-
ticles. The solutions are separated into radial U(r) and
angular Y (θ, φ) parts, the latter being a constant for s-
wave scattering. By defining u(r) = rU(r), the two-body
equation for particles with mass m is given by[

− ~2

2mr

d2

dr2
+ V (r)

]
u(r) =

~2k2

2mr
u(r), (1)

where mr = m/2 is the reduced mass, and ~2k2/(2mr)
is the scattering energy. The scattering length a, which
describes low-energy scattering, can be determined from
the k → 0 solution of Eq. (1), u0(r),

1

u0(R)

d

dr
u0(r)

∣∣
R

=
1

R− a
, (2)

where R is outside the potential range. Another relevant
low-energy observable is the effective range r0,

r0 = 2

∫ ∞
0

dr
[
ψ2
0(r)− u20(r)

]
, (3)

where ψ0(r) is the asymptotic form of u0(r), that is, the
solution of Eq. (1) with k → 0 and V (r) = 0. The s-wave
scattering length and corresponding effective range are
related to the low-energy phase shift δ0(k) through [77]

k cot δ0(k) = −1

a
+
r0k

2

2
+O(k4). (4)
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This equation is often called shape-independent approxi-
mation because two different microscopic potentials that
differ in shape produce the same low-energy phase shifts,
as long as both have the same scattering length and effec-
tive range. In systems where no three-body scale exists,
such as two-component Fermi gases, Eq. (4) has allowed
comparisons of results obtained with potentials of quite
different shapes: square-well [78], modified Poschl-Teller
[79], and even the s-wave component of nuclear potentials
[80–82].

The two-body s-wave scattering amplitude is given by

τ(k) =
1

k cot δ0 − ik
. (5)

From the pole of the s-wave scattering amplitude in the
first (second) complex energy sheet, one can obtain the
well-known scaling law for the bound (virtual) dimer en-
ergy E2 = −~2/(ma2B), where

1

aB
=

1

a
− 1

2

r0
a2B

. (6)

In this expression, we kept only the first two terms of the
k cot δ0(k) effective range expansion.

B. Trimer energy scaling

The three-boson system requires a three-body scale in
the limit of a s-wave zero-range force to avoid the Thomas
collapse, as the two-boson scattering length is not enough
to determine the trimer low-energy properties. Correc-
tions due to the effective range can be taken into account
considering the effective range expansion of Eq. (4) in
the s-wave scattering amplitude. If we choose a refer-
ence three-body energy at unitarity, E3(1/a = 0, r0, ν),
where ν is a three-body scale, then it can be combined
with the scattering length and effective range to produce
two dimensionless quantities, which we denote by

x =
~

a
√
−mE3(0, r0, ν)

, (7)

y =
r0
√
−mE3(0, r0, ν)

~
, (8)

with these quantities defined such that x = 0 corresponds
to the unitary limit and y = 0 to the zero-range limit.

Our goal is to establish an energy scaling function to
obtain the trimer energy E3(1/a, r0, ν) as a function of
the scattering length, effective range, and a three-body
scale ν. As mentioned above, a reference energy is re-
quired, which we take to be the trimer energy at uni-
tarity for a particular value of the effective range and
three-body reference energy, E3(0, r0, ν). Given x and y
by Eqs. (7) and (8), we define a scaling function F (x, y)
as

F (x, y) ≡ E3 (1/a, r0, ν)

E3(0, r0, ν)
, (9)

which has to be determined, as well as the region where
it displays a universal behavior, namely, where it does
not depend explicitly on details of the microscopic inter-
action being considered for the examples we are going to
explore.

The zero-range limit of Eq. (9) has been studied ex-
tensively in the literature, cast in a different form that
contains the same information [40],

E3(1/a, 0, ν) +
~2

2ma2
= E3(0, 0, ν) exp [∆(ξ)/s0], (10)

where s0 is the Efimov parameter and

tan ξ = −
(
m|E3(1/a, 0, ν)|

~2

)1/2

a. (11)

The ∆ function, often called Efimov’s universal function,
can be determined by computing the binding energies
in Eq. (10), which can be done with remarkable preci-
sion [40, 50, 83, 84]. Our goal is to go beyond the zero-
range limit and to compute trimer energies with finite
effective ranges.

Although deriving an analytic expression for the scal-
ing function of Eq. (9) is challenging, some of its features
are known. Since the reference energies are calculated at
unitarity, F (0, y) = 1 for all values of y. If we consider
an expansion in powers of x and y, a consequence is that
every power of y must be multiplied by a power of x.
Also, the trimer energy for a finite scattering length and
a zero-range interaction was computed up to first order
in 1/a in the context of absorptive short-range poten-
tials [85], and later in Refs. [59, 60], where it was shown
that:

∂E3(1/a, r0, ν)

∂(1/a)
= −~2C2

8πm
. (12)

It is understood that the derivative must be taken at
a fixed three-body scale, and C2 is the two-body con-
tact. Reference [85] provides the value of the derivative in

Eq. (12), with the value C2 = 53.097
√
−mE3(0, r0, ν)/~

being provided in Refs. [59, 60]. By casting Eq. (12) in
the form of our scaling function, the zero-range behavior
(for |x| � 1) emerges as

F (x, 0) = 1 +

(
53.097

8π

)
x ≈ 1 + 2.113x. (13)

