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        Abstract   We present our results for the concurrent precipitation of the metastable 
M23C6, the Nb(C,N) secondary precipitates, and the Nb(C,N) primary crystals in 347H austenitic 
stainless steel (XMAT Program). For precipitation modeling, we accounted for the elastic 
contribution to interfacial energy and for the Fe-spin-polarization for NbC/Fe and M23C6/Fe 
interfacial energy values. With these corrections, a value of the DFT-calculated NbC/Fe 
interfacial energy increased to ~0.63 J/m2. For M23C6 precipitates, an error function was used to 
describe the interfacial energy growth with particle size. In precipitation simulations, the average 
size of the primary Nb(C,N) particles remained ~1m at 700°C and ~0.3 m at 750°C. M23C6 
precipitates at 750°C dissolved after 120 hours (experiment-300 hours). The Nb(C,N)/Fe 
interfacial energy was not affected by the nitrogen additions. With these modifications, 
reasonable agreement with the available experimental data was obtained, which allows using 
them in the development of the 2nd-phase particle informed creep theory.

       Introduction
       A significant interest of the materials community is drawn today to the quantitative 
modeling of concurrent precipitation in heterogeneous materials [1-6].  Understanding and 
controlling concurrent precipitation in heterogeneous materials is of primary importance for the 
properties of materials. Indeed, the ability to describe precipitation and microstructure evolution 
(mean-field approximation) leads to the design of optimized heat treatments of structural alloys, 
continuous cooling transformation (CCT) and time temperature transformation (TTT) diagrams, 
and to microstructure-based modeling of the mechanical behavior of materials. In turn, this 
capability development is part of a broad trend toward understanding the “materials genome” 
and using a systems approach called integrated computational materials engineering (ICME) for 
computationally-intensive design of novel materials and “digital twins’ [7-12]. The theoretical 
framework developed some 50 years ago and even earlier [13-17] was implemented in several 
codes. In all precipitation modeling and simulation efforts reported here, the TC-PRISMA 
software was used [18]. It implements a physics-based approach based upon the Langer-
Schwartz theory and its development and numerical implementation in the Kampmann-Wagner 
(Numerical) approach [13-15]. It was developed to solve a set of coupled mass balance and 
continuity integral-differential equations written out for the particle size distribution function 
evolution with particle size and time. To achieve that goal, one needs to use physics-based 
approximations for (A): the particle nucleation rate, and (B): the particle growth rate. All the 
discussion that follows is based upon the TC-PRISMA software manuals [18].
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      Nucleation  For the nucleation rate, the “Classical Nucleation Theory is used (the 
Zel’dovich-Frenkel equation) [16,17]. In this approach, the particle nucleation rate J(t) needs to 
be expressed as a function of time, the steady state nucleation rate Js; and the incubation time, τ, 
see Eqn. 1: 

                                                                  𝐽(𝑡) = 𝐽𝑠𝑒𝑥𝑝( ―𝜏/𝑡)   (1)

The steady state nucleation rate Js depends upon the Zel’dovich factor Z, the molecular 
attachment rate 𝛽∗, the number of potential nucleation sites N that depend upon the character of 
nucleation (homogeneous vs heterogeneous), and the barrier for nucleation, ΔG*, Eqn. 2:

                                                           𝐽𝑠 = 𝑍𝛽∗𝑁𝑒𝑥𝑝( ― ∆𝐺∗/𝑘𝑇)      (2)

For the incubation time 𝜏,  and the molecular attachment rate  𝛽∗ we have the following 
equations:

𝜏 =
1

4𝜋𝑍2 𝛽∗  (3)

𝛽∗ = 4𝜋(𝑟∗)2

𝑎4 ∑𝑘
𝑖=1

𝑋𝛽/𝛼
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𝑖
2

𝑋𝛽/𝛼
𝑖 𝐷𝑖

―1

                           (4)

The critical radius 𝑟∗ is expressed asType equation here.

