
1

Description of Global EGAM in the maximum
of local frequency during current ramp-up

discharges in DIII-D

F. Camilo de Souza1†, N. Gorelenkov2 A. Elfimov‡1 R. Galvão1 C.
Collins3 M. Podesta2 and E. Fredrickson2

1Institute of Physics, University of São Paulo, São Paulo, Brazil
2Princeton Plasma Physics Laboratory, Princeton, USA

3General Atomics, USA

(Received xx; revised xx; accepted xx)

Geodesic Acoustic Modes excited by Energetic Ions, EGAM (Fu 2008), driven by Neu-
tral Beam Injection (NBI) have been observed in many DIII-D tokamak experiments
(Nazikian et al. 2008). This mechanism has been theoretically investigated in
(Qiu et al. 2010), using a sharp energetic particle distribution function, and
in (Qu et al. 2017)) the dispersion relation and eigenmode behavior were
obtained for the situation of early beam scenario, that is, for times smaller
than the beam slowing down time. In this work we extend these studies
determining the eigenmode for beyond the slowing down time, in a scenario
with reverse safety factor q profile, where a small concentration of energetic
ions can produce an off axis maximum in the GAM dispersion relation. The
characteristics of EGAM are analytically studied with drift kinetic equation together
with the MHD code NOVA. The toroidal energetic ion transit frequency, coupled with
the GAM frequency, produces the maximum in the dispersion relation where the eigen-
mode can be found. The quantitative correspondence of experimental results with the
predictions of the proposed model is analyzed.

1. Introduction
Geodesic Acoustic Modes (GAMs) (Winsor et al. 1968) are linear ideal MHD modes

driven by anisotropic pressure perturbation of ions. They are characterized by toroidal
mode number N = 0 and poloidal mode number M = 0 combined with M = ±1,±2
side-bands. Eigenmodes in the geodesic frequency range have been theoretically analysed
and experimentally observed during tokamak ohmic discharges (Askinazi et al. 2017;
Melnikov et al. 2015), ion cyclotron resonance (ICRH) (Berk et al. 2006) and Neutral
Beam (NB) heating discharges, when driven by the anisotropic pressure of energetic
ions (Fu 2008; Nazikian et al. 2008), or for a pre-existent GAM during ohmic discharge
modified by the presence of energetic ions (de Souza et al. 2017).

GAMs are important in the tokamak dynamics because they may drive anomalous
plasma transport and energetic ions loss, as it has been theoretically established (Dia-
mond et al. 2005; Hallatschek & Biskamp 2001) and experimentally observed (Conway
2008; Conway et al. 2011; Nazikian et al. 2008; Berk et al. 2006). Furthermore, they may
be useful as a diagnostic tool to indicate the L-H confinement transition(Conway 2008;
Conway et al. 2011) in tokamaks.
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According to the early theoretical models, in discharges with NB injection, the GAM
instability can be driven due to an inhomogeneous dependence on the pitch angle
distribution in velocity space (Fu 2008; Qiu et al. 2010; Zarzoso et al. 2012). The energetic
ion model was used in the form of a slowing down(Stix 1972) distribution. Two kinds of
geodesic modes were found, namely, the standard GAM and the geodesic mode driven by
energetic particles (EGAM), which may appear above some critical energetic ion density
with frequency close to half of thermal GAM solution. The new EGAM dispersion relation
and the eigenmode for a slowing down distribution function are found numerically
(Fu 2008), and analytically (Qiu et al. 2010), however without a detailed analysis
of the radial behavior of the dispersion relation.

A wide range of eigenmodes species is observed in the local maximum or minimum of
the dispersion relation for Alfvenic (Sharapov et al. 2002; Cheng et al. 1985; Cheng &
Chance 1986; Heidbrink 2008) or geodesic modes(Berk et al. 2006; Lakhin & Sorokina
2014). In recent studies, it was proposed that the EGAM can also lie on the extrema
of the dispersion relation in early beam discharges (Qu et al. 2017), before
energetic particles is completely slowed down. EGAM is important since it can
degrade energetic particle confinement as shown in the DIII-D experiments (Nazikian
et al. 2008) and may also affect the thermal plasma confinement through zonal flow
effect. Finally, EGAM is excited in burning plasmas since auxiliary heatings such as
neutral beam heating can produce highly anisotropic energetic particle distribution.

In this work, we analyze the conditions for the formation of the EGAM eigenmode
at the maximum of dispersion relation. The thermal plasma particles are treated using
a kinetic formulation, with the formal addition of side-band corrections calculated by
the MHD code NOVA (Cheng & Chance 1987), to provide an accurate thermal GAM
frequency. The effect of a minor concentration of energetic ions in the dispersion relation is
included using a kinetic description, for single pitch angle with slowing down distribution
function, reproducing conditions of NB injection discharges.

In comparison to previous investigations (Fu 2008; Qiu et al. 2010; Qu et al. 2017),
our model consider the situation in which the thermal GAM frequency for thermal
particles, is close to the energetic-ion toroidal transit frequency, creating the condition
when the EGAM frequency is located slightly below it. While Qiu et al. (2010)
model the EGAM source employing a sharp distribution and the model of
Qu et al. (2017) is restricted to the early beam scenario, before the slowing
downtime, the new feature of our model is that the eigenmode is expected to be present
after slowing down time, in cases with reverse safety factor q profile, where a small
concentration of energetic ions can produce an off-axis maximum in the GAM dispersion
relation, which is required for its appearance.

The model is applied to a DIII-D plasma, where we have the necessary conditions to
observe the global EGAM. An accurate calculation of the dispersion relation is
performed to match the experimental measurements.

2. GAM dispersion relation for thermal particles
The ideal MHD model predicts that the GAM dispersion relation is given by (Winsor

et al. 1968):

ω2
Gmhd =

γp

ϱ R2
0

(
2 +

1

q2

)
(2.1)

where p is the plasma pressure, ϱ is the density, R0 the major radius, q the safety factor
and γ is the adiabatic index.
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The fully MHD code NOVA (Cheng & Chance 1987) was used to correct the GAM
dispersion relation for accurate description, based on the MHD equations:

ϱ ω2 |▽ψ|2
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(2.2)

where ψ is the poloidal magnetic flux, ξS ≡ ξ⃗.|B⃗ × ▽ψ|/|▽ψ|2,ξ⃗ is the plasma displace-
ment, kS ≡ 2k⃗.|B⃗ × ▽ψ|/|▽ψ|2, k⃗ and B⃗ the vector of magnetic curvature and field.

