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Abstract The goal of this work is to build up the capability of Quasi-Particle
Simulation (QuiPS), a novel flow solver, such that it can adequately model the
rarefied portion of an atmospheric reentry trajectory. Direct Simulation Monte
Carlo (DSMC) is the conventional solver for such conditions, but struggles to
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resolve transient flows, trace species, and high level internal energy states due
to stochastic noise. Quasi-Particle Simulation (QuiPS) is a novel Boltzmann
solver that describes a system with a discretized, truncated velocity distri-
bution function. The resulting fixed-velocity, variable weight quasi-particles
enable smooth variation of macroscopic properties. The distribution function
description enables use of a variance reduced collision model, greatly minimiz-
ing expense near equilibrium.

This work presents the addition of a neutral air chemistry model to QuiPS
and some demonstrative 0D simulations. The explicit representation of internal
distributions in QuiPS reveals some of the flaws in existing physics models.
Variance reduction, a key feature of QuiPS can greatly reduce expense of
multi-dimensional calculations, but is only cheaper when the gas composition
is near chemical equilibrium.

Keywords Boltzmann equation - Quasi-Particle - Chemistry - Hypersonic
reentry

1 Introduction

As a spacecraft reenters the atmosphere, it passes through progressively denser
regions of the atmosphere. Conventional continuum fluid solvers are sufficient
to model the lower altitude (< 80— 100 km) portions of the reentry trajectory.
However, in the upper regions of the atmosphere the scale of the flow gradients
are such that the Knudsen numbers (Kn) are not very small. That is, the
mean free path of molecules (\) is of the same order as the length scale of
macroscopic gradients (L):

A
Kn =2 > 0(0.01) (1)

Under these conditions, the reality that a gas is made of up of many,
many molecules must be considered, and assumptions inherent in continuum
methods are not valid. In lieu of the Navier-Stokes equations, the Boltzmann
equation is used to describe a rarefied gas. It describes the evolution of a gas
by modeling its velocity distribution function and the impact of interactions
between molecules. As a result, the Boltzmann equation is technically more
fundamental than the Navier-Stokes equations and is valid wherever they are.
However, the velocity distribution function is an unnecessary level of detail for
continuum systems (Kn << 1) and resolving it adds an exorbitant amount of
expense with no additional benefits.

The traditional method used to solve the Boltzmann Equation for rarefied
gas systems is Direct Simulation Monte Carlo (DSMC) (Bird 1994; Boyd and
Schwartzentruber 2017). It is built on several assumptions, two of which are:
that molecules are essentially points in space, and that their interactions with
other molecules can be described by short-range two-body potentials. This sec-
ond assumption implies that molecules are flying in a straight line for most of
the time with their paths punctuated by strong, brief interactions with other
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molecules (i.e. collisions); this assumption is known as the dilute gas assump-
tion. DSMC makes use of these assumptions to evolve a system by alternately
moving, then colliding molecules. Because directly modeling all collisions and
molecules is infeasible, DSMC instead represents a system stochastically: it
represents the still enormous number of molecules in a rarefied system (often
10%°—1022 or more) with a more reasonable number of computational particles
(10% — 10%) and relies on probabilistic methods to model collisions and other
physics. Because of the gap between the number of real and computational
particles and the use of probability, DSMC suffers from artificial statistical
noise. If trace species or low probability physical phenomena are important to
the system, it can be very expensive to suitably capture either of them. For
example, these issues occur when radicals have a disproportionate effect on the
chemical reaction rates, or when high-lying internal energy states drive energy
exchange or chemistry/ionization. Parallelization (domain decomposition or
ensemble averaging) of DSMC has been the most common strategy to address
these issues by enabling the use of more numerical particles in the representa-
tion. (Plimpton et al. 2019; Higdon 2018). Weighting schemes directly address
the problems of the method by enabling variable particle weights, but can lead
to rapid growth of the number of particles and cause memory issues.

In addition to efforts to mitigate the disadvantages of DSMC, numerous
alternative methods to solving the Boltzman Equation have been investigated
(Tcheremissine 2006; Kolobov et al. 2011; Chen et al. 2012). One such method
is Quasi-Particle Simulation, or QuiPS (Morris et al. 2011; Clarke et al. 2018).
QuiPS represents a gas by discretizing and truncating its velocity distribution
function. The resulting quasi-particles have fixed velocity and variable weight,
in contrast to the fixed weight, variable velocity particles in DSMC (Fig. 1).
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Fig. 1 In velocity space, the (a) Lagrangian particle viewpoint of a molecular gas with fixed
weight, variable velocity particles vs the (b) discrete velocity viewpoint with variable weight,
fixed velocity quasi-particles. Figure reproduced with permission from Clarke (2015).

Variable weight quasi-particles enable smooth variation of macroscopic
properties and low computational noise. Much like DSMC, a stochastic method
is used to model collisions. QuiPS features a variance reduction scheme that
improves performance and reduces noise as a gas approaches equilibrium.
QuiPS also has the capability to model multiple species and quantized in-
ternal energy states and associated inelastic collisions.

In this paper, we will document the addition of a neutral chemistry model
to QuiPS, an important functionality for modeling hypersonic atmospheric
reentry. We will first review the basic formulation of QuiPS, previously de-
veloped and documented in a series of publications, in Section 2. Then in
Section 3, we outline the QuiPS representation of the collision integral, with
an emphasis on the variance reduction collision scheme for multiple gas species
with quantized rotational and vibrational modes. Section 4 documents the ba-
sic methodology for performing forward and reverse neutral reactions appro-
priate for hypersonic reentry. While we present models and results using the
Total Collisional Energy (TCE) model (Bird 1994), commonly used in DSMC,
our approach can be readily expanded to more sophisticated reaction mod-
els. Then, Section 5 documents results of basic verification and convergence
studies. Finally, we present some temporal calculations of equilibrium air and
highlight some of the unique capabilities of QuiPS in Section 6.
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2 QuiPS Representation of a Rarefied Gas and it’s Evolution

QuiPS is capable of modeling a rarefied gas system consisting of multiple
species with internal energies. The extended Boltzmann equation (BE) de-
scribing such a system is:

83014(,’771/7]) 83014(,’771/7‘]) +a a(pA(T],U,J) _
at e B, T .

ZZZ//QJQK oam v, T )ep(l 1K) = oa(n,v, es(C, 1, K)]

X gdeQdVCP(g,ouK — g v 1 J K)

(2)
where ¢ is the velocity distribution function,  and ¢ are the velocity vectors, v
and p are vibrational levels, J and K are rotational levels, V- denotes velocity
space, {2 is solid scattering angle, the various ¢ are partition functions of
internal states, primes denote post-collision states, g is the relative velocity,
j" is the variation of collision cross section with solid scattering angle, and P
refers to the probability of an energy state transition. This equation describes
the evolution of a species A due to convection, a body force a, and collisions
with species B.

Direct solution of this form of the BE is challenging, and QuiPS approxi-
mates Eq. (2) via a discretized, truncated representation of the velocity distri-
bution function and a stochastic approach to modeling the collision integral.
We will first describe the QuiPS representation of a rarefied gas system. Then,
we will describe how QuiPS approximates the collision integral.

2.1 Scaling

Scaled variables are convenient for computational calculations. Numerical and
physical constants are factored out to minimize the number of variables ac-
tively used and simplify commonly performed operations. Although scaling
does not reduce floating point operations to integer operations as in other
codes, QuiPS still employs a scaled variable system. Velocities and speeds can
be scaled by the characteristic thermal speed, the most probable speed for a

gas in equilibrium:
[2kpTe
Nref = mre;f . (3)

where T} is a reference temperature and m,..y is a reference molecular mass,
defined by specifying a reference molecular species. The reference molecular
diameter, d,.s, is also defined according to the reference molecular species.
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Specifying a reference density allows us to define a reference stress, 7,.f, and
heat flux, g, while the reference diameter is used for a reference cross section,
Oref:

mre

{ nfef; Oref = 7rd72"ef (4)

Tref = 2n,«ef ka'r-ef; Qref = Npef
re

All relevant variables in the Boltzmann equation can now be scaled by 7y,
equations 4, n,.r, and a characteristic length L:

3
> Nref ~_ T o Nrey ~ _ O
t=t y T ==, =p— o7 = 5
T L Y=, - (5)
I 1/ O L G
g, 7< = , U = y 4 = y T =
TNref Nref Qref Tref

We can define a reference mean free path based on n,.; and o0,.f, and
define the Knudsen number as the reference mean free path divided by the
characteristic length:

/\ref:L;Kn*:M. (6)
NrefOref L
Note that a reference mean free path is used in this definition, instead of the
mean free path of the system. For homogeneous relaxations and 1D shocks, the
characteristic length, L, is typically defined as the reference mean free path
and Kn* =1 in these cases. All calculations presented in this paper are zero-
dimensional homogeneous calculations. Thus, we adopt this convention and
Kn* =1 throughout the present discussion. For other 1D or 2D problems, the
characteristic length scale and thus Kn* can be set as needed. Sekaran et al.
(2018) presented lid-driven cavity flow problems using such an approach for a
variety of Knudsen numbers.
When the scaling factors are applied to the Boltzmann equation, we can
rewrite it as:

892714(';7?”7‘]) 47 a‘ﬁA(If’?Vﬂ]) +a a(ﬁA(,fhyaJ)

ot T Ok, T 0.
1 QoGm0 s oA
- ZZZ/ﬁ[w(n L T)@s(C o K ) = @i, Dgp(C,p, K]
Kn» e ) 479K
¢

X §67dVeP(g, vpd K — g v’ i J K
(7)

Instead of integrating over all scattering angles, a total collision cross section,
or is used.



Modeling rarefied gas chemistry with QuiPS, a novel quasi-particle method 7

2.2 Discretization

QuiPS is a discrete velocity method and defines a velocity distribution on
a finite domain at a set of discretely spaced points. Defining T here as the
expected maximum kinetic temperature, the Cartesian velocity space is dis-

cretized into cubes with sides of length A, typically 0.84/ T /. In the case of
non-uniform grids, discretization produces rectangular prisms with different
values of 3 for each direction. Velocity space is truncated by specifying a max-
imum speed, Cpq,- Points with ¢ > ¢,,4, are disallowed, producing a velocity
space domain that is approximately a sphere, with the approximation improv-
ing as B decreases in value. The specific velocity space bounds to use are a
function of the system being simulated, typically defined to capture relevant
moments of the distribution. Allowed maximum values of 3 are dictated by
discretization errors, and the limit Clarke (2015) identified is strictly enforced;

B<\/T/m.

With the truncated and discretized velocity space, the value of the contin-
uous distribution function at each discrete velocity location is multiplied by
the volume element and collapsed into a delta function at the center of the
volume element. This process is demonstrated in Fig. 2.
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Fig. 2 (a) A continuous function is split into histogram elements with volume 3(7) - 33.
(b) Each volume element is collapsed into a delta function at a discrete velocity location.
Figure reproduced with permission from Clarke (2015).

