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Advection versus Diffusion in Richtmyer-Meshkov Mixing

Forrest W. Doss
Theoretical Design Division, Los Alamos National Laboratory, New Mexico USA 87545

Abstract

The Richtmyer-Meshkov (RM) instability is one of the most severe degradation mechanisms for inertial
confinement fusion (ICF), and mitigating it has been a priority for the global ICF effort. In this Letter, the
instability’s ability to atomically mix is linked to its background decay of residual turbulent energy. We show
how recently derived inequalities from the mathematical theory of PDEs constrain the evolution. A model
RM process at leading order may diffusively mix or retain imprints of its initial structures indefinitely,
depending on initial conditions, and there exists a theoretical range of zero-mixing for certain values of
parameters. The results may apply to other systems resembling scalar transport in decaying turbulence.
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1. Introduction

The Richtmyer-Meshkov instability describes the
material response following the impact of a shock
on a structured material interface [1, 2]. It is
one of the major mechanisms by which inertial fu-
sion (ICF) schemes experience performance degra-
dation, mixing cold, inert shell material into what
should be hot, reactive fuel regions [3, 4]. Major
recent improvements in ICF performance to the
highest yields yet-achieved have included consid-
erable reductions in the perturbations seeding the
Richtmyer-Meshkov instability [5].

Efforts have conventionally been put into reduc-
ing the impact of Richtmyer-Meshkov by enforcing
more stringent limits on the amplitudes of seed per-
turbations. In this Letter, we present an analysis
that suggests, counterintuitively, there may be a
path to suppressing mix (by diffusion) by increas-
ing long-wavelength perturbation content, despite
that this enhances the growth rate (through ad-
vection) of the Richtmyer-Meshkov instability’s co-
herent structures. The competition between advec-
tion and diffusion is reflected at a deep level in the
moment equations for turbulent fluctuations, which
provides a new and robust explanation for aligned
results seen in some particular computational and
analytical studies [6-9]. Leveraging new mathe-
matical results from the analysis of PDEs, this
can be shown generically for single-point ensemble-
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averaged moments (i.e. in the Reynolds-averaging
framework). At second order in the fluid equations,
there is a parameter regime where fine-scale mix is
predicted to disappear entirely.

2. Model construction

To study Richtmyer-Meshkov at leading order,
we will first construct our model, a ‘two-equation’
turbulence model [10, §3.3.4] [11, §10.5] augmented
with an equation for density flux. This model will
be entirely conventional, but we will walk through
the steps to make our choices explicit. We begin
with the Euler and continuity equations,

DU 1

Dr = pVP (1) — =
and perform Reynolds’ usual perturbation expan-
sion U — v/, p — p+ p/, in the absence of mean
pressure gradients or mean background flow. Mul-
tiplying (1) by p’ and (2) by «’ and performing en-
semble averaging, the transport equation for the
velocity-density correlation is

O(ulp') N Aujufp’) op <1/ 8P’>

— N =
ot e, - g, T\ g
(3)

February 1, 2022




Meanwhile, Reynolds averaging of (2) alone yields
op
ot

Equation 4 identifies the correlation (u'p’) as a
current density for the mean expected mass field,
to which (3) serves as a constitutive equation. We

make replacements to close the other moments
which appeared,

=V (). (4)
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where k represents the specific turbulent kinetic en-
ergy density of random fluctuations, w is a turbu-
lent turnover rate, and Cy is a constant parameter.
Any anisotropy of the energy is assumed constant
and absorbed into the scale of k. The variables k
and w are assumed spatially homogenous, to have
been seeded in the earlier phases of the instability,
and to be self-similar in the sense that they are gov-
erned by a single complete set of length and time
variables. Dimensionally, this means they may be
modeled by the two-equation system [10, 11]
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where n is a decay constant. We will assume ev-
erywhere that we have freely decaying turbulence
with 2 > n > 0. The solutions of (6) with initial
conditions (i.c.s) w(wy ') = wo and k(wy ') = ko are

W= —e k:ko(%)_n. (7)

n—1+twy’

The second replacement in (5) expresses the
pressure-density correlation as a scattering term
proportional to the turbulent rate w. This form
can be motivated theoretically as a variation of
Rotta’s return-to-isotropy analysis [12], and Cpy
(sometimes called the Monin constant [13]) is found
in high Reynolds-number flows to have a typical
value around 3, though it may scale with Reynolds
number [14].