The frequencies computed by NOVA are similar to those predicted by eq. 2.1, but
modified by sideband corrections. No further corrections are included such as due to
different electron and ion temperatures, plasma rotation or the effect of impurities. The
adiabatic index γ, in MHD equals 5/3, but it is a free parameter inside NOVA and can
be modified as needed to accommodate other corrections. The NOVA, together with its
kinetic extension NOVA-K, is largely used to study alfvenic (Cheng et al. 1985; Cheng &
Chance 1986), low frequency acoustic Alfvén-acoustic branches (Gorelenkov et al. 2007)
as well other types of modes (Cheng & Chance 1987).

On the other hand, in the kinetic formulation, the GAM dispersion relation is given
by (Lebedev et al. 1996):

ω2
Gkin =

(
7

4
+ τe +

23 + 4τe(4 + τe)

2q2(7 + 4τe)

)
v2Ti

R2
0

(2.3)

where τe = Te/Ti is the ratio between the electron and ion temperatures and vTi =√
2Ti/mi is the thermal ion velocity.
To calculate the dispersion relation, we introduce an effective kinetic-adiabatic-index

γk, intended to match the result from MHD in equation (2.1) to the kinetic result in
equation (2.3), defined as:

γk ≡ ω2
Gkin

[
p

ϱ R2
0

(
2 +

1

q2

)]−1

(2.4)

This γk will replace the the ideal MHD value 5/3. In fact, the corrections are normally
not to large for simulations with just thermal particles, but can be as small as 0.8 in the
case where the pressure p in eq. 2.1 contains energetic ions pressure, as used in EGAM
(Nazikian et al. 2008).

3. Kinetic Calculations for the local dispersion relation and
Eigenmode

Using quasitoroidal coordinates, (r, ϑ, ζ), with high aspect ratio (R ≫ r), for small
Larmor radius, the drift kinetic equation (Hazeltine 1973) for N=0, can be writen as

∂fα
∂t

+
v∥

qR

∂fα
∂ϑ

+ vdrα
∂fα
∂r

= eα
∂Fα

∂E

(
v∥

qR

∂ϕ

∂θ
+ vdrα

∂ϕ

∂r

)
(3.1)

where fα = fα(r, ϑ, v∥,⊥, t) and Fα = Fα(r, ϑ, v∥,⊥) is the perturbed and equilibrium
distribution function for each particle species α, v∥,⊥ is the velocity parallel and per-
pendicular to the magnetic field, E is the particle energy, ϕ = ϕ(r, ϑ, t) is the perturbed
electrostatic potential, R is the major radius and the radial magnetic drift velocity, given
by vdrα = −sinϑ(v2∥ + v2⊥/2)/ωcαR, where ωcα is the cyclotron frequency.
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Taking into account the poloidal oscillations M = 0,±1,±2, and assuming the radial
variation of the radial wave vector to be small, the perturbed functions can be expanded
as:

X(r, ϑ, t) = [X0 +Xssinϑ+Xccosϑ+X2ssin2ϑ+X2ccos2ϑ] exp [ikrr − iωt] (3.2)

The maxwellian distribution for thermal ions and electrons is:

Fi,e =
n0i,e

π3/2v3Ti,e

exp[−(v2∥ + v2⊥)/v
2
Ti,e] (3.3)

where n0i,e is the equilibrium density for ions and electrons, vTi,e =
√
2Ti,e/mi,e is the

thermal velocity, Ti,e and mi,e are the particle temperature and mass.
For the energetic particles (EP, beam ions in this case), the approximate slowing-down

(Stix 1972) function, valid for the injection beam velocity much larger than the critical
velocity (Vb ≫ Vc), and the angular parameter λ = v2⊥/v

2 with gaussian distribution
∆λ0 ≪ 1 is:

Fep =
n0ep

√
1− λ0

π3/2 log[Vb/Vc]∆λ0

exp[−(λ− λ0)
2/∆λ20]

v3
(3.4)

To obtain the dispersion relation and calculate the eigenmode radial structure for ϕ0
(details in appendix), equation 3.1 is solved for electron, thermal and energetic ions. The
density is calculated integrating fs,c,2s,2c over the velocity space to calculate ϕs,c,2s,2c
via quasi-neutrality condition. The ϑ-averaged radial current ⟨jα⟩ is calculated. From
the neutrality condition for the radial current we have

∑
α ⟨jα⟩ + jp = 0, where the

thermal ion polarization current is jp = −iω(1 − 3ρ2thk
2
r/8)

[
e2in0i/miωci

]
dϕ0/dr. From

the resonance condition, in the limit ρ2αk2r ≪ 1, keeping terms up to ρ2αk2r , we obtain the
dispersion relation (details in appendix):

[(Dth +Dep)− (Lthρ
2
th + Lepρ

2
ep)k

2
r ]krϕ0 = 0 (3.5)

where ρth = vTi/ωci and ρep = qVb/ωci are the Larmor radius for thermal and energetic
ions, respectively, and the terms Dth,ep and Lth,ep correspond to the contributions to
the dispersion relation and to FLR effects from thermal (th) and energetic particles (ep),
given by eqs.3.6-3.9 in the sequel.

The contribution to the dispersion relation due to the thermal particles is:

Dth = 1− 7 + 4τe
4

v2Tiσ
2
s

R2
0ω

2
− 23 + 16τe + 4τ2e

8q2
v4Tiσ

4
s

R4
0ω

4

+iq22
√
π

[
ω3R3

0q
3

v3Ti

+ (1 + τe)
ωR0q

vTi

]
e

(
−ω2R2

0q2

v2
Ti

) (3.6)

where σs ≡ ωN/ωGkin is formally included, making the dispersion relation
consistent with the one calculated by NOVA, ωN , which include the sideband
corrections, similar to a previous publication (Nazikian et al. 2008), in the limit vTi ≪
ωR0q ≪ vTe.