We should note that the zero-range assumption in de-
riving Eq. (12) implies that we should only observe the
linear behavior in x with a slope of 2.113 if the reference
energy E3(0, r0, ν) is computed at r0 = 0. For finite val-
ues of the effective range, we expect the slope to be close
to this value since both the numerator and denominator
of Eq. (9) contain the finite r0 dependence. To obtain
the scaling function we will use the solutions of the Sko-
rniakov and Ter-Martirosian (STM) [14] equation with
leading order effective range corrections.
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1. Skorniakov and Ter-Martirosian formalism

The STM approach [14] is the appropriate formalism
for an analytical study of three-body systems close to
the unitary limit, where universal aspects are dominant,
not being affected by the details of two-body interac-
tions. In Ref. [85], within a study considering a three-
boson system with an absorptive short-range two-body
potential, the STM formalism was applied in the limit of
zero-range interaction, using a momentum cutoff renor-
malization. From the linearity of an expansion of the
STM equation, it was established in that work the uni-
versal constant 2.1 (which appears in Eq. (13) with two
more digits) for the first-order correction to the unitarity
in the zero-range limit. By taking advantage of previous
studies on subtractive renormalization approach [86], to-
gether with renormalization group invariance of quantum
mechanics [87], used in the context of three-body scal-
ing limit [88], a subtracted form of the STM equation
for bosonic trimer bound states with zero-range poten-
tial was found to be appropriate for a unified description
of the Efimov and Thomas effects with cutoff regulariza-
tion [4]. With units such that ~ = m = 1, the s-wave
subtracted STM equation for the trimer energy E3 can
be written as [47]

f(q) = − 2

π
τ (k)

∫ ∞
0

dp p2 f(p)

∫ +1

−1
dz

× [G0(p, q, z;E3)−G0(p, q, z;−ν)] , (14)

where k = i
√
E3 − 3q2/4 and the three-body Green’s

function is G0(p, q, z;E) ≡
[
E − p2 − q2 − pqz

]−1
, with

ν being a three-body short-range regularization parame-
ter, presented as an energy subtraction point in the for-
malism. The two-body s-wave scattering amplitude is
given by Eq. (5), which in the lowest order of the effec-
tive range r0 leads to [89]

τ(k) =

(
− 1

aB
− ik

)−1 [
1 +

r0
2

(
1

aB
− ik

)]
, (15)

with aB related to the scattering length by Eq. (6).

III. QUANTUM MONTE CARLO METHODS

A. The microscopic Hamiltonian

The Hamiltonian we considered for the three identical
bosons is given by

H = − ~2

2m

3∑
i=1

∇2
i +

∑
i<j

V2(rij) + V3(R123), (16)

where rij = |ri − rj | are the pair distances, with V2(rij)
the corresponding pair-wise attractive interactions. The

term V3(R123) is a repulsive three-body force, where
R123 ≡ (r212 + r213 + r223)1/2.

Once we consider that the function F (x, y) defined in
Eq. (9) is universal, then it must be independent of the
microscopic details of the interactions. To verify such
universality of F (x, y) first we compare our results with
the ones obtained using the subtracted STM equation.
Then, for some selected values of x and y, we employed
two different two-body interactions tuned to reproduce
the desired values of the scattering length and effective
range.

The majority of our results is obtained with a Gaussian
potential, defined by

VG(r) = −λG
~2µ2

G

mr
exp

[
−µ

2
Gr

2

2

]
, (17)

with the tunable parameters λG and µG. This poten-
tial is frequently employed in the cold atom gases litera-
ture [76]. Another choice was the modified Poschl-Teller
potential, which has been successfully used to describe
interactions in cold atom systems [79, 82, 90, 91]. It is
given by

VmPT(r) = −λPT
~2µ2

PT

mr

1

cosh2(µPTr)
. (18)

This potential is commonly employed for convenience
since there is an analytical expression that relates the
parameters λPT, µPT and a [82].

Although both potentials share some similarities, such
as having two tunable parameters and representing
smeared out delta functions, they produce different re-
sults for the same values of a and r0. For example,
in the absence of a three-body force, the trimer energy
at unitarity is E3mr

2
0/~2 = −0.54(1) if computed with

the modified Poschl-Teller potential and −0.49(1) by us-
ing the Gaussian potential. Hereafter, we report our
results with the uncertainty of one standard deviation.
These differences persist even for other different scat-
tering lengths, effective ranges, and non-zero three-body
forces. Hence, they represent sensible choices in our aim
for testing the universal scaling of Eq. (9).

For the three-body force in Eq. (16), the following
Gaussian form [76] was chosen,

V3(R123) = λ3
~2µ2

3

m
exp

[
−µ

2
3R

2
123

2

]
. (19)

The dimensionless strength parameter λ3 is increased to
produce loosely bound trimers, while the parameter µ3

controls the range of the interaction.
In physical systems, the expected geometric tower of

Efimov states at unitarity is truncated from below due
to the finite interaction range. The binding energy of
the next deeper trimer would be ≈ 22.72 larger than
the ground-state one. Hence, it has been argued that if
the potential parameters are such that ~µ2,3/

√
−mE3 �

22.7, then the shape of the potential should produce small
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effects [44, 45, 76]. However, in our investigation we also
focus on cases where ~µ2,3/

√
−mE3 < 22.7 and finite

range corrections are appreciable.

B. Diffusion Monte Carlo method

The solution of the Schrödinger equation using two-
and three-body finite-range potentials is obtained with
variational and diffusion Monte Carlo methods, called
VMC and DMC, respectively. The VMC method relies
on a trial wave function which should capture the proper-
ties of the ground-state. The trial wave function contains
variational parameters, which are optimized to minimize
the energy.