As a final closure, we will omit the triply-
nonlinear term (u'u’p’). This neglects the nonlin-
earity of the Navier-Stokes equations as it pertains
to p’, while retaining its coupling to p. Thus trun-
cating (3) at second order, taking the divergence
of each side, and applying continuity using (4), we
obtain a mass transport equation
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where k and w are the decaying-in-time parameters
of the background turbulence. Equation 8 is known
as the telegraph equation. It has characteristics of
both the wave equation (including a finite propaga-
tion speed of disturbances) and the heat equation
(smoothing of initial structure), and appears fre-
quently as a model for transport [15].

Our model deviates from the classical telegraph
equation by the parameters’ evolution in Egs. 7, ac-
cording to which the energy k goes as ~ ¢t~ and
the eddy rate w ~ t~!. These variable coefficients
have implications for the balance of wave- vs. heat-
like behaviors, which can be interpreted as the rel-
ative ability of structures in p to advect intact as
opposed to spread around through diffusion. Diffu-
sion in the moment picture does not precisely imply
uniform mixing through physical diffusion (which is
not included in (2)), but represents chaotic advec-
tion of the material leading to a mixed average and,
in the standard picture, to a spectral cascade to the
fine scales where irreversible molecular mixing will
occur [16].

3. Decaying Turbulence

We now investigate (8) and where it falls in
diffusion- vs. wave-like behaviors in relation to
its initial information. The effects of the decay-
ing background turbulence according to (7) have
competing impacts — an increasing ‘wave speed’ in
V'k has an apparently diffusive effect, by spreading
out initial data over increasingly more space, while
decreasing ‘wave speed’ has the opposite effect of
collapsing them closer together, and the scattering
term proportional to w has an unconditionally diffu-
sive effect. We introduce a transformation to aggre-
gate their combined influence. First we introduce a
nondimensional time s by s = (twg — 1)/n. (s =0
at t = wy ', when the i.c.s are defined.) In this
variable,
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Next, we introduce new contracting coordinates
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and multiply through by (1+s)™ to isolate the time-
dependence to the first-order term,
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where the multiplier y is
n 2Cyn n(2Cy — 1)
E p— = . 9/
K ( 2—n+2—n) 2—-n ®)

The decay constant n and the scattering constant
Cy together completely parameterize the system’s
evolution through pu.

In Equation 9 we have rearranged (8) into a tele-
graph equation with constant speed and decaying
dissipation. Notice that the portion of dissipation
which was evoked from the decaying wave speed
(the part of (9’) which does not depend on Cjy)
is megative. If Cy < 1/2, we have backwards dif-
fusion unphysically enhancing concentrations and
potentially blowing up. Interestingly, this bound
coincides with the realizability limit for Cy from
stochastic models [12].

The final dissipation term in (9) decays away as
~ t~1. In the analytic theory of PDEs, it has been
lately proved that when dissipation decays more
rapidly than £=1 (called non-effective dissipation),
(9) has all of the structure-preserving properties
of the wave equation. Slower than ¢~ (effective
dissipation), it has the smoothing property of the
heat equation. For the present case we are on the
boundary, and as g runs from 0 to oo the equa-
tion becomes effective with respect to various heat-
like qualities as u passes different thresholds [17-
21]. Ome of these occurs at yp = 2, below which
all modal content in p dissipates equally, and above
which modes dissipate faster at shorter scales, tran-
sitioning from spectral preservation (wavelike) to
diffuse solutions (heatlike), and the overall time-
decay of these derivatives increases with p. By a
theorem of Wirth, the result is function-analytically
expressed in terms of so-called energy norms as
E ~ Ot~ ™n(2)) where E = ((8;5)% + (Vp)?) and
() denotes an integration over z [19, Thm. 3.4].

Below p = 1, a related result holds for an
amplitude-norm S rather than for derivatives. In-
terpreting the modal content in p as fluctuations
around an asymptotic state p(x,t) = pg + p'(z, 1),
the result can be expressed as bounds on the den-
sity variance S = (p'?), that (p'?) < O('—min(w1)),
When p < 1, {p'?) can be globally preserved or even
increase (i.e. the focusing property of wave equa-
tions is possible) while when p > 1, (p'?) can only
remain constant or, more likely, decay [19, 22]. This
is interesting because the ensemble-averaged (p'?)
is a natural measure of subscale mixedness, which
decreases to 0 in the limit of atomic mix [23]. Con-
necting the (spatial) and (ensemble) averages in-
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Figure 1: Representative cases of (a) diffusing local concen-
tration, p(wg ') = 2 4 exp(—x?) 4 0.1sin(12z) exp(—z2/4),
and (b) diffusing initial density interface, ﬁ(wo_l) =2+
tanh(z) + .2sin(24z) exp(—z2), at t = 70. ko = 1,wo = 1,
n = 1.3. Black — initial conditions. Blue — Cy = 1/2
(wave-like, u = 0), Green — Cy = 1 (non-effective, p =~
1.86), Red — Cy = 1.5 (effective, u ~ 3.7).