The finite Larmor radius effect for thermal particles Lth is given by:

Lth =
3

8
+

747 + 481τe + 140τ2e + 16τ3e
32

v4Ti

ω4R4
0

(3.7)
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In the limit ∆λ0 ≪ 1, the influence of EP in the local dispersion relation is given by:

Dep = CD

[
2λ0 (2− λ0)

2
ω2
tr

(ω2
tr − ω2)

−∆λ20
3 (2− λ0)

(
4ω2

tr − ω2(2 + λ0)
)
ω2
tr

4 (1− λ0) (ω2
tr − ω2)

2

−
(
(5λ0 − 2) (2− λ0)−

15∆λ20
4 (1− λ0)

)
log

(
1− ω2

tr

ω2

)] (3.8)

where CD = n0ep/n0i16(1− λ0)
2 log [Vb/Vc] and ωtr = Vb

√
1− λ0/qR0 is the transit

frequency for EP injection velocity.
And the EP FLR effect contribution, is given by:

Lep = CL

{
−
3
((
20λ0 − 8 + 8λ20

)
ω4
tr − 5ω2

trω
2(9λ0 − 2)

)
4 (4ω2

tr − ω2) (ω2
tr − ω2)

−∆λ20
16(600ω6

trω
2 − 611ω4

trω
4 − 112ω8

tr + 190ω2
trω

6)

64(4ω2
tr − ω2)2(ω2

tr − ω2)2(2− λ0)

+

(
(9λ0 − 2)−∆λ20

57

4 (1− λ0) (2− λ0)

)[
ω2

ω2
tr

log

(
1− ω2

tr

ω2

)
− ω2

16ω2
tr

log

(
1− 4

ω2
tr

ω2

)]}
(3.9)

with CL = (2−λ0)
3

16(1−λ0)
CD.

For only the thermal GAM dispersion relation, Dth = 0. Disregarding NOVA side-
band corrections and Landal damping from imaginary part, its solution recovers the
frequency given by eq. 2.3. The EGAM dispersion relation is found for Dth+Dep = 0. It
follows from eq. 3.8 that the contribution from EP to the dispersion relation rise as ωtr

approaches ω, and the instability is found only for the solution with ωtr > ω. This result
is similar to that obtained previously (Qiu et al. 2010), with additional terms giving a
small contribution from the gaussian angular parameter ∆λ0.

From the imaginary part of the dispersion relation, the linear growth rate γG can be
calculated as ω = ωG + iγG, with γG ≪ ωG, leading to:

γG ≈ ω2
Gq

2
√
π

{√
πCD

[
(5λ0 − 2) (2− λ0)−

15∆λ20
4 (1− λ0)

]
−R0q

vTi

[
ω2
GR

2
0q

2

v2Ti

+ (1 + τe)

]
e

(
−ω2

GR2
0q2

v2
Ti

)} (3.10)

where the first term represents the drive giving by EP, which decreases with larger ∆λ0,
similar to numerical calculation (Chen et al. 2020) for ∆λ0 < 0.2, while the second term
represents the thermal ion Landau damping. It follows from eq. 3.10 that a necessary
condition for instability (γG > 0) is λ0 > 0.4 for ∆λ0 = 0 and it increases up to
λ0 > 0.43 for ∆λ0 = 0.2, where the additional contribution from the energetic particles
easily overcome the Landal damping from thermal ions.

Finally, we can obtain the eigenmode equation, using the approximation ∂/∂r ∼ ikr,
going back to the derivative form, we can rewrite eq. (3.5) as a differential equation for
the radial electric field Er(r, ω) = −∂ϕ0

∂r as:

Q(r, ω)
∂ϕ0
∂r

+
∂2

∂r2
∂ϕ0
∂r

= 0 (3.11)

where Q(r, ω) =
(Dth+Dep)

(Lthρ2
th+Lepρ2

ep)
.
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In the complete differential equation, the FLR effect will "decouple" the eigenmode
from the dispersion relation; in this case, the radial distribution for the electrostatic
potential ϕ0 can be found.

The solution for the eigenmode is obtained integrating numerically eq. 3.11, setting ω
very close to the maximum of dispersion relation, in the vicinity of the turning points
(r ∼ 0) and around Q ∼ 0. Far from this point, the numerical solution is matched with
WKB approximation:

dϕ0
dr

=
C1e

i
∫ √

Qdr + C2e
−i

∫ √
Qdr

Q1/4
(3.12)

It is important to point out that, in some cases, numerical physical solutions will
appear only for rather specific initial conditions, i.e., those that will be matched by
the WKB approximation with C2 = 0, to avoid the exponential growth due ℑ(

√
Q) in

the second term of the right side of eq. (3.12). On the other hand, to proceed with the
numerical calculation of the eigenfunction, as each step will introduce errors by numerical
truncation, it is necessary to disregard the imaginary part of the FLR effect, ℑ(Lth,ep),
to avoid runaway problems in the numerical convergence due to the stiffness of the
eigenvalue equation (LeVeque 2007).

A physical solution is found solving eq. 3.11 for ω for a value very close to the maximum
of dispersion relation, where Q ∼ 0. When that maximum is located at the axis, the
radial distribution is strongly oscillatory, due to monotonic increase of Q. On the other
hand, when the EP contribution in the dispersion relation is strong enough to produce a
maximum off axis, as predicted in previous works on global EGAM (Qu et al. 2017), we
will see the eigenmode located around the the maximum of dispersion relation, and due
to the model used here, an outgoing wave (Qiu et al. 2010) given by C1e

i
∫ √

Qdr/Q1/4.

4. Comparison to experimental DIII-D N=0 oscillation
The results of this work are applied to model EGAM oscillations in DIII-D during

discharge ramp-up. The discharge #159243 (Gorelenkov et al. 2018; Collins et al. 2016;
Heidbrink et al. 2017) was chosen due to the presence of sweeping up RSAE, where their
frequency lies in between the GAM and TAE frequencies, and also indicates the evolution
of the reverse q profile.

In the simulations we use the profiles of q and temperature presented in fig. 1a and of
density, given by TRANSP, and calculated effective γk, given by eq. 2.4, presented in fig.
1b.

The dispersion relation is accurately calculated using NOVA and presented
in fig. 2, showing the side-band corrections σs ≈ 0.68-0.75 in the region where
the EP transit frequency is close to thermal GAM frequency.

The discharge #159243 (Gorelenkov et al. 2018; Collins et al. 2016; Heidbrink et al.
2017) has multiple beam injection, mostly from co-tangential sources, with main injection
energy from 70 to 80keV, and minor density with half of the injected particles with
injection with energy lower than 40keV: however only the higher energies are included in
the simulations. There is also a minor density from counter-tangential source not modeled.
Furthermore, the injection angle λ0 changes for different energies of the particles, as can
be seen in fig. 4 of Ref[ (Gorelenkov et al. 2018)], where around the injection energy
(70-80keV) it is found that λ0 ∼ 0.6, is decreasing for smaller energies, towards parallel
motion.

