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Application of a magnetic field to an indirect drive Inertial Confinement Fusion (ICF) target requires
diffusion of the field through the high-Z and electrically conducting hohlraum. The onset of the
external field generates eddy currents in the hohlraum wall that result in a reduction of the peak
field at the capsule, heating of the hohlraum wall through Ohmic dissipation and wall movement
due to the inward force from the eddy current interacting with the field. Heating of the wall
causes an increase in blackbody radiation which can preheat the capsule and frozen deuterium-
tritium fuel, while wall motion leads to potential misalignment of the lasers at the hohlraum wall.
Limiting these detrimental effects sets requirements on the tolerable magnitude of each effect. We
present a nonlinear model for B-field diffusion through an infinitely long thin-walled cylinder with
a temperature dependent resistivity, to show that a 15 µm thick wall of pure gold fails to meet
these requirements. A new hohlraum material made from an alloy of Au and Ta has a measured
resistivity of ≥ 60 times that of Au and is shown with the nonlinear model to meet the requirements
for magnetization. We compare the nonlinear model to simulations of the actual hohlraum target
using a finite element code which includes temperature-dependent hohlraum resistivity.

PACS numbers: 32.30.Rj, 52.25.-b, 52.25.Fi, 52.50.Jm, 52.57.-z

I. INTRODUCTION

Magnetized target fusion[1] is an active area of research
which includes efforts at US National Laboratories, lab-
oratories in Japan and China and international universi-
ties. The advantages of applying a seed magnetic field to
implosions of DT fuel with laser, x-ray or current drive
include predicted improvements from magnetic thermal
insulation[2] and alpha particle trapping. Suppression of
Rayleigh-Taylor instabilities causing mix at the ablator-
DT fuel interface may be another advantage[3]. Magnetic
fields can also provide important advantages for fast ig-
nition where the field is used to guide charged particle
beams[4, 5] used to create the rapidly heated “spark”
to trigger ignition. Application of external B-fields in a
direct drive laser implosion[6, 7] have shown increased
hot spot temperature and yield that roughly agree with
expectations given the modest seed field amplitude.

The challenges of magnetizing an indirect drive im-
plosion are significant. This is due in part because the
capsule is contained within a typically high-Z hohlraum
cavity with high electrical conductivity. Figure 1 shows a
drawing of a magnetized indirect drive target planned for
experiments on the National Ignition Facility (NIF)[8].
Visible in the figure is the coil of wire which generates
the external magnetic field when a pulsed-power system
introduces current through the coil. The coil is wrapped
around the outside of the hohlraum which surrounds a
fuel capsule held by thin tents mounted at the hohlraum
equator. Ninety-six laser beams enter through the laser
entrance holes (LEH) in two cones (inner and outer) on
the top and bottom of the hohlraum and are directed to
the hohlraum wall where they generate x-rays which im-
plode the capsule and subsequently heat and compress

LEH

Fuel 
capsule

LEH

Pulsed-
power coil

Hohlraum

FIG. 1. Diagram shows a sketch of the room temperature
NIF indirect-drive hohlraum with a pulsed-power wire coil for
application of the magnetic field. The Laser Entrance Holes
(LEH) on the top and bottom are where the NIF lasers enter
the target. The dotted rectangle is referred to in Fig. 7.

the deuterium-tritium fuel.

Application of a seed field external to the hohlraum
induces eddy currents in the electrically-conducting
hohlraum material that cause three effects. First, the ex-
ternal B-field must diffuse through the conducting wall in
order to fill the inside of the hohlraum and fuel capsule.
This diffusion takes time and leads to a reduction of the
field at the capsule. Second, the eddy currents interact
with the B-field to create J×B inward radial forces on the
hohlraum wall causing the hohlraum to distort inward.
This can lead to an effective error in laser pointing if the
wall translation is significant. Third, Ohmic dissipation
of the eddy currents heat the wall leading to heat con-
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duction and blackbody thermal radiation which heats the
capsule and the deuterium-tritium ice layer potentially
melting some portion of it during the current rise time
if the wall gets hot enough. Placing the conducting coil
on the inside of the hohlraum does not solve any of these
problems because eddy currents in the hohlraum wall are
still generated in this configuration and still cause the
same three effects.

Simulations of indirect drive implosions[3] show that
having the capability to achieve seed B-fields on the cap-
sule of up to 50 T is needed to obtain the greatest advan-
tages from the B-field. Superconducting magnetic tech-
nology continues to show significant advances[9] and is
attractive from the point of view that it can provide
a nearly DC B-field on the hohlraum. This would al-
low the eddy currents arising during application of the
field plenty of time to dissipate and the heated hohlraum
walls to re-establish temperature equilibrium. However,
achieving DC fields above 30 T rules out most supercon-
ducting magnet options except a few hybrid options and
these require cooling the material to cryogenic tempera-
tures and providing laser beam access which pose signif-
icant implementation challenges for a NIF experiment.
Laser-generated magnetic fields[4, 10, 12–14] provide an-
other method for magnetizing the hohlraum. However,
the rise time for magnetic fields generated this way is
∼ 1 ns and could be useful if the magnetic field coil were
designed to be integral to the hohlraum. Based on the op-
tions immediately available for implementation we only
consider applying the seed B-field using a pulsed-power
system consisting of a C = 4µF capacitor (3.2 kJ stored
energy), a spark gap for triggering the pulse and a con-
nection system which carries current to the hohlraum
coil. The rise time of the coil current (and B-field ex-
ternal to the hohlraum) is determined by the electrical
characteristics (capacitance, C, inductance , L, and re-
sistance, R) of the entire pulsed-power system and the
charge storage on the capacitor power source.

The working requirements on the effects of hohlraum
magnetization, are given in Table 1 and are based on
best estimates; these have not been verified experimen-
tally. The magnetic field at capsule center should be able
to achieve up to about 50 T to investigate the B-field de-
pendence of target performance. The wall movement is
limited to ∆r ≤ 50µm. This is set to be comparable to
expected errors in individual laser beam pointing on NIF.
The wall heating is limited to ∆T ≤ 700 K for a DT ice
layered target and ∆T ≤ 2000 K for a non-ice layered
target. This limit is estimated from thermal simulations
which show that an instant wall temperature increase of
≤ 700 K will not cause any of the DT ice layer to melt
from radiation and conduction in the several microsec-
onds of magnetization. The limit of 2000 K for a non ice
layer is set to limit the effect on initiating capsule abla-
tion from wall heating. The last requirement will not be
covered in this paper but sets a minimum limit on the
laser to x-ray conversion efficiency relative to pure Au.
Clearly, the benefits of the B-field should not be miti-

gated by a lower conversion efficiency so this is set to at
least 95%.