          𝑟∗ =
2𝜎𝑉𝑚

𝛥𝐺𝑚
             (5)                 

ΔG* is expressed as a function of σ (precipitate/matrix interfacial energy); Vm (molar volume of 
precipitate); and ΔGm (the driving force of nucleation), Eqn.6:

    ΔG*= 16𝜋𝜎3𝑉2
𝑚 / 3𝛥𝐺2

𝑚              (6)
  

In equation (5) and (6), σ is the interfacial energy for the precipitate/matrix interface, 𝛥𝐺𝑚 is the 
driving force of precipitation, and a is the lattice parameter. The values 𝑋𝛽/𝛼

𝑖  and 𝑋𝛼/𝛽
𝑖 stand for 

the molar fraction of component “i” at the interface for the precipitate and the matrix, 
respectively [18-22].
       The overall number of parameters and variables entering equations (1-6) makes the “head-on” 
approach to solving the original mass balance and continuity equations impossible without 
approximations. In computational practice, it is important that such parameters as the nucleation 
driving force ΔGm, the molar volume of precipitate Vm, and the diffusivity Di of the ith 
component in the matrix, can all be obtained from the corresponding thermodynamic and 
mobility databases.
       This is why TC-PRISMA requires that both types of databases be used in precipitation 
calculations. 
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       Particle Growth Rate This term also requires making approximations and assumptions 
to describe precipitation in different types of alloys. Among the existing models, one should 
mention the binary model by Aaron et al. [23], the multi-component coarsening model by Morral 
and Purdy [24], the model developed and implemented in the PrecipiCalc software by Jou, 
Voorhees and Olson (Questek, LLC) [25]; the model proposed by Guo and Sha [26], the 
“similarity-supersaturation” model by Sourmail [27,28]; and the “thermodynamic extremum 
principle” model by Svoboda et al. [29].      
       In a recent publication [30], the nucleation kinetics in a multicomponent supersaturated solid 
solution was revisited using a combination of a thermodynamic extremum principle and the 
Fokker-Planck equation. The proposed general formalism included two limiting cases: bulk 
diffusion control, and the interfacial mobility control of nucleation kinetics. The growth law for 
multicomponent alloys was derived in the general case, when both mechanisms were considered 
[30]. 
       In TC-PRISMA, a unique set of growth models was developed that follows the principle of 
local equilibrium and the flux balance equation. Its integration was performed using the moving 
interface approach implemented in the DICTRA software for diffusion modeling and simulation 
in multicomponent “heterogeneous” systems [31]. TC-PRISMA offers three growth models of 
the different degree of complexity: 
       (A): the pseudo-steady state growth model that accounts for low supersaturations and only 
diagonal terms of the mobility matrix (called “Simplified”); 
       (B): the pseudo-steady state plus cross-diffusion based upon the work of Morral and Purdy 
(called “General”) [24]. It also works for low supersaturations but should be used in those cases 
when a system contains a substitutional element with high melting temperature and low 
diffusivity. (C): Analytical Flux Balance Approximation (called “Advanced”). This model should 
be used when a system contains an interstitial element with very high diffusivity [22]. The last 
model is the most computationally expensive but allows to account for the high degrees of 
supersaturation and the cross-diffusion terms [22]

Concurrent Precipitation Simulation in 347H. 
         For the 347H austenitic stainless steel we used the standard (simplified) models for 
nucleation and growth described above. We had to perform additional DFT research (Ibid., see 
Yu et a. [28]) to re-evaluate the NbC/fcc-Fe interface for the secondary NbC, Nb(C,N), and 
Nb(C,N,B) precipitates. For the metastable M23C6 phase that appeared before the stable NbX and 
the SIGMA phases1, we needed to develop an analytic expression that took into consideration the 
variation of the interfacial energy with time and particle growing size. For the 700°C and 750°C 
calculations, the temperature dependence of the interfacial energy was insignificant. Finally, at 
750°C, working with the Simplified Model, we were not able to reproduce the whole cascade of 
transformations “Primary NbC  -  Metastable M23C6 + stable NbX  -  SIGMA phase. The 
difficulty was in the extremely low driving force for the SIGMA phase and the numerical 
breakdown of the integration algorithms. 