vokes a somewhat imprecise (but not uncommon)
ergodic hypothesis for the turbulence [24], arguing
that ensemble- and spatial-fluctuations may be re-
lated. Doing so leads us to conjecture there are
regimes of turbulent transport which preserve, or
eliminate, density variance, separated by the criti-
cal value p. = 1.

As the mathematics are somewhat abstract, Fig-
ure 1 shows some example numerical solutions of
(8) for 1D profiles, illustrating changes of behavior
with . To keep the horizontal scale comparable be-
tween cases, n is fixed and Cy is varied. In la, we
show dispersion of a local concentration maximum,
with some asymmetric high-mode structure super-
imposed. The blue curve (u = 0) is wave-like — the
solution is two half-height copies of the i.c.s prop-
agating in opposite directions. The green solution
(1 < 2) shows the same structure as the blue solu-
tion, but decayed in overall amplitude, while the red
solution (4 > 2) has smoothed the i.c.s, retaining
only a weak imprint. Notice also the appearance
of an excess around the origin when p > 2, as long
wavelengths begin to preferentially survive.

Below that, in Figure 1b, we illustrate the dis-
persion of an initially nearly-sharp density inter-
face, again with high-mode structure. The solu-
tion is symmetric in an obvious way, so we provide
an inset in which differences are more clearly ob-



served. Again, the wave-like (blue) curve is propa-
gating outward. The inset (dashed curve) shows the
non-effective (green) solution amplified by 3x and
shifted to overlay the blue, highlighting the con-
served modal structure. The diffusive (red) curve
shows the surviving structure being confined fur-
ther from the center and closer to the front as time
progresses. These examples differentiate propaga-
tion of structure with increasing p in two canoni-
cal cases, the latter of which is a prototype for the
Richtmyer-Meshkov instability geometry.

4. The Richtmyer-Meshkov Instability

So far everything we have discussed is equally
applicable to transport in any decaying turbulence
field, not just Richtmyer-Meshkov. We will now ap-
ply the theory to what may be considered a special,
particularly complex case of transport in a decay-
ing turbulent field. The energy for the turbulence
in the Richtmyer-Meshkov instability comes from a
shock crossing a structured interface. The shock
excites unstable modes on the interface, which
rapidly evolve to nonlinearity and subsequently to
developed, mixing flow. It is often viewed as the
‘impulsive counterpart’ of the continuously driven
Rayleigh-Taylor instability [1, 25, 26]. In this line
of thinking, which approximates away the details of
the shock and reflected waves, after the passing of
the impulsive acceleration the fluid densities cease
to be hydrodynamically relevant.

While this is most appropriate when both shocks
and density contrast are mild, complexities will
still arise due to the Richtmyer-Meshkov instabil-
ity’s shock-driven nature. Energy is deposited into
the velocity field at distances proportional to the
longest wavelengths in the interface, and so at scales
local to the interface itself may appear homoge-
neous [27, 28]. The velocity field retains informa-
tion about the spectral content of the surface in its
long-range correlations, opening the possibility for
non-standard energy decay rates [29-31]. The re-
sulting turbulence can be initially strongly aligned
in the shock direction and retain this anisotropy,
and it remains not fully understood with what rates
or conditions these deformations eventually relax
entirely to those of free decay [32].

Nevertheless, it is generally acknowledged that
after the initial shock event the flow generated by
the instability is ‘not fundamentally different’ from
decaying turbulence [27, 33|, and by opening our

model for decaying turbulence to non-classical de-
cay rates we are able to describe key aspects. The
model we constructed above is necessarily simple,
as required to apply Wirth’s theorem, but its fea-
tures reflect the common fundamentals of several
more sophisticated approaches [34-38]. For an up-
to-date introduction to connections between this in-
stability, statistical models, and applications, com-
prehensive reviews are available [39, 40].