Universality tests of bosonic trimers using pairwise in-
teractions often employ trial wave functions consisting
of a zero-range part multiplied by two-body correlations.
In Ref. [92], for example, the authors constructed a trial
wave function for the van der Waals potential by mul-
tiplying the uncorrelated hyperangular expression of the
Efimov trimer in the zero-range limit [93] by the zero-
energy two-body wave function [94, 95]. This variational
approach was successful in verifying their interpretation
of the microscopic origin of the universal three-body pa-
rameter.

Since the Hamiltonian, Eq. (16), contains a three-body
force, the inclusion of three-body correlations in our trial
wave functions greatly reduces both the variational en-
ergy and the variance of the results. The considered trial
wave functions are of the form [76]

ψT (R) =

(
3∏
i=1

f1(ri)

)∏
i<j

f2(rij)

 f3(R123), (20)

where R is a shorthand notation for all the coordi-
nates. The one-body factor f1(r) = exp(−αr2) describes
the cluster formation, where we introduced the varia-
tional parameter α, and the distance ri is taken from
the center of mass of the cluster. The short-range cor-
relations are included via a two-body Jastrow function
f2(r). Its boundary conditions are f2(r > d) = 1 and
f ′2(d) = 0 (where d is a variational parameter often
called healing length). The zero-energy solution of the
Schrödinger equation with the modified Poschl-Teller po-
tential, Eq. (18), is proportional to tanh(µPTr)/r, thus
we adopted the form f2(r) = K tanh(µJr) cosh(γr)/r
(for r 6 d), where K and γ are adjusted to match the
boundary conditions, with µJ being a variational param-
eter.

The three-body factor describes the effect of the three-
body repulsive force, f3(R) = exp

{
u0 exp[−R2/(2R2

0)]
}

,
where u0 and R0 are determined at the VMC level. For
a given two-body potential (either the modified Poschl-
Teller or Gaussian) and a three-body force, all the vari-
ational parameters are optimized by using VMC simu-
lations. Then, the optimized trial wave function is used

as input in the DMC calculations. Since we are deal-
ing with a bosonic system, there is no sign problem, and
thus the energies obtained with the DMC method are
exact within statistical uncertainties. The quality of the
variational wave function only reduces the variance and
improves the convergence of the results.

The diffusion Monte Carlo method projects out the
lowest-energy state of H, which is described by an initial
state ψT , Eq. (20), by propagation in the imaginary time
τ ,

ψ(τ) = exp [−(H − ET )τ ]ψT , (21)

where ET is an energy offset. In the limit τ → ∞ only
the lowest-energy state Φ0 survives, since higher-energy
components will be exponentially damped. The imagi-
nary time evolution is governed by

ψ(R, τ) =

∫
dR′ G(R,R′, τ)ψT (R′), (22)

where G(R,R′, τ) is the Green’s function associated with
the Hamiltonian. The Green’s function contains two
terms: a diffusion term related to the kinetic energy op-
erator, and a branching term related to the potential. We
solve an importance sampled version [96] of Eq. (22) iter-
atively by using the Trotter-Suzuki approximation [97–
99], which requires the time steps ∆τ to be small. For a
detailed description of the DMC algorithm, the reader is
directed to Ref. [96] and references therein.

Expectation values of operators that do not commute
with the Hamiltonian, in our case the mean square ra-
dius, can be computed by using extrapolated estimators

〈Φ0|O|Φ0〉 ≈
〈Φ0|O|ψT 〉2

〈ψT |O|ψT 〉
+O((Φ0 − ψT )2), (23)

where the results of DMC and VMC runs are combined.

IV. ENERGY SCALING FUNCTION

A. Limit cycle and effective range

We started our calculations by using the subtracted
form of the STM equation, as given in Sec. II B 1, to
compute the trimer energies at unitarity for values of y
in the range 0 6 y 6 0.30. From Eq. (7), we have that
these energies correspond to x = 0 in the scaling function.
Then, we computed the trimer energies at other scatter-
ing lengths departing from unitarity. To make compar-
isons easier, we chose to compute all trimer energies for a
fixed set of x values, −0.15 6 x 6 0.15 equally spaced by
0.05 increments. Since the value of the reference energy
varies, a given value of x corresponds to different values
of a depending on E3(0, r0, ν), as shown by Eq. (7).

We repeated the procedure described above for the first
three excited states (n = 1, 2, and 3) of the trimer. In
Fig. 1, we show our results for the scaling function F (x, y)
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given by Eq. (9), in terms of the variable y, which is
related to the effective range r0 by Eq. (8). We present
the results for negative and positive scattering lengths
(x < 0 and x > 0, respectively). Although the results are
essentially the same for small values of y, for larger values
of this parameter, there is a slight difference in the slope
of the curves between n = 1 and the two following excited
states. The size of the trimers increases by a factor of
22.7 if we compare the ground-state to the first excited
state or between two consecutive excited states. Hence,
as we move toward higher values of n, the results are
less sensitive to the regularization parameter. Since the
function should have already reached a converged limit
cycle for n = 3, we employed the results obtained with
the third excited state for the remainder of this work.
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FIG. 1. (Color online) Limit cycle of the energy scaling
function F (x, y) = E3(1/a, r0, ν)/E3(0, r0, ν) as a function

of y = r0
√

−mE3(0, r0, ν)/~. In the upper panel we present

the results for x = ~/(a
√

−mE3(0, r0, ν) > 0, and the lower
panel corresponds to x < 0. The (green) squares, (blue) tri-
angles, and (red) circles stand for the first, second, and third
excited states, respectively.