TABLE I. Table summarizing the requirements on hohlraum
magnetization.

Requirement Value
Central B up to ∼ 50 T
‖∆r‖ ≤ 50µm
∆T ≤ 700 K (layered)

≤ 2000 K (non-layered)
X-ray conversion ≥ 95% of Au

This paper presents calculations and modeling showing
that a pure Au hohlraum fails to meet the requirements
for hohlraum magnetization, primarily due to excessive
wall heating and wall motion. A new hohlraum mate-
rial made from an alloy of Au and Ta has been devel-
oped which has a measured resistivity that is significantly
higher than Au and meets requirements for hohlraum
magnetization. The calculations summarize the depen-
dence of B-field soak-in, wall motion and wall heating on
hohlraum material, geometry and pulser rise time. We
derive simple formulas for these effects using analytical
calculations in Section II. In Section III we develop a
modified description of the field soak-in which includes
nonlinear effects due to the wall resistivity changing as
the temperature increases. We compare the results of this
nonlinear model with finite element code (ALE3D)[15]
simulations of the actual NIF hohlraum target we plan
to use. Section IV summarizes the results and presents
conclusions.

II. ANALYTICAL SOLUTION

A. Laplace Transform method

FIG. 2. Diagram shows the cylindrical geometry used for the
analytical soak-in calculation.
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We start our problem by considering B-field diffusion
through an infinitely long and thin-walled cylinder of ma-
terial with conductivity σ. A constant B-field is applied
instantly on the outside of the cylinder at t = 0. Figure 2
shows a diagram of the cylinder which has inner radius R
and outer radius R + δ such that δ/R� 1. The general
problem of magnetic field diffusion through conductors
has been discussed by a number of authors[16]; we in-
clude a brief discussion of the solution process here for
context and to better explain the motivation for some of
the approximations that we will use. Combining Fara-
day’s law, ∇ × E = −∂B/∂t with Ampere’s law with-
out displacement current, ∇×B = µ0J and Ohm’s law,
J = σE gives the diffusion equation for the magnetic
field

∇2B = µ0σ
∂B

∂t
. (1)

Ignoring the displacement current means that the result-
ing equation excludes electromagnetic wave propagation
which is appropriate for the slower diffusive time scales
we are considering. The vacuum region inside the cylin-
der has σ = 0 and so the right side of Eq. (1) is zero in
this region. Symmetry in rotation and translation rela-
tive to the cylinder axis means the solution only depends
on r and t and Eq. (1) can be written as

1

r

∂

∂r
r
∂

∂r
B = µ0σ

∂B

∂t
. (2)

B. Solution using the Laplace transform

We solve the B-field diffusion equation for our prob-
lem using Laplace transforms. The Laplace transform of
B(r, t) is

B(r, s) = B̃ =

∫ ∞
0

dtB(r, t)e−st. (3)

Substituting this in Eq. (2) gives

1

r

d

dr
r
d

dr
B̃ = µ0σ

[
sB̃ −B(t = 0)

]
. (4)

The initial condition for B in the region (r ≤ R + δ)
is B(t = 0) = 0. This gives the solution for B in the
conductor as

B̃ = aI0(kr) + bK0(kr),

k2 = µ0σs
(5)

where a and b are functions of s and I0 and K0 are mod-
ified Bessel functions of the second kind. The solution
for B in the vacuum region inside the cylinder can only
be a constant in space and is given by the value of B at

r = R. The boundary condition at r = R+ δ is B̃ =
B0

s
which is the Laplace transform of the external field which
instantly turns on at t = 0. The boundary condition at

r = R is obtained by integrating Faraday’s law over the
cross-sectional area of the cylinder. The internal B-field
is directed normal to this area so performing the integral
we find

2πRE = −πR2 ∂B

∂t
(6)

where all quantities are evaluated at r = R. This bound-
ary condition contains both E and B. We can use Ohm’s
law (J = σE) to write Ampere’s law as −∂B/∂r = µ0σE
and use this to eliminate E in Eq. (6) giving the bound-
ary condition for B at r = R as

2

R

∂B

∂r
= µ0σ

∂B

∂t
. (7)

Laplace transforming Eq. (7) gives
2

R

dB̃

dr
= k2B̃. Apply-

ing the boundary conditions for B at r = R and r = R+δ
to Eq. (5) gives the following expressions for a and b

a =
B0

s

f

gK0(kR+) + fI0(kR+)
(8)

b =
B0

s

g

gK0(kR+) + fI0(kR+)
(9)

where

f = K1(kR) +
kR

2
K0(kR) (10)

g = I1(kR)− kR

2
I0(kR) (11)

and R+ = R+δ. Combining all these terms we can write

the solution to B̃(r, s) as

B̃(r, s) = B0
P (s)

Q(s)
(12)

where

P (s) = fI0(kr) + gK0(kr) (13)

Q(s) = s[fI0(kR+) + gK0(kR+)] (14)

It is advantageous to write the solution in the form of
Eq. (12) because it is helpful for the Laplace inversion

to identify the poles of the expression for B̃(r, s). The
solution for B(r, t) is obtained by inverse transforming
Eq. (12) using the definition:

B(r, t) =
1

2πi

∫ γ+i∞

γ−i∞
ds estB̃(r, s) (15)

where γ is chosen so all the poles of B̃(r, s) are located
to the left of the integration contour.

Since k =
√
µ0σs we must introduce a branch cut to

the left of the inversion contour. We choose this branch
cut to extend from s = 0 to s = −∞ so that B̃ is analytic
in the complex s plane where s is defined by s = reiθ

and −π < θ ≤ π. The poles of B̃(r, s) are located at
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the zeros of Q(s) since P (s) has no poles. Investigating
the behavior of Q(s) we find that there is a simple pole
at s = 0 and multiple simple poles along the negative
real s axis. The poles for s < 0 can be found using
the asymptotic expression (kR � 1) for the modified
Bessel functions. The poles are given by the values of
k =
√
sµ0σ which satisfy

Q ' sekδ
(

1 +
kr

2

)
+ se−kδ

(
1− kr

2

)
= 0. (16)

This can be simplified to the equation

tanh kδ = − 2

kR
. (17)

All solutions to Eq. (17) for s < 0 are given as

s0 = − 2

µ0σδR
k0 = ±i

√
2

δR
(18)

sn = − n2π2

µ0σδ2
kn = ±inπ

δ
. (19)

Having determined where the poles are we now need to
calculate the residues to obtain the solution for B(r, t).
A value of γ > 0 ensures that the Laplace inversion con-
tour extending from γ − i∞ < s < γ + i∞ stays to the
right of all poles and does not pass over the branch cut.
We deform the contour by pushing it toward s = −∞.
However, the contour must remain in a region where B̃
is analytic so the contour cannot jump over any poles or
cross the branch cut. We end up with a contour that
extends from s = −∞ − i∞ to s = −∞ − iε (ε is a
vanishingly small positive value), then extends along the
negative real s axis toward the origin and just below the
branch cut where Im(s) = −iε. The contour traces out
half-circles around each pole, fully encircles the pole at
s = 0 and then extends back toward s = −∞ just above
the branch cut tracing half-circles around each pole. Fi-
nally, once the contour reaches s = −∞ it extends up-
ward to s = −∞ + i∞. Figure 3 shows the initial and
final contour. Calculation shows that all sections of the
contour except for the half-circles around the poles inte-
grate to zero.