In spite of its relative simplicity, we can show
that the three-equation (for energy, time scale, and
flux) model above does contain solutions which
can characterize post-energy-deposition Richtmyer-
Meshkov transport. Equation 9 admits a similarity
solution with the desired characteristics. Letting
X = (& +1)/(2f) and u(X) be a normalization of
the density difference, (9) is reduced to the ODE

( 75) ou X -—X%20%u

5) 5% —0.  (10)

0xX 1-2Xx 0x2
Since u does not appear by itself, this is amenable
to a reduction of order, introducing v = v’. Eq. 10
can be then be separated and integrated,

dv I 1-2%
/7_ (5_1)/367362 4%
yielding
v=((1- X)X)%_l X const.

The similarity solution is then
u oc/((l —X)X)7 T dx = Ix(4,8). (1)

In the last step, this integral was recognized as a
representation of the incomplete beta function [41,
Eq. 6.6.1], and the constants of integration chosen
such that v runs from 0 at X =0to 1 at X = 1.

In physical units,

1 (2—n)awy (twp+n—1 g1
- 12
X=5+"— \/%( ” , (12)

so that X = 0,1 correspond to physical
fronts at x(t —to)% ~! = const., or propagating as
+x ~ (t—1tg)'~ %, where tg is a virtual origin.
With X so defined, p = po + dplx(5,%5) is a so-
lution of (8), which may be patched to constant
ps matching the boundary conditions. Figure 2
shows an example solution of this form, exhibit-

ing a spreading mixing layer. While the model is
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Figure 2: Solutions to (8) based on (11) and (12), with n =
1.3,C9 = 2.5,wp = 1,kp = 1, low density po = 1, and high
density (po + dp) = 2. Times are given in the figures. At
an earlier time (a), the solution is compatible with having
originated from a sharp interface. At times t =1 (b), 5 (¢),
and 25 (not pictured) X = 0,1 correspond to z ~ £3.71,
6.07, and 10.5 respectively, confirming 2 ~ =£(t + 0.3)3%.

technically initialized at twy = 1, we can formally
run the solution backwards to twy = (1 — n) where
it is an initially sharp interface. The curvature of
the roll-over is controlled by i, becoming a straight
line when p = 2. We cannot, however, directly ob-
serve the decoherence of structure with increasing
w as in Figure 1, since, as a similarity solution, it
contains no other scales to preserve or decay. The
mixing width L between pure material regions is
then observed from (12) to scale as

L~ (t—to)°, 9:1—%. (13)
If we construct a length scale L = vk /w out of our
turbulence variables in (7), it will also evolve with
this scaling [42-44]. Equation 13 is broadly sup-
ported by simulations of Richtmyer-Meshkov insta-
bilities which measure it, though lack of true self-
similarity produces scatter [6, 7, 45]. If we rewrite
(9') using (13), we find p = (2Cy — 1)(1 — 60)/6.
Dimonte et al. [46] showed that for a prototyp-

ical interface structured by a population of modes
of many wavelengths with approximately equal am-
plitudes, the shock interaction should have a tran-
sient phase with 6 ~ 1/2. Youngs and others gen-
eralized this result to suggest that effectively any
0 < 0 < 1 could be theoretically obtained by ap-
propriate control of the interface spectrum (a com-
prehensive family of proposed mechanisms for this
can be found in Table I of [8], and especially those
of [6, 47] are relevant here). Calculations have ap-
parently supported this, and observed an associated
transient reduction of n below 1 [7]. If n is suffi-
ciently suppressed by an interface imposing a high
0, then there is significant room for the instability-
driven transport to occur in the wave-like regime,
even for high values of Cy. We can identify a crit-
ical growth rate 6. above which mixing should be
suppressed; for u. =1 and Cyp ~ 3, 0. ~ 5/6.
When p > u. and the instability is effectively mx-
ing, we would like to predict mixedness as a func-
tion of the diffusion parameter p. The segregation
ratio E (sometimes ©) = [(cieo) da/ [(e1)(c2) du,
where ¢; is the concentration of either of the two
mixing species, is a common metric for the mix
state following a Richtmyer-Meshkov instability
[48]. It runs from O (separated) to 1 (homoge-
neously mixed). At the so-called buoyancy-drag-
equation level, the implied mix of our g-model is

() =1 He _ 200 =1=(2C) =1+ )0
B R Yo PR Y R
(14)

with p. = 1 conjectured. Buoyancy-drag modeling
operates more coarsely than Reynolds-averaging,
recasting (3) and (6) as a single equation for the
turbulent self-similar length scale. It is useful here
because it unifies several properties of Richtmyer-
Meshkov with transients of the Rayleigh-Taylor in-
stability [49-55]. Previous work suggests a closure
of the form B = (1—-Z2)(1—6)/60, with B a parame-
ter [54, see also 55, Egs. 51-53]. Solving for = using
(9) & (13), and setting B by enforcing = = 0 at
= pe, we get (14). This automatically satisfies
Z=—1lasyu— oo

