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ABSTRACT

The gyrokinetic particle simulation is a powerful tool for studies of transport, nonlinear phenomenon, and energetic particle physics in
tokamak plasmas. While most gyrokinetic simulations make use of the scalar and vector potentials, a new model (GK-E&B) has been
developed by using the E and B field in a general form and has been implemented in simulating kinetic Alfv�en waves in uniform plasma
[Chen et al., Sci. China: Phys., Mech. Astron. 64, 245211 (2021)]. In our work, the Chen et al. GK-E&B model has been expressed, in general,
tokamak geometry using the local orthogonal coordinates and general tokamak coordinates. Its reduction for uniform plasma is verified, and
the numerical results show good agreement with the original work. The theoretical dispersion relation and numerical results in the local
model in screw pinch geometry are also in excellent agreement. Numerical results show excellent performance in a realistic parameter regime
of burning plasmas with high values of b=ðMek2?q2

i Þ, which is a challenge for traditional methods due to the “cancellation” problem. As one
application, the GK-E&B model is implemented with kinetic electrons in the local single flux surface limit. With the matched International
Tokamak Physics Activity-Toroidicity-induced Alfv�en Eigenmodes parameters adopted, numerical results show the capability of the GK-
E&B in treating the parallel electron Landau damping for realistic tokamak plasma parameters. As another application, the global GK-E&B
model has been implemented with the dominant electron contribution in the cold electron limit. Its capability in simulating the finite Ejj due
to the finite electron mass is demonstrated.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0079053

I. INTRODUCTION

The gyrokinetic particle simulation has been a powerful tool for
studying tokamak plasmas in the past several decades.1–4 In simulating
the electromagnetic waves and instabilities, the treatment of kinetic elec-
trons is challenging due to the small electron-to-ion mass ratio. Various
schemes have been developed to solve this challenge, including, but not
limited to, the iterative scheme for the Amp�ere’s law,5 the conservative
scheme,6 the high-order gyrokinetic model,7 the implicit scheme,8,9 and
the mixed variable/pullback scheme.4,10 The numerical challenge at
high value of bemi=ðmek2?qtiÞ was originally termed the “cancellation
problem” andmakes gyrokinetic simulations computationally expensive,
especially for high parameter tokamaks such as ITER,11 where be is the
electron beta, mi;e is the ion or electron mass, k? is the perpendicular
wave vector, and qti is the thermal ion Larmor radius.

While most gyrokinetic simulations adopt the scalar and/or vec-
tor potentials as the field variables, and various models and codes have
been developed with specific advantages,1–3,7,8,12 a gyrokinetic

simulation model has been proposed recently by making use of the
electric and magnetic fields directly,13 with various physics ingredients
kept such as the finite Larmor radius effect, parallel Landau damping,
and nonlinear effects. By separating the parallel and perpendicular (to
B) dynamics, the fast electron response to the parallel electric field in
the parallel direction is treated explicitly in the parallel Amp�ere’s law.
This so-called E and B scheme is applicable to not only the low fre-
quency (x� xci) problem but also the higher frequency (x� xce)
problem.14 The application of this scheme to the kinetic Alfv�en wave
simulation demonstrates its capability in high bemi=ðmek2?q2

tiÞ regime,
but only uniform plasma has been considered numerically. In this
work, this E and B scheme is studied theoretically and numerically in
tokamak geometry and screw pinch configuration. Flux coordinates
and field-centered coordinates (local orthogonal coordinates) are
adopted for the derivation. Two models with specific simplifications in
torus geometry have been defined: the local single flux surface model
with kinetic electrons (local GK-E&B model) and the global model

Phys. Plasmas 29, 022502 (2022); doi: 10.1063/5.0079053 29, 022502-1

VC Author(s) 2022

Physics of Plasmas ARTICLE scitation.org/journal/php

https://doi.org/10.1063/5.0079053
https://doi.org/10.1063/5.0079053
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0079053
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0079053&domain=pdf&date_stamp=2022-02-02
https://orcid.org/0000-0003-3076-9534
https://orcid.org/0000-0002-0557-9694
https://orcid.org/0000-0001-7921-9176
mailto:zhixin.lu@ipp.mpg.de
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1063/5.0079053
https://scitation.org/journal/php


with the dominant electron response in the zero-pressure limit (global
GK-E&B fluid model). The code is developed, and Alfv�en waves are
simulated to demonstrate this model’s performance.

This article is organized as follows. In Sec. II, the original general
equations of the E and B scheme are given, and its representation, in
general, tokamak geometry, is presented, as well as the reduction in
screw pinch and ad hoc tokamak geometry. In Sec. III, the numerical
scheme and the benchmark results are shown. In Sec. IV, the simula-
tion results in ad hoc tokamak geometry and screw pinch configura-
tion are detailed. In Sec. V, we give the conclusion and outlook.

II. THEORETICAL FOUNDATION
A. Physics equations

The theoretical framework for this study is laid out in Ref. 13.
The authors present a set of five equations to describe electromagnetic
fluctuations with frequencies much lower than the ion cyclotron fre-
quency in a plasma confined by a magnetic field Bðr; tÞ with electric
field Eðr; tÞ, fluid velocity Uðr; tÞ, current Jðr; tÞ, and pressure Pðr; tÞ,

@t qmUi?ð Þ ¼
1
c
J� B� r � P½ �?; (1)

J ¼ c
4p
r� B; (2)

E? ¼ �
1
c
Ui? � Bþ 1

qm

X
j 6¼e

mj

qj
r � Pj
� �

?; (3)

c2 r2
?Ejj � b � r r � E?ð Þ

h i
¼ 4p@t Jjj; (4)

