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Key points 30 

 A new total-effect process sensitivity index is derived to account for process interactions 31 

under process model and parameter uncertainty. 32 

 The total-effect process sensitivity index has a first-order term for process importance and 33 

higher-order terms for process interactions. 34 

 Accounting for process interactions allows for identifying influential system processes 35 

and/or screening non-influential system processes. 36 

 37 

 38 

 39 
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Abstract 40 

For a complex hydrologic system with multiple processes and process interactions, global 41 

sensitivity analysis is often used to identify important or influential parameters for model 42 

development and improvement. The identification is complicated by process model uncertainty, 43 

when a system process can be represented by multiple process models. This study develops a 44 

new total-effect process sensitivity index to identify influential processes under model 45 

uncertainty. This is done by extending Sobol’s total-effect parameter sensitivity index for one 46 

system model to total-effect process sensitivity index for multiple system models to account for 47 

uncertainty in process models and model parameters. The total-effect process sensitivity index 48 

includes not only the first-order process sensitivity index for measuring importance of individual 49 

processes but also higher-order indices that account for process interactions. The total-effect 50 

process sensitivity index can identify an influential process that itself and its interactions with 51 

other processes influence a model output. The total-effect process sensitivity index is applied to 52 

two numerical examples: (1) Sobol’s G*-functions with analytical solutions of first-order and 53 

total-effect process sensitivity indices, and (2) groundwater flow models with interactions 54 

between recharge, geology, and snowmelt processes. The second evaluation shows that, due to 55 

second-order and higher-order process interactions, the first-order and total-effect process 56 

sensitivity indices give different process ranking. It is thus necessary to estimate both first-order 57 

and total-effect process sensitivity indices to appreciate the difference between the first-order 58 

impact of a process alone and the overall total-effect impact of the process itself and its 59 

interactions with other processes on a model output. 60 

 61 
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Plain Language Summary 62 

When studying a complex hydrologic system, it is necessary to identify non-influential processes 63 

of the system so that limited resources are not spent on improving our understanding of these 64 

processes. On the other hand, it is important to identify influential processes of the system so that 65 

limited resources can be efficiently spent on better understanding the influential processes. 66 

Identification of the influential and non-influential processes is difficult when a process can be 67 

represented by several plausible process models because it is not always clear which process 68 

model to choose. To resolve this issue, we develop a new total-effect process sensitivity index 69 

that consider all the plausible process models without choosing one model and discarding other 70 

models. This is done by integrating the model averaging method with the Sobol’s total-effect 71 

parameter sensitivity index. We use two numerical examples to verify computer codes and to 72 

demonstrate how to use the index to identify influential and non-influential processes. Applied to 73 

groundwater flow modeling, our new index demonstrates that accounting for interactions 74 

between recharge, geology, and snowmelt processes gives a ranking of process influence that is 75 

different from the ranking of process importance based on the first-order process sensitivity 76 

index.   77 
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1. Introduction 78 

When developing and improving process-based models of hydrologic and other systems, how 79 

to represent sub-system physical, chemical, and biological processes and their interactions is a 80 

fundamental decision (Gupta et al., 2012; Clark et al., 2015a, 2015b, 2016, 2017; Mendoza et al., 81 

2015; Markstrom et al., 2016; Chang et al., 2017; Beven, 2018; Walker et al., 2018; Bianchi 82 

Janetti et al., 2019; Spielet et al., 2019; Mai et al., 2020). Clark et al. (2015a) stated that “[the 83 

decision] involves making choices on (1) model complexity, i.e., which physical processes should 84 

be represented explicitly, and, correspondingly, which processes can be ignored or greatly 85 

simplified; and (2) process representation, i.e., what modeling approaches should be used to 86 

represent the dominant biophysical and hydrologic processes”. The two choices depend on each 87 

other, and making the choices requires the identification of dominant, important, or influential 88 

processes. This identification is often done by expert judgement, but more formal methods have 89 

gained popularity in the last few decades as computational resources become more powerful. 90 

These more formal methods are primarily parameter sensitivity analyses, and a process is 91 

deemed to be important or influential if a system model output is sensitive to variation in the 92 

parameters of a given process (for hydrology-related review articles see Sivakumar, 2004; Shin 93 

et al., 2013; Gan et al., 2014; Song et al., 2015; Razavi and Gupta, 2015). However, these 94 

parameter-based methods commonly assume no uncertainty in conceptual and/or mathematical 95 

representations of a system process, and a single process model is employed to describe a system 96 

process.  97 

The concept of single-model representation of a sub-system process is questionable when 98 

process model uncertainty exists, i.e., multiple plausible process models or hypotheses are 99 

available to represent a process. As a result, the structural uncertainty in the integrated system 100 
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model arises from multiple choices in various process models that together make up the system 101 

model. The system model uncertainty in surface and subsurface hydrology has been recognized 102 

for about two decades (Beven, 2002; Bredehoeft, 2003, 2005; Neuman, 2003; Poeter and 103 

Anderson, 2005). Since system model behaviors depend on the specific choice of process models 104 

that comprise the system model, the importance or influence of a system process is likely to be 105 

different when the process is simulated by different process models. Therefore, identifying 106 

important or influential processes without considering process model uncertainty may lead to 107 

biased or even wrong identification (Dai et al., 2017a; Walker et al., 2021). Dai et al. (2017a) 108 

showed that fully accounting for process model uncertainty can reorder process ranking 109 

compared with parameter sensitivity analysis methods that do not account for process model 110 

uncertainty.  111 

Statistical methods have been developed recently to identify important or influential system 112 

processes by implicitly or explicitly addressing process model uncertainty (Mai et al., 2020). In 113 

an implicit approach, multiple models are developed, sensitivity analysis is performed for 114 

parameters of each system model, and importance or influence of the parameters is examined 115 

across the models (van Werkhoven et al., 2008, Herman et al., 2013, Günther et al., 2019; 116 

Bianchi Janetti et al., 2019). Taking the study of Bianchi Janetti et al. (2019) as an example, they 117 

considered three conceptual geological models with uncertain parameters, applied three different 118 

methods of global sensitivity analysis to each model, and evaluated intra-model and inter-model 119 

differences of the results of sensitivity analysis. They found that the choice of the conceptual 120 

model characterizing aquifer lithology affects parameter influence on model outputs.  121 

The study of Tarantola et al. (2002) appears to be the first to explicitly consider model 122 

uncertainty in Sobol’s framework of variance-based global sensitivity analysis, which was 123 
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further developed by Lilburne and Tarantola (2009) and by Baroni and Tarantola (2014) into a 124 

general probabilistic framework. The framework treats multiple uncertainty sources (e.g., 125 

parameter uncertainty and model uncertainty) as equal model input factors, and estimates the 126 

first-order and total-effect sensitivity indices for the factors. Savage et al. (2016) used the 127 

framework for a flood inundation model to quantify the importance of four input factors, i.e., 128 

spatial resolution, digital elevation model, Manning’s friction coefficients, and inflow 129 

hydrograph as boundary conditions.  130 

Without using the Sobol’s framework of variance-based global sensitivity analysis, Van 131 

Hoey et al. (2014) conducted a qualitative model component sensitivity analysis, where a model 132 

component is defined as “a conceptual description of a subprocess of the entire model”. The 133 

model component sensitivity analysis method also explicitly considers model uncertainty by 134 

varying model components one at a time to evaluate how model outputs change accordingly, 135 

which is similar to the one-factor-at-a-time method for parameter sensitivity analysis. Francke et 136 

al. (2018) also used the one-at-a-time approaches and global sensitivity analysis to examine the 137 

impacts of model enhancements on improving system model performance. The model 138 

enhancements include not only enhancing process formulations but also collecting more 139 

monitoring data and improving calibration data. With calibration data, the variation between 140 

models (process models, model components, or system models) can be optimized in a framework 141 

used by Spieler et al. (2019) for automatic model structure identification.   142 

Dai et al. (2017a) were the first to integrate Sobol’ variance-based global sensitivity analysis 143 

with model averaging approaches for identifying important processes. The model averaging 144 

approaches provide a general framework to quantify parametric and model uncertainty in a 145 

hierarchical structure, in that parametric uncertainty is quantified first for individual models and 146 



8 

 

model uncertainty is quantified subsequently for multiple models (Ye et al., 2004, 2008; Poeter 147 

and Hill, 2007; Burnham and Anderson, 2002; Hoeting et al., 1999; Draper, 1995). Using the 148 

hierarchical structure for quantifying parametric and model uncertainty is a major difference 149 

between the method of Dai et al. (2017a) and the method of Tarantola et al. (2002). The first-150 

order process sensitivity index has been used not only in hydrologic research but also in 151 

ecological studies (e.g. Walker et al., 2018, 2020). Dell’Oca et al. (2020) also integrated model 152 

averaging and global sensitivity analysis, and they further extended model averaging to multiple 153 

statistical moments (including mean, variance, skewness, and kurtosis). The process sensitivity 154 

indices of Dell’Oca et al. (2020), to our knowledge, are the most comprehensive set in the 155 

literature to consider model choice, parameter choice, and the model and parameter contributions 156 

to the statistical moments of a quantity of interest.  157 

The first-order process sensitivity index developed by Dai et al. (2017a) can only identify 158 

important processes, and cannot account for interactions between processes to identify influential 159 

processes. Similar to the characterization of factor interactions discussed in Saltelli et al. (2004), 160 

process interactions may imply that extreme values of a model output are obtained by particular 161 

combinations of model processes, not by a single process. In other words, two processes are said 162 

to interact when their joint effects on the model output cannot be expressed as a sum of their 163 

single effects. Following Saltelli et al. (2004), important and influential processes are 164 

distinguished in the context of the following two different “settings” in which sensitivity analysis 165 

is used:  166 

(1) Process prioritization setting to identify important processes. Importance of a process is 167 

measured in terms of reducing model output uncertainty achieved by fixing the process, i.e., 168 

fixing the process representation to a process model. In other words, fixing the most 169 
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important process leads to the greatest reduction of predictive uncertainty, and important 170 

processes corresponding to large uncertainty reduction should receive high priority when 171 

designing laboratory experiments and/or field campaigns. 172 

(2) Process fixing setting to identify noninfluential processes. Influence of a process is measured 173 

by its contribution (through itself or its interactions with other processes) to predictive 174 

uncertainty. If a process has zero contribution to predictive uncertainty and thus is absolutely 175 

non-influential process, then one does not need to spend resources to further study the 176 

process and its representation can be fixed to any process model during model development 177 

and improvement.   178 

While an important process is also an influential one, the most important process may not be the 179 

most influential one, if the process does not interact with other processes. On the other hand, a 180 

process may not be important, but may be influential due to its interactions with other processes. 181 

If a process itself is not important and does not interact with other processes, this process is non-182 

influential. A key question to the process sensitivity analysis of this study is to investigate 183 

whether accounting for process interactions gives process influence ranking that is different from 184 

process importance ranking for a system model with a given set of process model representations 185 

and probabilistic parameter distributions.          186 

To tacking the question on how process interactions affect process ranking, this study 187 

develops a new total-effect process sensitivity index. The difference between the total-effect 188 

process sensitivity index of this study and the first-order process sensitivity index of Dai et al. 189 

(2017a) is that the former identifies influential (or non-influential on the other hand) processes 190 

based on its first-order effect (also called main effect) and interactions with all other process and 191 

their respective uncertainties, while the latter identifies important processes based solely on their 192 
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first-order effect. As discussed below, the first-effect process sensitivity index is part of the total-193 

effect process sensitivity index, which also includes second- and higher-order effects. Similar to 194 

the first-order process sensitivity index, the total-effect process sensitivity index is developed by 195 

integrating Sobol’s total-effect parameter sensitivity index with the model-averaging approaches. 196 