The part of the contour shown in Fig. 3 (b) that lies
in the Im(s) < 0 region uses the negative value for
the square root in Eqs. (18) and (19) when evaluating
the residue. Likewise, the part of the contour in the
Im(s) > 0 region uses the positive value for the square
root in Eqs. (18) and (19) when evaluating the residue.
The combination of these two half-circles is equal to eval-
uating the full residue at the positive value for the square
root.

Since all the poles are simple the residue is given by
P

∂Q/∂s
evaluated at the pole. We write the expression

for P (s) in the limit of kR� 1 as

P = B0

[
ek(r−R)

(
1 +

kR

2

)
+ e−k(r−R)

(
1− kR

2

)]
.

(20)

FIG. 3. (a) shows the starting location of the Laplace in-
version contour with the branch cut and poles particular to
the Laplace transform of the solution for B. (b) shows the
deformed Laplace inversion contour which wraps around the
branch cut and the poles and is used to obtain the analytical
expression for B(r, t).

The residue at s = 0 is B0. Computing all the residues
and summing gives the final solution as

B = B0

(
1− x

δ
exp

[
− 2t

µ0σRδ

]

− 2

π

∞∑
j=1

1

j
sin

[
jπx

δ

]
exp

[
− j

2π2t

δ2µ0σ

] (21)

where x = R+ δ− r. Figure 4 shows a plot of the B-field
evaluated from this expression for a sequence of times.
The figure shows the B-field in the conductor starting
from the outer edge and soaking in until the entire con-
ductor reaches B = B0.

FIG. 4. Diagram shows the radial dependence of the B-field
as it diffuses through the conductor for a series of times.

We note that the B-field evaluated on the inside of the
cylinder where r ≤ R is given by

Bin = B0

(
1− e−t/τ0

)
(22)

where τ0 = µ0σRδ/2 and the expression is independent
of the sum term. The sum term is only important for
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describing the spatial distribution of the current den-
sity over very short times where t < µ0σδ

2/(j2π2) =
τ0(2δ/R)/(j2π2) (and j > 1) which is a small fraction of
τ0. The current density quickly becomes constant in the
conductor. As a result, the B-field inside the conductor
quickly becomes a linear function of radius connecting
the external field of B0 with the internal field given by
Eq. (22).

Appendix A shows the solution to Eq. (2) using sep-
aration of variables. The final solution is identical to
the Laplace transform method but we include it in case
some readers are interested in how to cary out this type
of solution. Appendix B solves Eq. (2) for an instantly
applied azimuthally directed electric field boundary con-
dition on the cylinder. This problem is important for
laser-generated magnetic fields where two plates apply a
voltage across a partial cylinder[4, 10, 12–14].

C. Slowly increasing external B-field

In practice, the externally applied magnetic field does
not appear instantly on the outside of the thin-walled
shell but is generated by a pulsed-power system usually
consisting of a charged capacitor bank that discharges
into an electrical system (including the coil). This sys-
tem generates a magnetic field that ramps up typically
with time-dependence that is well approximated by a sine
function. One can use the Laplace transform method
we just presented in the previous section to solve for
the internal B-field given that the external B-field is
B = B0 sin(ωt). The only change to the boundary con-
dition for the external B-field is

B̃(R+ δ) = B0
ω

s2 + ω2
(23)

which is the Laplace transform of a sine function. The
solution for B̃ is now given by

B̃ = B0
ω

s2 + ω2

fI0(kr) + gK0(kr)

fI1(kR+) + gK1(kR+)
(24)

where f and g were defined previously in Eqs. (10) and
(11). The poles of Eq. (24) are the same as Eqs. (5)
to (11) except that the pole at s = 0 has become two
new poles at s = ±iω. We consider the solution in the
regime where the poles given by sn in Eq. (19) satisfy
ω/‖sn‖ � 1 which means the current density in the con-
ductor is approximately uniform and we don’t include
the very short timescale diffusion of the current from
the outer edge of the cylinder to a uniform current den-
sity. This means that we keep only the poles at s = ±iω
and s0. Calculating the residues as before we have the
approximate solution for B at the inner surface of the
cylinder where r = R given by

B = B0

[
sin(ωt)− ωτ0 cos(ωt) + ωτ0e

−t/τ0

1 + ω2τ20

]
. (25)

Equation (25) can be derived separately by consider-
ing the cylinder as a lumped-element series circuit with
inductance (L) and resistance (Z) for a fixed length of
the cylinder, l. Calculating these we find the resistance is
Z = 2πR/(σδl) and inductance L = µ0πR

2/l. The char-
acteristic L/Z time-scale is τ = µ0σδR/2 which matches
τ0. This observation suggests a simplified differential
equation for the internal field in terms of the external
field given as

τ0
dBin
dt

+Bin = Bout. (26)

Solving this equation for Bin with Bout = B0 sin(ωt)
gives the same solution as Eq. (25). If we use geomet-
ric parameters corresponding to a typical NIF sub-scale
hohlraum with radius of 2.72 mm this gives an induc-
tance of 29.2 pH/m. The resistance depends on the ma-
terial and the geometry; for 30 microns of pure Au with
σ = 4.5×107/(Ω−m) the resistance is 12.66 µΩ-m. This
gives τ0 = 2.3µs.

D. Multiple concentric thin-walled cylinders

Equation (26) can be generalized to the case of N con-
centric thin cylinders of different materials and thick-
nesses characterized by a soak-in time of τj . We can
express the coupled first order differential equations in
matrix form as

dB
dt

= −M · B + B0 (27)

where B is a column vector with entries Bj representing
the magnetic field in shell j. B0 is the boundary condition
B-field column vector with only the first term nonzero
and given by B0 sin (ωt) for the sinusoidal field case. The
matrix M is given as

M =


−1/τ1 0 0 0 · · · 0
1/τ2 −1/τ2 0 0 · · · 0

0 1/τ3 −1/τ3 0 · · · 0
0 0 1/τ4 −1/τ4 · · · 0
...

...
...

...
...

...