In the theoretical model, there is a single λ0 and single injection energy. In the
simulations, while small variations in the injection energy in the range of 70-80keV has
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Figure 1: (a) Profiles of q, ion (black) and electron (red) temperature, at 500ms (solid)
and 900ms (dot). (b) Profiles of thermal ion densities (deuterium and carbon), EP
(deuterium) and the effective γk.
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Figure 2: The dispersion relation calculated pure kinetically (ωGkin, red) and
corrected by NOVA (ωN , black), with respective σs in blue, for 500ms (solid)
and 900ms (dashed).

minor impact on the final result, the λ0 value substantially influences the dispersion
relation. To account this variety in the simplified theoretical model, the calculations are
carried out in a range of λ0 values, and the results are represented as “error bars” in
the calculated spectrum of oscillations; this is shown in fig. 4 for 0.5 < λ0 < 0.6. Single
injection energy 75keV is used.

The respective dispersion relation is presented in fig. 3a before (500ms) and in fig.
3b after (900ms) the marginal stability point. In the calculations, the ratio between the
electron and ion temperatures is taken τe ∼ 0.86.

In simulations leading to the results shown in fig. 4, we use n0ep ∼ 0.04n0i in the time
interval from 500ms - 700ms, as the effect is dominated by λ0 and q. In the time interval
from 700 to 900ms, i. e., around the marginal stability point, a small radial variation of
n0ep may be useful to find the exact marginal stability point. We use n0ep ∼ 0.04−0.08n0i
as in fig.1b, calculated by the kick model profile (Podesta et al. 2014, 2017), which has
good agreement with FIDA measurements of co passing EP (Collins et al. 2016; Heidbrink
et al. 2017).

An N=0 oscillation with growing frequency starting from 25 ∼ 30kHz at 500ms and
disappearing around 35 ∼ 40kHz around 800ms, captured by Mirnov coils as magnetic
oscillation at the edge of plasma column, are presented in yellow in fig. 4, below the
sweeping up RSAE, 40 ∼ 100kHz and N > 1. The gray line shows the result of the
simulated frequency of the maximum of the dispersion relation, matching the observed



8 F. Camilo de Souza, et. al.

0 0.2 0.4 0.6 0.8 1

r/a

0

10

20

30

40

50
f G

A
M

 (
k
H

z
)

thermal

local EP

transit

maximum

(a) 500ms

0 0.2 0.4 0.6 0.8 1

r/a

0

10

20

30

40

50

60

70

f G
A

M
 (

k
H

z
)

thermal

local EP

transit

maximum

(b) 900ms

Figure 3: Dispersion relation for 500ms and 900ms, the thermal GAM simulated by NOVA
(blue), the EP transit frequency (green), local dispersion relation (red) and maximum of
local dispersion relation (black), the maximum are founded at (a): r/a = 0.3, f = 28kHz
and (b): r/a = 0, f = 39kHz.

Figure 4: Mirnov coils oscillations from shot #159243 showing RSAE between 40 ∼
100kHz and N=0 mode (yellow) starting from 25 ∼ 30kHz at 500ms and disappearing
around 35 ∼ 40kHz close to 800ms. The gray line represents the time evolution of the
calculated frequency for the maximum of dispersion relation. The error bars are due to
simulation for 0.5 < λ0 < 0.6, and the the X means that the maximum is found ON axis.

N=0 oscillation inside the error bars. The error bars represent two extremes of the
frequency calculated using injection angle as λ0 = 0.5 for the higher limit, and λ0 = 0.6
for the lower one. The X means that the maximum of dispersion relation is found ON
axis, as fig 3b for 900ms, indicating that no eigenmode should be found, as showed in
sections 5 and 6, and the disappearance of the oscillation sometime inside 750 ∼ 850ms.

It is important to point that the temporal evolution of profiles do not affect the
growth rate significantly enough to explain the dissipation of the oscillation close to
800ms, in terms of relation between the energetic ion driven oscillation and thermal ion
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Figure 5: Dispersion relation for thermal particles in blue, EP transit frequency in green,
and the local dispersion relation in red. The maximum of dispersion relation founded at
fG−EGAM = 28.1kHz at r/a = 0.32 and the respective growth rate γG

ωG
= 5.8%.

Landau damping, γG ∼ 4− 10% for the simulations above, allowing to conclude that the
stabilization is due to differences in the dispersion relation.

5. Maximum OFF axis - Radial profile for the EGAM oscillation
We choose the following analytic profiles for the thermal and energetic particles

consistent wih TRANSP profiles reconstruction. The profiles listed in this section were
chosen based on the parameters for the DIII-D discharge at 500ms, with deuterium and
carbon as thermal ions, the q profile as q = 4.7 − 10(r/a)2 + 14.8(r/a)3 − 2(r/a)4 for
q = 4.7 in the center, dq/dr|r=0 ∼ 0, qmin = 3.9 at rqmin = 0.5 and 7.4 at r = a, the
temperature of thermal ions as Ti = [1.8(1− (r/a)2)2.5 + 0.1]keV . For the energetic ions
profile, just calculating for the passing particles, the ratio of density between energetic
ions and thermal ions is taken equal to 4% for 0 < r/a < 0.45, decreasing to 0 for
r/a > 0.45. This new restriction is necessary to avoid including energetic ions near the
edge, where the approximation ρ2epk

2
r < 1 may not be valid and the effects of trapped

particles should be included in the theoretical formulation as they may not be negligible
for r/a > 0.45. The injection energy is 70keV and injection angle is λ0 = 0.5, with
angular distribution ∆λ0 = 0.2. Using the critical velocity as Vc ∼ 5.5A

1/3
b

√
Te/mb (Stix

1972) and the MHD correction σs ∼ 0.7 given by NOVA simulations, the maximum off
axis appears clearly.