Because of the integration, the total-effect process sensitivity index can identify influential (and 197 

non-influential) processes with consideration of uncertainty in process models and model 198 

parameters including all interactions. The derivation of the index and its numerical 199 

approximation using Monte Carlo simulation are given in Section 2 below. The numerical 200 

approximation is evaluated by a numerical experiment using the Sobol’s G*-function. By 201 

treating each G*-function as a process and considering three G*-functions (each with two 202 

alternative expressions), we formulate a total of eight (2
3
) system models, and derive analytical 203 

solutions of the first-order and total-effect process sensitivity indices for the eight system models. 204 

Another numerical experiment of groundwater flow modeling is used to evaluate the two indices 205 

in the hydrologic context. A total of eight system models are developed by considering three 206 

processes (recharge, geology, and snowmelt) and two alternative process models for each 207 

process. This modular modeling structure has been widely used in surface water and 208 

groundwater modeling (e.g., Clark et al., 2016; Ye et al., 2010, 2016; Lu et al., 2015). The 209 

numerical experiment of groundwater modeling is used to demonstrate the following: (1) how 210 

the first-order process sensitivity index is used to identify important processes, (2) how the total-211 

effect process sensitivity index is used to identify influential and non-influential processes, and 212 

(3) why the first-order and total-effect process sensitivity indices give different process ranking 213 

due to process interactions. The two numerical experiments are presented in Section 3. Parameter 214 

interactions and process interactions considered in the total-effect parameter and process 215 
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sensitivity indices are discussed in Section 4, which also includes general guidelines on when 216 

and how to consider impacts of process interactions on identification of influential processes. 217 

Using the concept of within-model and between-model variance, it is explained in Section 5 that 218 

the first-order and total-effect process sensitivity indices of multiple system models are not 219 

simply weighted averages of the first-order and total-effect parameter sensitivity indices of 220 

individual system models. A discussion on limitations of this study is also given in Section 5, 221 

followed by Section 6 with the major conclusions of this study. 222 

 223 

2. Methodology 224 

Denote a quantity of interest as ∆ and assume that it is a model output. Without process 225 

model uncertainty, ∆ is simulated by a single system model, M, i.e.,  1( ) ( ,..., )dM M     , 226 

where 1{ ,..., }d    is a vector of d-dimensional system model parameters. Note that we here 227 

use θ to denote one realization of a set of parameter values and reserve θ to denote an ensemble 228 

of θ. If the system of interest consists of multiple processes (denoted as A, B, …) and each 229 

process has its own process models (denoted as MA, MB, …) and associated parameters (denoted 230 

as θA, θB, …), the system model, M(θ), may be viewed as an integration of the process models, 231 

i.e.,  ( ) ( ), ( ),...A A B BM M M   , together with other system model components common to 232 

the processes (e.g., domain discretization, system initial conditions, and driving forces). The 233 

process model integration (i.e., the union symbol above) may need to consider nonlinear 234 

interactions between the process models. An example of such integration is the development of a 235 

system model of groundwater reactive transport, as it integrates processes of groundwater flow, 236 

thermal transport, solute transport, and biogeochemical reactions. In addition, a process may 237 



12 

 

have its sub-processes. For example, a groundwater flow process may consist of sub-processes 238 

such as recharge, geology, and evapotranspiration. More discussions on process-based modular 239 

modeling are referred to Clark et al. (2008, 2015a,b, 2016).   240 

With the presence of process model uncertainty, a system process may be represented by 241 

several alternative process models. Taking process A as an example, it may be represented by 242 

multiple process models that form a set,  
1 1 2 2

( ) ( ), ( ),...A A A A A AM M  M ; each process model 243 

may have its own parameters or have parameters in common with other process models. The 244 

integration of the alternative process models leads to multiple alternative system models, i.e., 245 

 ( ) ( ), ( ),...A A B B  M M M . If the process model parameters are random, they are denoted as 246 

θ  to be differentiated from θ, which is a realization of θ . In this case, 247 

 ( ) ( ), ( ),...A A B B  M M M  becomes  ( ) ( ), ( ),...A A B BM θ M θ M θ .   248 

2.1. First-Order and Total-Effect Process Sensitivity Indices 249 

With the above formulation of process models and system models, we derive the total-effect 250 

process sensitivity index within the framework of variance-based global sensitivity analysis. The 251 

uncertainty of model output,  ,  is measured by its variance V(∆), and decomposing the variance 252 

in two different ways leads to the first-order process sensitivity index defined by Dai et al. 253 

(2017a) and the total-effect process sensitivity index of this study. The two indices are discussed 254 

here to better understand the derivation of the total-effect process sensitivity index.  255 

The first-order process sensitivity index is defined by examining how much the variance, 256 

V(∆), can be reduced if the process model of process K can be fixed to the true model 
*

KM , i.e., 257 

V(∆) becomes 
*[ | ]

~K KV MM , where subscription M~K indicates that the variance of ∆ is over the 258 
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process models of all processes but process K, and 
*| KM  means that ∆ is simulated 259 

conditioning on 
*

KM . The variance reduction due to fixing the process model is 260 

*( ) [ | ]
~K KV V M  M . Since the true process model, 

*

KM , is unknown, it is practically sensible to 261 

examine the average reduction over all possible process models, i.e., over the set, MK, of the 262 

process models for process K. Therefore, the average reduction of variance is 263 

~( ) ( [ | ])
K K KV E V M  

M M , where MK is one plausible process model in the process model set, 264 

MK. Considering the law of total variance with respect to the models of process K , i.e., 265 

( ) ( [ | ]) ( [ | ])
K ~K K ~KK KV E V M V E M    

M M M M .                            (1) 266 

we have 
~

( ) ( [ | ]) ( [ | ])
K K K ~KK KV E V M V E M    

M M M M . Normalizing it by V(∆) gives the first-267 

order process sensitivity index (Dai et al., 2017a),  268 

( [ | ])

( )

K ~K K

K

V E M
PS

V






M M
,                                                                                                      (2) 269 

which measures the importance of process K in terms of variance reduction by fixing this process. 270 

A process with larger value of KPS  is more important in the sense of larger variance reduction.  271 

The total-effect process sensitivity index is defined by examining how much the variance, 272 

V(∆), is left if the models of all processes but process K are fixed to the true model *

~KM  , i.e., 273 

V(∆) becomes  *

~( | )
K KV MM

 with the subscription MK indicating that the variance of ∆ is over 274 

the process models of process K. Since the true process model, *

~KM  , is unknown, it is 275 

practically sensible to examine the average variance, 
~ ~( [ | ])

K K KE V M
M M

, over the process 276 

models, M~K, of all processes but process K. The average variance answers the following 277 

question: Which process would leave the largest variance of ∆, if the process is left unfixed but 278 
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all other processes are fixed? This average variance, 
~ ~( [ | ])

K K KE V M
M M

, can be evaluated as 279 

~ ~( ) ( [ | ])
K K KV V E M  

M M
 based on the following expression of the law of total variance with 280 

respect to the process models of all the processes but K, i.e.,  281 

~ ~~ ~( ) ( [ | ]) ( [ | ])
K K K KK KV E V M V E M    

M M M M .                      (3) 282 

Normalizing either 
~ ~( [ | ])

K K KE V M
M M  or 

~ ~( ) ( [ | ])
K K KV V E M  

M M  by V(∆) gives two 283 

equivalent expressions of the total-effect process sensitivity index for process K , i.e., 284 

~ ~~ ~( [ | ]) ( [ | ])
1

( ) ( )

K K K KK K

TK

E V M V E M
PS

V V

 
  

 

M M M M
.                                                          (4) 285 

A process with larger value of TKPS  is more influential to system model output Δ; influence of a 286 

process is discussed in the paragraph below. The total-effect process sensitivity index is 287 

symbolically similar to the Sobol’s total-effect parameter sensitivity index for a single model, MK, 288 

~ ~~ ~( [ | ]) ( [ | ])
1

( ) ( )

i i i i

K K

i i

Ti

M M

E V V E
S

V V

  
  

 

θ θ θ θ

,                                                                             (5) 289 

where iθ  and ~iθ  denote the parameter sets of the i-th parameter and the other parameters, 290 

respectively, ~i  denotes a realization of ~iθ , and ( )
KMV   denotes variance of Δ for model MK 291 

due to parametric uncertainty. We explained in Section 5 that the total-effect process sensitivity 292 

index is not simply weighted average of the total-effect parameter sensitivity index. This is also 293 

true for the first-order parameter and process sensitivity indices. 294 

One purpose of defining the total-effect process sensitivity index is to screen a non-295 

influential process (or several processes) that can be set at any of its process models. Following 296 

Saltelli et al. (2004), a process is said to be influential to system model output Δ if the process 297 
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itself affects Δ and its interactions with other processes also affect Δ. Process interactions may 298 

imply that extreme values of Δ are obtained by particular combinations of model processes, not 299 

by a single process. In other words, two processes are said to interact when their joint effects on 300 

Δ cannot be expressed as a sum of their single effects on Δ. We can imagine an extreme case that 301 

a process has no interactions with other processes. In this case, 
~ ~( [ | ])

K K KE V M
M M  becomes 302 

~[ | ]
K KV MM , and it measures the effects of process K only. We explain in Section 4 that the 303 

total-effect process sensitivity index includes the first-order process sensitivity index of a single 304 

process and high-order indices for interactions between multiple processes (e.g., second-order for 305 

two processes and third-order for three processes). Using the total-effect process sensitivity 306 

index avoids calculating the higher-order indices, because they are all included in the total-effect 307 

index.      308 

2.2. Extension to Include Parametric Uncertainty 309 

Equation (4) considers only process model uncertainty, and it is necessary to extend the 310 

definition to consider uncertainty in the parameters of each process model. The extension can be 311 

done in two ways for the 
~ ~( [ | ])

K K KE V M
M M  and 

~ ~( ) ( [ | ])
K K KV V E M  

M M  terms used to 312 

define the total-effect process sensitivity index in equation (4). When working with 313 

~ ~( [ | ])
K K KE V M

M M , using the definition of variance gives 314 

    
   

22

~ ~

22

~ ~

( [ | ]) [ | ] [ | ]

                                [ | ] [ | ]

~K K ~K K K

~K K ~K K

~K K K

K K

E V M E E M E M

E E M E E M

    

   

M M M M M

M M M M

 .                                    (6) 315 

Subsequently, applying the law of total expectation to the two expectations with respect to 316 

process model ~KM  at the right-hand side of equation (6) leads to 317 
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   
~ ~ ~ ~

22

| ~ ~ | ~ ~( [ | ]) [ | ] [ | ]
~K K ~K K K K ~K K K K~K M K K M K KE V M E E E ,M E E E ,M     M M M θ M M θ M

, (7) 318 

where subscript ~ ~|K KMθ  of 
~ ~|K KMEθ  indicates that the expectation is with respect to random 319 

parameter ~Kθ  specific to process model combination, ~KM , and the ~ ~| K K,M  term indicates 320 

that the system model output,  , is for a single combination ~KM  of ~KM  and for a single 321 

realization ~K  of ~Kθ . Applying the law of total expectation again to process model KM  gives 322 

 

 
~ ~

~ ~

2

| | ~ ~

2

| | ~ ~

( [ | ]) [ | ]

                                [ | ]

~K K ~K K K K K K

~K K K K K K

~K M M K K K K

M M K K K K

E V M E E E E ,M , ,M

E E E E ,M , ,M

 

 

  

 