 (28)

where τj is the field soak-in time-constant for shell j. It
is straightforward to solve Eq. (27) using Laplace trans-
forms. Using the initial condition that B(t = 0) = 0 the
solution is

B = (M+ sI)−1 • B0 (29)

where I is the identity matrix and the exponent of −1
represents the matrix inverse. Since M is a lower di-
agonal matrix so is M + sI and so is its inverse. This
means that since only the first element in B0 is non-zero
then Bj is only dependent on the field in the cylinders at
larger radii and independent of the field in the cylinders
at smaller radii. It is useful to give the solution for two
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concentric cylinders since this corresponds to a common
case where the main thin-walled cylinder has a coating
of a different material. We assume the external field is
B0 sin (wt) and the two cylinders have soak-in times τ1
and τ2. The field on the inside of the inner cylinder is
given by:

B(t) = B0

(
sinωt(1 + ω2τ1τ2)− ω(τ1 + τ2) cosωt

(1 + ω2τ21 )(1 + ω2τ22 )

+
ωτ21 e

−t/τ1

(τ1 − τ2)(1 + ω2τ21 )
+

ωτ22 e
−t/τ2

(τ2 − τ1)(1 + ω2τ22 )

)
. (30)

E. Central B, wall temperature and wall motion
formulas

Let’s now estimate the soaked-in B-field, wall tempera-
ture increase and inward wall motion at the time the sine
wave external field reaches its peak value as these pa-
rameters are important for experimental consideration.
Using the time for peak external B at t = π/(2ω) in
Eq. (25) we obtain the internal field of

Bpeak = B0
1 + ωτ0e

−π/(2ωτ0)

1 + (ωτ0)2
. (31)

This expression shows that when the external B-field
reaches its peak value the internal B-field is less by a fac-
tor that depends on the soak-in time and the rise-time of
the external B. As an example, for an external field rise
time of 2 µs and a 30 µm thick Au wall (soak-in time of
∼ 2.3µs) the scale factor is 0.41 so that the internal field
reaches only about 40% of the peak external field.

The cylinder wall temperature increases due to resis-
tive damping of the eddy currents. The energy density
generated through Ohmic heating is given by J •E; using
Ohm’s law, E = J/σ, this becomes J2/σ. Faraday’s law
allows us to write this as J ∼ −(Bout − Bin)/(µ0δ) and
defining U as the cylinder wall internal energy density we
can write

dU
dt

=
1

τ0

R

δ

(Bout −Bin)2

2µ0
. (32)

It is instructive to solve for U in the case of a sudden
application of an external field, B0. This gives U(t) =

U0 +
R

2δ

B2
0

2µ0
(1 − e−2t/τ0) where U0 is the initial wall in-

ternal energy. The magnetic field energy per unit length

in the empty region inside the cylinder is πR2 B
2
0

2µ0
for a

field of B0. Adding this energy to the wall gives an in-

crease in the wall energy density of
πR2

2πRδ

B2
0

2µ0
=
R

2δ

B2
0

2µ0
.

Thus, we see that the energy increase in the wall is equal
to the energy stored in the magnetic field that soaks into
the inner region of the cylinder.

The energy increase of U − U0 = ∆U leads to a tem-

perature increase of ∆T =
∆U
ρmCp

where ρm and Cp are

the material mass density and specific heat. This tem-
perature increase generally leads to a change in the ma-
terial resistance and introduces a nonlinear dependence
to Eq. (26) where τ0 depends on the amplitude of Bin
and Bout. We will discuss how to solve for Bin in this
nonlinear case in the next section.

If the external B-field has the time dependence of
sin (ωt) then the wall temperature increase at peak ex-
ternal B-field is

∆T =
B2

0

2µ0

Rωτ0
δρmCp

π

4
(33)

where the formula is given in the limit of ωτ0 � 1.
This expression scales as τ0/δ which is independent of
the cylinder wall thickness. If ωτ0 is not small one must
use the expression for B in Eq. (25) and use it to solve
for U in Eq. (32) to obtain a more accurate expression
for Eq. (33). The temperature increase produced by a
sinusoidal external field is always less than that from an
instantly applied external B.

Finally, the soak-in of the field applies a force to the
wall causing it to accelerate inward. The force density
inside the wall is given by J×B = (∇×B)×B/µ0. This
can be simplified (for a thin wall) as −r̂(Bout − Bin) ×
(Bout + Bin)/(2µ0δ) = −r̂(B2

out − B2
in)/(2µ0δ). In the

case of a sinusoid external field the force per unit area of
the wall is

F = −r̂ B
2
0

2µ0
ωτ0

[
sin(2ωt)− 2e−t/τ0 sinωt

]
(34)

where, for simplicity, we have made the approximation
ωτ0 � 1. If the force density on the cylinder exceeds the
buckling critical pressure then each part of the cylinder
wall behaves independently of the surrounding wall. In
this case the wall translation is given as

∆r = −r̂ B
2
0

2µ0

τ0
ρmδ

π

4ω
. (35)

Note that this movement is linear in the time to reach
the peak external B-field (t =

π

2ω
) and is independent of

the thickness of the cylinder.
At low magnetic fields the force on the wall is small

enough so that the wall mechanical strength is suffi-
cient to resist the force and not move. The Southwell
equation[17] can be used to determine when hoop stress
in the cylinder is able to resist the inward radial pressure
from the B-field and prevent the cylinder from buckling.
The buckling critical pressure is given by

Pcr =
1

3
n2

2E

1− ν2

(
t

d

)3

+
2E

n6
(
2L
πd

)4 ( td
)

(36)

where n is the mode number around the circumference of
the cylinder, E is the material Young’s modulus, L is the
length of the cylinder, d is the cylinder diameter, t is the
wall thickness and ν is the Poisson ratio. The Southwell
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equation includes only radial stress, which is the case
here, and so it is preferred over the more complex Von
Mises equation. Using EAu = 79 GPa, νAu = 0.42, L =
4.8 mm and d = 5.44 mm we can find the value of n which
minimizes Pcr. Differentiating Eq. (36) with respect to n
and setting the result to zero gives n = 1.8(t/d)−1/4 and a
minimum critical pressure of Pcr = 264(t/d)5/2 GPa. The
maximum magnetic pressure reached while ramping up
the field is obtained by setting the derivative of Eq. (34)
with respect to time t equal to zero. Doing this gives the

maximum B-field pressure of
B2

0

2µ0
ωτ0 achieved at time

t =
π

4ω
. Putting a few numbers into the expressions we

find that for Au at a standard hohlraum wall thickness
of 30 µm the critical buckling pressure is 0.52 MPa. A 30
T B-field which rises to peak in 2.3 ms achieves a peak
pressure of 0.52 MPa. Thus, if the B-field achieves peak
value in a time longer than 2.3 ms the 30 µm Au cylinder
will support the magnetic force and not buckle.