The dispersion relation is represented in fig, 5, where f = ω/2π:

We can see that the coupling is stronger in the central plasma region, because to
the reverse q profile, which produces a maximum around r/a = 0.27 for f = 28.1kHz.
The associated growth rate is 9.3% of the mode frequency. The frequency calculated
from the dispersion relation starts to drop significantly for r/a > 0.5. To determine the
eigenfunction, it is necessary to calculate the radial profile of the quantity Q, in eq. 3.11.
This is shown in fig. 6a for the radial interval 0 < r < 0.5 and for the frequency at the
maximum of the dispersion relation. We note that the imaginary part of the FLR effect,
ℑ(Lth,ep) is disregarded in this calculation to avoid runaway numerical solutions, for the
reason already mentioned. For r/a > 0.5, both the real and imaginary parts of Q grows
monotonically, with ℑ(Q) ≪ ℜ(Q), as ρth decrease as the temperature decrease with r.

The eigenfunction is numerically calculated in the interval 0 < r/a < 0.45 where the
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Figure 6: (a) ℜ(Q) in black and ℑ(Q) in green, on maximum of the dispersion relation,
fG−EGAM = 28.1kHz with the respective growth rate growth rate γG

ωG
= 9.3%. (b)

Solution for real (black) and imaginary (green) of the eigenmode, dϕ0/dr (a.u.), showing
the Airy function for r/a < 0.45 and oscillatory for r/a > 0.45.

solution for dϕ0/dr is given by the Airy function, and matches the respective WKB
solution, eq. 3.12, for r/a > 0.45, where the solution becomes strongly oscillatory as
Q→ ∞, ultimately vanishing at the edge, as shown in fig. 6b, representing how the radial
structure of the EGAM eigenmode looks like when a maximum OFF axis is present. The
eigenmode in fig. 6b is normalized by its first minimum as we will compare the
global behavior of first maximum with respect the pure radially oscillatory
solution.

For higher ion temperatures at the edge, only some specific frequencies should result
in dϕ0/dr = 0 as r/a → 1. In any case, the solution is very similar to fig. 6b, with no
substantial changes in the frequency and growth rate.

While the condition ρ2thk
2
r ≪ 1 is always easily satisfied, it is not necessarily true for

the energetic ions. The consistency of the approximation for energetic ions is checked and
the condition ρ2epk2r ≈ 0.6 is verified. The result found for the eigenfunction is similar to
previous calculations for GAM in MHD, numerically (Berk et al. 2006) and analytically
(Lakhin & Sorokina 2014), showing strong coupling to the dispersion relation near it’s
maximum. In our case, instead of a Dirac function for dϕ0/dr, the solution is spatially
distributed. It is also very similar to kinetic numerical results for EGAM (Fu 2008;
Qu et al. 2017), especially in the region around the center. The M = ±1,±2 poloidal
components of perturbed electrostatic potential of the EGAM can be found using similar
method, following the eqs. A 29 - A 30 in appendix.

It is important to note that EGAM branch oscillatory behavior in the absence of
EPs, i.e. when r/a > 0.45, is obtained in the approximation ρ2αk

2
r ≪ 1, leading to the

eigenmode differential equation 3.11. That equation is similar to previously published for
EGAM (Qiu et al. 2010), and thermal GAM (Itoh et al. 2007), when those modes are
excited near the plasma edge. It is expected that including ions with the Larmor radius
on the same order or larger than the radial wavelength, such as including EP Larmor
radius at r/a > 0.45 in our case, would average out the radial oscillation and reduce the
amplitude of (E)GAMs, would be closer to numerical calculations (Fu 2008).

6. Maximum ON axis - Radial profile for the EGAM oscillation
Now we consider the profiles similar to TRANSP reconstruction for t=900ms, namely,

the q profile as q = 3−1.8(r/a)−4(r/a)2+9.6(r/a)4 for q = 3 in the center, dq/dr|r=0 ∼ 0,
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Figure 7: Dispersion relation for thermal particles in blue, EP transit frequency in green,
and the local dispersion relation in red. The maximum of dispersion relation founded at
fG−EGAM = 39.2kHz at r/a = 0 and the respective growth rate γG

ωG
= 7.9%.
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Figure 8: (a) ℜ(Q) in black and ℑ(Q) in green, on maximum of the dispersion relation,
fG−EGAM = 39.2kHz with the respective growth rate γG

ωG
= 7.9%. (b) Solution for

real (black) and imaginary (green) parts of the eigenmode, dϕ0/dr(a.u.) for the on axis
maximum case.

qmin = 2.65 at rqmin = 0.5 and 6.8 at r = a, the temperature of thermal ions as
Ti = [2(1− r2)2.5+0.1]keV , and the same energetic ions profile as used earlier in section
V; for EP, we take n0ep = 0.04n0i for 0 < r < 0.4, to avoid including energetic ions
near the edge, where the approximation ρ2epk

2
r < 1 breaks down. The solutions of the

dispersion are represented in fig. 7.
We see that the coupling is not strong enough to produce an off-axis maximum, and

the local frequency decreases monotonically, making Q monotonically increasing. This
quantity is calculated as described in section V.

In this case, the eigenfunction is numerically calculated in the interval 0 < r/a < 0.3
and matched to the WKB solution for r/a > 0.3. Using the same criterion from
fig. 6b, the eigenmode in fig. 8b is also normalized by its first minimum. The
first maximum is the important part for the total increase of electrostatic
potential and is much less pronounced in the ON axis case. It is clear that now the
eigenfunction loses somewhat the global behavior shown in the previous case, becoming
radially oscillatory over the entire radial interval, in other terms, the eigenfunction
of ON axis case, for r/a > 0 is equivalent to the eigenfunction of OFF axis,
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for r/a > 0.32. Due to the small variation of the dispersion relation as r/a→ 0
, in the ON axis case, the eigenfunction presents a vestige of global behavior
as in fig. 8b, but this is negligible near the robust global behavior of fig.
6b. The approximation of small Larmor radius remained valid in these calculations, i.e.,
ρ2epk

2
r ≈ 0.6.

The solution is also similar to kinetic numerical results for EGAM (Qu et al. 2017) for
the monotonically increasing q, which does not produce an off-axis maximum either.

7. Discussion
We have shown that the eigenfunctions of the EGAMs can be obtained when the

maximum of the local frequency occurs both ON axis and OFF axis, with positive growth
rate. However, according to figs. 6b and 8b, the global behavior of the eigenfunction
is much more pronounced in the OFF axis case, and the growth rate is slightly larger
as well, similar to previous studies for EGAM (Qu et al. 2017) in the maximum of local
frequency, for reversed and monotonic q profile. It is clear that the eigenmode in the
OFF axis produces a much stronger growth of the electrostatic potential ϕ0,
indicating that the OFF axis maximum is required to produce the observed
oscillations, in accordance with the standard theory (Heidbrink 2008).