@tB ¼ �cr� E; (5)

where qmUi? is the mass flow due to the ions only in the direction per-
pendicular to the magnetic field; qm is the mass density; subscript i indi-
cates the ion species, which can contain multiple species; c is the speed
of light; and q is charge. The parallel direction is defined as b̂ ¼ B=B,
and the components perpendicular to b̂ are denoted as?. While Ui? is
solved from Eq. (1), Ui? can be also obtained from the kinetic solution
in principle. The connection and differences between Eqs. (1)–(5) and
the MHD model can be readily found noticing the difference in the
Ek equation and the feature that the mass density and pressure in GK-
E&B are from the kinetic solution. Some of the essential assumptions
made in this model are that quasi-neutrality is valid, mass of electrons is
negligible compared to the mass of ions (me � mi), perpendicular
momentum is only carried by the ions, and the mode frequency is
much lower than the ion cyclotron frequency. Using this model, at each
time step B and U are given; then, we can calculate the other field varia-
bles and push B and U in time. The kinetic closure to these equations
comes from the terms qm;j ¼ mjnj; P and @t Jjj,

nj ¼ hfjiv; (6)

Pj ¼ Ppol;j þ Pg;j; (7)

Ppol ;j ’ �ð3=4ÞIr � Njqjð Þq2
tj=2

� �
E?0

h i
; (8)

@tJjjj ¼ qj J0 Fg@ vjj _v jj
� �

=@vjj � _X � r vjjFgð Þ
h iD E

j;v
; (9)

where E? is solved order by order, namely, E? ¼ E?0 þ E?1
þ� � � ; Ppol;j is the polarization pressure due to particle species j, Pg;j is
the pressure from the gyrocenter, qt is the thermal gyroradius,

J0 ¼ J0ðk?qÞ is the Bessel function accounting for finite Larmor radius
effects, Fg is the gyrocenter distribution function, and h � � �ij;v is the
velocity-space integral for species j. The equations of motion of the
gyrocenter are as follows.

The motion of the guiding centers can be described using the
symplectic or Hamiltonian formulation.4,15 In this work, in order to
minimize the technical complexity, the equations of motion are
adapted by keeping the dominant terms as we adopted previously8

_X ¼ vk þ vd þ dv; (10)

_vk ¼ _vk0 þ d _vk; (11)

vd ¼
�msB0

�qsB
2

qN v2k þ lB
� �

b̂ �rB; (12)

dv ¼ B0qN dE? �
b̂
B
þ
vk
B

dB

� 	
; (13)

_vk0 ¼ �l@kB; (14)

d _vk ¼
�qs
ms

dEjj; (15)

where �ms is the mass of species s normalized to the mass of the elec-
tron, �qs is the charge of species s normalized to the elementary charge,
the magnetic moment l ¼ v2?=ð2BÞ, and qN is the normalized ther-
mal Larmor radius. More rigorous models with higher order correc-
tions in q=LEq (the ratio between the Larmor radius and the
characteristic length of equilibrium magnetic field) can be found in
other work.15,16

B. Representation in tokamak geometry

While the GK-E&B scheme has been developed in a general and
comprehensive form and tested numerically in uniform plasma,13,14

the corresponding expression and implementation in tokamak geome-
try have not been reported. This section focuses on deriving the gen-
eral form of the GK-E&B scheme in tokamak geometry by choosing
the magnetic flux coordinate system and specific decomposition of the
field variables in the perpendicular and parallel directions. The general
representation in tokamak geometry can be readily reduced to that in
the screw pinch configuration, as shown in Sec. IVB and to that in
concentric circular tokamak geometry, as shown in Sec. IVC.

1. Coordinate system and field representation

Two sets of coordinate systems are chosen for the E and B
scheme in torus geometry, namely, the magnetic flux coordinates and
the local orthogonal coordinates. The toroidal coordinates ðr;/; hÞ are
chosen for the operators such as divergence and gradient, where r, /,
and h are the radial-like coordinate, poloidal angle, and toroidal angle,
respectively. In general, the radial-like coordinate can be defined as a
function of the magnetic flux function, for example, rðwÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðw� waxisÞ=ðwedge � waxisÞ

q
, where w is poloidal magnetic flux

(see Refs. 16 and 17 and references therein). Using this convention, we
define B0 ¼ rw�r/þ Fr/, where F is the poloidal current
function. The Jacobian J ¼ ðrr �r/ � rhÞ�1. The operators in Eqs.
(1)–(5) can be readily expressed in the toroidal coordinates, for exam-
ple, rf ¼ ra@af ; r � A ¼ ð1=JÞ@aðra � AÞ, where A ¼ Aara; a 2
ðr;/; hÞ and Einstein summation convention is adopted.
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Since the field variables are decomposed in the perpendicular
and parallel directions, the second coordinate system, the local orthog-

onal coordinates r̂; b̂; /̂, is adopted, where r̂ is the unit vector in the

radial direction, and the parallel unit vector is defined as b̂ ¼ B=B

¼ ½rw�r/þ Fr/�=B and ev � er � b̂. Note that by using the
local safety factor, defined as qðr; hÞ ¼ ðr=RÞF=@rw or @rw ¼ Fr=

ðqRÞ, we can re-define this as B0 ¼ ðF=RÞ½/̂ þ r=ðRqÞĥ�, and thus,

b̂ ¼ F=ðRBÞ½/̂ þ r=ðRqÞĥ�. In this convention, the radial unit vector

in torus geometry r̂ is perpendicular to b̂ and is our second coordi-

nate. Our third theta-like coordinate, v̂, is defined as v̂ ¼ r̂ � b̂ ¼ r̂

�F=ðRBÞ½/̂ þ r=ðRqÞĥ� ¼ F=ðRBÞ½ĥ � r=ðRqÞ/̂�. This geometry is

constructed such that ðr̂; b̂; v̂Þ and ðr̂; /̂; ĥÞ each form a right-handed
orthogonal basis.