III. NONLINEAR EFFECTS

A. Temperature-dependent resistivity

An important nonlinear process that affects the B-field
soak-in is the temperature dependence of the hohlraum
wall resistivity due to heating from the Ohmic dissipation
of eddy currents. Ohmic heating causes the wall resistiv-
ity to increase with time which then increases the rate of
field soak-in. This causes a reduction in both the total
wall heating and wall motion. One method for modeling
this is to introduce a temperature-dependent wall resis-
tivity [used to calculate τ0 in Eq. (26)] and then solve
the coupled differential equations for the B-field diffu-
sion and the material temperature T . This method does
not properly describe the resistivity change during the
phase transition from solid to liquid where the material
temperature is constant but the resistivity continues to
change as the balance between solid and liquid phases
shifts. A better method is to define the wall resistivity
as a function of enthalpy (or internal energy) per unit
mass and then include a differential equation for the en-
thalpy in terms of the Ohmic heating input power to the
wall. This description can correctly track the resistivity
through the material melt as well as include any effects of
density change due to material expansion or contraction.

The nonlinear solution requires adding a coupled equa-
tion for the internal energy to Eq. (26). To obtain this

we write the soak-in time in Eq. (26) as τ(E) =
µ0Rδ

2ρ(E)
where ρ(E) is the enthalpy-dependent wall resistivity.
The enthalpy is E = U + PV where U is the inter-
nal material energy, P the pressure and V the volume.
The Ohmic heating power generated in the material is
dE
dt

= J •E = ρ(E)J2. Using µ0J = ∇×B ∼ Bout −Bin
δ

we have the following equation for E :

dE
dt

= ρ(E)

(
Bout −Bin

µ0δ

)2

=
ρ(E)

ρ0

1

τ0

R

δ

B2
0

2µ0
[sin(ωt)−B]2

(37)
which we combine with a revised version of Eq. (26) given
by

dB
dt

=
ρ(E)

ρ0

1

τ0
[sin(ωt)− B]. (38)

Here B = Bin/B0 and ρ0 (τ0) is the material resistivity
(soak-in time) before any Ohmic heating. It is preferable
to write Eq. (37) in a dimensionless form like Eq. (38). To
do this we recall from our earlier discussion that the max-
imum possible energy dissipated into the cylinder wall
per unit length is given by the total magnetic field en-
ergy per unit length contained in the volume inside the
cylinder for B = B0. This suggests that the way to
nondimensionalize Eq. (37) is to divide through by the
maximum energy density increase possible for the wall.

Dividing Eq. (37) by
B2

0

2µ0
× πR2

2πRδ
gives the dimensionless

form of

dU

dt
=
ρ(U)

ρ0

2

τ0
[sin(ωt)− B]2 (39)

where U = E 2δ

R
/
B2

0

2µ0
is the dimensionless enthalpy.

A key assumption in the nonlinear model described
in Eqs. (38) and (39) is that the thin wall is isother-
mal at all times and therefore has one spatially indepen-
dent resistivity. This assumption is justified because the
current density in the wall reaches a uniform value in a
very short time as was concluded by examining the time
dependence of Eq. (21). In fact, we find that for a 15
µm thick wall of high resistivity material planned for the
hohlraum (1/σ ∼ 1.7µ − Ω − m) the wall temperature
increases by less than 0.02 K by the time the current
density becomes uniform. As a result, the temperature
in the wall is uniform and not spatially dependent. There
are parameter regimes outside of what we are consider-
ing here which may require the inclusion of additional
nonlinear effects[18].

B. Graphical representation of the nonlinear
soak-in, wall heating and wall motion

Let’s now look at how the simple analytical expres-
sions for central B, wall heating and wall motion com-
pare to the full nonlinear solution given by Eq. (38) and
Eq. (39). In order to do this we need to select a wall ma-
terial (resistivity and thickness) and a rise-time for the
externally-applied B-field. These parameters are the two
key time-scales which determine how the externally ap-
plied field diffuses into the cylinder for linear conditions.
We start by listing a series of materials in Table 2 which
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show parameters relevant to B-field diffusion, wall heat-
ing and wall motion for a variety of different materials
that are worth considering for a magnetized hohlraum
target. The geometry is a cylinder of radius 2.72 mm
and 15 µm wall thickness. The external field ramps up
to a maximum of 1 T with a time dependence of sin (ωt)

where ω =
π

4
×106 s−1. This external field ramp-up time

corresponds to the current NIF pulser system[19]. The
small external field limits the wall heating so that the
wall resistivity remains constant during soak-in.

The key parameters are given in the last three columns
of Table 2. Based only on how much field soaks in there
are a number of good choices for achieving at least 98%
of the externally applied field. If we choose Ta as an
example with ωτ0 = 0.15 and use the simple analytical
formulas we derived we find that at the peak of the ex-
ternal field Bin = 0.98, ∆T = 3.74 K and ∆r = 0.31µm.
These values compare well with the values in Table 2
obtained from equations Eqs. (33) and (35).

(a) (b)
Au

FIG. 5. The plot in (a) shows the external B-field divided by
its peak, B0, in black and the resulting internal field divided
by B0 for a 1 T (red) and 30 T (blue) external field for 15
µm of Au. The internal field is calculated using Eqs. (38) and
(39) and the 1 T field case matches the linear solution from
Eq. (25). The plot in (b) shows the Au resistivity vs enthalpy
used in the calculations[20].

Figure 5 (a) plots the central B-field normalized to B0

as a function of time for 1 and 30 T applied to a 15 µm
thick cylinder wall of pure Au. As expected, the small
field has very little wall heating so the internal field (red
curve) lags behind the applied field reaching only about
61% of the peak field at 2 µs. In contrast to this, the
higher field shows a rapid transition at 0.3 to 0.7 µs from
the low field time dependence to nearly reproducing the
external field. This is due to Ohmic heating causing the
material to significantly increase its resistivity and speed
up the diffusion time. In order to solve the nonlinear
equations we used the Au resistivity vs enthalpy[20] plot-
ted in Fig. 5 (b). Figure 6 (a) shows how the central
field, wall temperature and wall motion vary with the
externally-applied B-field for a 15 µm Au wall. The field
soak-in shows a significant transition starting at about
6 T where the central field becomes nearly equal to the
external field. The wall temperature increase and motion
start off with a B2

0 dependence but change to an approxi-

mately linear dependence after about 6 T. We estimated
that 1.2 T is the external B-field value which matches
the critical buckling pressure; at or below this external
B-field there is no wall motion.