Thus, a distribution function in QuiPS accounts for the entire volume el-
ement, dV:, at a single discrete velocity. This allows the method to sidestep
complicated collision dynamics operations by allowing only a finite set of ve-
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locities. On a uniform Cartesian grid, the volume element is B?’ and the dis-
tribution function becomes:

¢(i) = n-f(n)-p° (8)
The collision integral can now be written as the summation over all discrete

velocities (instead of a triple integral with infinite bounds). For a single species,
monatomic system the resulting sum is:

o Y le)e() - pme@laor )

C#n

2.3 Internal Energy

QuiPS represents internal energy modes with quantized states (Clarke et al.
2018). To minimize expense, rotation and vibration are decoupled. Instead
of O(1000) levels for a rovibrational distribution, O(100) are necessary for
rotation and O(10) are necessary for vibration. The exact number of levels
represented vary, and are selected to effectively capture physics of interest. At
present, the rigid rotor and non-rigid rotor rotational energy models and simple
harmonic oscillator and anharmonic oscillator vibrational energy models are
implemented in QuiPS.

The most general description of a velocity-internal energy distribution func-
tion is:

G, v, J) = @e(0) - f(v, ) (10)

where Zf(l/, J)=1 (11)
v,J
A key assumption made in QuiPS is that rotation and vibration may be de-
coupled to a reasonable approximation:

@i, v, J) = () - fo(v) - fr(J) (12)

Thus, internal states at each velocity point are stored as independent ar-

rays of rotational and vibrational populations. Fig. 3 is a basic schematic of

this formulation. Much like velocity space bounds, the maximum number of
internal levels can be set by the user to capture physics of interest.
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Fig. 3 Scaled vibrational and rotational energy distributions at a single velocity location.
Figure reproduced with permission from Clarke (2015).

Density weighted internal distributions take the form 1/; = f Accord-
ingly,

Ge() =D () =D () (13)
v J

where the subscript ¢ refers to the translational distribution function, summed
over internal levels.

The commonly used expressions of internal temperature are generally de-
rived for first order models and an infinite number of energy levels (Vincenti
and Kruger 1965). To account for higher order models and truncated dis-
tributions, a two part curve fit is used to relate the energy of a truncated
distribution to a temperature (Clarke 2015).

2.4 Multiple Species

QuiPS represents multiple species with multiple velocity distribution func-
tions. Each species distribution function has an independent velocity space
domain and discretization, according to the species mass and the user’s in-
terest. If a species is unimportant to a system overall, it can be represented
more crudely. A 2D schematic demonstrating the velocity space domain for
two species with different mass is shown in Fig. 4a.
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Fig. 4 2D schematic of (a) high molecular mass and (b) low molecular mass. Maxwellian
distributions at the same number density and temperature. Note the wider grid spacing in
(b) and the smaller domain in (a). Figure reproduced with permission from Clarke (2015).

3 QuiPS Collision Integral

The QuiPS equivalent of Eq. (2) is:

6¢(n7V7J)A+A6L)0(777V3J)A+da(p(nﬂy7*]).4 _

- ~ - = 14
ot g oz on (14)
1 q/ q/ o . R .
Kn* Z Z Z [ ﬁ@(nlv v, J/)ASD(C/» /1'/’ KI)B =@, v, J)ap(C 1, K) B
Bop K CA depleting
replenishing

: g(}T(g)P(f], V//”]K — g/a VIM/J/K/)

The derivative terms on the left hand side are typically modeled with finite
difference schemes. Presently, a first order scheme for the time derivative and
a first and fourth order scheme for the convection term are implemented.
Details on the differencing schemes for one and two dimensional calculations
are presented in (Clarke et al. 2018; Sekaran et al. 2018). The acceleration term
is considered as convection in velocity space and finite difference schemes are
similarly applied (Oblapenko et al. 2021).

We approximate the collision integral in QuiPS via a depletion-replenishment
scheme, outlined in Fig. 5.
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Fig. 5 Flow chart for the collision routine in QuiPS. = is the cumulative distribution func-
tion (Eq. (16)), A is the depletion quantity per collision, N,y is the number of collisions,
and § is the relative velocity of a colliding pair. Figure derived from Clarke (2015).

First, a cumulative distribution function (CDF) is constructed, according
to the collision scheme used. Collision partners are selected from the cumula-
tive distribution function based on an importance sampling method (Tchere-
missine 2006). The collision partners are then collided via a depletion replenish-
ment routine. Two collision schemes/partner selection methods are currently
employed: Full Monte Carlo, and Variance Reduction.

3.1 Full Monte Carlo Partner Selection
The full Monte Carlo (FMC) method approximates the collision integral by

randomly selecting collision partners, with a probability weighted by their
density magnitude:

(1) = L2 (15)

This is accomplished in practice via construction of a cumulative distribution
function, =. Each point in velocity space is mapped to a vector of length N,



12 Yasvanth Poondla et al.

the number of velocity points, and each vector element is assigned the value
of the sum of all previous ¢ values:

l
E(1) = Y |on(m)| (16)
m=1
The magnitude is used to account for the possibility of negative values. Each
index m is mapped to a single velocity index (4, j, k). A single point is selected
from the CDF using a referenced binary search and a random number draw.
More details can be found in Clarke (2015).

An alternative to this selection process is the acceptance/rejection ap-
proach, where particles are randomly selected and a collision is accepted or
rejected according to an additional random number. Use of the CDF reduces
the random number calls necessary to perform a collision.

The depletion quantity per collision depends on the number density, num-
ber of collisions N, collision cross section, and signs of the partners:

Atnan o

ST g - sgnl((3) - sgn((0) (17)
where A and B are species indices. A¢ is the smallest increment by which a
quasi-particle’s weight can change. If A is too large, and a point in the tail
is selected for collision, the evolution of ¢ at this tail point will be driven by
Ap. This is a numerical artifact and can lead to noise and inflation of the
magnitude of the tails. To minimize this effect, N, scales with the minimum
equilibrium value of the colliding distributions:

Ap =

R ; CrusAthah
R B N E/ RMS ANB

min(ia - fi' (¢maz,a), (0B - 5 (Cmaz,B)) = m (18)
where f¥ is the Maxwellian probability distribution function. To account for
the collision-pair specific value of §gor, a user-defined parameter Crpsg is in-
cluded to tune the number of collisions performed. All other quantities are
known, and Eq. (18) is solved for N;.

3.2 Partner Selection with Variance Reduction

One of the key features of QuiPS is the variance reduction (VR) method.
It is built on the following statement: The net change in time in a discrete
equilibrium distribution due to collisions between particles is zero. QuiPS
takes advantage of this statement by decomposing an arbitrary distribution
function into an equilibrium Maxwellian (%) and a deviational distribution
(¢?) (Morris et al. 2011; Clarke 2015; Baker and Hadjiconstantinou 2006;
Radtke et al. 2011):

¢=¢% + ¢ (19)
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Fig. 6 is a 1D schematic of this decomposition. Note that negative values of
$%(1), the deviational contribution to ¢, are allowed and expected. Negative
values imply that there are fewer particles in a certain velocity class relative
to equilibrium. Furthermore, the net deviation density will be 0.
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Fig. 6 An example 1D slice a) of a velocity distribution overlaid with an equilibrium distri-

bution and b) of the deviation distribution. Figure reproduced with permission from Clarke
(2015).

To demonstrate the effect of this decomposition, consider the collision inte-
gral for monatomic species with no internal energy. When the decomposition
of distributions is applied to the collision integral, four integral terms arise:

— (@) + &%) (¢"(
=L+L+I3+1
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where

+1z
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1= 37 [@"(E)e" () — (e ()] =0 (21a)

hzzﬁi[¢%éﬁ¢Emﬁ—~ﬁ%®¢Emﬂ (21b)
¢

Iy = 32 [0~ $5(0)e" () (210)

I =:j£j EXGEEEGELD)] (21d)
¢

Based on the statement of equilibrium, Eq. (21a) is identically zero, and
collisions corresponding to this term need not be computed. In systems close
to equilibrium, this term corresponds to the majority of collisions; neglecting it
leads to significant computational savings and reduced stochastic fluctuations.
Each collision integral is performed separately, and partners are selected from
an equilibrium and deviation distribution function. Because the net deviation
density must be zero, the cumulative distribution is constructed from deviation
magnitudes, and the signs of each deviation are tracked separately.

1
=20 =Y ¢Pm) (22a)

l—l
=40, s7(1) = ¢l (m)|, sgn(?()) (22b)
m=1
s L, ¢n) =0
where sgn (@d(n)) - {_1’ de(ﬁ) <0

As the system evolves, the equilibrium distribution is periodically recom-
puted, based on changes in relevant macroscopic properties. In order to define
equilibrium for three energy modes, a single equilibrium temperature is defined
as an average of mode temperatures, weighted by their degrees of freedom, &:

; & ; & ; £ a

Tey = T + T, + T, 23
“Caverg T arere Tarera P
where & is the effective vibrational degrees of freedom, defined as:
4-F
= 24
& 7 (24)

This equilibrium temperature is used to calculate a Maxwellian and Boltz-
mann distributions defining the equilibrium distribution.

¢F (fl, Ui, Teqﬂ?; @;E(Teq’ J); szf(Teq’ V)> (25)
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At each point in velocity space, each energy distribution function is in-
dependently decomposed into equilibrium and deviation components (Clarke
2015):

SH

~ ~ B ~

b, =, +, (26a)
A ~E  ~d

Y, =v, +, (26h)

Because these are density weighted, the deviation distribution function
will be non-zero even if the internal distribution at that velocity point is a
Boltzmann. An example of this situation and the alternative where the velocity
point is at equilibrium are plotted in Fig. 7.

1 oY s

1 8 4,

Fig. 7 Example decompositions of the vibrational distribution function. The top shows a
decomposition where vibration is in equilibrium but the velocity distribution function is out
of equilibrium (3¢, # 32 ¥Z, but both are Boltzmann distributions). The bottom shows
a decomposition where the velocity distribution function is in equilibrium but vibration is
out of equilibrium (324, # S29E, and 1), is not a Boltzmann distribution). In this case,
Zl/;g = 0. A general case can also be imagined where both are out of equilibrium. Figure
reproduced with permission from Clarke (2015).

Because deviations can be negative, absolute values must be used instead
in some situations, and are defined as:
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Pu=>

v

gl ="

J

Ol (272)

G| (27b)
Then, the sum of the absolute deviations is:

Pro = L+ 4 (28)
The sum of Eq. (28) over all velocities is A<

The depletion per collision depends on the densities of the colliding distri-
butions:

Ad(A\Y S E | sd
B 5 Q) a” -
ApF—d = Af. sgn(@( — (29a)
Kn* '“f)zld
sd—d 5 sgn(@4(n)) - sgn(@?(¢)) - a - ad
Ap®¢ = At - i N (29b)

coll

where 7¥ is the equilibrium density and the deviation density, 7% is the max-
imum value of the deviation cumulative distribution, 7¢ = Z%(N,). Ny for
each collision integral is defined by:

. R Crus A2/ 4pE/4
min(fia 'ff(cmax,A)v (s 'fg(cmax,B)) = 2K n* ?\/' ”B (30)

where the relevant equilibrium or deviation density is used for the correspond-
ing integral term. The overall N.,; of VR w8ill exceed that of the FMC scheme
if:

ad  (ad\?
2244 (22) >a (31)
nA nA

for like-species collisions. This corresponds to a deviation density > 41% of
the total density. In general, this would be a highly non-equilibrium state. For
unlike-species collisions, the VR method will be cheaper than FMC if:

~d ~d ~d ~d

n n nyn

B A4 ATB < (32)
np na na N
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3.3 Collision Procedure: Depletion-Replenishment

With the collision partners selected, the collision proceeds as a two-part depletion-
replenishment process. A depletion quantity A¢g is subtracted from the value
of the distribution function at each velocity location (Fig. 8).