In real case scenario, the values for the effective injection angle λ0 and q profile are
the most important parameters to indicate the existence of the oscillation. An additional
minor contribution from the radial distribution of the EP density may also contribute.
The profiles calculated by TRANSP simulations using the kick model profile (Podesta
et al. 2014, 2017), that match FIDA measurements of co passing EP (Collins et al. 2016;
Heidbrink et al. 2017), for discharge #159243, were used to find the marginal stability
point with better accuracy.

Summarizing, the simulations using the described model produce good quantitative
results for discharge #159243, in fig. 4, when the model above matches the frequency of
the N=0 oscillation captured by Mirnov coils, during the specified time window. It also
shows that the oscillation disappears as the maximum of the local frequency is located
at the center ON axis. The model can represent well the marginal stability point around
800ms.

The agreement with experimental data is sensitive to the simplifications
we made to model the beam ion distribution. These simplifications include
a single beam injection energy, i.e., only injections with energy in the range
70-80 keV were considered; injected beams with energy lower than 40 keV
were neglected. Although adopting a more realistic model should improve
the accuracy with respect to the experimental data, the final result probably
would not change much, as the most important unknown injection pitch angle
parameter was scanned in the range 0.5 ⩽ λ0 ⩽ 0.6 and resulted in the “error
bars” shown in fig. 4.

For any beam ratio density n0ep > 0.04n0i and injection angle λ0 > 0.5, the OFF
axis maximum clearly appears for the temperature and q profiles in 500ms. The linear
growth rate given by eq. 3.10 is also always positive during the discharge time interval
500 < t < 900ṁs, γG > 0.03ωG, resting to conclude that the dissipation around 800ms
shall be more related to the behavior of the local frequency than to the growth rate itself.

Furthermore, disregarding the NOVA corrections for the thermal GAM dispersion
relation, i. e. as the red lines in fig. 2, the resulting frequency given by eq. 3.6
together with eq. 3.8 for the slowing down EP distribution function for EGAM (Qiu
et al. 2010) should be higher than experimental observation, very close to the EP transit
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frequency, as the thermal GAM frequency would be much higher than the EP
transit frequency. The growth rate given by eq. 3.10 would be also higher for time window
and, indeed, there is no indication of dissipation around 800ms.

If included in the model presented here, in addition to slowing down, a single energy
distribution function for EP (Qu et al. 2017), it could explain chirping oscillations
(Nazikian et al. 2008) with much lower EP density. In conclusion, the NOVA numerical
calculation was fundamental to compare the theoretical calculations with the experiment.

The new feature in the model presented here is to provide a new tool to understand how
a global EGAM can be excited in the maximum of the local dispersion relation, in the
case where the frequency of the eingenmode is localized close but smaller than the transit
frequency of injected energetic ions, and close to the thermal GAM dispersion relation.
We employ a kinetic model within the small, but finite, Larmor radius approximation,
with side-band corrections in the GAM dispersion relation for thermal particles, here
computed by NOVA and formally included in the equation for the eigenmode by the
factor σs. The resulting thermal GAM frequency is very close to EP injection transit
frequency; in this case, the solution for the dispersion relation presents a maximum off-
axis, creating the conditions that enhance the global behavior of the eigenmode during
discharges with reversed q profile. Specific radial profiles of pitch angle can also produce
the eigenmode, whose radial behavior of the eigenfunction is similar to previous results
(Qu et al. 2017; Qiu et al. 2010; Fu 2008). The possibility to excite EGAM inside
the continuum is beyond the scope of this paper and will be considered in
future publication.

Our analysis applied to DIII-D reversed shear experiments provides a further validation
to GAM ideal MHD and kinetic theories, where GAMs are strongly modified by energetic
particle effects. We have shown that our novel kinetic treatment of the resonant passing
ion effects on GAMs leads to very good agreement with DIII-D experimental data. This
understanding should be instrumental for future experiments where bifurcation transport
phenomena such as ITB are observed.

Finally, this work reinforce the strong relation between the GAM eigenmode and the
local frequency (de Souza et al. 2018; Elfimov et al. 2019; Qu et al. 2017; Berk et al. 2006;
Lakhin & Sorokina 2014). The method applied to a real case scenario, with simulated
profiles explaining the frequency and marginal stability point of N = 0 oscillation during
ramp-up discharges, with quantitative experimental correlation.
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Appendix A. Details from eq. 3.1 to 3.5
Using the eikoidal approximation given by eq. 3.2 in the drift kinetic equation, eq. 3.1,

the following set of equations is obtained.

iωfs +
v∥

qR0
fc − iv̄drαkr

(
f0 −

f2c
2

)
= e

∂F

∂U

[
v∥

qR0
ϕc − iv̄drαkr

(
ϕ0 −

ϕ2c
2

)]
(A 1)
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iωfc −
v∥

qR0
fs − iv̄drαkr

f2s
2

= −e∂F
∂U

[
v∥

qR0
ϕs + iv̄drαkr

ϕ2s
2

]
(A 2)

iωf2s +
2v∥

qR0
f2c − iv̄drαkr

fc
2

= e
∂F

∂U

[
2v∥

qR0
ϕ2c − iv̄drαkr

ϕc
2

]
(A 3)

iωf2c −
2v∥

qR0
f2s + iv̄drαkr

fs
2

= −e∂F
∂U

[
2v∥

qR0
ϕ2s − iv̄drαkr

ϕs
2

]
(A 4)

where v̄drα ≡ −(v2∥ + v2⊥/2)/ωcαR is the amplitude of radial diamagnetic drift velocity.
The equation system given by eqs. A 1 to A 4, solved for fl, consistent with the

approximation for small, but finite Larmor radius, ρ2αk2r ≪ 1 → v̄2drαk
2
r ≪ 1, keeping

terms up to ρ3αk
3
r , and defining Ω ≡ ωR0q, give us the equations for the perturbed

distribution function:

fs = e
∂F

∂U

[
v∥
v∥ϕs + iΩϕc

v2∥ −Ω2
−

3Ω
(
Ωϕs + i2v∥ϕc

)
R2

0q
2v̄2drαk

2
r

4
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)
+
Ω
(
2(4v2∥ −Ω2)ϕ0 − i3v∥Ωϕ2s + (2v2∥ +Ω2)ϕ2c