Then, the field variables expressed in the local orthogonal
coordinates

dE ¼ dEr r̂þdEvv̂þdEjjb̂; (16)

dB ¼ dBr r̂þdBvv̂þdBkb̂; (17)

dU ¼ dUr r̂þdUvv̂þdUkb̂; (18)

where the compressional Alfv�enic component (dBk) can be set to zero
when only Shear Alfv�en wave is considered in uniform plasmas.13 In
the following derivation, field variables are also decomposed in the
magnetic flux coordinates

dE ¼ dEr r̂þd E
~
hĥþdE

~
//̂; (19)

dB ¼ dBr r̂þdB
~
hĥþdB

~
//̂; (20)

dU ¼ dUr r̂þdU
~

hĥþdU
~

//̂; (21)

where the unit vector â � ra=jraj. The connection to Eqs.
(16)–(18) is obtained readily, for example,

d E
~
h ¼ v̂ � ĥdEv þ b̂ � ĥdEk; (22)

d E
~
/ ¼ v̂ � /̂dEv þ b̂ � /̂dEk: (23)

2. E and B equation in tokamak geometry

In the geometry defined in Sec. II B 1, the momentum conserva-
tion equations of all species [Eq. (1)] are expressed as

@t qmUr;v;kð Þ ¼�ðr̂; v̂; b̂Þ � r � �d�P½ �? þ
ðr̂; v̂; b̂Þ

4p
�

~B0 �rd~B? þ d~B? �r~B0þ d~B? �rd~B? �
1
2
rdB2

?

� �
;

(24)

where the equilibrium has been considered (~B0 �r~B0�1
2rB2

0�r�Peq
¼0), d��P¼��P���Peq, and the last two terms are nonlinear terms.

The momentum conservation of all ion species is as follows:

dEr ¼
1
c
ðdUvB0 � Uk;0dBvÞ þ

1
qm

mj

qj
r̂ � r � d��P½ �?; (25)

dEv ¼ �
1
c
ðdUrB0 � Uk;0dBrÞ þ

1
qm

mj

qj
v̂ � r � d��P½ �?; (26)

where B0;v ¼ 0 has been made use of and Uk;0 is the parallel equilib-
rium flow, which will be omitted in the following for the sake of
simplicity.

The parallel Amp�ere’s law is as follows:

1
J
@r Jjrrj@rdEjj
� �

þ 1
J
@h J

r̂ � ĥ
r
@rdEjj

� �

þ 1
J
@/

J
R2
ðv̂ � /̂Þ2@/dEjj

� �
þ 1

J
@/

J
Rr
ðv̂ � /̂Þðv̂ � ĥÞ@hdEjj

� �

þ 1
J
@h

J
Rr
ðv̂ � /̂Þ2@/dEjj

� �
þ 1

J
@h

J
r2
ðv̂ � /̂Þðv̂ � ĥÞ@hdEjj

� �

�@jj
1
J
@r JjrrjdEr½ � þ 1

J
@h

J
r
ðr̂ � ĥÞdEr

� �


þ 1
J
@h

J
r
ðv̂ � ĥÞdEv

� �
þ 1

J
@h

J
r
ðv̂ � /̂ÞdEv

� ��
¼ 4p

c2
@tJjj : (27)

In order to express Faraday’s law, by making use of the represen-
tation dE ¼ dEara andr� dE ¼ ðra�rbÞ@adEb, we have

� 1
c
@tdBr ¼

1
Jjrrj @/dEh � @hdE/ð Þ; (28)

�1
c
@tdBv¼

ĥ � v̂
Jjrhj @rdE/�@/dErð Þþ

/̂ � v̂
Jjr/j @hdEr�@rdEhð Þ; (29)

�1
c
@tdBk ¼

ĥ � b̂
Jjrhj @rdE/�@/dErð Þþ

/̂ � b̂
Jjr/j @hdEr�@rdEhð Þ; (30)

where the subscripts represent the covariant components of these vari-
ables, and dEh;/ is calculated from dEv;k as shown in Eqs. (22) and
(23). Equations (24)–(30) are, in general, tokamak geometry.

The decomposition of the field variables in the perpendicular
and parallel directions enhances the complexity of the equations. In
Secs. II B 3 and IIB 4, reduced models are derived by making use of
simplified geometries. For shear Alfv�en waves, the dominant thermal
ion contribution is the polarization response when energetic particles
are not considered. In the following, we only include electrons as the
kinetic species considering the challenge of the electromagnetic simu-
lations with kinetic electrons and the essential role of kinetic electrons
in mode excitation and damping such as electron-driven fishbone
modes.18 Kinetic ions such as energetic particles can be included on
the same footing.

3. Reduction in large aspect ratio limit with concentric
circular flux surface for shear Alfv�en wave studies

In the simplified tokamak geometry with concentric circular flux

surfaces, r can be defined as r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR� R0Þ2 þ ðZ � Z0Þ2

q
. For an ad

hoc equilibrium,19 the poloidal flux is given by wðrÞ ¼
Ð r
0 B0r0=

�qðr0Þdr0. With a parabolic profile �q ¼ �q0 þ �qr2, the analytical solution
gives wðrÞ ¼ B0=ð2�q2Þ ln ð1þ �q2r

2=�q0Þ. In the large aspect ratio
limit,

b̂ � /̂ ¼ F
RB
� 1; b̂ � ĥ ¼ Fr

R2qB
� 0; (31)
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v̂ � /̂ ¼ � Fr
R2qB

� 0; v̂ � ĥ ¼ F
RB
� 1: (32)

The parallel components dBk and dUk are ignored for the sake of
simplicity since the model in this section will be used for the perfor-
mance analyses of the GK-E&B model in studies of Shear Alfv�en
waves with kinetic electrons as shown in Sec. IVB. Faraday’s law can
be simplified as follows:

� 1
c
@tdBr ¼

1
Rr

@/dEh � @hdE/ð Þ; (33)

� 1
c
@tdBv ¼

ĥ � v̂
R

@rdE/ � @/dErð Þ þ
/̂ � v̂
r

@hdEr � @rdEhð Þ: (34)