P () = ¢t (i) — Ap (33a)
GAL() = ¢M(¢) — A (33b)

This depletion quantity is split into terms corresponding to each of the
collision events possible for a given pair. Presently, this includes rotational-
translational exchange and vibrational-translational exchange for each collid-
ing diatomic. Other inelastic exchanges are not implemented. Chemical reac-
tions will be discussed in Section 4.

Apr 4 = Pr aA@gep (34a)
Apr.B = Pr BAPdepi (34b)
APy, a = Py aAPgept (34c)
Ay, B = Py B APdepl (34d)
Apetastic = (1 — Pra — P.p — Py a — Py B) Addepl (34e)

The depletion will be split into 5 events as described in Eq. (34) for
diatomic-diatomic collisions, and 3 events for diatomic-monatomic collisions.
This splitting scheme means that a collision event in QuiPS does proportion-
ally more ¢ work ’ than a collision event in DSMC. The probability of an
inelastic event, P,/, is based on a macroscopic relaxation rate, Z,,. The fol-
lowing rates are implemented: Parker’s model for rotational relaxation (Parker
1959), the Millikan-White model for vibration (Millikan and White 1963), and
Bird’s model for vibration (Bird 1994). The probability correction by Haas
et al. (1994); Lumpkin et al. (1991) is also implemented as described in Clarke
et al. (2018).
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Fig. 8 Outline of depletion-replenishment procedure from two colliding velocity locations.
In this schematic, 3 collision events are shown: elastic exchange with no change in relative
velocity (yellow), inelastic exchange where energy is removed from the translational mode
(orange), and inelastic exchange where energy is added to the translational mode (green).
Each event is depleted, and treated separately for the replenishment. Note that many of the
replenishing locations for each event are not on the 2D velocity grid.

Elastic collisions proportionally deplete the internal energy distribution
functions, as demonstrated in Fig. 9.

e () Pu(v) $r ()
V= v J:NJ
aé l/i2
- J=2
v=1
LEEEEEEEEERY 2 J=1

Fig. 9 Elastic depletion (A@eiqstic) from a single velocity location. The total depletion is
taken proportionally from every vibrational level and proportionally from every rotational
level. Figure reproduced with permission from Clarke (2015).

Inelastic depletions select a single rotational and vibrational level per ex-
change and deplete that level (Fig. 10). Only one of the levels participates in
the energy exchange, but one level is selected for the uninvolved mode for the
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sake of consistency and computational efficiency. The probability of selecting
a level is:

)
PO = ) ()

where b is the rotational or vibrational level index. The absolute values ac-
count for potential negative values that may arise, and the depletion quantity
includes a sign factor corresponding to the internal mode undergoing the en-
ergy exchange. The non-exchange partner in an inelastic collision is depleted
elastically.
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Fig. 10 Inelastic depletion from a single velocity location. The total depletion is taken from
a single vibrational level and a single rotational level. Figure reproduced with permission
from Clarke (2015).

The depletion quantities must now be added back to the distribution func-
tion as replenishment quantities. Elastic replenishment locations are found by
rotating the relative velocity vector (§ = \ﬁ—é |) of the collision. This is accom-
plished by rotating the vector about its center of mass using an azimuth angle
¢ and an elevation angle 8, drawn randomly from 0 < ¢ < 27 and 0 < 6 < 7,
respectively.

Each collision event is handled separately, and a post-collision energy level
must be selected for each inelastic exchange. Post-collision energy levels are
computed by the Borgnakke-Larsen (BL) model (Bird 1994). The BL model
is a phenomenological model intended to relax energy modes to equilibrium.
Although originally written for translation and continuous rotation, it has
since been extended to quantized rotation (Boyd 1993) and quantized vibration
(Bergemann and Boyd 1992; Haas et al. 1993). These quantized versions are
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implemented in QuiPS, and a detailed description, including the treatment for
spin degeneracies, can be found in Clarke (2015).

Once a post-collision energy level has been computed, the post-collision
velocity is computed by updating the translational energy:

ABy = ~ OBy = 5in (3 — 5in(§')? (36)
Recall the 2D schematic shown in Fig. 8: most replenishment locations
will not be on the velocity grid. The depletion quantities must instead be
mapped back onto the grid. Varghese (Varghese 2006) developed a remapping
scheme that allows for arbitrary post-collision velocities while conserving mass,
momentum, and energy. The basic stencil, shown in Fig. 11, uses 7 points:
one origin, three internal, and three external points. Only one external point
is necessary to solve the system of conservation equations in general; three
points are used for symmetry and to minimize the required negative values
at these points. Replenishment locations on the outer surface (points on the
edge of the approximate sphere) of the defined velocity space use stencils
with fewer exterior points. Corner points will not have any exterior points
available, and the origin for the stencil is instead the point closer to the center
(o=(i£1,j+1,k=+1)). See Poondla (2020) for details.
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Fig. 11 Remapping scheme stencil. a, b, and ¢ are the xyz components of the distance
between the replenishing mass, A, and the origin, o (the discrete velocity point nearest to
a, b, c). Internal points, iz, iy, and iz reside on the frame surrounding A@ while the external
points, ex, ey, and ez lie outside the frame. Figure reproduced with permission from Clarke
(2015).

We have attempted to present a complete and concise picture of the QuiPS
numerical methodology. The most significant omission is a discussion of the
convection scheme and associated boundary conditions. We refer the reader
to Clarke (2015); Clarke et al. (2018); Sekaran et al. (2018) for an in depth
discussion. The present work is focused primarily on 0D calculations with
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chemical reactions, and the convection scheme is not relevant to any results
presented here.

4 Chemistry in QuiP$S

The basic premise for chemistry in QuiPS is to extend the depletion split-
ting scheme by including a component for chemical reactions. This requires,
at a minimum, a reaction cross section. Of the numerous chemistry models
previously developed, we will present the implementation of the total colli-
sional energy model (TCE). Other models would take greater advantage of
the internal energy granularity available in QuiPS, but a few reasons led us
to select TCE. First, the TCE model has available in the literature reaction
data for virtually all reactions of interest needed for hypersonic flow simula-
tions in 5-species air, enabling a relatively simple chemistry scheme to model
5-species air. Additionally, the TCE model continues to be used broadly in
DSMC methods, allowing comparisons with numerous codes currently in use.
The basic chemistry model we will describe below will enable straightforward
implementation of all the routines and procedures necessary for chemistry in
general. Future work would ideally only need to modify the reaction cross sec-
tion portion of the QuiPS method to reflect more refined chemistry models.

We will first present the forward and backward reaction cross sections
implemented in QuiPS. We then briefly note our approach to computing post-
reaction energy states, which completes the basic algorithm for chemistry in
the FMC method. Next, we present the theoretical basis for performing chem-
ical reactions in the variance reduction collision method and discuss some
practical challenges with doing so. Finally, we discuss the truncation of ve-
locity and internal energy space necessary to effectively represent chemical
reactions.

Bird derived a reaction probability to capture the Arrhenius rate equation
in DSMC (Bird 1994). For reference, the modified Arrhenius rate equation is
reproduced here:

dn

d—tA =k(T)nang = AT"exp(—E,/kpT)nang (37)
where n4 and ng are the number densities of the reactants, A is the Arrhenius
coefficient, 1 is the temperature exponent, and E, is the activation energy for

the reaction. In the scaled unit employed by QuiP$S, this becomes:

= k(T)aanp = AT"exp(—2 - E,/ T)hafp (38)

dt

For reference, the full set of seventeen reaction pairs that we implement

in QuiPS and associated forward Arrhenius coefficients are listed in Table 1.
These can be broadly grouped into three types of reactions: dissocation, re-
combination and exchange reactions. The general framework for perform-
ing a reaction is similar for these three; there are minor differences in de-
pletion/replenishment operations according to the number of participating



22 Yasvanth Poondla et al.

molecules. A slightly different reaction probability is used for backward reac-
tions, which we will discuss shortly in Section 4.1.

Table 1. Reaction pairs implemented for neutral air. We use the numbering scheme pre-
sented here for subsequent discussions of reaction rates.

Forward Rate Coefficients  Energies [10719 J]

# Reaction A [m?/s] " I Am?,, Ref.

1 Ny+NoSN+N+N,  1162x1078 ~1.6 15.63 1568  (Cruden and Brandis 2020)
2 Ny +NSN+ N+ N 4.982 x 1078 —1.6 15.63 15.68 (Cruden and Brandis 2020)
3 Ny + O3 SN + N + O, 1.162 x 10~8 —1.6 15.63 15.68 (Cruden and Brandis 2020)
4 Ny +OSN+N+O 4.982 x 108 —-1.6 15.63 15.68 (Cruden and Brandis 2020)
5 Ny + NOS N + N + NO 1.162 x 10~8 —1.6 15.63 15.68 (Cruden and Brandis 2020)
6 O3+ Ny S0+ 0 + Ny 3.321 x 1077 —-1.5 8.215 8.250 (Cruden and Brandis 2020)
7 O+ NS0+ 0+ N 1.661 x 1078 —-1.5 8.215 8.250 (Cruden and Brandis 2020)
8 O+ 0,50+ 0+ 0y 3.321 x 10~° —1.5 8.215 8.250 (Cruden and Brandis 2020)
9 0, +050+0+4+0 1.661 x 1078 —-1.5 8.215 8.250 (Cruden and Brandis 2020)
10 0Oy +NOSO+0+NO 3.321x107° —1.5 8.215 8.250 (Cruden and Brandis 2020)
11 NO+ Ny SN+ O+ N, 3819x10713 -0.5 10.30 10.45 (Park and Menees 1978)
12 NO+NSN+ O+ N 7.638 x 1013 —-0.5 10.30 10.45 (Park and Menees 1978)
13 NO+O;SN+O+0, 3819x10713 -0.5 10.30 10.45 (Park and Menees 1978)
14 NO+OSN+0O0+0 7.638 x 1013 —-0.5 10.30 10.45 (Park and Menees 1978)
15 NO+NOSN+ O+ NO 3819x 10713 -0.5 10.30 10.45 (Park and Menees 1978)
16 N, + OS5 NO + N 2.989 x 10716 0.0 5.281 5.228 (Cruden and Brandis 2020)
17 0, + NSNO + O 1.494 x 1020 1.0 04515  —220  (Cruden and Brandis 2020)

When using scaled units, the ratio of reactive to elastic cross-section derived
by Bird (1994) is:

~ —24w Viaa 1/2—w
(O'Areact> :277 AB(l + (SAAB>A(Tq)hs) / AB (er)l/z-
Ovhs Ovhs (39)
I(C+5/2—wap) (BEe— E,)ntet
FCrn+32) | Lo

where wap is the average variable hard sphere (VHS) coefficient, Tons is the
reference temperature for VHS parameters, A is the scaled Arrhenius coeffi-
cient, ( is the internal degrees of freedom of the collision pair, 7 is the Arrhe-
nius temperature exponent, and E’c and Ea are the scaled total collision energy
and activation energy, respectively. Note that the VHS reference temperature,
T whs, cancels with an identical term present in the VHS collision cross section,
Oyns- Generally, a reaction can only occur if the collision energy is larger than
the activation energy. Accordingly, we first compute the collision energy for

each colliding pair as:

Ecoll = Etr,rel + Erot,l + Evib,l + Erot,Q + Evib,Q (40)

where Etmel is the relative translational energy, Emt is the rotational energy,
and E,;, is the vibrational energy. The reaction occurs only if E, > E,. Note
that a reactive depletion will be performed as long as this condition is met;
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the reaction cross section simply determines the size of the depletion quantity.
We now outline how this depletion quantity is computed using Eq. (40).