Fig. 3 summarizes our E(u) against results from
the literature and predictions of mix (=) of a spec-
tral model based on permanence of certain invari-
ants [8]

2 +2(; i93)9’ (0 = i) (15)
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Figure 3: Black points: Calculations of mix metric = against
0 and n, illustrating the trend of reducing mix with increas-
ing long wavelengths [7, 56, 57]. Ellipses represent scatter
between observed 6 and n compared with (13). Gray band:
=2(0), from [8, Eq. 36]. Blue: (shaded) Z(p) from (14)
for the range Cyp = 2.5 (below) to 3 (above), and (dashed)
Co = 3/2.

The bands for the Z3(f) model in Fig. 3 represent a
choice of closure for n, spanning closing n by (13) as
done elsewhere here or by using a constant n = 1.1
as done in the source. The new =(u) model from
(14) overestimates the late-time mixing in ‘typical’
Richtmyer-Meshkov (by which time our homogene-
ity of energy approximation is invalidated), but ef-
fectively captures post-shock simulations with tai-
lored spectra, as well as ‘gas curtain’ experiments,
shortly after shock strikes a heavy gas slab (n is not
measured by experiment; 1.4 is used here) [56].
E2(0) in (15) is derived assuming features of the
‘final period of decay,” as viscous dissipation be-
comes relevant at all scales. In contrast, our present
model assumes the immediate post-shock transient,
not long after the saturation of the longest wave-
lengths and at distances not far compared to them.
Despite that the two models were derived by com-
pletely different methods and assumptions, the the-
ories agree if their free parameters are adjusted
to each other’s regimes. In (15), # and n are in-
dependent, while above we closed those with self-
similarity via (13). If we set n = 1 in (15), we
enforce self similarity in the ‘final period’ by mak-
ing viscous terms dimensionally invariant [43]. If we
then set pu. =1,Cp =3/2 (or p. = 2,Cyp = 5/2)
in (14), the expressions agree for all 6, including
the cut-off .. The reduced Cy compensates for en-
ergy inhomogeneity appearing over long scales and
relatively late times. Also, at late times the ero-

sion of mean gradients of density will increase the
relative importance of the triply nonlinear term we
neglected in (8), which may impact model validity.
For future work, on the mathematics front iden-
tifying the criteria for the heat-like transitions in
more general PDEs is an ongoing area of research
[for example, 58-60]. It may be possible to formally
extend this analysis to e.g. time-varying decay n, or
space-varying k, to better model late times. Never-
theless the trend in mix appears dominated by the
reduction at second order modeled above.

5. Conclusions

Above, it was shown that recent results from the
mathematical analysis of PDEs imply that trans-
port of mass in a decaying turbulent field is, at the
second-order, Reynolds-averaged level, of a particu-
lar critical class balanced between wave-like advec-
tion and heat-like diffusion. It was further shown
that flow parameters typical of the Richtmyer-
Meshkov scenario can bring the system close to crit-
ical points suggested by theory, with major effects
on the amount of implied fine-scale mixing, and
even suggesting an obtainable regime where mix is
absent. This suggests that the different impacts of
Richtmyer-Meshkov on ICF, i.e. fine-scale mix in-
troducing cooling (dominant when g > 1) vs. gross
deformation of the interfaces reducing compression
(when g < 1), could be intentionally traded off
through tailoring of surface spectra. This could be
applied to pursue considerable practical reductions
of mix in ICF.

Finally, we recall that the preceding analysis
above, at its core, calls attention to an unexpected
property of a scalar model for the Richtmyer-
Meshkov instability, implying the conservation of
structure in particular parameter regimes. The
theorem identifying this property was applied in
§3, before the specialization of the parameters to
the instability case in §4. Because the Richtmyer-
Meshkov mixing can be initialized with unusual cor-
relations (with long ranges synchronized by the ini-
tial shock), it can naturally have decay rates n oc-
curring around the critical points of the theory. The
core result should, however, be applicable to other
scenarios. For instance, resolved simulations of tur-
bulent scalar transport with varying initial long-
range spectra, which should already be described
by the model as presented, may present an inter-
esting avenue for exploring the implied suppression
of mixing and its mechanism.
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