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Abstract 

 

Self-assembly of complex structures is common in nature. Self-assembly principles 

provide a promising way to fabricate three-dimensional, micro- or millimeter scale 

devices. In the present paper, we present a generalized analytical study of the self-folding 

of thin plates into deterministic 3D shapes through fluid-solid interactions. Based on the 

beam theory, a mechanics model is developed, incorporating the two competing 

components – a capillary force promoting folding and the bending rigidity of the foil that 

resists folding into a 3D structure. Through an equivalence argument of thin foils of 

different geometry, an effective folding parameter, which uniquely characterizes the 

driving force for folding, has been identified. A criterion for spontaneous folding of any 

shaped 2D patterned foil based on the effective folding parameter is thus established. The 

model predictions show excellent agreement with experimental measurements made on a 

variety of materials, indicating that the assumptions used in the analysis are valid.  
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1. Introduction 

 

Self-assembly of 3D structures from planar thin foils is a commonly employed 

strategy in nature to achieve not only specific geometric shapes but also desirable 

functionalities. In some regards, assembling (or disassembling) 3D structures from planar 

sheets is much like folding mailing boxes from a cardboard preform, except that in the 

former case the driving force is a natural phenomenon, e.g., through evaporation of water 

as in spore release of plants (Tyree and Zimmermann, 2002). Self-assembly of complex 

3D structures plays a critical role in accomplishing a full range of structural and 

biological functions in biological systems such as proteins (Lodish et al., 2003). Recently, 

the self-assembly of 3D structures is being embraced by scientists and engineers as a 

means to achieve design goals for microscopic devices, e.g., to improve the light trapping 

efficiency in solar cells (Camacho et al., 2007; Flicker and Ready, 2008). 

A major challenge is that microfabrication techniques using conventional 

photolithography only generate 2D planar patterns, and it is difficult to directly construct 

3D structures using such means (Boncheva et al., 2003). Further, in many applications 

such as photovoltaic devices, sub-millimeter to millimeter sized 3D structures are 

desirable, which poses particular difficulties in microfabrication. Significant research 

efforts have been made recently to explore the idea of self-assembly of 3D structures as 

mediated by various driving forces: e.g., assembly of rod-like components into 3D 

structures by magnetic forces (Love et al., 2003); and self-assembly of 3D structures from 

planar structures driven by pre-stresses (Boncheva and Whitesides, 2005; Leong et al., 

2008; Li, 2008). For structures and devices of nano and micro-scales, because of their 

large surface to volume ratio, surface or interfacial adhesion becomes an important 

driving force for deformation and self-assembly (Hsia et al., 2005; Huang et al., 2005). A 

particularly promising technique is the self-assembly of 3D structures driven by capillary 

forces during fluid-solid interactions (Clark et al., 2002; Gracias et al., 2002; Syms and 

Yeatman, 1993). Water is a common fluid medium used in these studies. Although the 2D 
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self-assembly of shaped objects due to surface tension can be readily achieved by floating 

the objects on a water surface (Mao et al., 2002), self-assembly of 3D structures often 

involves folding of planar shaped thin foils driven by surface tension during the 

evaporation of water (Py et al., 2007). Such mechanisms have been explored by us to 

fabricate 3D structures of photovoltaic devices using Si thin films (Guo et al., 2009). 

However in order to generalize and precisely predict the patterns of assembly for 3D 

structures from planar components as driven by capillary forces, a quantitative 

understanding of the nature of the balance of forces as well as the identification of critical 

material parameters controlling the folding process are needed. 

In this paper, we seek to understand the general mechanisms controlling folding of 

thin foils as driven by capillary interactions. The folding process is analyzed by 

considering the competition between the capillary force and the bending rigidity. A 

dimensionless parameter is identified as the governing parameter for folding to occur, and 

a folding criterion based on a mechanics model is proposed to predict the critical size for 

folding. The model prediction is verified by designed experiments using Si (Guo et al., 

2009) and plastic thin sheets and agrees with experimental results on PDMS foils recently 

reported by others (Py et al., 2007). Although the study is inspired by experimental 

observations of folding of Si thin films (Guo et al., 2009) and PDMS foils (Py et al., 

2007), we show that the results are general in nature, and can be applied to foils of any 

material undergoing deformation via fluid-solid interactions. 

 

2. Experimental Observations 

 

Using capillary interactions to spontaneously fold planar/2D shapes has recently been 

explored by researchers as a means to self-assemble various 3D structures. The folding of 

planar polyhedral building blocks of metallic films into 3D structures, as driven by a 

droplet of solder, was demonstrated by Gracias et al. (2002). The folding of thin PDMS 

sheets into 3D shapes, a process driven by evaporating water droplets, was studied by Py 
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et al. (2007). In an effort to fabricate 3D photovoltaic devices using Si thin films, Guo et 

al. (2009) developed a process of fabricating patterned Si thin film, and using an 

evaporating water droplet to fold the planar film into functional light- trapping 3D 

structures.  