Bird made the assumption that the reaction cross section is small relative
to the VHS collision cross section (Higdon 2018). Since this may not be the
case at high temperatures, we define the total collision cross section as:

a'tot = é'vhs + OA"react (41)

Computing 64 can be expensive in DSMC (Higdon 2018), as all reaction
probabilities must be computed even for potential collisions. This is due to
the use of the acceptance rejection scheme to determine if a collision occurs,
as the likelihood of acceptance depends on the total collision cross section and
a cell-specific maximum cross section. Other DSMC methods that do assume
reaction cross sections are small relative to the VHS cross section do not do
so. Although QuiPS does not employ an acceptance-rejection scheme, each
collision pair is allowed to have a reactive depletion for every possible reaction
and each potential reaction cross-section must be considered. The resulting
reaction probability when using & is:

react

&react Fuhs Ovhs
Preact = = s (42)

Otot Otot

The total depletion quantity for a given collision pair is also modified to reflect
our use of the total collision cross section:

Athang
1+ 5AB)Kn* Neolr

Finally, the reactive depletion quantity is simply a product of the reaction
probability and A¢:

Otot J- (43)

A(ﬁdepl - (

A@depl,rzn = Preact . A@ (44)

Note that A¢ now scales with the total collision cross section. A¢ can be
large if a reaction cross section is large or if many reactions are considered
per collision pair. This is in addition to the collision-pair specific variation of
Ap, which we account for with a low enough value of Crprs. Large values
of Ap can lead to large fluctuations in the tail of the distribution function,
which is undesirable. At present, our chemistry implementation is constrained
to calculations < 20000 K, for reasons which we will discuss in Section 4.1.
For this maximum temperature, the reaction cross section will most likely be
small relative to the elastic cross section. In the case of one or two reactions,
the impact on A¢ will similarly be low. For 5-species air, there can be more
than two recombination reactions for a collision pair, but recombination prob-
abilities are generally very low in reentry flows and unlikely to be a cause for
concern.

Negative values of the distribution function may occasionally occur in
QuiPS, and must be addressed when performing chemistry. The proper treat-
ment of negative signs can be determined by considering the reactive depletion
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due to collisions between molecule A of velocity class 7) and rotational and vi-
brational quantum numbers J, v and molecule B of class ¢ and corresponding
K, .. The derivation and details of this treatment can be found in Section 8.

4.1 Backward Reactions

Using the TCE model for backward (backward exchange and recombination)
reactions requires that the backward reaction rates satisfy the Arrhenius form.
Backward reaction rates generally have a more complex temperature depen-
dence, and the rates must be fit to the Arrhenius form, introducing errors
(Boyd and Schwartzentruber 2017; Higdon 2018). Furthermore, the TCE model
typically assumes the activation energy for backward reactions is zero (Bird
1994), which is not always the case. In order to avoid these issues, we use a
backward rate coefficient, k;, defined in terms of the forward rate and equilib-
rium constant to calculate a reaction probability (Boyd and Schwartzentruber
2017):

ko(T) = kg (1) (45)

Keo(T)

Boyd and Schwartzentruber (2017) choose to calculate the rate coefficient
using partition functions (Q) to compute the equilibrium constant:

7, HPQP

ko (T) = Ap T (46)

T T

where the subscripts p and r correspond to the products and reactants of
the forward reaction, respectively. In general, doing so will introduce errors
due to simplifying assumptions used to calculate the partition functions effi-
ciently. In QuiPS, directly calculating partition functions from internal energy
populations would be an internally consistent approach. However, the decou-
pled representation of rotational and vibrational distributions used in QuiPS
would similarly limit the accuracy of such a calculation. Instead, similar to
Higdon (2018), we opted to use curve fits tabulated by Gordon and McBride
to determine the equilibrium constant (Gordon and McBride 1999):

PO vm 1" / Ho Sn
K. = — _ _ s Ms
€q (kBT) exp [ Z(Vsm Vsm) <RT R )

S

L)

where the various v are stoichiometric coefficients, and P, is atmospheric pres-
sure, in [atm]. The non-dimensional enthalpy (Hg/RT') and entropy (Sg/R)
are the terms calculated using curve fits from Gordon and McBride. Additional
details regarding the curve fits can be found in Gordon and McBride (1999),
and the equation is left unscaled for ease of reference. The tabulated data are
valid for T' < 20000 K, and reactive calculations in QuiPS are limited to this
temperature range. Higdon (2018) extrapolated the curve fits to T > 20000 K
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via a least-squares regression fit, and a similar procedure could be applied for
QuiPS calculations.

These curve fits include electronic energy and they can be a source of error
if QuiPS does not model electronic energy modes as well. This is an error
present in many DSMC codes and further effort is necessary in this area to
properly model excited electronic states and their effects. For the time being,
electronic energy is not considered in QuiPS.

Finally, the reaction probability is calculated from Eq. (42) with the ratio of
elastic to reactive cross-section defined as (Boyd and Schwartzentruber 2017):

<&react ) _ ﬁthirdkb( T)

Ovhs UA,B/NAB

(48)

where fipirq is the number density of a third participating body (for recom-
binations), 74, is the collision frequency of the collision pair, and 7i4p is
the corresponding species density. In the case of backward exchange reactions,
fithird 1S not needed because they are also binary collisions. This approach
to recombination probability is a consequence of trying to model three-body
collisions with a binary collision model. Note that a particle is selected from
the VDF of the third-body and undergoes a depletion-replenishment process,
with post-reaction relaxations determining the replenishing point. Other rep-
resentations of recombination employ a two-step process to accurately reflect
the physics taking place (Wilson, Pan, and Stephani 2018; Pan, Subramaniam,
Kondur, and Stephani 2019), although they have not been experimentally val-
idated.

4.2 Post-Reaction Energy Distribution

We chose to use a method outlined by Boyd and Schwartzentruber (2017) to
determine post-reaction energy states of particles. It relies on the Borgnakke-
Larsen energy relaxation method, and careful selection of the degrees of free-
dom used to distribute energy among internal and relative translational modes.
Relative translational energy can then be used to compute post-reaction ve-
locities, using the chosen scattering method.

4.3 Extension of the Chemistry model to incorporate Variance Reduction

During the following discussion, equilibrium and deviation can refer to numer-
ical quantities specific to the VR method or to chemistry quantities. When a
superscript ¢ or ¥ is used, we are referring to numerical quantities. A subscript
eq OF dev Tefers to chemistry based quantities.

Chemical equilibrium must be considered to model chemistry in the vari-
ance reduction collision method. The existing variance reduction method de-
composes a distribution function into a specified equilibrium distribution and
a resulting deviation distribution. For chemistry, the density (the magnitude
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of the distribution) must similarly be specified. We will start with exchange
reactions as they are the simpler case; dissociation/recombination requires a
different treatment due to the third body. The basic reaction rate equation for
the reaction A + B — C + D is as follows:

dna

dt
Based on an equilibrium density specified by chemical equilibrium, a species
density can be decomposed into an equilibrium and deviation density:

= —kfhang + kichp (49)

= fleg + Ndev (50)

Note that a deviation density can be negative if the equilibrium density is
greater than the current density. This decomposition is not quite physical,
but still mathematically valid. It is additionally valid in the context of the
VR method, where negative values of the distribution function are allowed.
Assuming that a chemical equilibrium can be specified for a system of species
A, B, C, and D, Eq. (49) can be decomposed into eight terms, four for the
forward reaction and four for the backward:

A~ = kf(ﬁA,eq'ﬁB,eq + ﬁzA,eqﬁB}dev + ﬁA,devﬁB,eq + ﬁA,devﬁB,dev) (51)

+ kb(ﬁC,eqﬁD,eq + ﬁC,eqﬁD,dev + ﬁC,dev ﬁD,eq + 7A7fC,dev 7A71D,dev)

These terms are analogous to the collision integrals performed by QuiPS in
the VR method and can be more or less matched with these collision integrals.
However, the eq — eq reaction rate term is not generally 0 and should not be
neglected outright. It can be assumed to have no net effect on the system by
matching it to the eq — eq reaction rate term for the reverse reaction. This is
the basic statement of chemical equilibrium for variance reduction: Forward
and reverse reactions between distribution functions at chemical equilibrium
have no net effect on the system.

];fﬁA,eqﬁB,Eq - kbﬁC,eqﬁD,eq =0 (52)

We now examine the non-equilibrium contributions to the forward and
backward rate separately. If the eq — eq reaction term is neglected, the numer-
ical forward reaction rate will be (assuming a 15* order approximation of the

. . divg .
derivative <72 ):

Any . . . . R R
Tﬁ = _kf(nA,ean,dev + NA ,devB,eq + nA,dev”B,dev) (53)

To properly recover the numerical rate coefficient from the numerical re-
action rate, it is apparent that the density scaling term is: f14,¢q7B,dev +



Modeling rarefied gas chemistry with QuiPS, a novel quasi-particle method 27

NA,devB,eq + NA,dev B dev- Similarly, the numerical backward reaction rate
will be:

Ang . . R . .
F = kb(nC,ean,dev + NC,devD,eq + Ne,dev nD,dev) (54)
and the density scaling term: fi¢ cqMD dev + NC,dev "D, eq + NC,dev D, dev-

Note that the deviation density has been defined in this derivation purely in
the context of chemical equilibrium. However, the variance reduction scheme in
QuiPS defines a numerical deviation density as the sum of the absolute value
of deviations from equilibrium. For diatomics, this includes internal energy
nonequilibrium:

S 1¢4(A)|, monatomic

A d _ ﬁ

"= 55
S pd(h) + ¢(h), diatomic (55)
-

where

g =Y Wi i) = i)l (56)
J v

This is a logical choice to account for non-equilibrium in both rotational and
vibrational distributions and does not present any issues as long as the relevant
sign terms and probability factors are properly applied. To identify them,
we can repeat the derivation performed for the full Monte Carlo method to
determine the depletion per collision, C. Much like the full Monte Carlo case,
the correct sign handling is a product of the signs of all six potential terms
to be selected (Y4, J,v, 9p, K,t). As in the full Monte Carlo derivation, there
will again be a term that depends on negative values of the internal energy
distribution function for each participating diatomic:

Ad | ad
Pr Py

Qie = —7——7 (57)
Pry = P

where the sum of absolute deviation distributions, $¢, is:
Pro = &1 + 8 (58)
and the deviation distribution at each velocity is:
P =Y i) =D i) (59)
J v

Thus, the reactive depletion per collision in the VR collision scheme for deviation-
deviation collisions is:

AE' g&T(g)Prwn(EC)
Kn* - N,
~sgn(fRa(T) - sgn(fia(v) - sgn(fip(K)) - sgn(fy 5 (1)

C= CRY R Qe - Qe - sgn(Q% (7)) - sgn($%(0))
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The inability to fully resolve the internal distribution function in QuiPS
means ae, the internal deviation factor, can be large, causing significant noise.
We have plotted the VR representation of a quasi-particle’s internal distribu-
tion function in Fig. 12 as a demonstration. If the system is in thermal equi-
librium but chemical non-equilibrium, the deviation distributions will be non-
zero according to the equilibrium composition, but will still be Maxwellian (for
translation) and Boltzmann (for internal states) distributions. In this scenario,
;e will simply be 0.5. However, if a scenario such as the one in Fig. 12 occurs,
where 1&(5) is substantially negative, then ¢¢ > ¢¢ and similarly ¢ > 9.
Then, a;. will be larger than 0.5 and can be quite large, depending on the
value of ¢ and ¢2.