M M M θ M θ

M θ M θ

.                                  (8) 323 

If process model uncertainty does not exist, the two expectation terms, 
~K

EM and 
K

EM , disappear, 324 

and ( [ | ])
~K K ~KE V MM M  becomes  

~ ~[ | ]
K K KE V θ θ . Accordingly, the total-effect process 325 

sensitivity index defined in equation (4) becomes the total-effect parameter sensitivity index 326 

defined in equation (5).  327 

When working with 
~ ~( [ | ])

K K KV E M
M M  in equation (4), using the definition of variance, 328 

~ ~( [ | ])
K K KV E M

M M  can be evaluated via 329 

~

2 2

~ ~( [ | ]) ( [ | ]) ( [ | ])
K K ~K K K~K

K ~K KV E M E E M E E M    M M M M M M .                                    (9) 330 

Similar to the derivation of equations (7) and (8), applying the law of total expectation twice to 331 

KM  and ~KM , equation (9) becomes  332 

~ ~ ~ ~

~ ~ ~

2

~ | | ~ ~

2

| | ~ ~

( [ | ]) ( [ | , , , ])

                                ( [ | , , , ])

K K K K K K K K

K K K K K K

K M M K K K K

M M K K K K

V E M E E E E M M

E E E E M M

 

 

  

 

M M M θ M θ

M θ M θ

.                                (10) 333 
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If process model uncertainty does not exist, the two expectation terms, 
~K

EM and 
K

EM , disappear, 334 

and 
~ ~( [ | ])

K K KV E M
M M  becomes  

~ ~[ | ]
K K KV E θ θ . Accordingly, the total-effect process 335 

sensitivity index defined in equation (4) becomes the total-effect parameter sensitivity index 336 

defined in equation (5). Adding equations (8) and (10) together leads to  337 

 

~

~ ~

~ ~ ~

~

2

| | ~ ~

2

| | ~ ~

( [ | ]) ( [ | ]) ( )

[ | ]

   ( [ | , , , ])

~K K K K

~K K K K K K

K K K K K K

~K K

M M K K K K

M M K K K K

E V M V E M V

E E E E ,M , ,M

E E E E M M

 

 

    

 

 

M M M M

M θ M θ

M M 

  .                                                         (11) 338 

This is another way of evaluating V(∆) based on the definition of variance, i.e., 339 

2 2( ) ( ) ( )V E E     , confirming that the deviation of equations (8) and (10) is correct.  340 

2.3. Evaluation of Total-effect Process Sensitivity Index 341 

Although equations (8) and (10) are theoretically equivalent, equation (10) is used in this 342 

study to numerically evaluate the total-effect process sensitivity index, because this equation is 343 

symbolically the same as equation (6) of Dai et al. (2017a) used to evaluate the first-order 344 

process sensitivity index. This enables us to use the same algorithm structure to evaluate the two 345 

process sensitivity indices with minor code revisions. For the two expectation terms, 
~ ~|K KMEθ  346 

and |K KMEθ , with respect to model parameters, they are evaluated using Monte Carlo methods. 347 

For the two expectation terms, 
~K

EM  and 
K

EM , with respect to process models, they are 348 

evaluated using the model averaging approach. Taking the 
~ ~|~K K KME E

M θ  term as an example, 349 

~K
EM  is evaluated using the model averaging approach via  350 

~ ~| ~ |~ ~( ) ( ) ( )
~K K K K K

~K

M M KE E E P M  M θ θ

M
 ,                                                                             (12) 351 
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where the dot (  ) denotes the two terms 
2

| ~ ~( [ | , , , ])
K K KM K K K KE E M M M θ  or 352 

| ~ ~[ | , , , ]
K K KM K K K KE E M M 

M θ  at the right-hand side of equation (10), and ~( )KP M  is the 353 

process model weight of a process model combination ~KM . For the process model weights, it is 354 

required that, for process K, the weights, P(MK), of its process models satisfy ( ) 1KP M  . To 355 

evaluate ~( )KP M  for a combination of process models, it is assumed that selecting one process 356 

model of a process is independent to selecting one process model of another process. With this 357 

assumption, ~( )KP M  can be evaluated as 
~

~ ~ ,

1

( ) ( )
KN

K K i

i

P M P M


 , where ~KN  is the number of 358 

processes minus one (i.e., number of all processes but process K) and ~ ,( )K iP M  is the model 359 

weight of a process model. Thinking a system with three processes A, B, and C, each process has 360 

two alterative models (i.e., A1, A2, B1, B2, C1, and C2), and the process models have the following 361 

weights, i.e., P(A1) = P(A2) = 0.5,  P(B1) = 0.7, P(B2) = 0.3, P(C1) = 0.6, and P(C2) = 0.4. The 362 

combination, B1C1, of process models B1 and C1 has the probability of P(B1C1) = P(B1) × P(C1) 
363 

= 0.7 × 0.6 = 0.42. The model weights can be evaluated in more sophisticated ways, e.g., using 364 

Bayesian network as shown in Dai et al. (2019).  365 

Figure 1 is the pseudo code for evaluating the total-effect process sensitivity index based on 366 

equation (10). The implementation is computationally straightforward, and four loops are needed, 367 

i.e., two loops for the process models ~KM  and KM , and two loops for the process model 368 

parameters ~ ~|K KMθ  and  |K KMθ  associated with model ~KM  and KM , respectively. The total 369 

number of model executions is ~ ~( ) ( )K K K KN m N m   , where ~KN  is the number of process 370 

model combinations for the processes ~K, ~Km is the number of realizations for parameters 371 



19 

 

~ ~|K KMθ , KN  is the number of process models for process K, and Km  is the number of 372 

realizations for parameter |K KMθ . This numerical implementation is computational expensive, 373 

and several ways of reducing the computational cost are discussed in Section 5.3 below. 374 

3. Two Numerical Experiments 375 

The first-order and total-effect process sensitivity indices are evaluated in two numerical 376 

experiments. One experiment is based on the Sobol’s G
*
-function (Saltelli et al., 2010). Since 377 

anaytical solutions of the first-order and total-effect process sensitivity indices can be derived, 378 

this experiment is used to verify the computer code that implements the pesuedo code shown in 379 

Figure 1 for numerically evaluating the two indices. The other numerical experiment is for 380 

groundwater flow modeling based on the synthetic case of Dai et al. (2017a). This experiment 381 

shows that the first-order and total-effect process sensitivity indices may give different process 382 

ranking based on process importance and influence. We explain, from a hydrologic viewpoint, 383 

that the difference is caused by interactions between the recharge, geology, and snowmelt 384 

processes involved in the groundwater modeling.  385 

3.1. Sobol’s G*-functions 386 

The Sobol’s G
*
-function is defined as (Saltelli et al., 2010) 387 

* *

1 1 1, 1

1

*

( ,..., ; ,... ; ..., ; ,..., )

(1 ) | 2( [ ]) 1|

1

i

k

k k k k i

i

i i i i i i
i

i

G X X a a g

X I X a
g

a



   

  





     





,                                                                    (13) 388 

where iX  is the dependent variable following the uniform distributed U[0,1], ia R  is a 389 

positive coefficient, [0,1]i   and 0i   are shift and curvature parameters, respectively, 390 
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[ ]i iI X   is the integer part of i iX  . For this function, analytical expressions of the first-391 

order ( iS ) and total-effect (
iTS ) parameter sensitivity indices of Xi are (Saltelli et al., 2010) 392 

 

 
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2

1
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/
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Ti i j
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
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
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 

 

  





X

    ,                      (14) 393 

where Vi is the variance reduction of 
*

ig  (the mean of 
*

ig  is 1). Since the sensitivity indices do 394 

not depend on the shift parameter, i , we set 0i   to simplify the derivation of the analytical 395 

solutions of the first-order and total effect process sensitivity indices in Appendix A. The 
*

ig  396 

function becomes  
* (1 ) | 2 1|

1

i

i i i
i

i

X a
g

a

  



.  397 

For simplicity and without loss of generality, we set k = 3 to consider three product elements, 398 

*

1g , 
*

2g , and 
*

3g , and further assume that each element, 
*

ig , represents a process. When there is 399 

no process model uncertainty, since each element has only one parameter (Xi), equation (14) 400 

derived for parameter sensitivity analysis can be used for process sensitivity analysis. For 401 

example, if parameter X1 is the most important parameter among X1, X2, and X3, then process 1 402 

(represented by 
*

1g ) is the most important process among the three processes represented by 
*

1g , 403 

*

2g , and 
*

3g . 404 

3.1.1. Process Models 405 
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To consider process model uncertainty, we assumed that each process has two process 406 

models, 
*1

ig  and 
*2

ig , with the same form but different a and α values. For the α values, we set 407 

1 1i   and 
2 2i   for all the three 

*

ig  elements, where the superscripts (1 and 2) are for the two 408 

process models. For each 
*

ig  element, we set the a values as follows 
1

1 1.5a  ,  
2

1 1.2a  , 409 

1

2 4.2a  ,  
2

2 1.8a  , 
1

3 6.5a  ,  and 
2

3 2.3a  . These settings give a total of six process models 410 

(two for each process). For the process represented by 
*

1g , its two process models are 411 

*1 1
1

2 | 2 1| 1.5

2.5

X
g

 
  and 

2
*2 1
1

3 | 2 1| 1.2

2.2

X
g

 
 . For the process represented by 

*

2g , its two 412 

process models are 
*1 2
2

2 | 2 1| 4.2

5.2

X
g

 
  and 

2
*2 2
2

3 | 2 1| 1.8

2.8

X
g

 
 . For the process 413 

represented by 
*

3g , its two process models are 
*1 3
3

2 | 2 1| 6.5

7.5

X
g

 
  and 414 

2
*2 3
3

3 | 2 1| 2.3

3.3

X
g

 
 . A combination of the process models gives a total of eight system 415 

models, i.e., 
*1 *1 *1

1 2 3g g g , 
*1 *1 *2

1 2 3g g g , 
*1 *2 *1

1 2 3g g g , 
*1 *2 *2

1 2 3g g g , 
*2 *1 *1

1 2 3g g g , 
*2 *1 *2

1 2 3g g g , 
*2 *2 *1

1 2 3g g g , and 416 

*2 *2 *2

1 2 3g g g .   417 

3.1.2. Parameter Sensitivity Index 418 

Table 1 lists the Si and STi values calculated by using the analytical expressions (equation 14) 419 

for the three parameters (X1, X2, and X3) of each of the eight system models. Since 
*

ig  has only 420 

one parameter, Xi, the sensitivity for Xi is considered to be the sensitivity for process 
*

ig . The 421 

parameter sensitivity indices were calculated using SALib (Herman and Usher 2017). The 422 

numerical results are almost identical to the analytical results with the maximum difference less 423 

than 0.1%, For each system model, STi is larger than Si for all the three processes, indicating the 424 
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existence of interactions between the processes. The interactions, however, are not substantial, 425 

because the differences between Si and STi are small. In Table 1, the three processes of each 426 

system model are ranked based on the Si and STi values, and the ranks based on the two indices 427 

are consistent. The rank changes substantially between the system models. Taking the first two 428 

system models, 
*1 *1 *1

1 2 3g g g  and 
*1 *1 *2

1 2 3g g g , as an example, the most important or influential process 429 

is X1 for system model 
*1 *1 *1

1 2 3g g g , but it is X3 for system model 
*1 *1 *2

1 2 3g g g . The rank change is 430 

attributed to the fact that different process models have different i  and ia  values that determine 431 

the Vi values as shown in equation (14). The change in process importance between the system 432 

models makes it difficult to determine which process is important, and this manifests the needs 433 

of using process sensitivity indices to determine important or influential process under process 434 

model uncertainty.  435 

3.1.3. Process Sensitivity Index 436 

To evaluate the first-order and total-effect process sensitivity indices, for each process, we 437 

assumed that its two process models have equal weights, i.e., 
*1 *2( ) ( ) 0.5i iP g P g  . For these 438 

process model weights, the analytical expressions of the first-order ( KPS ) and total-effect ( TKPS ) 439 

process sensitivity indices of the i-th process are derived in equations (A2), (A11), and (A14) of 440 