B. Scaling function parameterization

The energy scaling function shows a curvature when
approaching the zero-range limit, a behavior that one
can verify by looking closely at the y → 0 results plotted
in Fig. 1. This effect can be made more visible by per-
forming the numerical derivative of the scaling function
with respect to y, see the upper panel of Fig. 2. To cap-
ture this feature of ∂F (x, y)/∂y close to the origin, we
included terms proportional to yσ, with 0 < σ < 1, in
the expansion of the scaling function.
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FIG. 2. (Color online) Upper panel: numerical derivative
of F (x, y) with respect to y, for the n = 3 state shown in
Fig. 1. Open (filled) symbols are for x < 0 (x > 0). The solid
curves correspond to the derivative of Eq. (24). Lower panel:
energy scaling function F (x, y) fitted to the functional form of
Eq. (24). The (red) circles refer to results with the subtracted
form of the STM equation with finite-range corrections, while
the curves correspond to the fit.

Considering all the desirable features of F (x, y) we pre-
sented so far, we proposed the following functional form
for the scaling function:

F (x, y) = 1 + c1x+ c2xy
σ + c3x

2 + c4x
2y+ c5x

2yσ, (24)

which corresponds to an expansion in powers of x and
y. The parameters ci and σ were determined by fitting
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the STM results to Eq. (24), and we provide their values
in Table I. For reference, we show the function and its
numerical derivative with respect to y alongside the STM
results in Fig. 2. Besides having the desired features to
describe both the energy function and its derivative, this
functional form is further motivated in Appendix A.

TABLE I. Coefficients of Eq. (24) which corresponds to the
functional form of F (x, y). The first line represents the val-
ues obtained by fitting the equation with the STM results.
The second line corresponds to Eq. (25), in which σ = 2s0/π,
obtained with the ansatz described in Appendix A. The un-
certainties correspond to one standard deviation.

c1 c2 c3 c4 c5 σ
Fit 2.106(1) 1.26(1) 0.804(4) 1.0(2) 1.2(1) 0.680(3)

Ansatz 2.107 1.35 0.804 1.03 1.05 0.641

To fit the limit cycle results for the energy scaling func-
tion, we rely on an ansatz, detailed on Appendix A, which
gives

F (x, y) = 1 + 2.107x+ 1.35 y
2
π s0 x

+
(

0.804 + 1.03 y + 1.05 s0y
2
π s0
)
x2 + · · · . (25)

With this ansatz, the σ exponent of y suggested in
Eq. (24), 0 < σ < 1, is related to the Efimov parameter s0
by σ = 2s0/π. All the coefficients of this expression are
defined in correspondence with the ones given in Eq. (24).
By comparing the coefficients obtained with the fitting
procedure and the ones given by Eq. (25), we observe a
remarkably close agreement between the expressions, as
evidenced by the coefficients for both expansions shown
in Table I.

V. QUANTUM MONTE CARLO RESULTS

Once we have determined the energy scaling function
from the limit cycle, obtained by solving the subtracted
form of the STM equation with effective range correc-
tions, our next task is to compute it with microscopic
two- and three-body interactions. By comparing results
obtained with both methods, we will consolidate the va-
lidity of the universal scaling approach to potential mod-
els.

To solve the Schrödinger equation with microscopic
interactions, we chose to apply quantum Monte Carlo
methods, as described in Sec. III. Using these compu-
tational methods to obtain the trimer ground-state en-
ergies, we hope to provide a reliable view of the ap-
plicability of the universal scaling analysis emerging in
three-body systems. Within this framework, one may
extend the approach to realistic weakly-bound few-body
systems, such as those studied in cold atom laboratories.

We performed a large number of calculations with a
fixed effective range (µ2r0=2) and varying the scatter-
ing lengths for Gaussian two- (Eq. (17)) and three-body

(Eq. (19)) interactions. For some selected values of x
and y we employed the modified Poschl-Teller (Eq. (18))
two-body potential instead. Among such several QMC
calculations, we will show that within a certain poten-
tial parameters window, it is possible to select results
supporting the applicability of the universal energy scal-
ing function. The analysis of this parameter window is
also complemented by the calculation of the trimer mean
square radius.

A. Systematic calculations

First, we computed the trimer energies at unitarity,
the denominator of Eq. (9). Varying the strength (λ3)
of the repulsive three-body force changes the trimer en-
ergy and, consequently, the value of y, Eq. (8). From
Eq. (7), we have that all energies computed at unitarity
correspond to x = 0 in the scaling function. The ratio of
the trimer energy at unitarity without a three-body force
(λ3 = 0) to the one with the most repulsive three-body
force considered in this work is of the order of 1000. We
kept the value of the effective range fixed throughout all
simulations, so for each three-body force at unitarity we
have a different value of y, as seen in Eq. (8). So far,
the described procedure yields all the reference energies
that we need to compute the denominator of the energy
scaling function. The numerator comes from the trimer
energies calculated out of the unitary limit for finite val-
ues of the two-body scattering length.

In Fig. 3 we present our QMC results using Gaus-
sian two- and three-body potentials alongside the scaling
function obtained with the subtracted form of the STM
equation. We employed three different values of µ3 in
Eq. (19), µ3r0 =0.50, 0.75, 1.00, which is equivalent to
varying the range of the three-body force (proportional
to 1/µ3).