T Dwv -'J)g

Fig. 12 Example vibrational distribution function, and decomposition into equilibrium and
deviation. At an earlier time-step, A@ > 1, (5) and ¢ (5) is now substantially negative. The
negative value is propagated into the deviation distribution, and ¢¢ > 2.

However, the VR scheme’s explicit dependence on internal deviations re-
quires this term. To mitigate the noise it would produce, we will set a maximum
value of 10 on the overall factor, aje 4 - aie,p < 10. Our choice of 10 is com-
pletely arbitrary, and there may be some merit to quantifying the distribution
of values to more rigorously identify a suitable limit.

4.8.1 Dissociation/Recombination

The most general case of dissociation-recombination is for a heterogeneous
molecule:

A+M=B+C+M (61)
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If species A was NO, then species B and C would be N and O. Note that the
non-reactive partner, M, appears in the forward and backward reaction. Thus,
the density of this partner has an identical effect on both reactions, and it
does not need to be decomposed when considering chemical equilibrium. The
statement of chemical equilibrium for a dissociation/recombination reaction
is:

kA cqiinr — koip.eqfo.eqitar = 0 (62)

Expanding the reaction rate equation yields two terms for dissociation and
four for recombination:

dna A . . .
= kg(fa,eqar + oA devTins)

+ kb(ﬁB7eqﬁC7eqﬁM + ﬁB,eqﬁC,devﬁM + ﬁB,devﬁc,eqﬁM + ﬁB,devﬁC,devﬁM)
(63)

This is technically the correct decomposition for variance reduction, and
only one dissociation term and three recombination terms need to be mod-
eled. However, from a practical standpoint, QuiPS does not compute overall
cumulative distribution functions if the VR collision scheme is used. Partners
cannot be selected for the non-reactive partner M in this decomposition. In-
stead, we will decompose partner M in the non-equilibrium reaction terms.
For dissociation, the resulting numerical reaction rate is:

AA,’]‘%A = _kf(ﬁA,devﬁM,eq + ﬁA,devﬁM,dev) (64)
Note that there are only two terms present, and one of the collision integrals
performed in QuiPS will not perform any reactive collisions. Similarly for
recombination, the numerical reaction rate is:

Ang -
:kb(nB,ean,devnM,eq + NB,eqNC,dev M, dev

N N (65)
+ NB,devNC,eq" M ,eq + NB,eqNC,dev M, dev

+ ﬁB,devﬁC,devﬁM,eq + ﬁB,devﬁC,devﬁM,dev)

The six terms present align with the three integrals performed, with each inte-
gral performing two reactive collisions per collision pair. Modifying the book-
keeping of QuiPS to always compute the cumulative distribution function of a
species would allow for recombination to be performed with a single reactive
collision per collision pair. However, decomposition of the non-reactive partner
M for dissociation reactions will remain necessary. If no such decomposition
were performed, an additional collision integral, one between the deviational
distribution of A and overall distribution of M, would be necessary and would
increase the expense.
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4.8.2 Computing Chemical Equilibrium

To perform chemistry in the VR method, QuiPS needs some mechanism to
define chemical equilibrium. Computing chemical equilibrium is a common
problem, and the aptly named Chemical Equilibrium with Applications (CEA)
developed by NASA is just one of many existing codes that do so (Gordon and
McBride 1999). It is relatively straightforward to make use of equilibrium com-
positions/densities output by CEA, but it would only be an input at the start
of a simulation and limits the capability of QuiPS to computations at or near
equilibrium. A better approach would be for QuiPS to compute chemical equi-
librium at each point in physical space on the fly. Any equilibrium computed
by QuiPS should be consistent with the initialized system of reacting species.
The simplest equilibrium calculation that satisfies this is a constant volume,
constant temperature calculation. Constant temperature calculations ensure
that the equilibrium constant used is consistent with the rate coefficients used
when performing reactive collisions. Atom conservation relations provide a
closure for the system of equations, and the constant volume constraint is sat-
isfied by definition in our spatially homogeneous system. For 5-species air, the
system is:

N
N =K. N 66
ﬁN? q,Ny ( a)
!
n,
Aio = Keq,Oz (66b)
’}”L()2
O~ Kegno (66c)
nNO
IN = AN + 20N, + ino (66d)
To = fix + 290, + fino (66e)

where Z,, is the scaled number of N or O nuclei per unit volume. Because this
is a constant temperature calculation, the various K., are known quantities.
Similarly, atom conservation requires that Zx and Zp be constant, leaving the
5 species densities as the unknown quantities. Exchange reaction equilibrium
expressions are simply combinations of the dissociation expressions and are
not necessary. Using a cell temperature to define the equilibrium chemical
composition is consistent with with the existing definition of variance reduction
(Clarke 2015).

Presently, QuiPS can compute the equilibrium state for a Ny + N or equiv-
alent diatomic-monatomic system at each time-step of the simulation, as the
necessary two equations can be solved analytically. We have not implemented
calculation for the more complicated 5-species air case and instead rely on CEA
to specify an initial equilibrium density for those systems. This limits variance
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reduced 5-species air calculations to systems near chemical equilibrium for the
time being.

When specifying equilibrium densities as inputs, they must be specified
with an appropriate precision. This is to ensure changes in trace species den-
sities are properly matched in bulk densities. Similarly, discretization errors
led to a small difference between the temperature used to initialize the system
and the temperature used to compute equilibrium distributions. We observed
this minor difference driving deviation density magnitude instead of chemical
equilibrium. To correct this, a correction factor is now applied such that the
initialized temperature exactly matches input temperature. For typical veloc-
ity space bounds, this factor is 14+0(10~%) . This is analogous to the curve-fits
used to compute internal temperatures from the total energy of a truncated
distribution (Clarke 2015).

In theory, the constant volume, constant temperature calculation is not the
only suitable equilibrium calculation for variance reduction. Any equilibrium
composition can be used as long as the rate coefficients used when performing
reactive collisions match the corresponding equilibrium constant.

4.8.3 Computational Expense

Chemical equilibrium specifies fige, = Egbd. While it was zero in non-reactive
systems, 7ige, Will be non-zero for systems at chemical non-equilibrium. How-
ever, collision routine expense depends on n¢ = ¥|¢%|. Negative values of the
deviation distribution function depend on the shape of the overall distribution
relative to the prescribed equilibrium distribution (generally a Maxwellian).
Chemical equilibrium only specifies 7i4¢,,, and does not make any statement on
the shape of the distribution function. Thus, it does not provide any mean-
ingful additional information for estimating the expense of the VR collision
scheme. For the VR method to be cheaper than FMC, previous non-reactive
constraints on equilibrium-deviation density ratios still apply (Egs. (31) and (32)).
However, the unlike species limit is rather uninformative, and there is merit
to consider chemical equilibrium even in a limited sense. The shape of a distri-
bution function is not known if it is in thermal non-equilibrium. If the system
instead reaches thermal equilibrium, all distribution functions will be Maxwell-
Boltzmann, and fge, will have the same magnitude as 7. In reality, a system
will not be in thermal equilibrium without being in chemical equilibrium. It
may, however, be close to thermal equilibrium provided chemical reactions are
relatively slow. For the purpose of this analysis, we will assume that this hy-
pothetical situation occurs, such that |7ige,| & 7 for monatomic species and
|figes| ~ 79/2 for diatomic species. Additionally, Neqg = ¥ # @ in chemical
non-equilibrium. Instead,

Ndev = AN, ’fleq = (1 - O‘)ﬁ (67)



32 Yasvanth Poondla et al.

Note that because 7., > 0, @ < 1. Using these expressions, and recognizing
that a can be negative, the expense inequality of like monatomic species is:

2lo](1—a) +]af <1 (68)

Thus, f% < a < 1. For diatomic species, an extra factor of two must be
included for the deviation terms:

212a(1 — @) + |2a)* < 1 (69)

and —0.18 < o < 0.25.

For unlike species, the coupled nature of densities provides an additional
constraint on deviation density ratios o and €. As a limited example, consider
an Ny + N system, with o = 7in, dev/ N, and € = 7N gev/fin. As previously
mentioned, the number of N atoms must be conserved. Therefore,

BN = 20, + AN = 20N, 00 + N eq (70)

As a consequence, the total number of N atoms contained in the deviational
densities must always be zero:

0= 27AZN2,dev + 7A71N,dev (71)

This means that a positive deviation density for one species requires a negative
density for the other, and ae < 0. Then , the inequality and range of solutions
are:

le|(1 —a) 4+ [2a](1 —€) + |2alle) <1; ae<0 (72a)
1

—§<oz<0, 0<e<l1 (72b)

1 2a0+1
TS 2
a< -z, 3a+176< (72¢)

1 1-2a
Z < 2
O<0¢<27 a_1_€<0 (72d)

These three ranges correspond to two different initial conditions for the
system: Egs. (72b) and (72c) correspond to a system that is initially all or
mostly atoms recombining to an equilibrium state, while Eq. (72d) corresponds
to a system that is initially mostly molecules dissociating to equilibrium. In
the context of air, an initially atomic system is present primarily in nozzle
expansion flows, while the second scenario is common in atmospheric reentry.

First, consider the rarer scenario of an initially atomic system that recom-
bines. a will initially be some large negative value, while 0 < € < 1. According
to Egs. (72b) and (72c), a can be any negative value, and there will be a value
of € that satisfies Eq. (72a). Without considering the exact pairing of o and
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€ as the system equilibrates, VR should be cheaper than FMC for the un-
like species collision integral of such a system. The expense of the like species
integrals will be dictated by Egs. (68) and (69), which still require o < 1.

Now consider a shock-heated N, system: the composition is initially en-
tirely Ny, but has an equilibrium state that is mostly N. The relevant unlike
species limit, Eq. (72d), allows values of o and e with magnitudes less than
1. However, for such an initial condition, a = 1, but e will be a very large
negative value depending on the exact density of the trace species N. In fact,
lims, o+ € = —o0. Clearly, requiring |a| < 1 and |¢] < 1 is a strict require-
ment in the context of a mostly diatomic to mostly atomic equilibration, and
variance reduction will be more expensive than FMC for a large fraction of
the equilibration process. Exactly what that fraction is will depend on the
equilibrium composition and rate of equilibration.

In order to leverage VR, QuiPS will need to use FMC when a system is far
from equilibrium and switch to VR only when it is cheaper. This can still lead
to significant cost-savings, especially so in multi-dimensional systems where
the majority of the domain is at or near chemical equilibrium. For an atmo-
spheric reentry problem, only regions immediately downstream of the shock
or near the reentry vehicle will be substantially non-equilibrium. Elsewhere,
for example in the free-stream, or in regions far away from the shock, it is
likely that the system will be relatively close to equilibrium. In verifying the
chemistry implementation for this work, our focus was on 0D problems. Ac-
cordingly, we have not implemented functionality to switch between FMC and
VR yet.

If the system is at or near thermal equilibrium, the switching condition can
be trivially estimated using the chemical equilibrium and overall densities. If
the system is in thermal non-equilibrium, a more expensive CDF calculation
would need to be performed to determine 2¢ = X|¢9|. Because variance re-
duction requires construction of multiple CDFs, it is most likely better to
consider the overall expense when deciding to switch, instead of considering
each collision integral individually.