1 Metastable phase usually nucleate and grow before any stable phases, mainly for two reasons: 
higher driving force of their formation, and lower mismatch between crystalline lattices 
(M23C6/fcc-Fe)
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       All other parameters were set at default values recommended in TC-PRISMA [18]. 
Following [1-5], we tried to develop the precipitation model with the least number of user-
defined inputs. We varied only the total number of nucleation sites (type of precipitation), 
interfacial energies (see above), dislocation densities (to mimic the dislocation density growth 
with progression of creep). To add the 4th phase (SIGMA) to the cascade of concurrent 
precipitation we will vary the free energy addition factor (to change the driving force) and the 
mobility enhancement factor.

1.1 Concurrent precipitation of secondary NbC and metastable M23C6 from heat-
treated alloy 347H

       To obtain the optimal interfacial energy values for both precipitates, DFT calculations were 
performed [32]. These new results provided guidance for the Nb(C,N) precipitate: when 
accounting for the spin polarization of Fe atoms, the interfacial energy was higher than the 
default value of 0.32 J/m2 (eventually the value of 0.63 J/m2 was used). For the fast growing 
M23C6 precipitates it was established that the correct description of its precipitation kinetics must 
account for the variation of the interfacial energy with the growing precipitate size, at least up to 
the average size of 30 nm (and saturating at the thermodynamic limit of the flat surface). The 
error function and the logistic functions yielded the best results, and the following expression 
was developed (“r” stands for radius of a growing particle):

(Fe/M23C6)= (0.002 + 0.125) + 0.125·erf ((r-2.7·10-10)/10-10)  [J/m2] (7)

       This expression for the fcc-Fe/M23C6 interfacial energy were identified after a significant 
number of trials (more than a hundred simulation runs on TC-PRISMA), which in some cases 
took as much as 15 minutes of the CPU time on a Dell Latitude 7490 laptop with 32 Gb of RAM 
and Intel i7 quadcore processor of the 8th generation. This is the reason why AI/ML approach 
will be employed that will yield reduced order models (ROMs) allowing to provide quick results 
and answering different “what-if” questions. This work is planned for the fiscal year 2022.     

The considerations described above were tested against the TEM and SEM quantitative 
experimental results found in the literature for both secondary Nb(C,N) and metastable M23C6 
precipitates [33,34]. The 347H alloy composition studied in [33,34] is given in Table 1:

Table 1. Chemical composition of the investigated type 347H austenitic steel wt% as given in 
[33,34]

Chemical 
Element

C Cr Ni Nb N Mn P Mo S Fe

Composition,     
wt.%

0.059 17.60 10.71 0.54 0.013 1.59 0.024 0.116 0.0008 Bal.

       In our simulations only P and S were omitted. The simulation results in Fig. 1 correspond to 
the experimental data obtained in [29].  For the average Nb(C,N) particle size after 2,200 hours 
of annealing at 700°C, the value of ~86 nm was reported [33] (~150nm in our simulations). Data 
on the particle size distribution and volume fraction of the metastable M23C6 precipitate were 
absent in that paper.
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        We found some additional results on the M23C6 and Nb(C,N) particle size evolution in [34]. 
These results included both the SEM and TEM experimental work. At 700°C, the average M23C6 
particle size was ~1m after 2,200 hours of isothermal annealing [34]. Quantitative TEM data 
were reported only for annealing for 100 hours at different temperatures (700°C; 800°C; 850°C; 
and 900°C). The average Nb(C,N) particle size was consistent with the results reported in 
[29,30] and with our simulation results (~35 nm – simulation; 46 nm – experiment in [33,34]).
     We conclude that a reasonable agreement between our simulations and experimental results 
[33,34] was achieved. More work is necessary to achieve even better agreement if such work is 
deemed necessary.