Considering the polarization pressure as the dominant ion
response in Eq. (8), the vector calculus simplifies when considering the
contravariant components. Neglecting the contribution due to E?/0,
we get

Ppol ¼ �
3
8

qj
Rr

@r RrNjq
2
t;jE?r0

� �
þ @h

R
r
Njq

2
t;jE?h0

� 	� �
: (35)

Then, we can write Eq. (3) as follows for given Ppol,

dEr ¼
1
c
dUvB0 þ

1
qm

mj

qj
@rPpol; (36)

dEv ¼ �
1
c
dUrB0 þ

1
qm

mj

qj

v̂ � ĥ
r
@h þ

v̂ � /̂
R

@/

� �
Ppol: (37)

Similarly, Eq. (24) transforms into the following:

@t qmdUrð Þ ¼ 1
4p

b̂ � /̂
R

@/ þ
b̂ � ĥ
r
@h

� 	
B0dBr � @rPpol ; (38)

@t qmdUvð Þ ¼
1
4p

b̂ � /̂
R

@/ þ
b̂ � ĥ
r
@h

� 	
B0dBv

� v̂ � ĥ
r
@h þ

v̂ � /̂
R

@/

� 	
Ppol : (39)

4. Reduction to the local model in tokamak geometry
and screw pinch configuration

Instead of solving the problem in the whole radial domain,
asymptotic methods have been developed by making use of the small
parameter 1=n and ballooning representation, where n is the toroidal
mode number.20,21 The global effects can be produced self-consistently
with essential properties such as mode structure symmetry breaking
maintained, using the mode structure decomposition approach.17,22,23

For physics models that are implemented in Fourier space in poloidal
direction, a simple local estimate is to take the radial variation of the
poloidal harmonics as an input parameter, which is very useful for
estimating the excitation of Alfv�enic instabilities in experiments.24,25

In the local limit, the operator @=@r is replaced with ikr and taken
as an input. At the radial location, the mode magnitude is maximum
(kr¼ 0, zero radial coupling), which is of primary interest. In screw
pinch configuration, R¼R0 and the equilibrium variables are indepen-
dent of h. The coupling between different harmonics can be ignored
due to the symmetry along h.

5. Remarks on representation in ðR;/;ZÞ coordinates

While the magnetic flux coordinates ðr;/; hÞ are a physics-
intuitive and natural way for the description of tokamak plasmas, as
we adopted in Sec. II B 1, and in some codes, such as HMGC26 and
ORB5,3 the cylindrical coordinates ðR;/;ZÞ are adopted for express-
ing the field and/or particle equations in many codes such as MEGA,27

GT5D,28 XGC,29,30 JOREK,31,32 and TRIMEG.33 One advantage of the
ðR;/;ZÞ coordinates is to treat the magnetic axis and the open field
line regions as well as the X point. The GK-E&B formulation is general
and can be expressed also in ðR;/;ZÞ coordinates, with the similar
derivation in Sec. IIB. The derivation is straightforward but trivial and
is omitted in this work. Nevertheless, the GK-E&B fluid model is
implemented in ðR;/;ZÞ coordinates as will be shown in Sec. IVC.

III. NUMERICAL IMPLEMENTATION
A. Normalization

A normalization is performed, similar to that in the TRIMEG
code8 using the length unit RN ¼ 1m. The thermal velocity of a refer-
ence particle (here chosen as the electron) is adopted as the velocity
unit, vN � vt;e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Te=me

p
. The E and B perturbed fields are normal-

ized to EN and BN where EN ¼ mev2t;e=ðeRNÞ; BN ¼ cmevt;e=ðeRNÞ,
where e ¼ 1:602� 10�19 C. The current is normalized to JN
¼ e vt;Nn0. The factor of c is included in the normalization constant
BN to account for the factor of c in Eqs. (1)–(5), although an alternative
would be to include it instead in the denominator of EN.

B. Numerical schemes

The GK-E&B model is implemented in the framework of
TRIMEG(-GKX). Some numerical schemes are consistent with those
in the previous TRIMEG code8,33 such as the code structure of defin-
ing the equilibrium, particle and field classes, the particle-in-cell/
particle-in-Fourier scheme, and the coupled particle-field Runge–
Kutta fourth-order scheme for the local GK-E&Bmodel or the implicit
scheme for the global GK-E&B fluid model. However, the field
equation structure of the GK-E&B is quite different from those in the
traditional A&/ scheme, where only elliptic equations are included.
The time integrator for the fields for U and B and the field solver for E
are both developed newly here for the GK-E&B. The field integrator is
used with E substituted from the solution of the field solver in each
substep of the Runge–Kutta fourth-order scheme or each step of the
Crank–Nicolson implicit scheme.

When implemented in ðr;/; hÞ coordinates in the local single
flux surface model with kinetic electrons (Sec. IVB), the toroidal and
poloidal directions are decomposed into their Fourier components
eiðmhþn/Þ. When implemented in ðR;/;ZÞ coordinates (Sec. IVC), the
field and fluid representation is fE;U ;Bg ¼

P
i;j;n fE;U ;Bgi;j;n

ein/NiðRÞNjðZÞ, where NiðRÞ; NjðZÞ are basis functions in the poloi-
dal cross section. The particle-in-Fourier (PIF) method is used as the
particle-field coupling scheme when the Fourier decomposition is
adopted in the field or fluid variables in that direction, which changes
the phase space integral to a discrete sum. Both the full-f and delta-f
methods of PIF are implemented and used in studies of the local single
flux surface model, considering that full-f may require too many par-
ticles in global simulations. The coupling between each radial surface
in the full torus version is computed using the finite element method
(FEM) in the poloidal cross section. Finite Larmor radius effects are
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neglected (except Ppol;j) for simplicity of the numerical models, though
they could be included through the equations presented in Ref. 13.
The Runge–Kutta fourth-order (RK4) scheme is used to push variables
to the next time step. All codes are written in MATLAB and can be
rewritten in Fortran as done before17,33 following the schemes in this
work.