For small values of y, the results using microscopic
Hamiltonians coincide with the scaling function within
statistical errors. As we move toward larger values of
y, the results deviate from the scaling function. As ex-
pected, smaller values of µ3 correspond to larger ranges
of the three-body force, which produce greater differences
with the scaling function.

Our calculations are performed with y > 0.02 because
of the statistical errors for smaller values of y, as ex-
plained in the following. The scaling function depends
on the ratio of two energies, the trimer energy at some
finite scattering length and at unitarity. As we move to-
ward small values of y, with a fixed effective range, the
trimers become very loosely bound and quite large. The
statistical errors of our simulations also decrease when
going to this limit, but not as fast as the binding en-
ergies. Hence, although simulations with y < 0.02 are
possible, they would produce substantial errors for the
computation of the scaling function.

The behavior of the scaling function with y is the same
as seen in Fig. 3, namely, it increases with y for x > 0, and
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FIG. 3. (Color online) Energy scaling function calculated with
QMC results (data points) compared with the one obtained
from the solution of the STM subtracted equation with ef-
fective range corrections (dashed curves). The QMC results
concern the trimer ground-state energies computed with mi-
croscopic Hamiltonian containing Gaussian two- and three-
body potentials. The simulations were performed for three
different ranges of the three-body force, µ3r0 =0.50, 0.75,
and 1.00, (green) squares, (blue) circles, and (red) triangles,
respectively. The range of the repulsive three-body potential
is proportional to 1/µ3,Eq. (19). Results for the same value
of x are connected by lines to guide the eye.

it decreases for x < 0. The energy ratio for larger values
of y is obtained by decreasing the strength of the three-
body force. In the absence of a three-body potential
(λ3 = 0) the trimer energy at unitarity depends only on
the choice of the two-body potential. For the Gaussian
potential, E3mr

2
0/~2 = −0.49(1), which corresponds to a

value of y = 0.7.

The significant variations of the scaling function
F (x, y) from the Gaussian two and three-body poten-
tials with respect to the limit cycle seen in Fig. 3, can
be understood as follows. For x > 0, the attractive two-
body force is stronger than the one at the unitary limit,
as reflected by the finite value of the two-body binding.
This extra attraction compensates the repulsion of the
three-body potential. By decreasing the magnitude of
the repulsive three-body force, corresponding to increas-

ing y, such an effect is stronger than the change of the
on-shell scattering amplitude given by Eq. (15), when the
effective range increases and leads to the observed limit
cycle. For x < 0, the attractive two-body force is weaker
than the one in the unitary limit, which weakens the
trimer binding with respect to its value at unitarity. In
the presence of the repulsive three-body force such effect
is mitigated, and we observe the sharp increase of F (x, y)
as y → 0 for the potential model results in comparison
to the limit cycle ones.

B. Universal window

The results shown in Fig. 3 indicate model dependence
for large values of y, but they agree with the scaling func-
tion for small values of y. Hence, we would like to de-
termine the conditions that yield the universal behavior
described by the scaling function.

Trimer properties are expected to be universal if the
ground-state energy fulfills two independent conditions:
(i) x = ~/(a

√
−mE) → 0 and (ii) y = r0

√
−mE/~ → 0,

characterizing a weakly bound trimer when the ratio
r0/a → 0. We considered finite range interaction mod-
els where the effective range is such that r0/|a| . 0.05.
Condition (i) can always be achieved going to the uni-
tary limit, even for strongly bound trimers well within
the potential range. These trimers do not bear univer-
sal properties. The associated probability of finding the
bosons outside the potential range is small, contrary to
what is expected from a universal Efimov trimer. Condi-
tion (ii) is achieved by tuning the repulsive short-range
three-body potential, which makes the trimer ground-
state weakly bound. Universality is expected if the trimer
is large with respect to the ranges of the two and three-
body interactions.

The quantity R3 = ~/
√
−mE defines a characteristic

length scale of the trimer. In Fig. 4 we plot 1/(µ3R3) as
a function of the square root of the mean square radius
over the effective range,

√
〈r2〉/r0. Since 1/µ3 is propor-

tional to the range of the three-body force, the quantity
in the ordinate axis measures the range of the three-body
force compared to the size of the trimer. Universality is
expected for 1/(µ3R3) � 1 and

√
〈r2〉/r0 � 1, where

the last condition also leads to r0
√
−mE/~� 1.

We found consistently that trimers with 1/(µ3R3) 6
0.08, the shaded region of the plot, agree with the scal-
ing function, as we will show in the following subsection.
Notice that a matching criterion considering the ratio of√
〈r2〉, which also defines a typical length for the trimer,

to the effective range would exclude points that are in
agreement with the scaling function. For the universal
trimers, the values of

√
〈r2〉/r0 range from approximately

6 to 20. Again, this shows that universality for these po-
tential models is much more sensitive to the range of the
three-body force than to the trimer size.

The first prediction of the Efimov nature of the 4He
trimer was made in 1977 [25], but it was not experimen-
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FIG. 4. (Color online) Plot of 1/(µ3R3) as a function of the
square root of the mean square radius divided by the effective
range. We only included points of Fig. 3 with y 6 0.10.
The results shown are obtained with the Gaussian two-body
potential and the repulsive Gaussian three-body force with
different ranges, namely µ3r0 = 0.50, 0.75, and 1.00, (green)
squares, (blue) circles, and (red) triangles, respectively.

tally observed until 2015 [28]. This long period allowed
for extensive investigations concerning the Efimov uni-
versality in helium systems [27]. Ab initio variational
calculations concerning few-body 4He systems have been
performed with a plethora of realistic pairwise potentials:
LM2M2 [100, 101], a potential that takes into account rel-
ativistic and quantum electrodynamics effects [102, 103],
and many others [104]. These calculations consistently
find that helium trimers and tetramers present universal
aspects due to the underlying Efimov physics.