4.4 Truncating Distributions for Chemistry

Distribution function truncation by specifying a maximum speed must be re-
visited with chemistry as the quantity of interest. Identifying the minimum
acceptable limits is desirable since expense increases rapidly with maximum
speed. Since chemistry depends on internal energies, limits for velocity space
and internal energy space must be considered.

4.4.1 Velocity Space Truncation

We will first consider velocity space. The main parameter determining reac-
tion probability in the TCE model, unsurprisingly, is the total collision energy.
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The contributing terms are relative translational energy, vibration, and rota-
tional energy if the species are diatomics. Since bounds for velocity are of
interest, internal energy contributions will be neglected for the time being.
Additionally, the TCE model does not have any vibrational or rotational fa-
voring, and internal modes will only contribute energy, generally less than the
relative translational energy contribution. Furthermore, properly computing a
cumulative sum/integral in a potential five dimensions and selecting the best
collective limits on each contributing energy mode is an involved process and
may not be necessary. Thus, when determining the required velocity limit, we
assume that

~ ~ 1.
Ecoll = Etr,rel = 5 7‘92 (73)

Assuming a VHS collision model, Boyd & Schwartzentruber’s (Boyd and
Schwartzentruber 2017) relative speed distribution function of colliding molecules,
f(g), can be utilized. Integrating the product of f(§) and the reaction proba-
bility, Przn, will yield a reasonable estimate for the allowed maximum speed
of the distribution function:

ng,am ~
0990 — 1, — / Pran(Beott) - £(3)d3 (74)
0

We chose 99 % of the full integral as a reasonable limit. Because internal energy
also contributes to reaction probability, this limit captures a larger fraction of
the reaction probability.

There are two key assumptions that we have made when computing a
chemistry based maximum speed. The first is assuming a VHS collision cross
section. Other cross section models modify the relative speed distribution func-
tion, and Eq. (74) may need to be repeated with the correct f(g) for them. The
second is an assumption of an equilibrium distribution function. The relative
speed distribution function for non-equilibrium distributions is not known in
general. It is unclear how significant the error associated with this assumption
is for highly non-equilibrium distributions.

In the case of 5-species air chemistry, No dissociation has the highest acti-
vation energy, and a bound suitable for it will satisfy the requirements of other
chemical reactions. Eq. (74) identifies the maximum relative speed, and this
value can be considered as the diameter of the sphere in velocity space that
needs to be modeled. Thus, the maximum allowed speed would be the radius,
and Cpar = % Jmaz- Considering the reaction probability corresponding to Ny
- M collisions, speed bounds for each species M can be identified, plotted in
Fig. 13.

Scaling is weakly non-linear, but change in required maximum speed vs
temperature is lower than expected. For comparison, we have plotted the curve
for Ny + N, dissociation, with corresponding limit curves for density and higher
moments in Fig. 14. In the background of Fig. 14 is the number of collisions
specified by Eq. (18). This provides insight into the computational expense
necessary to avoid numerical inflation of the tails of the distribution function.



Modeling rarefied gas chemistry with QuiPS, a novel quasi-particle method 35

Maximum Speed
feo)

—=NO

0 2 4 6 8 10
Scaled Temperature

Fig. 13 Maximum allowed speed vs temperature for 5-species air, intended to capture at
least 99% of N, dissociation. The trend is weakly non-linear, but appears to remain within
the tractability bounds previously identified.

Because reaction probability is a function of relative speed instead of speed,
capturing density and energy without significant truncation error requires a
higher maximum speed at higher temperatures than that of chemistry. For
example, if one were to model chemistry at T =5, capturing chemistry would
require a maximum speed Cmaz ~ 7, and at least 1 x 10° collisions per time-
step. However, if the 8" moment of the distribution was also of interest, then
Cmaz ~ 8.5 and closer to 1 x 107 collisions would be necessary.
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Fig. 14 Contour plot of log(N¢ey1) as a function of speed and temperature, the quantities
defining the exponential term of @. Solid red lines correspond to the speeds required to
capture 99.9% of the first five moments at each temperature. The dotted white line is the
speed to capture 99% of the reaction cross section at each temperature. These scale differ-
ently relative to temperature, likely due to the latter’s dependence on relative translational
energy.

A more in-depth analysis of Fig. 14 can be found in Poondla (2020). For
the most part, this entire discussion also applies to the variance reduction
collision scheme. The value of Ap works out to be the same or slightly less
in that method, and the ability to resolve the distribution function does not
change.
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4.4.2 Internal Energy Space

The TCE model places no bias on internal energy levels when computing reac-
tion probability. This is in contrast to the general understanding that dissoci-
ation preferentially occurs at higher vibrational levels (Haas and Boyd 1993),
and that high-lying rotational states reduce the reaction probability (Levine
1987). Instead, only the energy of the level is considered. With this in mind,
the rotational/vibrational distributions are truncated such that internal lev-
els do not have an energy exceeding the dissociation energy of the respective
molecule. This is a reasonable truncation, with a maximum truncation error
of 3% for the O4 rotational energy distribution modeled as a rigid rotor. Dis-
tributions of other species/internal energy models had a maximum truncation
error of 1%.

5 Verification

We performed a basic rate coefficient verification study to confirm that the re-
action model was computing the correct reaction probabilities. Because QuiPS
has a number of unique computational parameters controlling the represen-
tation of a distribution function, we also conducted a convergence study to
determine how these parameters affect reaction rate accuracy.

5.1 Rate Coefficient

The TCE model implementation can be verified by confirming that it pro-
duces the specified analytic rate coefficients. Since Arrhenius rate coefficients
assume thermal equilibrium, collisions and reactions do not actually have to
be performed. Instead, the system is initialized with Maxwellian velocity and
Boltzmann internal distributions, and the change in ¢ from each allowed re-
action is tallied to yield a numerical rate coefficient. QuiPS simulations were
performed serially on a workstation with a constant velocity space discretiza-
tion (B = 1) and enough points to precisely match the input temperature.
This corresponds to 73 points at the lowest temperature and 233 at the high-
est temperature tested. Similarly, the rotational and vibrational distribution
were truncated to properly represent the input temperature, instead of be-
ing limited by dissociation energy. They varied from 97 and 8 to 310 and 82,
respectively. This is not in line with the limits discussed in Section 4.4, but
is only more restrictive at low temperatures where reaction probability is ex-
ceedingly low. Computational parameters for rate coefficient simulations are
listed in Table 2.

In each case, only the reaction we are testing is included. We compared
our results for dissociation and recombination to results from the DSMC code
CHIPS (Higdon 2018) as an additional form of verification. CHIPS calculations
were performed with 1 million particles, ensemble averaged over 48 distinct
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Table 2. Reference values relevant to chemistry rate verification. The reference molecule
is used to specify reference mass, diameter, and length scale. Input number densities only
serve to determine the number of collisions performed.

n[#/m3] T [K] t [s] molecule
1022 2000 5.869 x 10~7 N,

runs. Dissociation and recombination were verified for an Ny + N system while
forward and exchange reactions were verified for a Ny + N 4+ O + NO system.

For dissociation, the QuiPS system was initialized with scaled number den-
sities fix = 1.0 and fn, = 1.0. In CHIPS, only an equivalent number of Ny
particles were generated, with no N particles generated. The presence of N in
QuiPS has no impact on the chemistry results, since it does not affect colli-
sion sampling of Ny + Ny. N was included because QuiPS explicitly represents
species with a distribution function, and does not create one during code ex-
ecution. Figure 15 shows the dissociation rate coefficient and absolute value
of the error in this rate coefficient expressed as a percentage of the analytic
value. Both QuiPS and CHIPS show similar agreement with the analytic rate.
The error in the computed rates is due to a flaw in the TCE model which as-
sumes that contributing energy modes follow a classical distribution (Higdon
2018). While this is true for translational energy, and almost always true for
rotational energy, it is generally not true for vibrational energy modeled with
the SHO model. At the lower temperatures plotted, vibrational energy modes
are not fully excited. As a result, the TCE model over-predicts the reaction
rate at these temperatures. As the temperature increases, and the vibrational
modes become more fully excited, this error decreases. At very low tempera-
tures, no reactive events were sampled, and the computed rate was zero. This
yields a 100% error, but it is relative to the negligible analytic rate and is not
significant.
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Fig. 15 Numerical dissociation rate coefficient and error relative to the analytic value as a
function of simulation temperature for Ny + Ny — N + N + N,. Both QuiPS and CHIPS
demonstrate similar error trends. The error is due to the TCE model assumption of classical
energy modes and decreases as vibration becomes more excited. At the lowest temperatures
plotted, no reactive collisions are performed, and the numerical rate is exactly zero.

To calculate recombination reactions, the system was initialized with nxy =
1 and 7in, = 1. Only recombination reactions were allowed. The recombination
rate results are plotted in Fig. 16. Although QuiPS recovers the analytic rate
well, CHIPS fails to do so at higher temperatures. This is because individual
DSMC collisions can be either inelastic, or elastic, or reactive collisions. That
is, DSMC collision events are single outcome events. In the case of a low prob-
ability event, DSMC struggles with the statistics required to resolve it, since
only a small number of collision pairs will be selected for that event. This draw-
back can be addressed by increasing the number of computational particles,
or increasing the number of ensemble averages, but this leads to greater com-
putational expense. In QuiPS, depletion splitting allows for a reactive event in
every suitable collision pair. Since there is no activation energy constraint for
recombination, every QuiPS collision pair will have a small depletion fraction
contributing to the recombination rate.
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Fig. 16 Numerical recombination rate coefficient and error as a function of temperature
for N + N + Ny — Ny + Ny. Although QuiPS accurately resolves the reaction rate at all
temperatures, CHIPS fails to do so as the analytic rate decreases.

Similar results were observed for exchange reactions and for the VR colli-
sion scheme and are not presented for the sake of brevity.

5.2 Convergence

Rate coeflicient verification is a good but limited demonstration of the chem-
istry model because reactive depletions that should occur are only counted,
and not performed. Thus, there is merit in identifying how the chemistry model
depends on the computational parameters controlling QuiPS. Of these, B (ve-
locity space resolution), Crars (the parameter defining Noy;), and At are the
most malleable. Choice of internal energy exchange or internal energy model
will also have an impact, but these are binary choices. Therefore, we explored
the effect of 3 and Crars on a basic 0D system: Ny and N with only Ny
+ N, dissociation/recombination enabled. We then explored the effect of At
separately. All cases were run at a scaled temperature T = 5, computational
parameters listed in Table 3.

Table 3. Computational parameters for equilibrium system used for convergence study.
T =5,Tpef =2000K, nper=1022 #/m3.

ﬁ 6'maac
N, 7.21x107° 7.0
N 1.0 9.25

Initialized at chemical equilibrium, we do not expect the system to change
substantially and can get some statistics by averaging over time-step. Since
recombination has no activation energy constraint, its rate is accurately cap-
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tured at virtually all conditions. Dissociation rate coefficient error will be the
metric for this convergence study.

Of the tested computational parameters, only B had any real impact on
rate accuracy. Crars and At primarily modified the statistical noise of the
rate error. The trend in error with respect to 37 or the number of points, can
be seen in Fig. 17.

% Error

0.6 0.7 0.8 0.9 1 1.1 1.2
8

Fig. 17 Average rate error for varying values of B Crys = 1075, At = 0.1. Error appears
to asymptote to a value of 5%. Due to TCE model errors, rate coefficient error is expected
to be ~ 12%.