Appendix A, and they are  441 

1 2

8

1

8

1

1
( )

2

( )

1

8

( )

1
( )

8

i i

i

j

Ti

j

Ti

j

j

V V

PS
V

V

PS
V

V V













 





 ,                                                                                                                   (15) 442 
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where jV  is the V of equation (14) for the j-th (j=1, 2, …, 8) system model, 
1

iV  and 
2

iV  are iV  of 443 

equation (14) for the two process models, and 
j

TiV  is the TiV  of equation (14) for the j-th system 444 

model. The V , iV  and TiV  values of a single system model are calculated using equation (14) 445 

with the 
1

i , 
2

i , 
1

ia , and  
2

ia  values given above. 446 

Table 1 lists the values of the first-order (PSK) and total-effect (PSTK) process sensitivity 447 

indices. Our numerical results are almost identical to the analytical results with the maximum 448 

difference less than 0.1%, which again verifies our computer code developed based on the 449 

pseudo code shown in Figure 1. PSTK is larger than PSK for all the three processes, indicating 450 

interactions between the processes. The interactions however is not substantial, because the 451 

differences between PSK and PSTK are small. Based on the two indices, process 
*

1g  is the most 452 

important or influential one followed by 
*

2g , and 
*

3g  is the least important or influential one. 453 

This process ranking is not surprising, because 
*

1g  (
*

3g ) is ranked as the most (least) important or 454 

influential process in five out of eight system models. Based on the values of PSK and PSTK, none 455 

of the three processes is non-influential. Table 1 also suggests that the process sensitivity indices 456 

of all the eight system models are not simply weighted average of the parameter sensitivity 457 

indices of the individual system models. The theoretical reasons are discussed in Section 5.  458 

3.2. Groundwater Flow Models 459 

This numerical experiment of groundwater flow modeling is revised after Dai et al. (2017a). 460 

As shown in Figure 2, the unconfined aquifer has a length of L=10,000 m, and is under a steady 461 

state condition. The aquifer is bounded by two constant-head boundaries, and subject to a 462 

uniform precipitation. Process model uncertainty exists in the following three system processes: 463 

(1) recharge process that converts precipitation to aquifer recharge, (2) geology process that 464 
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characterizes hydraulic conductivity of the aquifer, and (3) snow-melt process that estimates 465 

snow-melt rate to determine hydraulic head at the east boundary of the domain. The process 466 

models are described below. 467 

3.2.1. Process Models and Estimation of Process Sensitivity Indices  468 

Following Dai et al. (2017a), two recharge models (R1 and R2) are used to simulate the 469 

recharge process that converts precipitation [inch/yr] to groundwater recharge [m/d], and they 470 

are 471 

0.5

1

2

: ( 14) 0.0254 / 365

: ( 15.7) 0.0254 / 365

R w a P

R w b P

  

  
  ,                                                                                        (16) 472 

where a and b are scaling parameters which are assumed to follow the normal distribution, N(2.0, 473 

0.4
2
), and the uniform distribution, U(0.2, 0.5), respectively, P is an annual precipitation which is 474 

set as 60 inch/yr. Hydraulic conductivity (K) [m/d] over the domain is parameterized by two 475 

geology process models (G1 and G2) as follows, 476 

1

1

2

2

:  for any  

 for  < 7000
: =

  for  7000

G K x

K x
G K

K x






 .                                                                                                    (17) 477 

In model G1, the aquifer is assumed to be homogeneous, and the hydraulic conductivity follows 478 

the lognormal distribution, LN(2.9, 0.5
2
). Model G2 has two zones of hydraulic conductivity 479 

separated at the location of x0 = 7,000 m (Figure 2). The hydraulic conductivities K1 of zone 1 (x 480 

< 7000 m) and K2 of zone 2 (x   7000 m) are assumed to follow the lognormal distributions, 481 

LN(2.6, 0.3
2
) and LN(3.2, 0.3

2
), respectively.  482 
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For the lake boundary, its hydraulic head is set as h1 = 300 m (Figure 2). For the river 483 

boundary, the river stage, h2, is determined by using the empirical rating curve function below to 484 

covert river discharge, Q [m
3
/s], into river stage h2: 

485 

0.6

2  =0.3 289h Q  ,                                                                                                                 (18) 486 

where 0.3, 0.6, and 289 are arbitrarily chosen coefficients. The river discharge depends on 487 

snowmelt runoff via  488 

0.001

86400
snQ C M SVC A     ,                                                                                            (19) 489 

where Csn is a runoff coefficient, M is the snow-melt rate [mm/d], SVC is the ratio of snow-490 

covered area to watershed area, A [m
2
], and 0.001/86400 is the conversion factor from mm/d to 491 

m
3
/s. We set Csn = 0.8, SVC = 0.7 and A = 2,000 km

2
, and use two models to estimate the daily 492 

snow-melt rate based on the degree-day method and the restricted degree-day radiation balance 493 

method (Hock, 2003; Kustas et al., 1994; Martinec et al., 2007). The two models are 494 

1 1

2 2

:  = ( )

:  = ( )

a m

a m n

M M f T T

M M f T T rR



 
  ,                                                                                                  (20) 495 

where f1 and f2 [mm·℃
-1

·d
-1

) are snowmelt factors that are assumed to follow a normal 496 

distribution, N(3.5, 0.75
2
), and a normal distribution, N(2.5, 0.3

2
), respectively, Ta [℃] is the 497 

average temperature for a given day, and Tm [℃] is the temperature threshold (typically set to be 498 

0) when snow melt occurs. The second model considers the effects of surface radiation budget, 499 

Rn [W/m
-2

], and uses a conversion factor r [(mm/d)/(W/m
2
)] to convert the energy flux to 500 

snowmelt rate. Ta and Rn are set as 7 ℃ and 80 W/m
-2

, respectively, and r was assumed to follow 501 

a normal distribution, N(0.3, 0.05
2
).  502 
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A combination of the two recharge process models, two geology process models, and two 503 

snowmelt process models leads to a total of eight system models, and they are denoted as 504 

R1G1M1, R1G1M2, R1G2M1, R1G2M2, R2G1M1, R2G1M2, R2G2M1, and R2G2M2. All process models 505 

have equal weights, i.e., P(R1) = P(R2) = 0.5, P(G1) = P(G2) = 0.5, and P(M1) = P(M2) =0.5. The 506 

groundwater discharge per unit width at the location x0 = 7,000 m is the quantity of interest for 507 

the sensitivity analysis, and it is labeled as q0 in Figure 2. The analytical solution of the discharge, 508 

q(x), at any location x, was derived as (Appendix B) 509 

 

2 2 22 2

0 01 2
1

0 0 0 0

1
( )

2 2

x x Lh h
q x K w wx

x x L x x L

 

   

 
  

   
 ,                                                       (21) 510 

where 1 2K K  . For the geology model (G1) with homogenous hydraulic conductivity, i.e., K 511 

= K1 = K2, equation (21) reduces to  512 

1

2 2

2 1
( )

2 2

h h
q x K wL wx

L


   ,                                                                                               (22) 513 

which is the well-known solution available in hydrogeology textbooks. The analytical solutions 514 

help us understand the process interactions. For example, equation (22) indicates that the 515 

recharge process (w) does not interact with the geology (K) and snowmelt (h2) processes. More 516 

discussion on process interactions in the sensitivity analysis is given in Section 4.  517 

Using the analytical solutions of q(x), the first-order and total-effect sensitivity indices for 518 

parameters and processes are evaluated using Monte Carlo simulations based on the pseudo code 519 

shown in Figure 1. For the simplicity of programming to simultaneously estimate all the 520 

sensitivity indices (parameter and process), 300 parameter realizations are generated for each 521 

process model. The total number of model executions is thus 216,000,000 = 2 × 300 × 2 × 300 × 522 

2 × 300 for the two recharge process models, two geology process models, and two snowmelt 523 
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process models. This is equivalent to (2
2
 × 300

2
) × (2 × 300) for the number of model executions, 524 

~ ~( ) ( )K K K KN m N m   , given in Figure 1. It should be noted that the 216 millions of model 525 

execution is only for the convenience of programming. As shown in Figure C1 in Appendix C, 526 

the two process sensitivity indices converge after several millions of model executions. 527 

3.2.2. Parameter Sensitivity Index 528 

Table 2 lists the numerical results of the first-order (Si) and total-effect (STi) parameter 529 

sensitivity indices for the individual models. If a process model has more than one parameter 530 

(e.g., K1 and K2 associated with process model G2, and f2 and r associated with process model 531 

M2), the indices are evaluated for the grouped parameters using the methods introduced by 532 

Saltelli et al. (2008). Since the parameter sensitivity indices are evaluated for all parameters of 533 

each process, within a system model, the indices measure process importance or influence of 534 

each process. Taking system model R2G2M2 as an example, Si of parameter b measures 535 

importance of the recharge process (equation (16)), Si of parameters K1 and K2 measures 536 

importance of the geology process (equation (17)), and Si of parameters f2 and r measures 537 

importance of the snowmelt process (equation (20)).  538 

Table 2 shows that both the first-order and total-effect parameter sensitivity indices change 539 

between the individual system models. As a result, any of the three processes can be ranked as 540 

the most important/influential or least important/influential process. For example, in system 541 

model R1G1M1, the recharge process is identified as the least important/influential process and 542 

the snowmelt process as the most important/influential process, whereas it is the opposite in 543 

system model R2G2M2. This indicates again the needs of using the process sensitivity indices to 544 

identify the important/influential processes for all system models to address process model 545 

uncertainty. For models R2G1M1 and R2G1M2, the two parameter sensitivity indices give different 546 
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process ranking for each system model, as shown in Table 2. This is different from the case of 547 

the Sobol’s G*-function that the first-order and total-effect process sensitivity indices give the 548 

same process ranking. We discuss the two process sensitivity indices separately below. 549 

3.2.3. First-Order Process Sensitivity Index 550 

In Table 2, the first-order process sensitivity index, PSK, suggests that the snowmelt process 551 

is the most important process followed by the recharge process and then the geology process. 552 

The reasons of the ranking can be explained by using Figure 3 that plots the probability density 553 

functions (PDFs) of the specific discharge q0 for the six cases of fixing the snowmelt model to 554 

either M1 or M2, fixing the recharge model to either R1 or R2, and fixing the geology model to 555 

either G1 or G2. In each plot, the PDF in black is based on the Monte Carlo simulation for all the 556 

eight system models and their parameters, and the other four PDFs in other colors are for the four 557 

system models after one process model is fixed. Since the PDFs are of Gaussian shapes, it is 558 

reasonable to use variance to measure the uncertainty of q0, i.e., the PDF spreading. Figure 3 559 

shows that, whenever a process model is fixed, the PDFs of the remaining four system models 560 

are narrower than the original PDF in black, indicating uncertainty reduction. When the 561 

snowmelt model (M) is fixed to either M1 (Figure 3a) or M2 (Figure 3b), the PDFs of the 562 

remaining four models are more concentrated than the PDFs of the remaining four models shown 563 

in Figures 3c – 3f when the recharge and the geology process models are fixed. It suggests that 564 

the uncertainty reduction is the largest when the snowmelt process model is fixed, which 565 

explains why PSK ranks the snowmelt process as the most important one.  566 

According to equation (1), the remaining uncertainty is measured by ~( [ | ])
K K KE V MM M , 567 

and it becomes | ~( [ | , ])
K k K KM K KE E V M

M θ M  to consider parametric uncertainty of each MK. The 568 
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| ~( [ | , ])
k K K K KE V Mθ M M  values are shown in Figure 3, and | ~( [ | , ])