The 4He trimer is usually modeled by pairwise in-
teractions with short-range repulsion and long-range at-
traction, while in this current work, we assume purely
attractive two-body potentials and repulsive three-body
forces. Although the interactions in helium systems dif-
fer from those employed in this study, some comparisons
can be made concerning the universal window due to the
scales involved. At the two-body level, the bond length
of the 4He dimer, 52(4) Å [105], is one order of magni-
tude larger than the effective range of 7.3 Å [106] and
the van der Waals length of 5Å [107], thus universality is
expected. Although the bond length of the 4He trimer,
11(5) Å [108], exceeds the effective range and van der
Waals length, it is of the same order as both. We ob-
served similar behavior in our results for the universal
window since the values of

√
〈r2〉/r0 range from ∼ 6 to

20. Using the values of the scattering length and binding
energies reported in Ref. [28], we arrive at x = 0.11 and
y = 0.76 for the ground-state, and x = 0.75 and y = 0.11
for the first excited state. Although these values are not
contemplated simultaneously in this study, this suggests
that other potentials could have wider universality win-
dows than those employed in this work.

C. Universal trimers

Finally, we take all the results of our simulations for
−0.15 6 x 6 0.15, shown in Fig. 3, apply the criterion
1/(µ3R3) 6 0.08, depicted in Fig. 4, to select the trimers
that are in accordance with the scaling function. We dis-
play them in the upper plot of Fig. 5, where besides the
results for the Gaussian two-body potential, Eq. (17), we
present the ones obtained with the modified Poschl-Teller
potential, Eq. (18), for the smallest y value. Statisti-
cal fluctuations are present, and as seen in the plot of
Fig. 3, the error tends to increase toward smaller values
of y. Still, it is possible to see the agreement between the
results using microscopic Hamiltonians and the scaling
function obtained with the subtracted form of the STM
equation.
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FIG. 5. (Color online) Upper panel: comparison between
the scaling function obtained with the subtracted form of the
STM equation (dashed curves) and the microscopic Hamil-
tonian with Gaussian two- and three-body potentials (full
symbols) after the criterion 1/(µ3R3) 6 0.08 has been ap-
plied. The open symbols at the smallest value of y considered
correspond to calculations using the modified Poschl-Teller
potential, Eq. (18), for the two-body interactions. Lower
panel: quantum Monte Carlo calculations for F (x, y) against
the limit cycle results for the same values of x and y.
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In particular, by increasing y, namely, by enhancing
the trimer binding, and within the universal window, the
dependence of F (x, y) with y is explored. Although show-
ing small effects for y → 0.1 as shown in Fig. 3, the
smaller error in the trimer energies clearly corroborates
the limit cycle found for this scaling function. That is
illustrated by the Gaussian potential calculations with
three-body forces with the smallest range µ3r0 = 1.

The physical information of the effective range for
these universal trimers comes from a region in configura-
tion space where the bosons are well separated, namely
two of the bosons interact virtually and the spectator bo-
son perceives only the asymptotic wave function of the
pair interaction, which is contained in the on-shell scat-
tering amplitude. Furthermore, the effective range en-
hances the attraction between the bosons for a > 0 with
respect to the unitary limit, while for a < 0 by increas-
ing y the effect is repulsive, thus decreasing the trimer
binding with respect to the unitary limit. Such physical
effects are also supported by the Monte Carlo results.

The plot shown in the lower panel of Fig. 5 gauges
the quality of the comparison between the Monte Carlo
results for F (x, y) and the corresponding values obtained
in the STM calculations. The results are clustered and
associated with each x value. For smaller y the statistical
error systematically increases, as a consequence of the
necessity of a stronger three-body repulsion to fit the
trimer in the universal window.

VI. CONCLUSIONS AND OUTLOOK

Our goal was to determine an energy scaling function
for bosonic trimers close to the unitarity limit (infinite
scattering length), which considers finite range effects.
The scaling function was determined by considering the
subtracted form of the STM equation with a leading or-
der effective range correction. In addition, we validated
the scaling function by comparing it to QMC calcula-
tions with microscopic two- and three-body potentials.
We employed Gaussian and modified Poschl-Teller two-
body potentials with a Gaussian three-body interaction.

Concerning the calculations using the subtracted form
of the STM equation, it is interesting to see that the
limit cycles survive the addition of the finite range, see
Fig. 1, which was not apparent beforehand. The physics
behind the two-body contact parameter is also captured
in the scaling function through the linear term in x. It
would be very interesting to see if the other terms could
be similarly related to observables.

We should remark that all the results obtained with
QMC methods concern the trimer ground-state. This
represents an alternative to the standard approach of
probing Efimov physics through excited states.

For convenience, we chose the reference energy to be
the energy of the trimer at unitary. Inspection of Eq. (9)
reveals that we could choose the energy at some other
scattering length, and the scaling would also be possible.

This is relevant for experiments where different scattering
lengths can be observed, but the unitary regime may be
out of reach.