When comparing numerical results to the analytic dispersion
relation, the complex frequency of the numerical data is determined
by least squares fitting to a function f ðxÞ ¼ Aecx sin ðxx þ BÞ þ D.
For efficiency and accuracy of the fitting procedure, each variable, f(x)
and x, is normalized, and eventually, the obtained fitting coefficients
are de-normalized once the fitting is complete.

IV. SIMULATION RESULTS

In the numerical studies, we focus on specific applications with
corresponding simplifications in order to demonstrate the features of
the GK-E&B model, such as its capability of capturing the Finite
Larmor radius effect of thermal ions in the polarization pressure and
the kinetic effects of electrons in the parallel current. The benchmark
in 1D uniform plasma is performed with the comparison to the theo-
retical and the numerical results13 in Sec. IVA. In addition, the
GK-E&B model has been implemented in two specific limits: the local
single flux surface limit with kinetic electrons in Sec. IVB and the
torus geometry (global) with Ejj correction due to the dominant elec-
tron response in the cold electron limit in Sec. IVC. The comprehen-
sive implementation with all kinetic and nonlinear terms is beyond the
scope of this work.

A. Benchmark in uniform plasma

Extending this problem to torus geometry requires under-
standing the shear Kinetic Alfv�en Wave in uniform plasma and
benchmarking our model with the previous study.13 This section
validates the numerical results presented in Ref. 13. We consider a
uniform plasma immersed in a background magnetic field
B ¼ B0ẑ and linearize every field variable to a wave with frequency
x and wave vector k ¼ ðk?; 0; kjjÞ. We neglect the compressional
KAW such that we have Ui ¼ dUi; E ¼ dE ¼ ðdE1; 0; dEjjÞ; B
¼ B0 þ dB; dB ¼ ðdB1; dB2; 0Þ. By neglecting FLR effects, letting
the current be carried by electrons Jjj ’ Jjje, and pressure being
only due to ions, it can be shown that Eqs. (1)–(9) reduce to the
following:

@tdUi;2 ¼ i
qt;i

b
ffiffiffi
s
p me

mi

� 	3=2

kjj dB2; (40)

dE1 ¼ �
1

qt;i

ffiffiffiffiffiffiffiffi
mi

sme

r
dUi;2 1� 3

4
bi

� 	�1
; (41)

dEjj ¼
kjj
k?

dE1 �
1

d2e k?
2
@t Jjj;e; (42)

@t Jjj;e ¼ dEjj þ ikjjhvjj2Fgie;v; (43)

@tdB2 ¼ �i kjj dE1 � k? dEjj
� �

; (44)

where de is the electron skin depth, d2e ¼ bðmi=meÞ=q2
t;i; bi

¼ k2?q2
i =2; s ¼ Te=Ti. Combining Eqs. (40)–(44) leads to the follow-

ing dispersion relation:13

x2

x2
A
¼ 1þ 3

4
bi þ

sbi
1� 2a2e þ ide

; (45)

where xA ¼ jkjjjvA and vA ¼ B0=
ffiffiffiffiffiffiffiffiffiffiffi
4pqm
p

; ae ¼ x=jkjjjvt;e, and

de ¼
ffiffiffi
p
p

aee�a2e . A power series approximation of the plasma disper-
sion function is made here, but we use a more accurate version in the
numerical implementation, found in Ref. 34.

For numerical studies, we use Eqs. (40)–(44) and treat the field
partial derivatives in time using the RK4-order scheme. The velocity
integral hvjj2Fgie;v is treated using either full-f PIF or delta-f PIF. In

full-f, hvjj2Fgie;v ¼ ð1=NmarkÞ
P

p v
2
jj;pe
�ikjjzp . For the delta-f approach,

we first define the perturbed weight w1 ¼ dFg=Fg;0. The normalized
weight equation is _w1 ¼ 2ð1� w1Þvz _vz . Then, the parallel electron
pressure term is calculated with the weight taken into account,
hvjj2Fgie;v ¼ ð1=NmarkÞ

P
p w1v2jj;p expð�ikjjzpÞ.

The full-f code runs without numerical instabilities and converges
properly when the field and particles are semi-decoupled, so the
current calculation does not see information from the particle RK4
substeps, but the particle evolution uses the field in each substep. The
normalized equations of motion for the particles reduce to the
following:

@tz ¼ vjj ; @tvjj ¼ �Ejj: (46)

Using Fourier analysis, @tvjj ¼ �2ReðEjj expðikjjzÞÞ. Periodic
boundary conditions are imposed on z to keep the particles within 1
wavelength. We define f ¼ jkjjjz to normalize the position to the
wavelength. Results in Figs. 1 and 2 are comparable to those in Ref. 13.
Error bars show run-to-run variation due to the particles being ran-
domly loaded along a Maxwellian distribution. Discrepancies with Ref.
13 are attributed to the semi-decoupling of the particles, which is nec-
essary to preserve stability of the RK4 algorithm. Additionally, we
show the performance of the delta-f algorithm at various values of b in

FIG. 1. Dispersion relation from the 1D problems using the full-f PIF solver. s¼ 1,
mi=me ¼ 1836; b ¼ 0:01; kjj=k? ¼ 10; Nparticles ¼ 106; dt ¼ TA=100; tend
¼ 3TA . Each simulation is performed over three Alfv�en periods (TA). The complex
frequency is determined by fitting a decaying sinusoid to dE1; dUi;2, and dB2. The
mean and standard deviation of five trials are shown above.
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Fig. 3. The delta-f simulations are fully coupled, evolving the entire
system on each RK4 substep, and use an initial condition found from
the eigensolution to Eq. (40) using the eigenvalue in Eq. (45). It is only
valid to use Eq. (45) in the delta-f initial condition since it is derived in
a delta-f limit. For parameters shown in Fig. 3, numerical instabilities
are not observed unless b > 0:1, which is sufficient for the studies of
most tokamak plasmas. Numerical instabilities have not been observed
for b ¼ 0:05, which is the largest b case shown in Fig. 3.