(a) (b)

15 µm Au wall 15 µm Au:Ta wall

FIG. 6. Plot shows the wall temperature increase and max-
imum expected wall movement due to magnetizing a 15 µm
thick wall of (a) Au (b) Au:Ta alloy.

It is clear from Fig. 6 (a) that we cannot use Au for the
hohlraum material. At 30 T the field at the center of the
cylinder reaches approximately 30 T; however, the wall
temperature increase is ∼ 2000 K and the wall transla-
tion is ∼ 160 µm which fail to meet the requirements.
Even thinning the wall to the minimum thickness of 8
µm which prevents hohlraum x-ray drive from leaking
out isn’t sufficient.

In order to meet the requirements we have developed a
new hohlraum material which is an alloy of Au:Ta using a
20% Au and 80% Ta combination[21]. This material has
a measured resistivity of at least 170 µΩ − cm. Figure
6 (b) shows the central field, temperature increase and
wall motion vs B-field calculated from the simple non-
linear equations for a field applied to a 15 µm thickness
wall of the Au:Ta alloy. For fields ranging up to 50 T
the field soak-in characteristics for the Au:Ta alloy are
as follows: the internal field is essentially identical to the
external field; the wall temperature increase is given as
∆T (K) = 0.2742 × B2

0 and the wall translation is given
as ∆r(µm) = 0.023 × B2

0 where B is in Tesla. Both re-
sults are very weakly dependent on wall thickness. The
wall movement shown in the plot assumes no mechani-
cal strength in the wall. This is a good approximation
for Au where the inward force from magnetization is sub-
stantially larger than the wall mechanical strength. How-
ever, for the Au:Ta the mechanical strength is much more
significant than the magnetization pressure so it is likely
that the actual wall motion is zero. The wall tempera-
ture is estimated to reach 700 K at a field of about 40
T and 1000 K at 51 T. It will be important to verify
this estimated wall heating in experiments since for the
Au:Ta alloy it is the most restrictive limit to the maxi-
mum B-field.
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TABLE II. Effects of magnetizing a cylinder of various materials with a radius of 2.72 mm, thickness of 15 µm and using a 1
T external B that ramps up in a sinusoid.

Material Z Density (g/cc) CV (J/g/K) Resistivity (µ-Ω-cm) τ0(ns) Bin (T) ∆T (K) −∆r (µm)
Be 4 1.85 1.82 3.6 712 0.79 5.2 6.1
Al 13 2.7 0.9 2.65 967 0.7 7.7 4.69
Cu 29 8.96 0.386 1.72 1490 0.55 5.4 1.57
Ag 47 10.49 0.233 1.59 1612 0.52 7.5 1.36
Ta 73 16.65 0.14 13.1 196 0.98 3.3 0.29
Au 79 19.32 0.129 2.02 1266 0.61 7.6 0.7
Tl 81 11.85 0.13 15 171 0.98 4.4 0.36
Pb 82 11.34 0.128 22 117 0.99 3.3 0.26
Bi 83 9.78 0.12 129 20 1 0.75 0.05
DU 92 19.1 0.12 60 43 1 0.81 0.06

Au-Ta 74.2 17.22 0.14 171 15 1 0.3 0.02

C. ALE3D simulations for a hohlraum target

The final topic which is part of our study on the
magnetization of the hohlraum cylinder is to compare
our simple model with a detailed simulation using the
multi-physics arbitrary Lagrangian-Eulerian finite ele-
ment (FE) code, ALE3D[15]. In this code, the mate-
rial and mesh are permitted to undergo independent mo-
tions with algorithms accounting for advection of mate-
rial among the computational zones (elements). In this
way the mesh is incrementally relaxed, which allows for
large deformations while avoiding excessive mesh distor-
tion The ALE simulation includes the actual geometry
of the target and the dependence of the wall resistiv-
ity on wall temperature and is therefore the most rep-
resentative of the actual hohlraum magnetization prob-
lem for a defined current through the coil. The actual
time-dependent current through the coil departs slightly
from an ideal sine wave that we have been using for our
models. This is due to the fact that the current is gener-
ated by connecting a charged capacitor to the coil which
has a dynamic resistance (due to wire heating) and a
dynamic inductance (due to hohlraum eddy currents).
These effects are perturbative and won’t be included in
the discussions here but will be discussed in a separate
publication.

The model geometry extracted from a drawing file is
shown in Fig. 7. The blue region is empty space, the
light green is a nonconducting material and the light red
is the Cu wire. The current in the coil is a sine function
which reaches a maximum of 30 kA at time 2 µs. This
peak current generates a field of 27.5 T at the center of
the capsule when the hohlraum material is an insulator
and has no effect on the magnetization. The ALE model
includes known material and electrical properties for each
component in the target; the resistivity model for the
Au:Ta is identical between the ALE model and the simple
model but the Au resistivity is slightly different. We
looked at three cases of interest: the first two are Au-
walled hohlraums with thickness 15 µm and 8 µm; the
third case is a 15 µm thick wall of the Au:Ta alloy.

15.0 um

3.4 mm

0.50 mm

0.64 mm

0.64 mm

26-gauge Copper Wires 
(0.405 mm dia.)

0.2 0.3 0.4 0.5

0.5

0.4

0.3

0.2

0.1

r (mm)

Model used for ALE3D

FIG. 7. Figure shows the detailed design used in the ALE3D
simulations of the section of the hohlraum shown by the dot-
ted rectangle in Fig. 1.

We are interested in comparing the results of our ideal
infinite cylinder model with the ALE3D results. The
simple model assumes a uniform external B-field and the
ALE model uses a current in the coil. Since the coil has
finite axial length in addition to a central gap as shown
in Fig. 7 the field is not uniform in the ALE model. Cor-
respondence between the two models for comparison is
made by fixing the external field of the simple nonlinear
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model to be 27.5 T which is equal to the field generated
at the capsule center in the ALE3D model with an insu-
lating hohlraum.

(a) (b)

FIG. 8. The plot in (a) shows the time dependence of the
central B-field for 15 µm of Au using ALE (solid red) and
the nonlinear model (dotted red). Shown in black is the ALE
simulation of the central field for 15 µm of the Au:Ta alloy;
the nonlinear model duplicates this black curve. The plot in
(b) shows the change in wall temperature and wall movement
for the nonlinear model (solid) and ALE (dotted) for the 15
µm thick wall of Au:Ta.