The negative mass present in the outer shell of velocity space appears to ar-
tificially subdue the numerical reaction rate. As B decreases from its maximum
value of 1.25, the volume of this shell and the associated negative contribution
decreases, and rate error increases. Rate error approaches a value of ~ 5%
(4.74 £ 1.17% for 233 points). According to the rate verification calculation,
rate coefficient error for this temperature should be ~ 12% (Fig. 15) due to
deficiencies of the TCE model, and some additional factor prevents conver-
gence to this value. It is possible neglecting the internal energy factors in the
reactive depletion quantity (Eq. (85)) due to noise limitations is this additional
factor. Unfortunately, these same noise limitations prevent confirmation of our
hypothesis: the dissociation limits for vibrational levels correspond to an ad-
ditional 6 order of magnitude variation in the internal distribution function.
Only Cras for Ng 4+ Ny collisions was reduced to this level for the purpose of
the convergence study. The same would need to be done for N + N, collisions
to resolve the internal distribution function and N..; would increase to 100,
which is not feasible.

Alternatively, it is possible truncation of velocity space is causing the gap
between expected and actual rate coefficient error. Rate verification calcu-
lations did not truncate the distribution by specifying a maximum allowed
speed, and ignoring these higher speed points in the convergence study may
be artificially damping the numerical rate. To confirm this, a range of 4.
values would need to be tested.
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Finally, converging to this error by reducing f is expensive. In addition to
the inverse scaling of N.,; with respect to 33, the larger number of points
increases the expense of the partner selection, memory requirements, and
macroscopic property calculation. Taking B = 0.694 and Crys = 1072 as
a reasonably converged case, there is an 8x increase in expense relative to the
B =1.25,Crars = 1075 case for a 14% change in rate coefficient error relative
to the analytic value.

6 5-Species Air Equilibrium Calculations

5-species air is a prototypical case relevant to hypersonic flight in Earth’s at-
mosphere to verify the entire chemistry model works as intended. As will be
shown in this section, the ability of QuiPS to produce smooth results free of
gross statistical fluctuations will allow us to quantify errors in the TCE/LB
relaxation method in a manner challenging for DSMC. In this case, we initial-
ized a 0D system very close to the exact equilibrium distribution from CEA (at
T = 5), to a fixed precision of 10 digits; computational parameters are listed
in Table 4. As in the two-species case, initializing close to equilibrium enables
better testing of the VR collision scheme. 34 reactions are implemented, data
are presented in physical units in Table 1. Once initialized, the system is left
to run adiabatically.

Table 4. Computational parameters for equilibrium air at T = 5.0, Trey =
2000K, ngep = 1022 #/m3. At = 0.1. Velocity space initialization is uniform when com-
paring diatomics and monatomics; chemistry is not a restrictive limit at this temperature.
Having tails slightly longer than what is specified by Eq. (74) did not appreciably increase
the expense. Actual precision used for densities not presented for clarity.

ﬁ 6maz ﬁ
N, 4.64x1075 7.0  1.25
N 803x10"' 925 1.60
O, 2.20x10°8 7.0 1.25
O 198x10~! 925 1.60
NO 1.40x 106 7.0 1.25

Despite initializing close to the equilibrium predicted by CEA, NO and O,
density decrease by 15 — 20%, and N, density increases marginally (Fig. 18).
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Fig. 18 (a) % change in density for 5-species air. Expanded scale shown in (b). NO and O,
species density decrease, while Ny density slightly increases. Curve for N density variation
is identical to O density variation and lies under it.

Net reaction rates paint a good picture of the underlying reasons for the
observed density variations. Raw net reaction rates are somewhat noisy, as
seen in Fig. 19. Moving forward we will plot net reaction rates smoothed by a
moving average over 1% of the total number of points and will note the exact
number in the figure caption.
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Fig. 19 N, reaction rates, with no smoothing. For non-negligible reaction rates, there is
noticeable noise. We will smooth subsequent presentations of net reaction rates with a
moving average.

Plotting net reaction rates in Fig. 20 confirms that O, and N, dissociation is
underpredicted, while NO dissociation is not (Fig. 21). The additional compli-
cation of exchange reactions is sufficient to explain the net negative change in
O, density: note the scale difference between exchange reaction 17 (Fig. 22b)
and O, dissociation (Fig. 20b). Although N, dissociation is underpredicted
substantially relative to the analytic rate (Fig. 23), Ny chemistry is a slow
process and the overall impact on density is low over the simulation time. As
seen in Fig. 18b, Ny density changes by 0.3% over the course of the simulation.
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In all dissociation reactions, differences in density magnitude mean the most
significant reactions are those involving N and O as the non-reactive partner.
Dissociation reactions with a diatomic non-reactive partner are negligible.
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Fig. 20 (a) N, and (b) O, net reaction rates, smoothed by plotting the 180 point moving
average. Dissociation underprediction corresponds to a net production of the diatomics from
these reactions. O, density decreases because of additional exchange reactions. The curves
for reaction 1 and 3 lie under the curve for reaction 5; they are all rates with a diatomic as
the non-reactive partner and appear as 0 on this scale. Similarly, the curves for reaction 6
and 8 lie under the curve for reaction 10.
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Fig. 21 NO reaction rates, smoothed by plotting the 180 point moving average. In contrast
to other diatomics, dissociation reactions exceed recombination reactions, corresponding to
a net loss of NO. Once again, curves for 11 and 13 lie under reaction 15.
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Fig. 22 Net exchange reaction rates for reaction # (a) 16 and (b) 17, smoothing by plotting
the 180 point moving average . Reaction 17 is the cause of O, density decrease, while reaction
16 contributes to the NO density decrease.

Based on Figs. 20 to 22, the simulation appears to reach a quasi-steady
state after a simulation time # ~ 250. Reaction rate 7 in Fig. 20b decreases
linearly, but everything else appears constant. Plotting average rate coefficient
error can provide some additional insight into where the chemistry model is
deviating from the analytic answer. With 17 reaction pairs and 34 individual
reactions, this is a little challenging to present concisely. We opted to plot
forward and backward reactions separately in Fig. 23, numbered according to
Table 1.
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Fig. 23 (a) Forward and (b) backward reaction rate coefficient error. Error is varied for
forward rates, with substantial undeprediction for some and overprediction for others. The
common thread here is that reactions involving NO in some capacity (5, 10, 11-15) are
overpredicted. The implemented backward rate coefficient model leads to generally good
agreement with the exception of backward exchange reaction 17, which again involves NO.

While backward reactions are generally captured well, forward rate er-
ror varies widely. The reactions that are overpredicted involve NO as a non-
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reactive partner or as the dissociating molecule. These are: forward reaction
5, forward reaction 10, forward reactions 11-15, and backward reaction 17.
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Fig. 24 NO temperatures during equilibrium air calculation. Vibrational temperature is
substantially elevated.

Plotting NO temperatures (Fig. 24) reveals the source of overprediction of
numerical NO rates: vibrational temperature is substantially elevated, while
rotational temperature is slightly elevated. Because we compute analytic rate
coeflicients based on the mixture temperature, the elevation in NO properties
(a trace species) does not noticeably affect the analytic rate coefficients. Ac-
cordingly numerical NO reaction rates, dependent on the internal energy levels
selected for reactions, are elevated relative to the unchanged analytic rate. In
contrast, Fig. 25 shows that Ty for O, does not substantially exceed the ini-
tial value before decreasing linearly, while Ty for N, decreases smoothly to
a steady-state value of 4.4.
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Fig. 25 Variation of the vibrational temperature of diatomics during the simulation.
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We do not have a complete explanation of why NO temperatures are ele-
vated while Oy and Ny are not. We believe these trends stem from use of the
BL model for post-reaction relaxation. For recombination reactions involving
a monatomic as the third body (the most common recombination for the con-
ditions chosen), the enthalpy of reaction added to the collision pair most likely
disproportionately enters the internal modes of the newly formed diatomic. It
is possible that the exchange reactions, both of which are net producers of NO,
and have low activation energies, also contribute to the elevated temperatures
observed in NO. A large fraction of collision energy is left to populate internal
modes of NO in such reactions. It is not obvious which is the greater factor,
since both produce a similar amount of NO (Figs. 21 and 22). Borges Sebastido
and Alexeenko (2016) note that the BL model is insufficient in systems where
recombination and exchange reactions are important, which is exactly the case
when a system is near equilibrium. They go on to propose a solution by link-
ing post-reaction vibrational states of a forward reaction with pre-collisional
states of the reverse reaction (Borges Sebastido and Alexeenko 2016). Such a
scheme could be implemented in QuiPS to resolve this issue.

Regardless of the specific reaction, NO production leads to an elevation of
high energy state populations, one that is not matched by dissociation. Plot-
ting vibrational populations, easily available in QuiPS, confirms this (Fig. 26).
High NO vibrational levels are strongly overpopulated, while the lowest states
are underpopulated.
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Fig. 26 Vibrational population of NO at initial and final times. Early time evolution can
be found here !. The high-lying states are overpopulated almost immediately.

1 Fig. 26 link: https://drive.google.com/file/d/16Mp_
pj1UwyoPvurmziMéM9Q9wBwjiwn3/view?usp=sharing

2 Fig. 27 link: https://drive.google.com/file/d/1T0sYZAHQWuw-q6akqNv-j8x8vAZspmep/
view?usp=sharing
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Fig. 27 Vibrational population of O, (time evolution?).
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Fig. 28 Vibrational population of N, (time evolution 3) .

Furthermore, a similar, albeit subtler, effect can be seen in O, (Fig. 27)
and N, (Fig. 28) populations. The highest vibrational states are slightly over-
populated, but middle energy states are underpopulated, corresponding to a
net decrease in vibrational temperature. Because the BL method does not
satisfy detailed balance when used for post-reaction relaxation (Bird 2012),
it introduces and maintains non-equilibrium in vibrational (and most likely
rotational) populations.

It is unlikely this non-equilibrium would decrease with longer simulation
times. NO and O, densities are virtually constant, with only N, density chang-
ing slightly. NO and O, temperature trends were linear at the end of the simu-
lation (Fig. 25), and it is possible that they would eventually equilibrate, given
a much longer simulation.

This effect persists at different equilibrium conditions. For equilibrium at
T = 2.5, T = 5000 K, Fig. 29 shows that NO vibrational temperature reaches

3 Fig. 28 link: https://drive.google.com/file/d/1jAk2by-VZPQKk jkaMkVFV-znCFP1gQ6E/
view?usp=sharing


https://drive.google.com/file/d/1TOsYZAHQWuw-q6akqNv-j8x8vAZspmep/view?usp=sharing
https://drive.google.com/file/d/1jAk2by-VZPQKkjkaMkVFV-znCFP1gQ6E/view?usp=sharing
https://drive.google.com/file/d/1jAk2by-VZPQKkjkaMkVFV-znCFP1gQ6E/view?usp=sharing
https://drive.google.com/file/d/1jAk2by-VZPQKkjkaMkVFV-znCFP1gQ6E/view?usp=sharing

48 Yasvanth Poondla et al.

a value of about 7 in this case, compared to 8 previously. We believe this
supports the argument that the vibrational temperature is driven by recombi-
nation of NO, as the enthalpy of reaction that is distributed to post-reaction
modes does not depend on temperature.

N2

02

0 50 100 150 200 250
Time

Fig. 29 Vibrational temperatures of diatomics for initial temperature T =2.5. Steady-state
NO T,;p is much higher than the initial condition. This appears consistent, as vibrational
levels of recombined NO would be driven by the enthalpy of reaction, and only to a lesser
extent initial temperature.