B. Local GK-E&B model with kinetic electrons

This section considers a single toroidal shell with major radius R
and minor radius a. The field and the particle equations are solved in
the coordinate system defined in Sec. II B 3. In this simplified model,
all radial coupling is ignored but kept in the derivations for generality.

In the following derivations, the results are shown in normalized
quantities. Starting with Faraday’s law in Eqs. (33) and (34), we substi-
tute in Eqs. (22) and (23) to obtain the following:

@tdBr ¼ �ikjjdEv þ ikvdEjj; (47)

@tdBv ¼ ikjjdEr � i@rdEjj; (48)

where kjj ¼ ðb̂�/̂ n=Rþ b̂�ĥ m=RÞ and kv ¼ ðb̂�/̂ m=r � b̂�ĥ n=RÞ.
For the parallel electric field, the derivation is also straightforward. The
vector calculus in Eq. (4) simplifies to the following:

@2r � k2v
� �

dEjj � ikjj @rdEr þ ikvdEvð Þ ¼
1
d2e
@tdJjj: (49)

The dominant term @t Jjj takes the same form as the uniform
plasma case

@t Jjj ¼ Ejj þ ikjjhv2jjFgie;v: (50)

From Eq. (8), this is simplified by considering 1 species, taking out the
constants from the divergence. r � E? ¼ @rdEr þ ikvdEv, so Ppol is
the following:

Ppol � �
3
8
en0iq

2
ti r̂@rdEr þ v̂ikvdEv�:
�

(51)

Considering Eqs. (25) and (26), using Eq. (51), we get the
following:

Er ¼ CEUv �
3
8
q2
t;j@r @rEr þ ikvdEv½ �; (52)

Ev ¼ �CEUr �
3
8
q2
t;jikv @rEr þ ikvdEv½ �; (53)

where CE ¼ RN=qti

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Timi=ðTemeÞ

p
. From Eq. (24), we neglect all the

nonlinear terms and make use of the fact that the equilibrium mag-
netic field varies much slower than the perturbed variables, the
momentum equation is written as follows:

@t ~Ur ¼ iCukjjdBr þ
3
8
ei
mi

q2
ti@r @rEr þ ikvdEv½ �; (54)

@t ~Uv ¼ iCukjjdBv þ
3
8
ei
mi

q2
tiikv @rEr þ ikvdEv½ �; (55)

where Cu ¼ qti=b
ffiffiffiffiffiffiffiffiffiffiffi
Ti=Te

p
ðme=miÞ3=2 and mi ; ei are the normalized

ion mass and charge. These equations are implemented on a single
flux surface, and the @rfE;B;Ug ¼ 0, @2fE;B;Ug=@r2 ¼ 0 limit is
chosen. In this limit, these equations take the same form as the uni-
form plasma model. Due to this symmetry, it can be shown that the
dispersion relation reduces to Eq. (45). However, the simulation model
is topologically in the torus geometry as shown in Fig. 4 where the par-
ticles and fields are solved in the ðr;/; hÞ coordinates with 2p periodic
boundary condition along / and h.

Our model is tested in various difficult parameter regimes to
demonstrate its capabilities. Figure 5 highlights the differences between

FIG. 2. Phase space diagram showing phase mixing. s¼ 1, mi=me ¼ 1836;
b ¼ 0:01; kjj=k? ¼ 10; Nparticles ¼ 106; dt ¼ 0:01 	 TA; k?qti ¼ 0:3. The snap-
shot is performed at t ¼ 15 	 xA with initial condition dEjj ¼ 0:12.

FIG. 3. Performance of the code for uniform plasma across multiple values of b
using the delta-f scheme. s¼ 1, mi=me ¼ 1836; kjj=k? ¼ 10; Nparticles ¼
106; dt ¼ 0:01 	 TA; k?qti ¼ 0:1. The left plot is frequency, and the right plot is
damping rate. Maximum bmax ¼ 0:05 for stability. The mean and standard devia-
tion of five trials are shown above.
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the full-f PIF and delta-f PIF schemes. Full-f PIF produces more
run-to-run variation, whereas the delta-f approach has much less vari-
ability. However, both results are within error bars of each other. In
simulations with higher values of b=ðme=miÞ and k?qti, it is favorable
to use the delta-f PIF scheme due to the full-f producing inconsistent
results or needing orders of magnitude more particles. These results
show reasonable agreement between each other and with the theoreti-
cal predictions, especially for small values of k?qti. For high k?qti, the
small k?qti approximation is less applicable and more rigorous
treatment of the Bessel function is needed.

Figure 6 showcases the numerically converged and the most diffi-
cult parameter regime the delta-f PIF scheme can solve. It uses the iden-
tical conditions as shown in Fig. 1. In comparison, the local version has
much more variability than the uniform plasma model. The additional
variability is attributed to increasing the dimensionality to two, which
reduces the particle density. Thus, the code would need more particles
to achieve the same accuracy of results. A stable simulation in this
parameter regime is a major accomplishment. Figure 7 shows that the
model is correctly implemented for various safety factors q. In a broader

range of q values, the GK-E&B model works well, indicating its promis-
ing performance in the kinetic modeling of plasma activities in tokamak
geometry or reversed-field pinch configuration.35

In order to evaluate the performance of the GK-E&B scheme in
more realistic tokamak plasmas, another simulation is performed with
parameters matched to the International Tokamak Physics Activity-
Toroidicity-induced Alfv�en Eigenmodes (ITPA-TAE) case. The ITPA
case is defined by the parameters R¼ 10, a¼ 1, q¼ 1.75, me=mi ¼
1=1836; b ¼ 9� 10�4, s¼ 1, qti ¼ 0:001 520 5, m¼ 10, and n¼ 6.
The quantity bmi=ðmek2?q2

tiÞ � 1788 with k? � 20, which is usually
challenging for tradition pk scheme. We use 106 particles and the
delta-f PIF solver. Results give a frequency x=xA

¼ 1:000 060 636 5:69� 10�7 and c=xA ¼ �7:3037� 10�563:333
�10�7, where the error is the standard deviation over 10 trials

FIG. 4. Particles are confined to a single flux surface and are coupled to the field.