In the current study, thin films made of two materials, PDMS and a plastic food wrap, 

are used in the experiment. The PDMS thin film was spun on a Si wafer at rotation rates 

of 1000 and 2000 rpm. The cured PDMS thin films, which are used in the experiments 

shown in Fig. 1(a) and Fig. 1(b), are measured to be 57 m and 27 m thick, respectively. 

The plastic food wrap (Homelife plastic wrap) is a typical commercial grade linear 

low-density polyethylene with a thickness of about 14 m. The thin films were cut into 

millimeter-sized squares and triangles for the experiments. In all cases, when a droplet of 

water is placed on the thin film, folding begins first with the corners bending over 

towards the center of the sheet. For sheets larger than a critical size (to be determined by 

the analysis in the following sections of this paper), as water evaporates (i.e., as the 

droplet shrinks), folding of the triangular sheets maintains a symmetric shape and finally 

forms tetrahedral pyramids, an endpoint observed for both the PDMS (shown in Fig.1(a)) 

and plastic (shown in Fig.1(c)) films. For the square sheets, the symmetric folding 

process becomes unstable beyond a certain stage, and instead bifurcates into asymmetric 

folding modes: for the plastic thin film, the edges fold up to each other forming a 

quasi-cylindrical shape as shown in Fig. 1(d) (similar to that in Py et al. (2007)); and for 

the low-modulus PDMS thin films, which ultimately is twisted by the capillary force, a 

more irregular quasi-cylindrical shape is formed, as shown in Fig. 1(b). 

The competing factors that comprise the mechanism are believed to be the surface 

tension   which promotes folding, and the bending of the thin sheet (characterized by a 

bending stiffness, B), which resists folding. Based on this argument, Py et al. (2007) 

defined an elasto-capillary length, as (Bico et al., 2004) 

 ( )
1 2

ECL B = , (1) 
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and measured the critical dimensions for folding, Lcrit, of triangular and square foils as a 

function of LEC. Their results show that the critical dimension for folding Lcrit follows a 

linear relationship with the elasto-capillary length LEC. However, the coefficient of 

linearity (or slope) varies with the shape of the thin foil. The coefficient is 7.0 for square, 

and 11.9 for triangular shaped PDMS films (Py et al., 2007). 

 Two issues raised by these experimental observations are: i) whether indeed the 

competition between surface tension and thin film bending is the dominant mechanism 

determining the folding process; and ii) whether there exists a parameter, dimensional or 

nondimensional, that governs the thin film folding process regardless of the sheet 

geometry. The answers to such questions will not only help explain the observations in 

square and triangular shaped foils, but may also provide insights beyond the specific 

shapes used in this experimental study and lead to a general descriptive form of the 

controlling parameter. Such a model will also provide guidance for fabrication of nano- 

and micro-scale devices through self-assembly. 

 

3. Modeling 

 

 We start the modeling by considering the specific geometries – square and triangular 

shapes – investigated in the experiments by Py et al. (2007). We further hypothesize that 

the competition between surface tension and thin film bending is the dominant 

mechanism controlling the folding process. This hypothesis will be validated through 

comparison of model predictions to the experimental results.   

For both triangular and square sheets, folding starts by bending the corners 

symmetrically, a necessary condition to achieve the final wrapping. However, it is noted 

that regions within the dashed lines shown in Fig. 2(a) will not bend due to symmetric 

constraints. Therefore the folding process can be considered as bending of the corners of 

a thin sheet with varying width – linearly tapered widths in the case of square and 

triangular sheets. We can thus model each corner (the region beyond the dashed line) as a 
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beam with fixed end and a tapered width. Such a configuration can be generalized to a 

tapered beam with an arbitrary base angle  (0 <  < /2) and length L as shown in Fig. 

2(b). The loading on the beam is due to the capillary force at the fluid-solid junction line, 

x = Lp, as shown in Fig. 2(b). Given that the vertical projection of the surface tension is  , 

the magnitude of the pulling force is proportional to the beam width at the contact line, 

i.e., F =  *dp, where dp is the width of the beam at x = Lp. The effect of fluid pressure and 

gravity on bending of the beam is neglected here, which is a reasonable approximation 

for microscale structures. Furthermore, we only consider small deformation in this 

analysis although there is finite rotation as the sheets fold up to form 3D structures. The 

justification for using small deformation theory is discussed later in Section 5. These 

considerations and assumptions lead to a well-defined boundary value problem that can 

be solved using elementary mechanics tools. 

An examination of the boundary value problem reveals that, in order to induce 

deflection of the beam, the fluid-solid contact line can neither be at the tip of the beam (x 

= L) where d = 0, thus F is zero, nor be at the base of the beam (x = 0) since no deflection 

can be induced regardless of the force level at x = 0. This consideration argues for a 

particular contact line location, x = Lp, at which the maximum deflection is induced. The 

value of Lp is determined later. 