1.2 Modeling concurrent precipitation of primary Nb(C,N), secondary 
Nb(C,N), and metastable M23C6 precipitates

       To obtain good results with TC-PRISMA the alloy composition used in simulations must 
closely follow the sequence of the heat treatment operations that it had been subjected to. Since 
the 347H ally considered in [33,34] was subjected to normalizing (solutionizing) heat treatment 
at 1150°C for 0.5 hours, the primary Nb(C,N) particles forming directly upon solidification 
needed to be eliminated from consideration to model the concurrent precipitation of the 
secondary Nb(C,N) and metastable M23C6. Therefore, a correction for those primary Nb(C,N) 
particles was made in the concentrations of C, NB, and Nb available for the secondary 
precipitation at working temperatures (700°C and 750°C).
       However, there is a more elegant way to include into consideration primary, secondary 
Nb(C,N) and M23C6 in a single simulation run. Then, we use the full alloy composition (Table 1) 
for all simulation runs and a TC-PRISMA advanced option “Use Pre-existing Distribution”. 
Equilibrium Thermo-Calc calculations allow to calculate the volume fraction of the primary NbC 
particles (i.e., forming directly upon solidification) and the concentration of carbon in them. 
After that, the average particle size must be determined experimentally or hypothesized. In 
[33,34] the average size of the primary NbC particles was determined as ~1m. Using these 
results, we constructed the size distribution of the primary NbC particles and used it in all 

   
Figure 1. Average size of M23C6 and Nb(C,N) precipitates (left) and volume fractions of precipitates (right) at 700°C.
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subsequent TC-PRISMA runs. The advantage of this approach is that we can monitor the particle 
size evolution for all three types of particles, on one graph, see Figure 2. 

                      
Figure 2. Size distributions of the primary and secondary NbC particles  at different   times: 1; 10; 100; 
1000; and 2000 hours. The secondary precipitates are characterized by a smaller size; the primary NbC 
have the average particles size of ~1m. Inlet (top right) illustrated the generated distribution of the 
primary Nb(C,N) particles used in simulation

       These results are important because the primary NbC particles are practically not changing 
their size, while the secondary display growth. Both trends are consistent with the results 
reported in [33,34] 

       2.3 Precipitation of Secondary NbC and Metastable M23C6
  at 750°C: 

XMAT Data and TC-PRISMA Simulations
On the property equilibrium diagram (phase composition as a function of temperature), the 
M23C6 carbide is stable only up to ~500°C.  To explain its stability beyond that temperature well 
documented in the literature [33,34], it was necessary to construct a metastable diagram, where 
the formation of all hcp phases (M2C carbide), fcc- and L12 phases was suppressed. The results 
for the equilibrium and metastable property diagram are presented in Figure 3. All results were 
obtained using the JmatPro software with the Fe-alloy thermodynamic database [35].
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Figure 3. Equilibrium and metastable “phase composition – temperature” diagrams for the 347H alloy 
composition used in the XMAT program.

All precipitation simulations were done for the 347H alloy composition at 750℃ using Thermo-
Calc TC-PRISMA software, the TCFE10 and the MOBFE5 thermodynamic and mobility 
databases (the latest versions). The alloy composition is listed in Table 2 below and is identical 
to the one used in thermodynamic calculations presented in Figure 3: 

Table 2. 347H alloy composition – XMAT Program.  

Chemical
Element

Fe Ni Cr Mn Nb C Si Co   Ti Al N

Mass.% 68.7188 10.83 18.62 0.99 0.487 0.0542 0.28 0.01 0.001 0.01 0.013

The alloy’s heat treatment procedure included “normalization” for 1 hour at 1,150°C. Therefore, 
to perform simulations described below, we used the equilibrium calculation at 1,150°C and 
excluded the primary Nb(C,N) particles from consideration. Similar to Figure 2, we also 
performed simulations with the full alloy composition (as given in Table 2) and obtained a 
similar result: while the average primary Nb(C,N) particle size was around 0.3 m, it did not 
change appreciably with time up to 1000 hours.