K k K K K KE E V M
M θ M M  can be 569 

calculated by using weighted average for each process. Figure 3 indicates that the variance 570 

reduction is the largest when the snowmelt process model (M) is fixed to M1 or M2, because their 571 

remaining variances of 0.61 and 0.8 are the smallest among the six plots. The corresponding 572 

remaining variance | ~( [ | , ])
K k K K K KE E V M

M θ M M  is 0.5 × 0.61 + 0.5 × 0.88 = 0.75, where 0.5 is 573 

the model weight of M1 or M2. For the recharge process, the remaining variance 574 

| ~( [ | , ])
K k K K K KE E V M

M θ M M  is 0.5 × 1.75 + 0.5 × 1.79 = 1.77; for the geology process, the 575 

remaining variance | ~( [ | , ])
K k K K K KE E V M

M θ M M  is 0.5 × 2.43 + 0.5 × 1.43 = 1.93. The 576 

remaining variance heavily depends on model averaging weights. If the equal weights of G1 and 577 

G2 are changed to unequal weights of P(G1) = 0.2 and P(G2) = 0.8, the remaining variance is 578 

changed to 0.2 × 2.43 + 0.8 × 1.43 = 1.63. Since it is smaller than 1.77 for fixing the recharge 579 

process model, the geological process will be considered more important than the recharge 580 

process. Evaluating the impacts of model weights on process ranking is beyond the scope of this 581 

study, but is warranted in a future study.  582 

3.2.4. Total-Effect Process Sensitivity Index  583 

The PSTK values in Table 2 suggest that the snowmelt process is the most influential process, 584 

followed by the geology process and then by the recharge process. The reasons for this ranking 585 

can be explained by Figure 4 that plots the PDFs of q0 for evaluating the total-effect process 586 

sensitivity index. Each roll of Figure 4 corresponds to a situation of fixing the process models of 587 

all processes but one. Taking Figures 4 (a1) – (a4) for the snowmelt process (M) as an example, 588 

the process models of the recharge (R) and geology (G) processes are fixed to R1G1, R1G2, R2G1, 
589 

and R2G2 in each plot, but the snowmelt process model (M) varies between M1 and M2 in each 590 

plot. The remaining variance is the largest for the snowmelt process, M, because the PDFs of M1 
591 
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and M2 are separated from each other. The remaining variance is the smallest for the recharge 592 

process, R, because the PDFs of R1 and R2 (the third row of Figure 4) have substantial overlaps. 593 

These PDFs qualitatively explain why the snowmelt (recharge) process is considered as the most 594 

(least) influential process by PSTK.  595 

A quantitative understanding on the process ranking given by PSTK can be gained by 596 

examining the 
~ ~( [ | ])

K K KE V M
M M  term used to define PSTK in equation (4). This term measures 597 

the remaining variance caused by alternative models of a process when the rest of the process 598 

models are fixed. This term is extended as 
~ ~ ~| ~ ~( [ | , ])

K k K K K KE E V M
M θ M M  to consider 599 

parametric uncertainty, and the values of 
~ ~| ~ ~( [ | , ])

k K K K KE V M
θ M M  are shown in Figure 4. For 600 

the snowmelt process, the value of 
~ ~( [ | ])

K K KE V M
M M  is 0.25 × 2.20 + 0.25 × 1.05 + 0.25 × 601 

2.20 + 0.25 × 1.05 = 1.63, where 0.25 = 0.5 × 0.5 is the model averaging weight of any 602 

combination of two process models of the recharge and geology processes. For the geology 603 

process, the value of 
~ ~( [ | ])

K K KE V M
M M  is 0.25 × 0.30 + 0.25 × 0.55 + 0.25 × 0.33 + 0.25 × 604 

0.61 = 0.45; for the recharge process, the value of 
~ ~( [ | ])

K K KE V M
M M  is 0.25 × 0.23 + 0.25 × 605 

0.23 + 0.25 × 0.37 + 0.25 × 0.37 = 0.30. These results quantitatively explain why the snowmelt 606 

(recharge) process is ranked by PSTK as the most (least) influential one.   607 

4. Parameter Interactions and Process Interactions 608 

4.1 Parameter Interactions  609 

Since parameter interactions are discussed intensively in the books of Saltelli et al. (2004, 610 

2008), discussing parameter interactions is not a focus of this study. We thus use system model 611 

R2G1M1 as an example to illustrate parameter interactions before discussing process interactions, 612 

which is a focus of this study. According to Saltelli et al. (2004), for the three processes of the 613 
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system model, the variance of the groundwater discharge per unit width (q0) at x0 = 7,000 m can 614 

be decomposed as V = Vb + VK + Vf1 + VK,b+ Vf1,b + Vf1,K+ Vf1,b,K, where parameters b, K, and f1 615 

are associated with the recharge, geology, and snowmelt processes, respectively. Table 3 lists the 616 

numerical results (based on Monte Carlo simulations) of the three fist-order variance terms (Vi), 617 

the three second-order variance (Vij) terms, and the only third-order variance (Vijk) term. Table 3 618 

shows that K and f1 (or equivalently the geology and snowmelt processes) interact, whereas b 619 

does not interact with either K or f1 (i.e., the recharge process does not interact with the geology 620 

process or the snowmelt process). This is straightforward according to equation (22),621 

1

2 2

2 1
( )

2 2

h h
q x K wL wx

L


   , for model R2G1M1 with homogeneous K, because the recharge (w) 622 

does not interact with the geology (K) or snowmelt (h2). Table 3 also lists the first-order, second-623 

order, third-order, and total-effect sensitivity indices. The total-effect sensitivity index of a 624 

parameter is the sum of the other three indices. Taking parameter b of the recharge process as an 625 

example, 
1 1, , , ,Tb b K b f b b K fS S S S S    . Because b does not interact with either K or f1, Tb bS S . 626 

Considering the parameter interactions, we have 
1,TK K K fS S S   and 

1 1 1,Tf f K fS S S   (these 627 

theoretical conditions are not fully satisfied in Table 3 due to the use of Monte Carlo simulations 628 

for numerical calculation). Although the first-order index (Si) indicates that the recharge process 629 

is more important than the geology process, because of the interactions between K and f1, the 630 

total-effect index (STi) indicates that the recharge process is less influential than the geology 631 

process. The process interactions affect process importance/influence in a similar manner.    632 

4.2 Process Interactions  633 
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  Based on the variance decomposition of the total variance V(Δ), the total-effect process 634 

sensitivity index of process K is the sum of the first-order process sensitivity index, the second-635 

order and higher-order process sensitivity indices, i.e.,  636 

, , , ...TK K K V K V W

K V K V W

PS PS PS PS     ,                                                                 (23) 637 

where KVPS is the second-order process sensitivity index to consider the interaction between 638 

processes K and V, KVWPS  is the third-order process sensitivity index to consider the interaction 639 

between processes K, V and W. The second-order process sensitivity index is defined as: 640 

, ~( , ) ~~
,

( [ | , ]) ( [ | ])( [ | ])

( ) ( ) ( )

K V K V V VK K
K V

V E K V V E VV E K
PS

V V V

 
  

  

,                                      (24) 641 

The 
, ~( , )( [ | , ])K V K VV E K V  term at the right hand side of equation (24) considers the joint effect 642 

of variance reduction by simultaneously fixing processes K and V, and the ~( [ | ])K KV E K  and 643 

~( [ | ])V VV E V  terms consider the variance reduction by fixing process K and process V, 644 

respectively. Extension of these terms to consider parametric uncertainty is straightforward and 645 

similar to the procedure given in Section 2.2. The extension of 
, ~( , )( [ | , ])K V K VV E K V  is   646 

, ~( , )

, , , ~( , ) ~( , ) ~( , )

, , , ~( , ) ~( , ) ~( , )

, ~( , ) ,

2

| | , , ~( , ) ~( , )

2

| | , , ~( , ) ~( , )

( [ | , ]) ( [ | ])

( [ | , , , ])

( [ | , , , ])

K V K V

K V K V K V K V K V K V

K V K V K V K V K V K V

K V K V K V

M M K V K V K V K V

M M K V K V K V K V

V E K V V E M

E E E E M M

E E E E M M

 

 

  

 

 

M M

M θ M θ

M θ M θ

,                                    (25) 647 

where 
,K VM  is a set of combined process models for processes K and V,  

,K VM  is a single model 648 

in 
,K VM ,  

, ,|K V K VMθ  denotes a set of parameter realizations associated with 
,K VM , and 

,K V  is a 649 

realization in 
, ,|K V K VMθ . Similarly, 

~( , )K VM , 
~( , )K VM , 

~( , ) ~( , )|K V K VMθ , and 
~( , )K V  are the 650 

counterparts for the combined process models other than those for K and V.  Equation (25) can 651 
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be numerically evaluated using the Monte Carlo and model averaging methods described in 652 

Section 2.3. The third-order and higher-order process interaction effects can be defined and 653 

evaluated in the same manner, and are not given here. 654 

Table 4 lists the numerical results (based on Monte Carlo simulations) of the three first-order 655 

variance terms (VK), the three second-order variance (VK,V) terms, and the only third-order 656 

variance (VK,V,W) term with consideration of both process model uncertainty and process 657 

parametric uncertainty. The second-order variance term, VM,R, for the snowmelt and recharge 658 

processes is zero, because w does not interact with h2 in any process model combinations. This is 659 

straightforward by examining equation (21), 660 

 

2 2 22 2

0 01 2
1

0 0 0 0

1
( )

2 2

x x Lh h
q x K w wx

x x L x x L

 

   

 
  

   
, of the two-zone geologic model or 661 

equation (22), 1

2 2

2 1
( )

2 2

h h
q x K wL wx

L


   , of the homogenous geology model. In the two 662 

equations, recharge process (w) does not interact with snowmelt process (h2). The VM,G term for 663 

the snowmelt and geology processes is large, and this is attributed to the first term (i.e., the 664 

multiplication of K and h2) at the right hand side of equation (21) or (22). The third-order 665 

variance, VM,R,G, for the three processes is theoretically zero, because the analytical solution does 666 

not have any terms involving all the three variables, h2, w, and K, of the three processes. Because 667 

of the interaction between the snowmelt and geology processes, the values of the total-effect 668 

process sensitivity index are different from those of the first-order process sensitivity index, and 669 

this is fully explained by Table 4. The snowmelt process is not only the most important process 670 

(measured by PSK) but also the most influential process (measured by PSTK). While the recharge 671 

process is the second most important process, it becomes the least influential process, due to its 672 

negligible interactions with the geology and snowmelt processes.   673 
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Since the analytical solutions of groundwater discharge per unit width (equations 21 and 22) 674 

are for any location x in the model domain, the first-order, second-order, third-order, and total-675 

effect process sensitivity indices are evaluated for the entire domain (the third-order process 676 

sensitivity index is theoretically zero). This helps understand process interactions throughout the 677 

model domain. Figure 5(a) plots the first-order (PSK) and total-effect (PSTK) process sensitivity 678 

indices, and Figure 5(b) plots the second-order (PSKV) process sensitivity indices. Figure 5(b) 679 

shows that PSR,M (for the interaction between recharge and snowmelt processes) is zero and 680 

PSR,G (for the interaction between recharge and geology processes) is negligible over the entire 681 

domain, because of zero interaction between recharge and snowmelt processes and negligible 682 

interaction between recharge and geology processes, as discussed above. Accordingly, PSR (the 683 

first-order process sensitivity index of recharge process) is visually identical to PSTR (the total-684 

effect process sensitivity index of recharge process), as shown in Figure 5(a). In Figure 5(b), 685 