A few words to put our results in the context of pre-
vious related works are in order. The zero-range hyper-
radial equation for the trimer, first written down by Efi-
mov, contains a term proportional to 1/R2. Efimov noted
that range corrections would introduce a term propor-
tional to r0/R

3 [53]. This hyper-radial equation is dis-
cussed in detail in Ref. [56], in the context of EFT. The
authors derived a term proportional to r0/R

3 as a per-
turbation and obtained corrections linear in the two-body
effective range on the three-boson bound-state spectrum
when |a| � r0. The non-linear behavior in the effective
range that we found in this work, namely the rσ0 terms
in Eq. (24), cannot be obtained with linear corrections
in r0. Its validity is confirmed by the agreement of the
STM and QMC results for relatively large values of y, see
the points with y & 0.07 in Fig. 5.

We should also mention the studies of Refs. [63–65],
where two-body potentials have been used to derive range
corrections to bosonic clusters. The main difference in
our approach is that by including a repulsive three-body
force, we can probe much smaller values of y, while these
other works are in the region y ∼ 0.7. In this way, both
approaches are complementary. It would be interesting
to derive a formal route from one limit to the other, but
this is beyond the scope of the current work.

In this work, we considered particles with equal masses
and the same interactions between them. It would
be interesting to apply the same framework to mass-
imbalanced systems [109–112]. Moreover, if we consider
interactions with different scattering lengths between the
pairs, we would have three instead of a single a value and
also different effective ranges. Investigating if a universal
scaling exists in this more complicated setting could be
helpful to describe systems in atomic and nuclear physics.

We centered our discussion around three particles, but
the QMC methods employed in this work have been ap-
plied to bulk matter and clusters of up to 60 bosons [76].
Even in the case of interactions chosen to reproduce rel-
atively shallow trimers, finite-range effects appear for 15
particles or more [64, 76, 113, 114]. This happens be-
cause the interparticle spacing decreases, and the range
of the two- or three-body interactions become significant.

We intend to investigate if it is possible to construct
analogous scaling functions to the one in this work for
N -bosons systems. We hope that the finite range ef-
fects of the interactions in these cases can restore what
has been dismissed as non-universal behavior for large
bosonic clusters.
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Appendix A: Ansatz for the scaling function

In our analysis, we are concerned with a very small
region near unitarity, where we want to add range cor-
rections. We found convenient to express the three-
body energy ratio in terms of the first terms of an ex-
pansion, instead of the exponential form presented in

Ref. [40], E3(1/a, 0, ν) = E2 +E3,0(0, 0, ν)e
∆(η)
s0 , in which

the corrections are within the factor ∆(η), where tan η =√
E2/E3(0, 0, ν). For that, with E3 ≡ E3(1/a, 0, ν),

E3,0 ≡ E3(0, 0, ν), we define χ and χ0 such that

χ ≡
√
E2

E3
and χ0 ≡

√
E2

E3,0
. (A1)

The value of χ0, at the zero-range limit, can be identified
with x of Eq. (7). Our corresponding fitted expression,
obtained from systematic STM zero-range calculations,
by keeping terms only up to the order of the two-body
energy, is given by

F (x, 0) =
E3

E3,0
' 1 + 2.107χ0 + 0.804χ2

0. (A2)

This ratio of trimer energies, out and at unitarity, is the
convenient starting expression to introduce the effective
range contribution. For that, by considering Eq. (6)
we move to a range-dependent expression with a →
aB as suggested, such that χ0 →

√
EB/E3(0, r0, ν) =

x (1 + xy/2) = x (1 + r0/2a):

F0(x, y) ' 1 + x
(

1 +
xy

2

) [
2.107 + 0.804x

(
1 +

xy

2

)]
.

We can drop the last term inside the square brackets as
it is of the order 1/a3. However, by using the procedure
described above, we are still carrying the three-body en-
ergy at unitarity. As the effective range is also directly
associated with the energy scale [66], we can translate it
to a shift in the energy scale, which can be introduced
by an extra factor multiplying χ0, which we assume is

given by
(

1 + 2s0
π y

2s0
π

)
=
(
1 + 2s0

π exp( 2s0
π ln y)

)
. Note

that the range correction is such that ln y < 0, with this
exponential factor varying between 0 and 1, such that
the following scaling function is obtained:

F (x, y) =
E3(1/a, r0, ν)

E3(0, r0, ν)
(A3)

' 1 + 2.107x+ 1.350xy
2s0
π + 0.804x2

+ 1.030x2y
2s0
π + 1.053x2y + · · · .

If we consider large scattering lengths and set y = 0, this
expression is equivalent to Eq. (10). We should observe
that this parametrization is suitable for positive y and
shown to be adequate for analyzing the trimer energies
obtained with the models used here.

Our motivation to prescribe the above ansatz is based
on previous works (see Refs. [65, 74]), which have shown
that the effective range correction can be translated to a
shift in the energy scale with the effective range [66]. This
was the starting point to build the approximate formula
given by Eq. (24). Besides that, a physical constraint to
be added is that this shift must reflect the situation in
which the three-body scale is no more relevant for the
physics of the system, as in the case of a system formed
by two light bosons and a very heavy one. This could
occur for s0 � 1, i.e., when the separation between the
energies of consecutive Efimov states tends to infinity,
such that the three-body scale is no more relevant for the
system. By following this reasoning, the sensitivity to the
change in the short-range scale is reduced. At the same
time, the y dependence disappears with the exponent
being proportional to ∼ s0. The natural coefficients are
of O ∼ 1, both for the proportionality constant as well as
for the exponent. Furthermore, for the Efimov discrete
scaling, the relevant factor is s0/π.
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versal few-body physics and cluster formation. Reviews
of Modern Physics, 89(3):035006, 8 2017.