FIG. 5. Comparison of the local simulation dispersion relation between full-f and delta-f. R¼ 1, a¼ 0.1, b ¼ 0:001; mi=me ¼ 1836; q ¼ 1; m; n ¼ 1, s¼ 1,
Nparticles ¼ 106; dt ¼ TA=100; tend ¼ 3TA. (a) full-f and (b) delta-f. Error bars represent the standard deviation over 10 trials, excluding statistical outliers. Each trial differs
due to random determination of the initial marker positions and velocities the beginning of each run.

FIG. 6. The dispersion relation using the delta-f PIF solver in local screw pinch
geometry. R¼ 1, a¼ 0.1, q ¼ 1; b ¼ 0:01, s¼ 1, mi=me ¼ 1836; b ¼ 0:01;
m; n ¼ 1; Nparticles ¼ 106; dt ¼ TA=100; tend ¼ 3TA.
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excluding statistical outliers, compared to the theory x=xA

¼ 1:000 060 72 and c=xA ¼ �7:2976 �10�5. The computed fre-
quency agrees with the analytical result, only differing by 0.169 stan-
dard deviations. The damping rate also agrees, with the theory
differing by our computation by 0.183 standard deviations. Moreover,
Fig. 8 shows the capabilities of the GK-E&B model at higher values of
b, reaching b ¼ 0:05 while maintaining numerical stability. For this
local simulation, bmi=ðmek2?q2

s Þ � 2 �105, where qs ¼
ffiffiffiffiffiffiffiffiffi
miTi
p

=ðeBÞ
being consistent with GYGLES,10 which is higher than that reached

using traditional schemes (
1:5� 105) in the global torus geometry
in the previous work.10,40 These results in the local limit demonstrate
the capability of the GK-E&B in simulating electromagnetic shear
Alfv�en waves in high values of bmi=ðmek2?q2

tiÞ.

C. Global GK-E&B fluid model with Ejj in
tokamak geometry

The global GK-E&B fluid model is listed in the following, as an
specific application of the original general formulas.13 Even in the
most simplified form without the comprehensive kinetic part, the GK-
E&B model still takes into account important kinetic corrections,
namely, the finite electron mass effect and the finite dEjj, compared
with the full MHD model. In addition, since numerous MHD or
hybrid codes take the scalar/vector potential or vorticity, etc., as the
variables instead of the E&B field,26,32 it is crucial to demonstrate that
in the fluid limit, the E&B model can be implemented using specific
numerical schemes, for example, the implicit scheme in this work. In
the cold plasma limit, without considering the finite Larmor radius
effects, the momentum equations Eq. (1) and Faraday’s law Eq. (5),
with Eqs. (2) and (3) substituted, can be written as

@t qmUi?ð Þ ¼
1
4p
ðr � BÞ � B; (56)

@tB ¼ r� ðUi? � B� cEkÞ: (57)

Equation (4) for Ejj can be simplified as

r2
? �

1
d2e

� 	
Ek � b � rðr � E?Þ ¼ 0; (58)

where the cold electron limit jvTekk=xj � 1 is adopted to eliminate
the contribution from the electron pressure in obtaining the identity.

FIG. 7. The real frequency and damping rate for different values of safety factor q
using the delta-f scheme. T¼ 1, a¼ 0.1, b ¼ 0:001, s¼ 1, mi=me ¼ 1836; b
¼ 0:01; k?qti ¼ 0:2 m; n ¼ 1; Nparticles ¼ 105; dt ¼ TA=100; tend ¼ 3TA.

FIG. 8. Scanning beta using ITPA param-
eters and the delta-f scheme. Stability is
maintained for b ¼ 0:05, and the theory
is within error bars of the computational
result.
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The linearized form of Eqs. (56) and (57) is solved numerically,
using the cubic B-spline finite element method in the poloidal cross
section but using the Fourier expansion in the toroidal direction. The
formulas are derived with the same procedure as discussed in Sec. II
except that the R;/;Z coordinate are adopted, and that the equations
are adapted to an implementation friendly form, for the sake of sim-
plicity and the convenience to treat the magnetic axis. The eigenvalues
and eigenvectors are calculated in R;/;Z coordinates. The perpendic-
ular field and fluid perturbation dU and dB are as shown in Fig. 9. For
this ITPA-TAE case, in the previous benchmark work,36 the scalar
potential d/ has been compared among various codes, demonstrating
the ballooning structure of the 2D mode structures in r; h plane,
namely, d/m¼10;11ðrÞ 
 exp f�ðr � rmÞ2=W2

mg, whereWm indicates
the width in the radial direction. The corresponding dUr and dUv are
also expected to be ballooned at the low field side, with the radial node
number being 0 and 1, respectively, since dU ¼ B0 � dE. The 2D
structure of dUr and dUv shows this feature and is consistent with the
one obtained in other codes.36 The perturbed magnetic field shows

anti-ballooning structures, which is consistent with that of dAk in
gyrokinetic simulations.37 Since most codes have not taken E and B as
variables, a closer benchmark will require more dedicated efforts and
more quantitative comparison will be addressed in the future.