)
R0qv̄drαkr

2
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)
−
3Ω

(
2(4v2∥ −Ω2)ϕ0 − i4v∥Ωϕ2s + (4v2∥ +Ω2)ϕ2c

)
R3

0q
3v̄3drαk

3
r

8
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)2


(A 5)

fc = e
∂F

∂U

[
v∥
iΩϕs − v∥ϕc

v2∥ −Ω2
+

(
i6Ωv∥ϕs − (2v2∥ +Ω2)ϕc

)
R2

0q
2v̄2drαk

2
r

4
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)
−

(
2v∥(4v

2
∥ −Ω2)ϕ0 + i3v∥Ω

2ϕ2c − iΩ(2v2∥ +Ω2)ϕ2s

)
R0qv̄drαkr

2
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)
+

(
i12v∥(4v

2
∥ −Ω2)ϕ0 +Ω(20v2∥ +Ω2)ϕ2s + i8v∥(2v

2
∥ +Ω2)ϕ2c

)
R3

0q
3v̄3drαk

3
r

8
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)2


(A 6)
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f2s = e
∂F

∂U

v∥ 2v∥ϕ2s + iΩϕ2c

4v2∥ −Ω2
+
Ω
(
i3v∥Ω

2ϕs −Ω(2v2∥ +Ω2)ϕc

)
R0qv̄drαkr

2
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)
−
(
i12v∥Ω

2ϕs −Ω(20v∥ +Ω2)ϕc
)
R3

0q
3v̄3drαk

3
r

8
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)2

+

(
i6v∥Ω(4v2∥ −Ω2)ϕ0 +Ω2(8v2∥ +Ω2)ϕ2s + iv∥Ω(4v2∥ + 5Ω2)ϕ2c

)
R2

0q
2v̄2drαk

2
r

4
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)2


(A 7)

f2c = e
∂F

∂U

[
v∥

2v∥ϕ2c − iΩϕ2s

4v2∥ −Ω2
+
Ω
(
Ω(2v2∥ +Ω2)ϕs + i3v∥Ω

2ϕc

)
R0qv̄drαkr

2
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)
−

(
3Ω(4v2∥ +Ω2)ϕs + i8v∥(2v

2
∥ +Ω2)ϕc

)
R3

0q
3v̄3drαk

3
r

8
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)2

+

(
i2(2v2∥ +Ω2)(4v2∥ −Ω2)ϕ0 − iv∥Ω(4v2∥ + 5Ω2)ϕ2s +Ω2(8v2∥ +Ω2)ϕ2c

)
R2

0q
2v̄2drαk

2
r

4
(
v2∥ −Ω2

)(
4v2∥ −Ω2

)2


(A 8)

The plasma density can be calculated for the thermal particles, the equilibrium
distribution function is given by eq. 3.3. Due to small relative electron mass compared to
ions, the GAM phase velocity found is much smaller than the thermal electron velocity,
Ω ≪ vTe, the proper approximation in the plasma dispersion function, for electrons is:

Ze ≈ i
√
π
2

Ω
(A 9)

Where Zα = 1
π

∫ +∞
−∞

exp[−v2
∥/v

2
Tα]

v2
∥−Ω2 dv∥.

Integrating eqs. A 5 to A 8, in the limit above, the electron perturbed density is found
as:

nes = 2
ein0i

miv2Tiτe
ϕs (A 10)

nec = 2
ein0i

miv2Tiτe
ϕc (A 11)

ne2s = 2
ein0i

miv2Tiτe
ϕ2s (A 12)

ne2c = 2
ein0i

miv2Tiτe
ϕ2c (A 13)

where τe = Te/Ti is the ratio between electron and ion temperature.

On the other hand, as the solution is founded where the GAM phase velocity is
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larger than the thermal ion velocity, Ω ≫ vTi, the proper approximation in the plasma
dispersion function for thermal ions becomes:

Zi ≈ i
√
π
2

Ω
exp

[
−Ω2

v2Ti

]
− 1

Ω2

[
1 +

1

2

v2Ti

Ω2
+

3

4

v4Ti

Ω4
+

15

8

v6Ti

Ω6
+ ...

]
(A 14)

The thermal ion oscillation density is found as:

nis =
ein0i
miv2Ti

[(
−i4

√
π
Ω

vTi
ϕs exp

[
−Ω2

v2Ti

]
+ I5ϕs

)
+ I7ϕsq

2ρ2thk
2
r −

27

4

v3Ti

Ω3
ϕ0q

3ρ3thk
3
r

+

(
iI1(2ϕ0 + ϕ2c) exp

[
−Ω2

v2Ti

]
+ I6ϕ2c − 2I2ϕ0

)
qρthkr

]
(A 15)

nic =
ein0i
miv2Ti

[(
−i4 Ω

vTi
exp

[
−Ω2

v2Ti

]
+ I5

)
ϕc −

(
iI1 exp

[
−Ω2

v2Ti

]
+ I6

)
ϕ2sqρthkr + I8ϕsq

2ρ2thk
2
r

]
(A 16)

ni2s =
ein0i
miv2Ti

[
I9ϕ2s −

(
iI1 exp

[
−Ω2

v2Ti

]
+ I6

)
ϕcqρthkr + I10ϕ2sq

2ρ2thk
2
r

]
(A 17)

ni2c =
ein0i
miv2Ti

[
I9ϕ2c

(
i
I1
2
exp

[
−Ω2

v2Ti

]
+ I6

)
ϕsqρthkr + (−I4ϕ0 + I10ϕ2c) q

2ρ2thk
2
r

]
(A 18)

where the terms I1,2,3.., neglecting higher order that will have no impact in the final
result, can be right as:

I1 =
√
π

[
1 +

2Ω2

v2Ti

]
(A 19)

I2 =
vTi

Ω
+
v3Ti

Ω3
+

9

4

v5Ti

Ω5
+ ... (A 20)

I3 =
7

4

Ω2

v2Ti

+
23

8

Ω4

v4Ti

+ ... (A 21)

I4 =
7

8

Ω2

v2Ti

+
161

16

Ω4

v4Ti

+ ... (A 22)

I5 =
Ω2

v2Ti

+
3

2

Ω4

v4Ti

+ ... (A 23)