Since the methods of the concurrent precipitation modeling were described in detail earlier. 
Therefore, we present only the results reproducing the data obtained by Ren et al. [36], Figure 4

                             
Figure 4. Simulation results for the M23c6 particles and their evolution with time at T = 750°C. (Left) 
Volume fraction of M23C6 as a function of time; (Center): M23C6 particle number density; and (Right) 
Average M23C6 particle size as a function of time.

The experimental data by Ren et al. are presented in Table 3; all results correspond to the maximal values 
of volume fraction, number density, and precipitate size [36]

Table 3. Modeling and experimental precipitation data 

 Aging time of 
M23C6 formation

Volume fraction, 
% Number density# Size, μm

Simulation 0 through 120h 0.09 1.1 x 1017 m-3 0.125
Experimental [37] 4h, 24h, and 168h 0.10 6.0 x 109 m-2 0.480

# Experimental results are presented in {m-2}, simulation in {m-3}. If recalculated to m-3, experimental 
value is 4.7 x 1014 m-3 vs simulation value 1.1 x 1017m-3
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Since the experimental study of the secondary Nb(C,N) precipitates encountered difficulties, we 
report only the results obtained for the metastable M23C6 phase. Its volume fraction attains the 
highest value of ~0.1 vol.% (0.09% in simulation) and decreases to zero after ~180 hours (120 
hours – our simulations). The number density results are represented qualitatively correctly, if 
one notices that in all simulations the dimensionality of this property was in {m-3}, while the 
experimental results correspond to the in-plane SEM observations and are presented in {m-2}. 
Finally, the data on the average particle length is qualitatively correct, but in simulations 
underestimated by a factor of 4 (~480 nm in experiment vs 125 nm in simulations).

In all cases the qualitative representation for all discussed properties was accurate. 

1.3 Interaction of dislocations and precipitates during isothermal 
annealing

       In service (during isothermal annealing), the 347H alloy will undergo creep. Complex 
evolution of the microstructure of phases (precipitates) and defects (vacancies, dislocations, 
grain boundaries etc.) will take place. TC-PRISMA gives one convenient way to probe these 
interactions by varying the dislocation density (Advanced Settings, “Dislocation density” 
parameter). In general, it will depend upon several interdependent and independent factors such 
as temperature, time, material element geometry, and more. Here, we present our simulation 
results for isothermal annealing at 700°C by varying dislocation density from 1010 m-2  to 5·1010 
m-2 (the default value for 347H at 700°C) to 1011m-2. This is a very conservative estimate 
because in service conditions and especially for later times, it can vary several orders of 
magnitude. The results are presented in Figure 5.

      

Figure 5 Influence of the dislocation density upon precipitation of secondary NbC and metastable 
M23C6. Left: Dislocation density  m-2; Center: 5·1010 m-2; Right: 1011 m-2. Note the decrease of 
the M23C6 precipitate maximal length and the retardation in the Nb(C,N) particle growth with 
increasing value of 

2. Discussion and Conclusions
       The simulation results presented here demonstrated that different sets of precipitation data 
(at different temperatures, with different heat treatment schedules etc.) could be satisfactorily 
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described using TC-PRISMA models and simulations. So far, we succeeded in capturing the 
behavior of the primary and secondary Nb(C,N) particles and the metastable M23C6 precipitates. 
Further work is necessary to describe a complex process of the concurrent precipitation of 
primary and secondary Nb(C,N) particles, metastable M23C6 and the SIGMA phase. This work is 
ongoing.
       We explored systematically how different precipitation parameters affect the obtained 
results and concluded that “interfacial energies” of precipitates play a much more important role 
that anticipated in the beginning. We demonstrate that for Fe-bearing alloys, at least for the 
347H, it is necessary to account for the phenomenon of “spin-polarization” of iron atoms. Also, a 
description of the “nucleation to growth to coarsening” must include three important effects: 
       (1). For Fe-bearing alloys, the need to account for the spin-polarization of Fe atoms, or a 
clear demonstration that it can be neglected in calculations.
       (2). The role of small and ancillary additions of such elements as nitrogen and boron needs 
to be better understood. In our preliminary DFT calculations we demonstrated that even the 
introduction of a single B atom into the fcc-Fe/M23C6  interface results in a strong ordering 
effect, appearance of (partially) covalent strong bonding, Figure 5. 