Figure 8 (a) shows the comparison between the center
B-field for ALE (solid red curve) and the nonlinear model
(dotted red curve) for a 15 µm pure Au wall. The two
red curves are close but not identical. The black curve
shows the central field simulated by ALE for the Au:Ta
alloy; the simple model duplicates this black curve. Fig-
ure 8 (b) shows the temperature rise and wall motion
simulated for ALE (solid line) and the nonlinear model
(dotted line). Both models give a similar temperature
change of ∆TALE = 220 or 246 K but the wall transla-
tion is ∆r = 6.4µm for ALE and 20.7µm for the nonlinear
model. The ALE model includes a backing of support
material attached to the Au:Ta alloy so that the effec-
tive mass of the wall is higher and the motion is less as
shown. The motion shown is calculated assuming no wall
mechanical strength. The pressure on the wall due to the
B-field soak-in is significantly below the estimated criti-
cal buckling pressure from Eq. (36) which indicates that
the wall will not move. The range of possible wall motion
shown in Fig. 8 (b) satisfies the requirements. Future ex-
periments will quantify the wall motion and provide a
valuable benchmark for the models.

Even though the Au wall material cannot meet the
requirements there is value in comparing ALE and the
nonlinear model for a Au wall since it can help identify
some differences between the two models. We observe
a difference between the two models during the rapid
heating phase of magnetization which extends from 0.3
to 0.6 µs in Fig. 8 (a). This difference between the two
models can be attributed to the gap in the coil and a
slightly different resistivity model for Au. For a fixed
center B-field value the current in the coil with a gap is
larger than a coil without a gap. This causes the eddy
currents in the wall to be larger leading to a faster wall

temperature increase and therefore a faster soak-in rate
for the gap model (ALE) as shown in Fig. 8 (a). The
nonlinear model corresponds to a uniform coil (no gap)
and thus smaller eddy currents. Increasing the center
field to 30 T in the nonlinear model recovers about half of
the difference with ALE. The remainder of the difference
is in the resistivity model and the finite coil length.

Having examined the effects of magnetizing an in-
finitely long thin cylinder as a representative hohlraum
we’d like to summarize the results in a simple table. This
table gives the formulas for the central B-field, Bin, the
wall temperature increase, ∆T and the maximum wall
translation, −∆r at peak external current in the limit of
ωτ0 � 1. The formulas are given in terms of the param-
eters ∆B (T), τ0 (s), ω (s−1), δ (m), R (m), ρm (kg/m3)
and Cp (J/kg/K) where ∆B = B0 − Bin and the other
quantities have been defined previously. Note that the
resistivity only enters through the soak-in time, τ0. The
formulas are given in Table 3.

TABLE III. Summary formulas for central B, wall heating
and wall motion of a hohlraum in terms of key material, geo-
metrical and pulser characteristics for ωτ0 � 1.

Formula
∆B = B0ω

2τ20

∆T = 3.125e5B2
0
ωτ0R

ρmCpδ
(K)

−∆rmax = 3.125e5B2
0

τ0
ρmωδ

(m)

IV. CONCLUSION

We have considered the effects of magnetization on a
conducting hohlraum by approximating the hohlraum as
an infinite cylinder. Our analysis derives simple expres-
sions for the three key parameters: field soak-in, wall mo-
tion and wall heating. The linear version of the model
works well for small B-fields (∼ 1 T) or in cases where
the wall resistivity is only very weakly dependent on wall
temperature. We then incorporated nonlinear effects into
the model so that we could explore cases where the wall
resistivity is strongly dependent on wall temperature and
the field is high enough to cause a significant temperature
change. This was done by adding to the B-field diffusion
equation a second coupled equation for the wall internal
energy. The results of the nonlinear model show that a
Au hohlraum wall cannot meet the requirements because
it exceeds the temperature increase and wall translation
limits. The development of a high resistivity hohlraum
material composed of a Au:Ta alloy is shown to meet the
requirements up to about 48 T where the wall tempera-
ture just meets the limit for a DT layered experiment of
700 K. Estimates of the critical buckling pressure indi-
cate that mechanical strength allows the Au:Ta wall to
stand up to the magnetization pressure so that there is no
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wall motion and the wall temperature limit becomes the
most restrictive constraint. A finite element simulation
of the actual hohlraum target shows good agreement with
the nonlinear model for the wall temperature and diver-
gent results on the wall motion (neglecting mechanical
strength). This difference in wall motion is attributed to
lucite material bonded to the Au:Ta wall which increases
the effective wall mass density.

Experimental characterization of the three key param-
eters during magnetization of Au:Ta will provide a valu-
able benchmark for the models. In summary, the simple
model, based on coupled differential equations for B-field
diffusion and wall heating shows reasonable agreement
with the ALE model. Both the simple model and ALE
show that the Au:Ta hohlraum material should meet the
requirements for magnetizing a hohlraum up to an exter-
nal field of ∼ 48 T. Work to increase the resistivity of the
Au:Ta coatings is continuing as well as exploring other
possible wall alloys which can allow fields as high as 60
T.
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Appendix A: Solution by separation of variables

The key assumption for solving Eq. (2) using separa-
tion of variables is to write B(r, t) = R(r)T (t) giving
Eq. (2) as

1

R

1

r

d

dr
r
dR

dr
= µ0σ

1

T

dT

dt
= −ν2 (A1)

where ν is a constant, independent of t and r. Internal
to the conductor we find R(r) = AνJ0(νr) + BνY0(νr)
where J0 and Y0 are the zero order Bessel functions of
the first and second kind and T (t) = exp[−ν2t/(µ0σ)].
In the vacuum region inside the cylinder where σ = 0 the
solution to Eq. (A1) is R(r) = Const.

The initial condition is B(r, t = 0) = 0 for r < R + δ.
The boundary condition (BC) at r = R+δ is B(R+δ) =
B0 which is constant in time. Only for ν = 0 is the
solution independent of time so the form of the solution
satisfying the BC at r = R+δ is Aν=0 = B0 and Bν=0 =
0 since Y0(0) is unbounded. For ν 6= 0 the constants Aν
and Bν satisfy AνJ0[ν(R+ δ)] +BνY0[ν(R+ δ)] = 0. At
this point the solution for B in the conducting region is
given as

B(r, t) = B0 +Aν [J0(νr)Y0(ν(R+ δ))

− Y0(νr)J0(ν(R+ δ))] exp[−ν2t/(µ0σ)] (A2)

where ν 6= 0.
The boundary condition at r = R is the same as given

in Eq. (7). Applying this to Eq. (A2) gives

[J1(νR)Y0(ν(R+ δ))− Y1(νR)J0(ν(R+ δ))]

[J0(νR)Y0(ν(R+ δ))− Y0(νR)J0(ν(R+ δ))]
=
νR

2
.

(A3)
Equation (A3) gives ν as a function of R and δ. The
left side is periodic and has an infinite series of solutions
given by νjR where νjR� 1 in all cases. Using the large
argument expression for the Bessel functions in Eq. (A3)
gives

tan(νjδ) =
2

νjR
. (A4)

Solving Eq. (A4) gives the approximate values for νj as

ν0 =

√
2

Rδ

νj 6=0 =
jπ

δ
.