PSG,M (for interaction between geology and snowmelt processes) is significant ranging between 686 

10% and 17% (with the largest interaction at the center of the model domain), because of the 687 

strong interaction between the geology and snowmelt processes, as discussed above. The PSG,M 688 

values explain the difference between PSG and PSTG for the geology process and between PSM 689 

and PSTM for the snowmelt process shown in Figure 5(a). Due to the interaction between the 690 

geology and snowmelt processes, the rank of important process (measured by PSK) may differ 691 

from the rank of influential process (measured by PSTK), and the differences change over the 692 

domain. All the discussion above on process interactions is based on the analytical solutions of 693 

q0 that directly reveal the process interactions.  694 

4.3. General Guidelines on Impacts of Process Interactions  695 
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We need to distinguish between process interactions and impacts of process interactions on 696 

identifying important or influential processes. Both the first-order process sensitivity index (PSK) 697 

of Dai et al. (2017) and the total-effect process sensitivity index (PSTK) of this study explicitly 698 

consider process interactions, because the two indices are derived for ~ ~| , , ,K K K KM M  , 699 

which is system model output, ∆, simulated by model MK (and its parameters θK) of process K 700 

interacting with model M~K (and its parameters θ~K) of other processes than K. However, for the 701 

first-order process sensitivity index, PSK, the process interactions do not have impacts on 702 

identification of important processes, because PSK is for the single process K based on the 703 

~
( [ | ])

K K KV E M
M M  term used in Equation (6) of Dai et al. (2017). The total-effect process 704 

sensitivity index, PSTK, is different from PSK, because 705 

, , , ...TK K K V K V W

K V K V W

PS PS PS PS      of Equation (23) has terms of process 706 

interactions, e.g., the interaction between processes K and V and the interaction between 707 

processes K, V, and W. As a result, for PSTK, process interactions have impacts on identification 708 

of influential processes.  709 

Based on our current understanding of the theoretical impacts of process interactions and on 710 

the empirical results of the groundwater flow modeling discussed above, we provide the general 711 

guidelines below on when process interactions impact influential process identification and how 712 

to evaluate the impacts: 713 

(1) If a study considers only two processes denoted as A and B, then PSTA = PSA + PSA,B and 714 

PSTB = PSB + PSA,B. Because the PSA,B term is used in both PSTA and PSTB, the process 715 

influence ranking based on PSTA and PSTB is the same as the process importance ranking 716 
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based on PSA and PSB. As a result, there is no need to consider the interactions between 717 

processes A and B. 718 

(2) If a study considers more than two processes, process interactions should be considered for 719 

identifying influential processes. One should not blindly rely on the process sensitivity 720 

indices, but starts with gaining physical understanding of process interactions. If a model 721 

output is determined by two processes in a nonlinear way, the interaction between the two 722 

processes impacts process influence ranking. An example of this is the 
 

2 2

1 2
1

0 02

h h
K

x x L 



 
 723 

or 1

2 2

2

2

h h
K

L


 term in the analytical solution of the groundwater flow problem given in 724 

Section 4.2 above. 725 

(3) If an analytical solution or a physical understanding is unavailable for a complex hydrologic 726 

system, one may use the process sensitivity indices in the following procedure to investigate 727 

process interactions: 728 

(3a) Calculate the first-order process sensitivity index, PSK, for each process, and the sum of 729 

PSK should be less than one, as shown in Table 2. If the sum is close to one, then it 730 

indicates that process interactions is weak. 731 

(3b) Calculate the total-effect process sensitivity index, PSTK, for each process, and the sum 732 

of PSTK should be larger than one, as shown in Table 2. If the sum is close to one, then it 733 

indicates that process interactions is weak. 734 

(3c) If PSTK is larger than PSK for a process, then it indicates that the process interacts with 735 

other processes. One can calculate the second-order process sensitivity index of the 736 

process to investigate the process interactions, as shown in Table 4. Calculating the 737 
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second-order process sensitivity index should start with the process whose PSTK and PSK 738 

values are significantly different.  The results of (3c) can help advance our physical 739 

understanding of process interactions.  740 

Steps (3a) – 3(c) suggest the importance of estimating both PSK and PSTK to appreciate the 741 

difference between the first-order impact (PSK) of process K alone on model output, ∆, and the 742 

overall total-effect impact (PSTK) of process K itself and interactions with other processes on ∆. 743 

More comprehensive and quantitative guidelines are beyond the scope of this study, but are 744 

warranted in a future study. 745 

5. Discussion 746 

5.1. Relation between Parameter and Process Sensitivity Indices  747 

This section shows that the process sensitivity indices of multiple system models are not 748 

simply a weighted average of parameter sensitivity indices of individual system models for two 749 

reasons. The first reason is that the total variance, V(Δ) (the denominator in equations (2) and (4)) 750 

of multiple system models is more than a weighted average of the variance of the individual 751 

models. It is derived in Appendix A that, with consideration of both parametric and model 752 

uncertainty, the mean and variance of Δ are (equation (A7) of Appendix A)  753 
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where E(Δ) and V(Δ) are also called posterior mean and posterior variance, respectively, in the 755 

context of model averaging for multiple system models, and 
~ ~| | ~ ~[ | ]

K K K KM M K K K KE E ,M , ,M 
θ θ

756 

~| , | ~ ~[ | ]
K KM M K K K KV ,M , ,M

 
 θ θ

 are the mean and variance, respectively, of a single system 757 

model consisting of process models MK and M~K. The expression of V(Δ) includes not only the 758 

weighted average of the variance of individual models (the within-model variance term) but also 759 

the variance between the means of individual models (the between-model variance term).  760 

The between-model terms also exist for the variance-reduction term 
~

( [ | ])
K K KV E M

M M
 used 761 

to define the first-order process sensitivity index in equation (2) and for the variance-left term 762 

( [ | ])
~K K ~KE V MM M

 used to define the total-effect process sensitivity index. This is the other 763 

reason that the process sensitivity indices of multiple system models are not simply a weighted 764 

average of parameter sensitivity indices of individual system models. For the variance-reduction 765 

term ( [ | ])
K ~K KV E M

M M
, it is expanded as (Equation (A9) in Appendix A) 766 
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. (27) 767 

The 
~ ~| | ~ ~[ | ]

K K K KM M K K K KV E ,M , ,M 
θ θ

 term at the right-hand side term of equation (27) is the 768 

variance-reduction term of a single system model (consisting of MK and M~K) when its 769 

parameters, |K KMθ , of process model MK are fixed. Therefore, the first item (called within-770 

model variance reduction) at the right-hand side of equation (27) is a weighted average of the 771 

variance reduction for all the system models. The second term at the right-hand side of equation 772 
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(27) is called between-model variance reduction, and it measures the variance of the variance-773 

reduction between multiple system models. Note that the between-model variance reduction 774 

could be negative. For the variance-left term ( [ | ])
~K K ~KE V MM M

, instead of using the equations 775 

in Section 2.2, it is expanded as equation (A13) in Appendix A, i.e., 776 
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.    (28) 777 

The 
~ ~| | ~ ~[ | ]

K K K KM M K K K KE V ,M , ,M 
θ θ

 term is the variance-left term of a single system model 778 

(consisting of M~K and MK) when its parameters, ~ ~|K KMθ , for all process model but those of 779 

process K are fixed. Therefore, the first item (called within-model variance left) at the right-hand 780 

side of equation (28) is a weighted average of the variance left for all the system models. The 781 

second term is called between-model variance left, and it measures the variance of the variance-782 

left between multiple system models. Because the three between-model terms for V(Δ), 783 

( [ | ])
K ~K KV E M

M M
, and ( [ | ])

~K K ~KE V MM M
 in equations (26) – (28), the first-order and total-784 

effect process sensitivity indices for all the system models are not simply the weighted average 785 

of first-order and total-effect parameter sensitivity indices of individual system models. 786 

5.2. Decomposition of Variance Reduction and Variance Left 787 

Equation (27) for the first-order process sensitivity index is useful for understanding whether 788 

the variance reduction (after a process model is fixed) is from the within-model or the between-789 

model variance reduction. This is further useful for understanding whether process ranking of a 790 

single system model is the same as process ranking of multiple system models, in that the two 791 
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sets of ranking are not likely to be the same when the between-model variance reduction is 792 

substantially larger than the within-model variance reduction. In an extreme case that the 793 

between-model variance reduction is zero, the two sets of ranking may still be different, 794 

depending on process model weights. This is also true for the ranking given by the total-effect 795 

parameter and process sensitivity indices, according to equation (28).  796 

Figures 6(a) – 6(c) plot the total variance reduction and its within-model and between-model 797 

terms (calculated using equation (27)) for the entire domain when recharge, geology, and 798 

snowmelt process models are fixed. Figures 6(d) – 6(f) do the same for the variance left when 799 

recharge, geology, and snowmelt process models are left unfixed. The variance reduction/left 800 

terms are a constant for the geology and snowmelt processes, but vary in space for the recharge 801 

process. This is not surprising, because equations (21) and (22) show that the recharge variable w 802 

is multiplied with x to determine groundwater discharge q, but geology variable K and snowmelt 803 

variable h2 are not. For the recharge process, Figures 6(a) and 6(d) show that the within-model 804 

terms are larger than the between-model terms over the entire domain except at the center of the 805 

domain and its vicinity, where the two terms equal zero. The reason that the between-model 806 

terms are small can be explained by examining the PDFs shown in Figures 3 and 4 for the 807 

location of x = 7,000 m. Taking Figure 4 as an example, Figures 4(c1) – 4(c4) show that, in each 808 

figure, the two PDFs are close, indicating that the between-model variance left is small for each 809 

M~K. Figures 6(c) and 6(f) show that the between-model terms are larger than the within-model 810 

terms for the snowmelt process, and this can also be explained by examining Figures 3 and 4. 811 

Taking Figure 4 as an example again, the two PDFs in each plot of Figures 4(a1) – 4(a4) are 812 

separated, and this explains why the between-model term is larger than the within-model term 813 

for the snowmelt process. It also should be noted that Figure 6(b) shows the between-model 814 
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variance reduction of geology process is negative, resulting in the total variance reduction is 815 

smaller than the within-model variance reduction. These analyses suggest that identifying 816 

important or influential processes under model and parametric uncertainty is complicated, as it 817 

depends on multiple factors discussed at the beginning of the section.     818 

5.3. Limitations and Future Research 819 

The total-effect process sensitivity index is subject to three limitations. One limitation is that 820 

the current numerical implementation is computationally expensive, because it requires a nested 821 

sampling structure for process models M~K and MK, as shown in Figure 1. If N samples are used 822 

for M~K and N samples are used for MK, the nested sampling structure requires N
2
 model 823 

executions, which is computationally unaffordable for most of practical problems. There exist 824 

solutions to this problem, such as the binning approach used by Dai et al. (2017a,b) to break the 825 

nested sampling structure, the moment equation method used by Dell’Oca et al. (2020) to 826 

evaluate mean and variance without using MC simulations, and/or surrogate approaches that 827 

have been used widely to reduce computational cost of model simulations. Dai et al. (2021, 828 

under review) recently developed a quasi-MC method for estimating the first-order process 829 

sensitivity index of Dai et al. (2017), and the method reduces the number of model execution 830 

from the order of N
2
 to the order of 2N. It is relatively straightforward to apply the quasi-MC 831 

method for estimating the total-effect process sensitivity index of this study, and this is 832 

warranted in a future study.  833 

The second limitation is that, although the total-effect process sensitivity index addresses 834 

process interactions in a physical sense, the model averaging method used in this study for 835 

deriving the index assumes that the process models are probabilistically independent. This is a 836 

drawback because it neglects process interactions and correlations when determining process 837 
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model weights. A related issue is the hierarchical relation between a process and its sub-838 

processes brought up by Martyn Clark in a personal communication. For example, a vadose zone 839 

flow process may be represented by gravity drainage and Richards’ equation at a coarse level; at 840 

a fine level, there may be multiple soil retention curves associated with the Richards’ equation. 841 