An important feature of the GK-E&B model is treating the finite
electron mass effect in the Ek equation. In the cold plasma limit, the
@t Je;k term is substituted with the dominant contribution Ejj=d2e in
Eq. (58). The eigen solution of E is shown in the left and middle
frames of Fig. 10, where the ballooning structures of dEr and dEv are
consistent with those from other code.36 In addition, dEjj is also pro-
duced although its magnitude is 10�6 of dEr;v, as shown in the right
frame of Fig. 10. In the zero electron mass limit, dEjj is zero. As finite
electron mass is taken into account, finite dEjj is generated. As shown
in Fig. 11, as the electron mass increases, the ratio between dEjj and
dE? increases, where the average magnitude of dEjj;? is estimated
using the root mean square of the field variable in the whole volume.
The red dashed line is the result using the uniform model in the cold
plasma limit, with a factor 2.5 multiplied, to match the torus geometry

FIG. 9. The 2D mode structures of the perpendicular component of perturbed dÛ and dB. Top left/right: the radial v component of the velocity perturbation; bottom left/right:
the radial/v̂ component of the magnetic perturbation, where v̂ ¼r̂�b̂. Parameters are R0 ¼ 10, a¼ 1, qðrÞ ¼ 1:71þ 0:16r2 n¼ 6, qti ¼ 0:001 52; mi=me ¼ 3672. All
poloidal harmonics are included since no poloidal filter has been applied.
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results. The parameters for the uniform model are k? � m=0:5 ¼ 21;
kk ¼ 1=ð2qcR0Þ; qc ¼ 1:75; R0 ¼ 10; qi ¼ 0:00152; b¼ 9� 10�4. The
torus model and the uniform model are different, such as the balloon-
ing/anti-ballooning structures of the 2D model structure and varying
effective radial wave vector kr at each location and the varying radial
amplitude of the mode structure, which can lead to the difference

between
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐ
dSdE2

jj

q
=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiÐ
dSdE2

?
p

in the torus and dEjj=dE? in the uni-

form plasmas. Nevertheless, the key physics ingredient of the finite
mass effect is included in both cases, and the uniform model provides
a good estimate. Indeed, the one-dimensional reduced model provides
the insight of the transport features of energetic particles in tokamak
plasmas, with delicate mapping procedures.38 For realistic electron
mass, jdEjjj is very small (jdEjjj=jdE?j 
 10�6) but is the key ingredi-
ent for simulating the electron Landau damping, as is analyzed in uni-
form plasma numerically and theoretically.13

An implicit initial value solver has been implemented in addition
to the eigenvalue solver. As shown in the left frame of Fig. 12, the evo-
lution of dEjj can be simulated without crash even though only five
steps per wave period are taken. The frequency and the imaginary part
of the mode is fitted and compared to the eigenvalue solution
x=xTAE ¼ 0:974 242 461 257 867� 1:329 232 1� 10�8i, where xTAE

¼ 0:5=ðqcR0Þ; qc ¼ 1:75, as shown in the right frame of Fig. 12. The
imaginary part of x is from numerical error and is much smaller than
any physics damping mechanism of interest. The implicit initial value
solver gives converged results in terms of real frequency as
TTAE=Dt � 40. dEjj evolves properly in the initial value solver even its
magnitude is much smaller than dE?. While in this work, we focus on
the studies of the basic features of the GK-E&B scheme, the coupling
to the kinetic particles relies on specific numerical techniques such as
parallelization and advanced field solvers and will be implemented in
the future for more comprehensive studies of tokamak plasmas.

V. CONCLUSION AND OUTLOOK

In this work, the E and B gyrokinetic equations are applied to
tokamak geometry and in screw pinch configuration. Local orthogonal
coordinates are adopted for representing the field variables, while
tokamak flux coordinates are adopted for expressing the operators.
The reduction of the general equations in the screw pinch and large
aspect ratio tokamak geometry with concentric circular magnetic flux
surfaces are demonstrated. Numerical benchmarks in a uniform
plasma show good agreement with previous work.13 The model is
then implemented in the screw pinch configuration and tokamak
geometry. Numerical results of the frequency and the damping rate of
the kinetic Alfv�en wave agree with the theoretical results of the disper-
sion relation derived in screw pinch configuration. With this model
implemented in tokamak geometry for concentric circular geometry,
the TAE is simulated with GK-E&B pure fluid model, with the finite
parallel electric field simulated in the cold electron limit. The simula-
tion results using the ITPA-TAE parameters show reasonable agree-
ment with the previous work regarding mode structures and
eigenvalue w/o energetic particles. With the capability of treating the
electromagnetic effect and the parallel dynamics of electrons, the E
and B gyrokinetic model provides a good choice for simulating

FIG. 10. The 2D mode structures of perturbed E. The component in the radial (left), along v̂ ¼r̂�b̂ (middle), and parallel (right) direction. The parameters are the same as
Fig. 9.

FIG. 11. The root mean square (RMS) of the parallel electric field divided by the
RMS of the perpendicular electric field vs the ion-electron mass ratio. The parame-
ters are the same as Fig. 9 except mi=me, which is the scan parameter.
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burning plasmas featuring high values of bmi=ðmek2?q2
tiÞ. Moreover,

the GK-E&B model can be implemented for even higher frequency
x� Xe (electron cyclotron frequency) in tokamak geometry follow-
ing the original theoretical framework14 and the treatment in this
work, which enables the studies in a much broader frequency regime
(such as lower hybrid frequency 
GHz) that cannot be handled by
most of the existing gyrokinetic codes except few exceptions.14,39

While in this work, we are focusing on the representation of the
GK-E&B model in tokamak geometry and the numerical analyses of
its basic properties, more comprehensive studies are needed by more
dedicated development of the GK-E&B code, with more ingredients
such as the realistic geometry, magnetic equilibrium, and experimental
profiles. The coupling between the fluid part and the kinetic part is
also needed in the global torus version, to take into account the kinetic
closure in the fluid equations. The combination of the GK-E&B with
the unstructured meshes and finite element method30,33 can enable the
studies including magnetic axis and open field line regime and can
provide powerful tools for studies of edge physics, energetic particle
physics, and burning plasma dynamics, which merits more efforts in
the future.
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