Fully characterizing the cause of the deviation from the initial equilibrium
is likely an unnecessary study of the flaws in the TCE/BL model, with some
interplay of QuiPS model errors. Isothermal calculations mask this effect en-
tirely when performing verification runs for chemistry; QuiPS currently lacks
the functionality to perform an isothermal calculation. DSMC’s acceptance
rejection scheme and associated low likelihood of a recombination event oc-
curring at typical conditions of interest most likely prevented this effect from
being observed previously. To verify this is the case, a DSMC simulation would
need to be run such that recombination reaction rates are smoothly captured
at each time-step. The specific configuration necessary would depend on the
recombination cross-section, but we believe it is an intractable proposition to
do so. The number of collision pairs to select and associated random number
draws would be exorbitant, given the generally low probability of recombina-
tion rate. Finally, quasi-classical trajectory calculations provide information
on reaction cross-sections as well as post-reaction energy states, and efforts in
that field will soon supersede these older models.

The effect of the reaction model on internal states was somewhat triv-
ially observed in QuiPS due to its explicit representation of internal states.
A DSMC simulation with a similar level of detail would need to have enough
NO particles to build a reasonably smooth vibrational distribution function,
a challenging requirement for a trace species with a density fraction O(107°)
with vibrational population fractions as low as O(107%). To actually capture
the entire vibrational distribution, at least O(10'2) particles would be nec-
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essary and would likely require ensemble averaging to effectively capture the
highest lying energy states. Suitable capture of just the vibrational tempera-
ture would require at least O(107) instantaneous particles. A nominal 1D shock
calculation performed by Higdon (2018) had O(10?) particles per cell. If high-
lying internal energy states are of interest, it can be extremely challenging to
recover good statistics of said states in DSMC.

6.0.1 Variance Reduction

We ran a VR case at T = 5; the initial conditions are identical to the FMC case
(Table 4). Similar to the dissociation-recombination case, variance reduction
subdues the flaws present in the implemented chemistry model, leading to
smaller changes in species densities, seen in Fig. 30.

An (%)

-0.3

-0.4

0 1000 2000 3000 4000 5000
Scaled Time

Fig. 30 % change in density for 5-species air at T = 5.0, computed with VR collision
integral.

Because so few collisions are performed in VR, chemistry is noisy. This is
compounded by the fact that VR requires an internal energy non-equilibrium
term. As a result, the variation of trace species densities appears noisy in
Fig. 30, but the magnitude of variation is low. Although covered by the O,
curve, density variation for Ny was 0(0.02%). Within the noise, a steady com-
position does appear to exist, one that is not appreciably different relative
to the CEA specified composition. Note the increased final time of the simu-
lation: this calculation took approximately 18 hours to run serially on a 3.6
GHz workstation, while the FMC case took 48 hours on a Lonestar node to
reach a final time ¢ = 1800. Lonestar is a supercomputer maintained by the
Texas Advanced Computing Center (TACC), and one node has 24 2.6 GHz
cores available. The expense in the VR case is driven entirely by the floor we
specified for Ny, which corresponds to 3000 collisions per integral for a total
of 45000 collisions per time-step. This can be modified depending on noise
tolerances in results.
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7 Conclusions

We have presented an implementation of chemistry for 5-species air in QuiP§S, a
novel computational method for modeling rarefied gas systems. QuiPS models
a system via discretized and truncated distribution functions consisting of vari-
able weight quasi-particles. The collision integral is modeled via a depletion-
replenishment routine. Depletion splitting enables smooth and cheap recovery
of instantaneous relaxation rates. Although alternatives exist, we opted to
implement the TCE chemistry model.

Chemistry in QuiPS is implemented by extending the depletion splitting
scheme. Depletion quantities include an additional component for chemistry
based on the reaction cross-section. QuiPS cannot perfectly resolve 4 - dimen-
sional internal energy distribution functions; neglect of this noise can lead to
untenably noisy chemistry results. Instead, we restrict the impact of this noise
by placing a maximum value on the internal energy factor a;. (Eq. (85)). The
TCE model poorly approximates backward reaction rates. We implemented a
more recent approach of directly calculating backward rate coefficients from
the forward rate coefficient and an equilibrium constant. Equilibrium constants
are constructed for curve fits of species enthalpy and entropy from the litera-
ture. These curve fits include electronic excitation, while QuiPS does not. This
mismatch is non-trivial at high temperatures (20 000 K), but we opted to take
this error source instead of the TCE model error associated with non-classical
energy distributions.

Implementing chemistry in the VR method is based on the following state-
ment: forward and matching reverse reactions between distribution functions
at chemical equilibrium have no net effect on the system. This statement can
be leveraged by decomposing a density into equilibrium and deviation densities
and similarly decomposing reaction rates. Equilibrium-equilibrium terms can
be neglected, and remaining terms match the collision integrals performed in
the VR method. For recombination reactions, an extra level of decomposition
is currently required. Computing a cumulative distribution function for the
third participating particle would eliminate this requirement and simplify the
implementation.

Preliminary rate verification showed good agreement with errors observed
in DSMC calculations. The underlying assumptions of the TCE model lead
to error that decreased with increasing temperature. There was virtually no
difference between VR and FMC results.

We performed a basic convergence study, testing the effects of numerical
parameters B ,Crus, and At on N, 4+ N, dissociation rate error. Average error
is largely independent of Cryrs and At, with different values modifying the
statistics of average error. Negative values of the distribution function lead
to underprediction of the dissociation rate at large values of B Decreasing /3’
reduces this underprediction, but rate error does not converge to the value
associated with TCE model errors. This may be due to the truncation of
distribution functions.
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When initialized at equilibrium compositions, QuiPS mostly preserves the
initial condition. Densities of NO and O,, trace species with density fraction
< 107°, change slightly and reach a different steady-state value. We believe
this is driven by use of the BL relaxation model for post-reaction states. In
recombination reactions with an atomic third body, significant energy is dis-
tributed into internal modes of the newly formed molecule. This leads to ele-
vated vibrational temperatures for NO, driving dissociation of NO and O4 at
T = 5. At cooler temperatures, the same effect leads to net recombination of
0,.

By operating on deviations from chemical equilibrium, the effect of de-
ficiencies/errors in the implemented chemistry model is damped in the VR
method. Changes in density, i.e. variations away from equilibrium, are lower
than in the FMC case. However, rate errors are higher and noisier due to the
method’s dependence on internal energy non-equilibrium and poor reaction
statistics.

The explicit representation of internal states is one of the key features of
QuiPS. Although the underlying 4-dimensional (3 velocity dimensions, one in-
ternal dimension) distribution function is not perfectly resolved, QuiPS can
still produce smooth representations of vibrational (and rotational) popula-
tions more cheaply than an equivalent DSMC calculation, and this function-
ality helped confirm the impact of the BL method on post-reaction states.

Data Availability Statement

The datasets generated during and/or analysed during the current study are
available from the corresponding author on reasonable request.
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8 Sign handling for reactive depletions

This section outlines the treatment of negative values of the distribution func-
tion for reactive depletions in the full Monte Carlo collision scheme. The deriva-
tion for the variance reduced scheme is similar. Consider the reactive depletion
due to collisions between molecule A of velocity class 7 and rotational and vi-
brational quantum numbers J, v and molecule B of class 6 and corresponding
K, .. According to the Boltzmann equation, this should be:

Apran a1, 0, & K, 0) = ot @l ) - @5(G K1) - 307(3) - Pran(E2)
(75)

where
@a('f]ﬂ]vy):@t,a(ﬁ)'fna(‘])'fv,oc(y); a=ADB (76)

In the stochastic method for computing collisions, the depletion per time
step will depend on the number of collisions, the probability of selecting a point
in translational-rotational-vibrational-space, and the depletion per collision, C:

A@rrn,AB(ﬁa Jv v, CAv Ka L) = NC : P(SbA(TA’a J7 V)) : P(¢B(€7K7 L)) -C (77)
The probability of selecting a point is:

o] fralDl |foa®)
Z1eal® ZlfralDl Xlfualp
£ M

P(@a(h), J,v)) = (78)

where f is the normalized rotational/vibrational energy distribution for the
selected velocity. Recall Eq. (13):

Zigv,a(y):‘ﬁt(x va @toz ) (79)

and similarly Zwra( ) = $r.a(f). Because negative values of the velocity

distribution functlon (and of the internal distribution function) may exist, the
sum over the absolute value of these distributions will be slightly higher than
the true sum. Thus, Eq. (78) can be written as:

ZSat,oz(ﬁ) - sgn(Pr.a (1)) ) fralJ) - sgn(fr’a(J))'

P(&a (i), J,v))

ﬁa tot fr a,tot
: - (80)
fv,a(y) ’ sgn(fv,a(’/)); a=AB
fv,a,tot

where

ﬁa,tot = Z|¢t,a(ﬁ)|; f?",a,tot = Zlfr,a(J)|7 fv,oe,tot Z‘fu a 81
7 J
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In contrast,
Ny :Zgbt,a(ﬁ); fr,a :Zfr,a(‘]); fo,a :va7a(l/) (82)
i J v

Substituting Eq. (80) into Eq. (77) and comparing with Eq. (75), the de-
pletion per collision, C, for reactions must be:

At - g7 (9) Pran(Be) )
= " SR NA tot * fr,A,tot : fu,A,tot * B tot * fr,B,tot : fv,B,tot'
Kn* - N,

sgn(a()) - sgn(fr.a(J)) - sgn(fo,a(v))-
sgn(@5(C)) - sgn(fr.5(K)) - sgn(fo,5(1))

C

(83)

The specific value of f, 1ot and f, 1o depends on the net effect of collisions
at that point in velocity space. Although elastic collisions are defined to pro-
portionally deplete from the internal energy distributions, inelastic collisions
and reactive collisions modify a single level and their depletion quantities do
not depend on the specific level selected. Fig. 31 is a schematic illustration of
this effect on the vibrational distribution function. Recent work established
that our choice of A cannot resolve a 4-dimensional internal energy distri-
bution function (Poondla 2020). It is therefore possible and likely for f; o tot
and fy o.tot to be much greater than the expected value of 1.
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Fig. 31 Example vibrational distribution function. Due to Agp > '42)11(5), the value of the
distribution at vibrational level 5 is substantially negative. This is a likely occurrence due to
two a combination of two reasons: A¢ has no dependence on vibrational level populations,
and inelastic/reactive collisions deplete a single level. We have used vibrational level 5 for
the purpose of demonstration; this typically will occur at higher vibrational levels that have
very small equilibrium values.

We confirmed that this was the case when implementing chemistry. Al-
though it occurred infrequently, it still leads to significant noise and large
density fluctuations. To prevent this from negatively impacting chemistry re-
sults, we will neglect these terms. This is equivalent to assuming that opposite
sign levels of the internal distribution are infrequent / small, and:

fv,a,tot = Z |fv,a(V)| ~ Z fv,a(y) =1 (84)

This is consistent with the existing implementation of inelastic collisions in
QuiPS. As Cgrass decreases, and A becomes smaller, this assumption will be
progressively more valid. Thus, the depletion per collision we finally use is:

AtA gor(g Przn Ec ~ “ R R R ~
- g?éf). N. i "R tor - 1B 1ot - sgN(PA(7)) - sgn(PB(C))-

sgn(fr.a(J)) - sgn(fo.a(v)) - sgn(fr.5(K)) - sgn(fo,5(1))

¢ (85)
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