[52] A Kievsky, L Girlanda, M Gattobigio, and M Viviani.
Efimov Physics and Connections to Nuclear Physics.
arXiv preprint arXiv:2102.13504, 2021.

[53] Vitaly Efimov. Force-range correction in the three-body
problem: Application to three-nucleon systems. Physi-
cal Review C, 44(6):2303–2310, 12 1991.

[54] H.-W. Hammer and Thomas Mehen. Range corrections
to doublet S-wave neutron–deuteron scattering. Physics
Letters B, 516(3-4):353–361, 9 2001.

[55] M. Thøgersen, D. V. Fedorov, and A. S. Jensen. Univer-
sal properties of Efimov physics beyond the scattering
length approximation. Physical Review A, 78(2):020501,
8 2008.

[56] L. Platter, C. Ji, and D. R. Phillips. Range corrections
to three-body observables near a Feshbach resonance.
Physical Review A, 79(2):022702, 2 2009.

[57] Ludovic Pricoupenko. Crossover in the Efimov spec-
trum. Physical Review A, 82(4):043633, 10 2010.

[58] Eric Braaten, Daekyoung Kang, and Lucas Platter. Uni-
versal Relations for Identical Bosons from Three-Body
Physics. Physical Review Letters, 106(15):153005, 4
2011.

[59] Yvan Castin and Félix Werner. Single-particle momen-
tum distribution of an Efimov trimer. Physical Review A
- Atomic, Molecular, and Optical Physics, 83(6):063614,
6 2011.

[60] Félix Werner and Yvan Castin. General relations for
quantum gases in two and three dimensions. II. Bosons
and mixtures. Physical Review A, 86(5):053633, 11 2012.

[61] Jia Wang, J. P. D’Incao, B. D. Esry, and Chris H.
Greene. Origin of the Three-Body Parameter Uni-
versality in Efimov Physics. Physical Review Letters,
108(26):263001, 6 2012.

[62] D. S. Tusnski, M. T. Yamashita, T. Frederico, and
L. Tomio. Scales, Universality and Finite-Range Correc-
tion in Three-body Systems. Few-Body Systems, 54(5-
6):551–558, 5 2013.

[63] M. Gattobigio and A. Kievsky. Universality and scaling

in the N-body sector of Efimov physics. Physical Review
A, 90(1):012502, 7 2014.

[64] A. Kievsky, N. K. Timofeyuk, and M. Gattobigio. N-
boson spectrum from a discrete scale invariance. Phys-
ical Review A, 90(3):032504, 9 2014.

[65] A. Kievsky and M. Gattobigio. Universal range correc-
tions to Efimov trimers for a class of paths to the unitary
limit. Physical Review A, 92(6):062715, 12 2015.

[66] Chen Ji, Eric Braaten, Daniel R. Phillips, and Lucas
Platter. Universal relations for range corrections to Efi-
mov features. Physical Review A, 92(3):030702, 9 2015.
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S. Nascimbene, J. Dalibard, and J. Beugnon. Tan’s two-
body contact across the superfluid transition of a planar
Bose gas. Nature Communications, 12(1):760, 12 2021.

[74] M. Gattobigio, A. Kievsky, and M. Viviani. Embedding
nuclear physics inside the unitary-limit window. Physi-
cal Review C, 100(3):034004, 9 2019.

[75] P. M. A. Mestrom, T. Secker, R. M. Kroeze, and S. J.
J. M. F. Kokkelmans. Finite-range effects in Efimov
physics beyond the separable approximation. Physical
Review A, 99(1):012702, 1 2019.

[76] J. Carlson, S. Gandolfi, U. Van Kolck, and S. A. Vitiello.
Ground-State Properties of Unitary Bosons: From Clus-
ters to Matter. Physical Review Letters, 119(22):223002,
11 2017.

[77] H. A. Bethe. Theory of the effective range in nuclear
scattering. Physical Review, 76(1):38–50, 7 1949.

[78] G. E. Astrakharchik, J. Boronat, J. Casulleras, and
S. Giorgini. Equation of state of a fermi gas in the
BEC-BCS crossover: A quantum Monte Carlo study.
Physical Review Letters, 93(20):200404, 11 2004.

[79] J. Carlson, S.-Y. Chang, V. R. Pandharipande, and
K. E. Schmidt. Superfluid Fermi Gases with Large Scat-
tering Length. Physical Review Letters, 91(5):050401, 7
2003.

[80] Alexandros Gezerlis and J. Carlson. Strongly paired
fermions: Cold atoms and neutron matter. Physical



14

Review C, 77(3):032801, 3 2008.
[81] Alexandros Gezerlis and J. Carlson. Low-density neu-

tron matter. Physical Review C, 81(2):025803, 2 2010.
[82] Lucas Madeira, Stefano Gandolfi, Kevin E Schmidt,

and Vanderlei S Bagnato. Vortices in low-density neu-
tron matter and cold Fermi gases. Physical Review C,
100(1):014001, 7 2019.

[83] R.F. Mohr, R.J. Furnstahl, H.-W. Hammer, R.J. Perry,
and K.G. Wilson. Precise numerical results for limit
cycles in the quantum three-body problem. Annals of
Physics, 321(1):225–259, 1 2006.

[84] M. Gattobigio, M. Göbel, H.-W. Hammer, and
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