The fine-level uncertainty depends on the coarse-level uncertainty, in that the probability of 842 

choosing a soil retention curve depends on the probability of choosing the Richards’ equation. 843 

One possible solution to these problem may be using the Bayesian network to incorporate known 844 

process interactions, as shown in Dai et al. (2019). If new process interactions are found by using 845 

the first-order and total-effect process sensitivity indices, the new interactions may be 846 

incorporated into the Bayesian network in an iterative manner. Resolving these problems also 847 

depends on progress on developing a more comprehensive modular modeling framework for 848 

process-based modeling. 849 

A last limitation is that the current study uses prior parameter distributions and process model 850 

weights without conditioning them on observations of system states. When the observations are 851 

available, it is more realistic to use them for estimating posterior parameter distributions and 852 

process model weights. Redefining the first-order and total-effect process sensitivity indices 853 

using the posterior distributions and weights is straightforward, as discussed in Dai et al. (2017a). 854 

The key challenge is to estimate the posterior parameter distributions and posterior process 855 

weights due to high computational cost of Markov chain Monte Carlo simulations (Liu et al., 856 

2016; Elshall and Ye, 2019). Estimating the posterior process weights are particularly 857 

challenging because it is different from estimating posterior system model weights and has not 858 

been attempted. Conditioning sensitivity analysis on observations of system states is warranted 859 

in a future study.  860 
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6. Conclusions 861 

Within the framework of variance-based sensitivity analysis, this study derives the total-862 

effect process sensitivity index by integrating Sobol’s total-effect parameter sensitivity index and 863 

the model averaging method to consider uncertainty in both process models and process model 864 

parameters. Different from the first-order process sensitivity index defined by Dai et al. (2017a) 865 

that identifies important processes in terms of variance reduction, the total-effect process 866 

sensitivity index identifies influential processes in terms of not only process importance but also 867 

process interactions that jointly influence a system model output. Because of the process 868 

interactions, the process ranking given by the total-effect process sensitivity index may differ 869 

from that given by the first-order process sensitivity index. This is why we develop the total-870 

effect process sensitivity index in this study, especially for identifying non-influential processes, 871 

as an unimportant process may be influential if its interactions with other processes are 872 

substantial. It is often necessary to estimate both first-order and total-effect process sensitivity 873 

indices for understanding the difference between the first-order impact of one process alone on a 874 

model output and the overall total-effect impact of the process itself and its interactions with 875 

other processes on the model output.  876 

For the purpose of model development and improvement, the first-order process sensitivity 877 

index of Dai et al. (2017a) falls into the processes prioritization setting, and can be used to 878 

identify important processes. In other words, importance of a process is measured in terms of 879 

reducing model output uncertainty achieved by fixing the process, i.e., fixing the process 880 

representation to a process model. Identifying important processes is necessary to determine how 881 

to spend limited resources for model improvement, in that the important processes corresponding 882 

to large uncertainty reduction should receive high priority for more laboratory experiments or 883 
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field campaigns. The total-effect process sensitivity index of this study falls into the processes 884 

fixing setting that is to screen out non-influential processes so that limited resources are not spent 885 

on such processes. If a process itself is not important and does not interact with other processes, 886 

this process is considered to be non-influential, and its representation can be fixed to any process 887 

model during model development and improvement. 888 

The numerical experiments using the Sobol’s G*-function and a simple three-process 889 

groundwater model demonstrate that process importance or influence may change across system 890 

models, indicating the needs of using the process sensitivity indices to explicitly consider 891 

uncertainty in process models and process model parameters. The first-order and total-effect 892 

process sensitivity indices of multiple system models are not simply weighted averages of the 893 

first-order and total-effect parameter sensitivity indices of individual system models. This is 894 

demonstrated in the numerical experiment using the Sobol’s G*-function, for which analytical 895 

solutions of all the sensitivity indices are derived so that numerical errors do not affect the 896 

demonstration. Because of the analytical solutions, the numerical experiment also serves the 897 

purpose of verifying the numerical code developed to evaluate all the sensitivity indices. The 898 

numerical experiment of groundwater modeling further demonstrates that the first-order and 899 

total-effect process sensitivity indices give different process ranking due to process interactions. 900 

For a complex hydrologic system that cannot be solved analytically, the two process sensitivity 901 

indices should be a useful tool for understanding process interactions by evaluating differences 902 

between the ranking of important processes and influential processes. In addition, examining the 903 

values of first-order, higher-order, and total-effect process sensitivity indices may be a tool to 904 

explore process interactions, as explained in the general procedure given in Section 4.3.  905 
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Appendix A. Derivation of Analytical solutions KPS and 
KTPS for Sobol’s G*-function 922 

For the first-order process sensitivity index defined in equation (2), following equations (4) 923 

and (5) of Ye et al. (2004), the variance term V(Δ) in the denominator is evaluated as    924 

 
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1 1

( ) ( )
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,                                           (A1) 925 

where E(Δ) is model averaged mean, Mk (k=1, 2,…,8) is a system model, and its probability 926 

P(Mk) = 1/8 because each process model has the probability of 1/2, and ( )kE M  and ( )kV M  927 

are the mean and variance of each system model, respectively. Since the mean of each element, 928 

*

ig , in the Sobol’s G
*
-function is 1, ( )kE M  = 1, and E(Δ) = 1. As a result, we have 929 
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1
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8

K
j

k k

k j

V V M P M V
 
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where 
jV  is the variance of each system model, i.e., the V term in equation (14).  931 

For the numerator term ( [ | ])
K ~K KV E M

M M
 in the definition of the first-order process 932 

sensitivity index, according to the law of total variance, it can be expressed as 933 

( [ | ]) ( ) ( [ | ])
K ~K K ~KK KV E M V E V M    

M M M M
.                                                               (A3) 934 

Applying the law of total expectation to the second term at the right-hand side of equation (A3) 935 

gives 936 

|( [ | ]) ( [ | , ])
K ~K K K K ~KK M K KE V M E E V M  

M M M θ M
,
                                                             

(A4)
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which considers parametric uncertainty. For the [ | ]
~K KV M

M  term of equation (A4), it is for 938 

multiple models, M~K, and using the expression of model-averaged variance (equation 5 of Ye et 939 

al., 2004) gives 940 
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941 

Assuming independent processes and parameters, equation (A5) can be rearranged as: 942 
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Similarly, separating a system model into a combination of process models, equation (A1) 944 

becomes  945 
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Substituting equations (A6) and (A7) into equation (A3) leads to  947 
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948 

Applying the law of total variance to the term in the first parenthesis at the right-hand side of (A8) 949 

gives 950 
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951 

Since the mean of each element, *

ig , in the Sobol’s G
*
-function is 1, the mean of each system 952 

model is 1, and the model-averaged mean is also 1. As a result, the second term at the right-hand 953 

side of (A9) is zero. This leads to 954 
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Therefore, the first-order process sensitivity index becomes, 956 
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957 

For the total-effect process sensitivity, 958 
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its 
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 term is derived in a similar manner as
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The second term at the right-hand side of (A13) is zero for the reason explained for (A8). Thus, 962 

the total-effect process sensitivity index is  963 
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Appendix B. Derivation of analytical solution of groundwater discharge per unit width  965 

For the groundwater flow model, its governing equations and boundary conditions are as 966 

follows: 967 
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where 1

xh  and 2

xh  are hydraulic heads in the two hydraulic conductivity zones , respectively, h1  969 

and h2 are the hydraulic heads at the left and right boundaries, respectively. The last two 970 

equations indicate the continuity of hydraulic head and groundwater flow at the location (x = x0) 971 
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where the two zones of hydraulic conductivity are separated. The general solutions of the first 972 

two equations are as follows, 973 
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where C1 – C4 are four coefficients to be determined. Using the boundary conditions and the 975 

continuity conditions in equation (B1) gives 976 
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The groundwater discharge per unit width at a given location ( )q x  can be obtained at: 978 
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The third equation of equations (B3) indicates that K2C3 = K1C1, suggesting the flow continuity 980 

in the study domain. Thus equation (B4) can be rewritten as: 981 
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where . 983 
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Appendix C. Convergence of PSK and PSTK for groundwater flow modeling 984 

< Insert Figure C1 here>985 
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Table 1. Analytical solutions (%) of first-order (Si) and total-effect (STi) parameter sensitivity 

indices for each system model and of first-order (PSK) and total-effect (PSTK) process sensitivity 

indices of multiple system models developed based on Sobol’s G
*
-function. Numerical solutions 

are almost identical to the analytical solutions with the maximum difference less than 0.1%. 

 

 Considering parametric uncertainty but not process model uncertainty 

Model *1 *1 *1

1 2 3g g g   *1 *1 *2

1 2 3g g g   *1 *2 *1

1 2 3g g g   *1 *2 *2

1 2 3g g g  

Para. X1 X2 X3 
 X1 X2 X3 

 X1 X2 X3 
 X1 X2 X3 

Rank 1 2 3  2 3 1  2 1 3  3 1 2 

Si 73.42 16.97 8.16  36.87 8.52 50.79  31.80 60.85 3.53  21.67 41.46 29.85 

STi 74.77 17.98 8.70  40.07 9.64 54.15  35.26 64.47 4.10  25.64 46.88 34.65 

Model *2 *1 *1

1 2 3g g g   *2 *1 *2

1 2 3g g g   *2 *2 *1

1 2 3g g g   *2 *2 *2

1 2 3g g g  

Para. X1 X2 X3 
 X1 X2 X3 

 X1 X2 X3 
 X1 X2 X3 

Rank 1 2 3  1 3 2  1 2 3  1 2 3 

Si 88.56 6.60 3.17  62.07 4.63 27.58  56.64 34.97 2.03  43.67 26.96 19.41 

STi 90.18 7.74 3.75  67.45 5.79 32.54  62.79 40.99 2.61  51.66 33.72 24.92 

 Considering both process model uncertainty and parametric uncertainty 

Process  *

1g
  *

2g
  *

3g
 

Rank  1  2  3 

PSK  49.85  26.08  18.10 

PSTK  54.79  30.07  21.23 

 



Table 2. Numerical solutions (%) of first-order (Si) and total-effect (STi) parameter sensitivity 

indices for each system model and of first-order (PSK) and total-effect (PSTK) process sensitivity 

indices of multiple system models of groundwater flow model. Each system model has three 

processes: recharge (R), geology (G), and snowmelt (M). 

 Considering parametric uncertainty but not process model uncertainty 

 R1G1M1 
 R1G1M2 

 R1G2M1 
 R1G2M2 

 a K f1 
 a K f2&r  a K1&K2 f1 

 a K1&K2 f2&r 

Si 12.41 22.47 50.78  15.08 47.17 29.75  33.43 11.35 51.48  35.20 36.36 26.35 

Rank 3 2 1  3 1 2  2 3 1  2 1 3 

STi 12.37 36.87 66.06  14.98 55.74 37.95  34.08 15.78 54.65  35.83 38.66 27.97 

Rank 3 2 1  3 1 2  2 3 1  2 1 3 

 R2G1M1 
 R2G1M2 

 R2G2M1 
 R2G2M2 

 b K f1 
 b K f2&r  b K1&K2 f1 

 b K1&K2 f2&r 

Si 22.04 20.00 45.23  26.14 41.03 25.84  48.70 10.68 37.48  49.43 30.10 18.55 

Rank 2 3 1  2 1 3  1 3 2  1 2 3 

STi 22.04 32.82 58.80  26.02 48.49 33.01  49.55 14.43 39.79  50.30 32.16 19.67 

Rank 3 2 1  3 1 2  1 3 2  1 2 3 

 Considering both process model uncertainty and parametric uncertainty 

  R  G  M 

PSK  14.32  6.79  63.99 

Rank  2  3  1 

PSTK  14.67  21.68  78.54 

Rank  3  2  1 

 

 



Table 3. Variance decomposition and various sensitivity indices for groundwater discharge per 

unit width (q0) at x0 = 7,000 m simulated by system model R2G1M1. 