I6 =
vTi

Ω
+ 7

v3Ti

Ω3
+

279v5Ti

4Ω5
+ ... (A 24)

I7 =
21

8

Ω2

v2Ti

+
345

16

Ω4

v4Ti

+ ... (A 25)

I8 =
7

8

Ω2

v2Ti

+
299

16

Ω4

v4Ti

+ ... (A 26)
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I9 = 4
Ω2

v2Ti

+ 24
Ω4

v4Ti

+ ... (A 27)

I10 =
7

8

Ω2

v2Ti

+
391

16

Ω4

v4Ti

+ ... (A 28)

While the effect of the energetic ions on the perturbed electric potential is negligible,
due to small density ratio between energetic and thermal ions, the components ϕs,c,2s,2c
are calculated from quasineutrality, with ϕc = ϕ2s = 0 and:

ϕs = −τe
[(

vTi

Ω
+ (2 + τe)

v3Ti

2Ω3

)
vTiqkr
ωci

+ (27 + 14τe + 2τ2e )
v3Ti

2Ω3

v3Tiq
3k3r

ω3
ci

]
ϕ0 (A 29)

ϕ2c = −τe
[
(7 + 4τe)

v2Ti

Ω2
+ (161 + 92τe + 20τ2e )

v4Ti

16Ω4

]
v2Tiq

2k2r
ω2
ci

ϕ0 (A 30)

Eqs. A 29 and A30 show that ϕs,2c < ϕ0, and define a simple approximation for these
two components for the eigenmode, while these work only ϕ0 is analyzed. Eqs. A 29 and
A 30 also will have a important contribution in the dispersion relation via electron radial
current from eq. A 32.

Due to "sinϑ" inside vdrα, only sin-component of the distribution function contribute
on the radial current average over ϑ:

⟨jα⟩ = eα

∫ +∞

0

v⊥dv⊥

∫ +∞

−∞
dv∥

∮
dϑvdrαfs,α sinϑ (A 31)

Where, for electron eq. A 32 is found.

⟨je⟩ = − e2in0i
ωcimiR0

ϕs (A 32)

Furthermore, for thermal ions:

⟨ji⟩ =
e2in0i

miR0ω2
ci

v2Tiqkr
Ω

{[
i
√
π
Ω

vTi

(
1 + 2

Ω2

vTi
+ 2

Ω4

v4Ti

)
exp

[
−Ω2

v2Ti

]
− vTi

Ω
− 9

4

v3Ti

Ω3

]
ϕs

−27

8

vTi

Ω
ϕsρ

2
thq

2k2r −
747

64

v2Ti

Ω2
ϕ0ρ

2
thq

2k2r

+

[(
−i

√
π
Ω

vTi

(
1 + 2

Ω2

vTi
+ 2

Ω4

v4Ti

)
exp

[
−Ω2

v2Ti

]
+

7

4
+

23

8

v2Ti

Ω2

)
ϕ0 −

7

8

vTi

Ω
ϕ2c

]}
(A 33)

For energetic particles, the influence of the poloidal components of electrostatic os-
cillations other than ϕ0 in the radial current are negligible, the ϑ average of perturbed
radial electric current is found from eq. A 31 become:

⟨jα⟩ = e2α

∫ +∞

0

v⊥dv⊥

∫ +∞

−∞
dv∥

∮
dϑv̄drα

Ωϕ0R0qv̄drαkr(
v2∥ −Ω2

)
1 + 3R2

0q
2v̄2drαk

2
r

4
(
Ω2 − 4v2∥

)
 ∂Fα

∂U
sinϑ

(A 34)
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Modifying to (v, λ) coordinates and applying for EP:

⟨jep⟩ =
e2n0ep
miωci

Ωqkr
ωci

ϕ0

∫ Vb

Vc

dv

∫ 1

0

dλ
vVc(2− λ)2(3− 4λ(λ− λ0)/∆λ

2
0)

(Ω2 − v2(1− λ))
√
1− λ

×

×
(
1 +

3v4(2− λ)2q2k2r
16(Ω2 − 4v2(1− λ))ω2

ci

) √
1− λ0√

π log [Vb/Vc]

exp [(λ− λ0)
2/∆λ20]

∆λ0

(A 35)

Integrating eq A35, with the conditions where ∆λ20 ≪ 1, with injection angle λ0 < 1
and the solution where is possible to find instability Ωtr > Ω:

⟨jep⟩ = Ωq2
e2in0i
miω2

ci

{
CD [J1 + J2]− CL [J3 + J4] ρ

2
epk

2
r

}
krϕ0 (A 36)

with CL = (2−λ0)
3

16(1−λ0)
CD. where CD =

n0ep/n0i

16(1−λ0)2 log[Vb/Vc]
and Ωtr = Vb

√
1− λ0 is the

transit frequency for the EP injection velocity.

J1 =
2λ0 (2− λ0)

2
Ω2

tr

(Ω2
tr −Ω2)

−∆λ20
3 (2− λ0)

(
4Ω2

tr −Ω2(2 + λ0)
)
Ω2

tr

4 (1− λ0) (Ω2
tr −Ω2)

2 (A 37)

J2 = −
(
(5λ0 − 2) (2− λ0)−

15∆λ20
4 (1− λ0)

)
log

(
1− Ω2

tr

Ω2

)
(A 38)

J3 =
3
((
20λ0 − 8 + 8λ20

)
Ω4

tr − 5Ω2
trΩ

2(9λ0 − 2)
)

4 (4Ω2
tr −Ω2) (Ω2

tr −Ω2)

−∆λ20
(600Ω6

trΩ
2 − 611Ω4

trΩ
4 − 112Ω8

tr + 190Ω2
trΩ

6)

4(4Ω2
tr −Ω2)2(Ω2

tr −Ω2)2(2− λ0)

(A 39)

J4 = −
(
(9λ0 − 2)−∆λ20

57

4 (1− λ0) (2− λ0)

)
Ω2

Ω2
tr

(
log

(
1− Ω2

tr

Ω2

)
− 1

16
log

(
1− 4

Ω2
tr

Ω2

))
(A 40)

Using eq.A 32, A 33 and A 36, and the polarization current jp, rewriting the frequency
Ω = ωR0q, in the resonance condition for the radial current,

∑
α ⟨jα⟩+ jp = 0, eq. 3.5 is

found.
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