(A5)

The time dependent term associated with νj is obtained

from Tj(t) = e−t/τj where τj = µ0σ/ν
2
j . The slowest ex-

ponential decay time is set by ν0 and is τ0 = µ0σRδ/2.
This is the B-field soak-in time for a magnetic field diffus-
ing into a thin conducting cylinder, as we found in the
Laplace Transform solution method in Section II. The
solution for B is now written as

B = B0 +

∞∑
j=−∞

Aj sin[νj(R+ δ − r)] exp[−ν2j t/(µ0σ)]

(A6)
where the Bessel function has been expanded for large
argument. Since ν0(R + δ − r) � 1 for R ≤ r ≤ R + δ
we only need to keep the linear term in the sin function
for ν0. This gives

B = B0 +A0

√
2

Rδ
(R+ δ − r) exp[−2t/(µ0σRδ)]

+
∑
j 6=0

Aj sin[νj(R+ δ − r)] exp[−ν2j t/(µ0σ)]. (A7)

Checking this expression at r = R+ δ we find the field is
B = B0 for all time which satisfies the BC. At r = R the
sum expression vanishes and using B = 0 at t = 0 we find
A0 = −B0

√
R/(2δ). All that’s left is to determine the

remaining Aj . At t = 0 we have B = 0 for R ≤ r < R+δ
so this gives the following expression for the Aj∑

j 6=0

Aj sin

[
jπx

δ

]
= B0

(x
δ
− 1
)

(A8)

x = R+ δ − r. (A9)

We multiply Eq. (A8) by sin(mπx/δ) and integrate over
the region 0 ≤ x ≤ 2δ to take advantage of the orthog-
onality relation between the two sine terms. The right
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side of Eq. (A8) is used for 0 ≤ x ≤ δ but is set to
zero for δ < x ≤ 2δ. After some algebra we obtain
Aj = −B0/(jπ). The complete solution is given as

B = B0

(
1− x

δ
exp

[
− 2t

µ0σRδ

]

− 2

π

∞∑
j=1

1

j
sin

[
jπx

δ

]
exp

[
− j

2π2t

δ2µ0σ

] (A10)

which matches the solution obtained using Laplace trans-
forms.

Appendix B: B and E-field soak-in for a constant
electric field boundary condition

We now consider the problem of the generation of a
magnetic field inside of an infinitely long and thin con-
ducting cylinder with the sudden application of a con-
stant azimuthal electric field on the outer wall of the
cylinder. Taking the curl of Faraday’s law and using Am-
pere’s law with Ohm’s law we get a diffusion equation for
the azimuthal field, Eθ, given by

∇2Eθ = µ0σ
∂Eθ
∂t

. (B1)

Eθ is only a function of r so we can write Eq. (B1) as

1

r

∂

∂r
r
∂Eθ
∂r
− Eθ
r2

= µ0σ
∂Eθ
∂t

(B2)

where the term, Eθ/r
2 comes from the definition of a

Laplacian of a vector function. Laplace transforming we
obtain an equation for the transformed electric field, Ẽθ,
in the conductor of

1

r

d

dr
r
dẼθ
dr
− Ẽθ
r2

= µ0σ
[
sẼθ − Eθ(t = 0)

]
. (B3)

The field is initially zero everywhere in the conductor.
This gives the general solution to Eq. (B3) as

Ẽθ = aI1(kr) + bK1(kr),

k2 = µ0σs.
(B4)

The inner region of the cylinder (where σ = 0) has the
solution

Eθin = Eθ(R)
r

R
(B5)

where Eθ(R) is the value of the electric field at r = R.
The boundary condition at r = R + δ is Eθ = E0. The
boundary condition for Eθ at r = R is obtained by inte-
grating ∇×Eθ from Faraday’s law giving Eθ continuous
across the material boundary at r = R since B is smooth

and finite in the system. The BC on
dẼθ
dr

is obtained by

integrating ∇×∇× Ẽθ = −µ0σsẼθ from R− ε to R+ ε.

This gives that
1

r

d

dr
rẼθ is continuous across the r = R

boundary.
Applying these boundary conditions we find the solu-

tion for Ẽθ in the conductor is given by

Ẽθ =
E0

s

fI1(kr)− gK1(kr)

fI1(kR+)− gK1(kR+)
(B6)

where k, f and g are given by Eqs. (5), (10) and (11).

The solution for Ẽθ has a similar form as the solution for
B̃ from Section II(b); however, as we now show, the slight
differences lead to a very different solution behavior.

We need to inverse transform Eq. (B6) to get the com-
plete solution. The dependence on k =

√
µ0σs again

means that we introduce a branch cut to the left of the
Laplace inversion contour. Proceeding as we did in Sec-
tion II B we determine the residues from Eq. (B6). The

residue at s = 0 is E0
r

R+
. To calculate the remaining

residues we write Ẽθ = P (s)/Q(s) where

P =
E0

s

[
ek(r−R)

(
1 +

kR

2

)
− e−k(r−R)

(
1− kR

2

)]
(B7)

Q = ekδ
(

1 +
kr

2

)
− e−kδ

(
1− kr

2

)
. (B8)

The zeros of Q are given by

sn = − 1

µ0σ

[
(2n− 1)π

2δ

]2
kn = ±i

[
(2n− 1)π

2δ

]
(B9)

where the sign of k is determined by which side of branch
cut the contour is on. The residue at each sn is de-

termined by evaluating the quantity lim
s→sn

P (s)/
∂Q(s)

∂s
.

Calculating all the residues and combining gives the full
solution as

Eθ(r, t) = E0
r

R+

− E0
4

π

∞∑
n=1

(−1)n+1

2n− 1
cos [‖kn‖(r −R)] e−

t
µ0σ
‖kn‖2

− E0
16

π2

δ

R

∞∑
n=1

(−1)n+1

(2n− 1)2
sin [‖kn‖(r −R)] e−

t
µ0σ
‖kn‖2 .

(B10)

The terms on the third line of the solution are small
relative to the second line due to the factor of δ/R; we
also approximate R+ as R in the first line.

We note that the time-scale for the electric field to
generate current in the conductor and create a corre-
sponding magnetic field on the inside of the cylinder is

τ ∼ 4µ0σδ
2

π2
which is approximately δ/R smaller than

the B-field soak-in time of τ0 = µ0σδR/2. The reason for
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this shorter time is that the applied electric field BC re-
mains on for all time and causes the conductor current to
achieve a constant value. When the external BC is a con-
stant B-field the conductor current is transient, ramping

to a peak and then dying away. This transient current
leads to a slower timescale for the B-field to appear inside
the cylinder.
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