First-order effect*  Second-order effect*  Third-order effect* 

Parameter Vi Si (%)  Pair Vij Sij (%)  Pair Vijk Sijk (%) 

b 0.2847 22.04  K, b 0.00 0.00  f1, b, K 0.00 0.00 

K 0.2584 20.00  f1, b 0.00 0.00     

f1 0.5884 45.23  f1, K 0.1591 12.32     

Total effect 

Parameter VTi
* STK

*(%)    VTi
**      

b 0.2847 22.04  VTb = Vb + VK,b + Vf1,b + Vf1,b,K  = Vb = 0.2847 

K 0.4241 32.82  VTK = VK + VK,b + Vf1,K + Vf1,b,K  = VK + Vf1,K  = 0.4175 

f1 0.7597 58.80  VTf1 = Vf1 + Vf1,b + Vf1,K  + Vf1,b,K  = VK + Vf1,K  = 0.7475 

Variance V = Vb + VK + Vf1  + VK,b+ Vf1,b + Vf1,K+ Vf1,b,K  = 1.2906** 
*   : Calculated based on Monte Carlo approximation 
* *: Calculated based on variance decomposition 

 



Table 4. Variance decomposition and various sensitivity indices for groundwater discharge per 

unit width (q0) at x0 = 7,000 m simulated by all system model considering both model 

uncertainty and parametric uncertainty 

First-order effect*  Second-order effect*  Third-order effect* 

Process VK PSK (%)  Pair VK,V PSK,V (%)  Pair VK,V,W PSK,V,W  (%)  

R 0.2966 14.32  G, R 0.0071 0.34  M, R, G  0.00 0.00 

G 0.1406 6.79  M, R 0.00 0.00     

M 1.3252 63.99  M, G 0.3013 14.55     

Total effects 

 
Process VTK

* PSTK
* (%)    VTK

**      

R 0.3038 14.67  VTR = VR + VG,R + VM,R+ VM,R,G  = VR + VG,R  =0.3037 

G 0.4490 21.68  VTG = VG + VG,R + VM,G+ VM,R,G  = VG + VG,R + VM,G  =0.4490 

M 1.6265 78.54  VTM = VM + VM,R + VM,G+ VM,R,G = VM + VM,G =1.6265 

Variance V = VR + VG + VM  + VG,R + VM,R + VG,M  + VM,R,G  = 2.0708** 
*   : Calculated based on Monte Carlo approximation 
* *: Calculated based on variance decomposition 

 

 



FIGURE CAPTIONS 
 

Figure 1. Pseudo code to compute the total-effect process sensitivity index using Monte Carlo 

and model averaging methods based on equation (10). The total number of model executions is 

~ ~( ) ( )K K K KN m N m   , where ~KN  is the number of process model combinations for the 

processes ~K, ~Km is the number of realizations for parameters ~ ~|K KMθ , KN  is the number of 

process models for process K, and Km  is the number of realizations for parameter |K KMθ . 

 

Figure 2. Sketch of the one-dimensional groundwater flow model domain. The groundwater 

discharge per unit width (q0) at x0 = 7,000 m is the quantity of interest for sensitivity analysis. 

 

Figure 3. Probability density functions (PDFs) of the groundwater discharge per unit width at x0 

= 7,000 m simulated by individual system models when fixing (a) snowmelt process M to M1, (b) 

snowmelt process M to M2, (c) recharge process R to R1, (d) recharge process R to R2, (e) 

geology process G to G1, and (f) geology process G to G2. The | ( [ | ])
K K KM K KE V ,M

~θ M  term is 

the average variance of the system output after fixing a process model. Taking Figure 3f as an 

example, MK denotes process model G2, |K KMθ denotes the expectation with respect to all 

parameter realizations of K1 and K2 associated with process model G2, ~
[ | ]

K K KV ,MM  

represents the output variance considering all other process model combinations (i.e., R1M1, 

R1M2, R2M1, and R2M2) and the corresponding parameter combinations under a single parameter 

realization of K1 and K2. The PDF in black is for q0 values simulated by using all the system 

models and their random parameters; this PDF thus presents the original uncertainty measured 

by V(Δ).  

 

Figure 4. Probability density functions (PDFs) of the groundwater discharge per unit width (q0) 

at x0 = 7,000 m simulated by individual system models when varying (a1 – a4) snowmelt process 

model from M1 to M2, (b1 – b4) geology process model from G1 to G2, and (c1 – c4) recharge 

process model from R1 to R2. The 
~ ~| ~( [ | ])

K K KM K ~KE V ,Mθ M  term is the average variance of q0 

after fixing the other two process models. Taking Figure 4(c4) as an example, M~K denotes the 

process model combination G2M2, ~ ~|K KMθ
  is the expectation of all realizations of parameters K1, 

K2, f2 and r associated with G2M2, ~[ | ]
K K ~KV ,M

M  is the output variance of q0 considering the  

uncertainty of process model R and parameter realizations under a single parameter combination 

of K,  f2 and r. 

 

Figure 5. (a) First-order and total-effect process sensitivity indices and (b) second-order process 

sensitivity indices for the groundwater discharge per unit width throughout the entire domain. 

 

 

 

 

 



 

 

Figure 6. Within- and between-model variance reduction for (a) recharge process (b) geology 

process, and (c) snowmelt process, and within- and between-model variance left for (d) recharge 

process (e) geology process, and (f) snowmelt process over the entire domain. 

 

Figure C1. Convergence of (a) first-order process sensitivity index and (b) total-effect process 

sensitivity index of the recharge (R), geology (G), and snowmelt (M) processes for the 

groundwater flow modeling.  

 

 



Figure1.



Loop [1] over process models M K of process K in M K

        Loop [2] over model parameter realizations K of model M K in K

                Loop [3] over process models MK of process K in MK

                        Loop [4] over model parameter realizations K of model MK in K

                                Compute |M K, K, MK, K

                        End Loop [4]
                        Compute E K|MK[ |M K, K, MK, K]
                End Loop [3]

                Compute EMKE K|MK[ |M K, K, MK, K] and
                (EMKE K|MK[ |M K, K, MK, K])2 using model averaging
        End Loop [2]

        Compute E K|M KEMKE K|MK[ |M K, K, MK, K] and
        E K|M K(EMKE K|MK[ |M K, K, MK, K])2

End Loop [1]

Compute (EM KE K|M KEMKE K|MK[ |M K, K, MK, K])2 and
EM KE K|M K(EMKE K|MK[ |M K, K, MK, K])2 using model averaging



Figure2.



Water table

q 0

River

 Lake

K1 K2
h1 = 300m

h2

L = 10000m
x0 = 7000m

Precipitation

h(x)



Figure3.



4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
PD

F
(a) Fix M to M1

E K|MKVM K( |MK, K) = 0.61

R1G1M1
R1G2M1
R2G1M1
R2G2M1

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(b) Fix M to M2

E K|MKVM K( |MK, K) = 0.88

R1G1M2
R1G2M2
R2G1M2
R2G2M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(c) Fix R to R1

E K|MKVM K( |MK, K) = 1.75

R1G1M1
R1G1M2
R1G2M1
R1G2M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(d) Fix R to R2

E K|MKVM K( |MK, K) = 1.79

R2G1M1
R2G1M2
R2G2M1
R2G2M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(e) Fix G to G1

E K|MKVM K( |MK, K) = 2.43

R1G1M1
R1G1M2
R2G1M1
R2G1M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(f) Fix G to G2

E K|MKVM K( |MK, K) = 1.43

R1G2M1
R1G2M2
R2G2M1
R2G2M2



Figure4.



4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
PD

F
(a1) Vary M
E K|M KVMK( |M K, K) = 2.20

R1G1M1
R1G1M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(a2) Vary M
E K|M KVMK( |M K, K) = 1.05

R1G2M1
R1G2M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(a3) Vary M
E K|M KVMK( |M K, K) = 2.20

R2G1M1
R2G1M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(a4) Vary M
E K|M KVMK( |M K, K) = 1.05

R2G2M1
R2G2M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(b1) Vary G
E K|M KVMK( |M K, K) = 0.30

R1G1M1
R1G2M1

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
PD

F
(b2) Vary G
E K|M KVMK( |M K, K) = 0.55

R1G1M2
R1G2M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(b3) Vary G
E K|M KVMK( |M K, K) = 0.33

R2G1M1
R2G2M1

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(b4) Vary G
E K|M KVMK( |M K, K) = 0.61

R2G1M2
R2G2M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(c1) Vary R
E K|M KVMK( |M K, K) = 0.23

R1G1M1
R2G1M1

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(c2) Vary R
E K|M KVMK( |M K, K) = 0.23

R1G1M2
R2G1M2

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
PD

F
(c3) Vary R
E K|M KVMK( |M K, K) = 0.37

R1G2M1
R2G2M1

4 2 0 2 4 6 8
q0 [m2/d]

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

PD
F

(c4) Vary R
E K|M KVMK( |M K, K) = 0.37

R1G2M2
R2G2M2



Figure5.



0 2000 4000 6000 8000 10000
x [m]

0

20

40

60

80

100
Pr

oc
es

s s
en

sit
iv

ity
 (%

)
(a)

PSK for R
PSK for G
PSK for M
PSTK for R
PSTK for G
PSTK for M

0 2000 4000 6000 8000 10000
x [m]

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

Se
co

nd
-o

rd
er

 
pr

oc
es

s i
nt

er
ac

tio
n 

(%
)

(b)

PSR, G

PSR, M

PSG, M



Figure6.



0 2000 4000 6000 8000 10000
x [m]

0.0

0.5

1.0

1.5
Va

ria
nc

e 
re

du
ct

io
n (a) Recharge

Within-model
Between-model
Total

0 2000 4000 6000 8000 10000
x [m]

0.0

0.5

1.0

1.5 (b) Geology

0 2000 4000 6000 8000 10000
x [m]

0.0

0.5

1.0

1.5 (c) Snowmelt

0 2000 4000 6000 8000 10000
x [m]

0.0

0.5

1.0

1.5

Va
ria

nc
e 

le
ft

(d) Recharge

Within-model
Between-model
Total

0 2000 4000 6000 8000 10000
x [m]

0.0

0.5

1.0

1.5
(e) Geology

0 2000 4000 6000 8000 10000
x [m]

0.0

0.5

1.0

1.5
(f) Snowmelt



FigureC1.



0 25 50 75 100 125 150 175 200
Number of model evaluations(x106)

0

20

40

60

80

100
PS

K (
%

)
(a)

PSK for R
PSK for G
PSK for M

0 25 50 75 100 125 150 175 200
Number of model evaluations(x106)

0

20

40

60

80

100

PS
TK

 (%
)

(b)

PSTK for R
PSTK for G
PSTK for M


	Article File
	Table
	Figure1 legend
	Figure1
	Figure2 legend
	Figure2
	Figure3 legend
	Figure3
	Figure4 legend
	Figure4
	Figure5 legend
	Figure5
	Figure6 legend
	Figure6
	FigureC1 legend
	FigureC1