                          
       Figure 6. Qualitative illustration of the B-induced ordering effect upon the high-symmetry  (001) 
interface between fcc-Fe and A-terminated Cr23C6 carbide. Note appearance of covalent bonding: Fe 
atoms prefer to occupy “hollow” positions (not “bridge”) and are projected onto the Cr-C sublattice. The 
interface was constructed following guidance  in [38] for the fcc-Fe/M23C6 system. 

Our preliminary calculations point to the interfacial energy reduction by ~0.1 J/m2, a very 
significant value compared to the TC-PRISMA default of ~0.167 J/m2. This important result did 
not depend upon the selection of the ground state for the whole system , which turned out to be a 
very challenging problem requiring that an additional research effort be made to arrive at the 
decisive quantification of the role of several ppm’s of B additions in retarding creep in Fe alloys. 
       (3). The loss of coherency and transition to semi-coherent conjugation of a precipitate with 
its matrix phase. This corresponds to the “elastic contribution” to interfacial energy, in addition 
to the almost always used “chemical contribution”. Depending upon the lattice misfit parameter 
it may be negligeable or substantial (as in the case discussed here). However, publications with a 
rigorous description of this transition and the corresponding increase of interfacial energy 
describing a less stable semi-coherent state of the system, are still relatively rare [38,39]. In this 
work, we use an error function to describe this transition for the metastable M23C6 precipitates.
       (4). Transition from coherent to semi-coherent conjugation results in the interfacial energy 
increase. However, the subsequent growth of larger precipitates may result in their different 
chemical composition (in general, non-uniform, precipitate-size dependent concentration 
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profiles). In turn, this may result in some variation of the interfacial energy value2 and, 
consequently, the loss of accuracy in predicting the kinetics of precipitation over longer periods 
of time. In this work, we achieved a satisfactory description of the phenomena accompanying 
isothermal anneal of the 347H up to 2,200 hours. Obviously, that can’t account for the 
phenomena discussed above and, therefore, extending our results further in time (e.g., several 
years of service) is hardly feasible in its present form. A revision of the Kampmann-Wagner 
numerical formalism may fix this problem.
       (5). In [31] it was emphasized that the precipitate growth process can be either  interfacial 
energy -  controlled, or diffusion – controlled, or both. It is important to have criteria that can 
[provide guidance on the growth process nature before initiating any computational work. In [31] 
a significant body of theoretical work was performed for the advanced Kampmann -Wagner 
Numerical model. It allows to answer many of the questions raised above, but in its numerical 
implementation, remains very expensive in terms of the needed resources and time.
      (6). Finally, all theoretical models and experimental results must be compiled in databases 
suitable for conducting Data Mining and Machine Learning. These two branches of the AI-
assisted physics- and even mathematics-based modeling will help to avoid costly mistakes in the 
future. This “convergence” of physics + mathematics + data happened in practically all 
experimental approaches where inverse (ill-posed) problems of the model parametrization are to 
be solved (e.g., synchrotron XRD, EXAFS and XANES spectroscopy, TEM, SEM, etc.). Even in 
applied mathematics AI is used for understanding bifurcations (both primary and secondary) 
from the steady-state branch of solutions and selecting only those modes that contributed 
decisively to the outcome of the studied nonlinear process [36].               
       Finally, we want to mention a quantitative demonstration of the interplay of precipitate and 
dislocation populations, phase and defect microstructures in alloy 347H. At least in principle, 
this may result in the development of the chemistry and 2nd phase particle – informed plasticity 
and creep theory.  
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2 One can speculate that the chemical composition change for a growing precipitate may result in its partial 
stabilization, i.e., its precipitate/matrix interfacial energy decrease . This will need to be accounted for, especially if 
simulations are extended to many thousands of hours or days.
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