To develop a unified model for beams with different base angles , we seek the 

equivalence between a tapered beam and a simple, unique geometry – a beam with 

uniform width. For a tapered beam of length L subjected to a force P at x = Lp, and a 

uniform width beam subjected to the same force P at the same position x = Lp, as shown 

in Fig. 2(b), we consider these two configurations to be equivalent if the deflections of 

the tapered beam, taper, and that of uniform width beam, uni, at the position x = Lp are 

equal, i.e., uni = taper. Such an assumption yields an effective bending stiffness of a 

tapered beam, Beff as derived in the following. 

For the tapered beam, using the small deformation beam theory (Gere and 
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Timoshenko, 1997), the governing equation for the deflection of the tapered beam is 

 ( )
2

2x p

d w
B P L x

dx
= − , (2) 

where w is the deflection, Bx is the local bending stiffness given by 
3

0 1
12

x

t h x
B E

L

 
= − 

 
, 

( )21E E  = −  is the plane strain Young’s modulus, t0 the width at the base of the beam, 

h the beam thickness. It is noted that the bending stiffness, Bx in Equation (2), is 

evaluated using the true width of the tapered beam, t0(1−x/L), thus its unit has an 

additional length dimension compared to the bending stiffness per unit width, B, used in 

Equation (1). Integrating Equation (2) twice and substituting x = Lp yields 
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0
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where 
3

0
0
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t h
B E= . For an effective uniform beam,  
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B
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Imposing the equivalence condition using the solutions in Equations (3) and (4), two 

important parameters emerge. One is an effective bending stiffness, given as 

 ( )
0

1 1

eff

f
B B

= , (5) 

where the normalized location of the fluid-solid junction pL L = , and a 

nondimensional function of the location of the fluid-solid junction line 

( ) ( ) ( )
23 23

3 1 ln 1
2

f      −  
= − − − − 

 
. 

The second is an effective nondimensional parameter that characterizes the 

competition between an effective capillary force and the effective bending resistance. 

Considering the ratio of surface energy over total bending energy, the nondimensional 
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parameter is defined as 

 

3

eff p

eff

eff

L

B


 = , (6) 

where the effective surface tension ( ) ( )0 01 1eff pL L   = − = − . This effective surface 

tension takes into account the change of the beam width as the fluid-solid contact line is 

at different locations. Since this parameter is expected to control the folding of the beam, 

we refer to eff as the effective folding parameter.  

It is noted that, for a tapered beam, the width at the base t0, the base angle  and the 

length of the beam satisfy the relation: 

 
0 2 cott L = . (7) 

From Equations (5-7), we arrive at a simple expression for the effective folding 

parameter, 

 ( )
2

0

3

12
taneff

L
F

E h


  =  


, (8) 

where the nondimensional function ( ) ( ) ( ) ( )
223 3

1 1 ln 1
2 2

F      
 

=  − − − − − 
 

.  

The function F() determines the magnitude of the effective folding parameter when 

the fluid-solid contact line is at different locations. Fig. 3 shows the value of F() as a 

function of location . As anticipated, F() (thus eff) is zero at both  = 0 (Lp=0, i.e., at 

the base of the beam) and  = 1 (Lp=L, i.e., at tip of the beam). Therefore there is no 

driving force for beam folding when the contact line is at these extreme locations. Further, 

F() reaches a maximum value Fmax = 0.068 at  = 0.77, giving rise to maximum driving 

force for folding. As long as the width of the beam is linearly tapered, both the value of 

Fmax and the location where it is achieved are constant regardless of the value of the base 

angle . One can argue that, if folding does not occur when the contact line is at  = 0.77, 

it will not occur when the contact line is anywhere else along the beam. Therefore we 

substitute the function F() in Equation (8) by its maximum value Fmax = 0.068, which 
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represents a necessary condition for folding, giving rise to the following expression of the 

effective folding parameter, 

 
2 2

0 0

3 3
0.816 tan taneff

L L
A

E h E h

 
  = =

 
, (9) 

where A is a dimensionless constant representing the magnitude of the capillary interaction 

when the pulling force due to surface tension is the strongest. It is noted that this effective 

folding parameter is proportional to the square of the ratio of feature length and the 

elasto-capillary length in Equation (1), ( )
2

eff ECL L  . Notably however, eff as defined 

here takes into account the feature geometry (in this case, for all sheets with linearly 

tapered width, the base angle  ). 

Examination of Equation (9) reveals that the effective folding parameter is a product 

of two components: an intrinsic parameter and a shape factor, both of which are 

dimensionless. The intrinsic parameter takes the form, 

 

2

0

3int

L
A

E h


 =


. (10) 

For tapered beams the shape factor is a function of the base angle  only, as 

 ( ) tanS  = . (11) 

We can now establish a criterion for spontaneous folding as follows. 

 
  no folding occurs

if 
      folding occurs

crit

eff eff

crit

eff eff

 

 

 



 (12) 

where 
crit

eff  is the critical value of the effective folding parameter that is material- and 

geometry-dependent, and should be determined by experiments. 

 

4. Validation 

 

If the spontaneous folding criterion based on this simple theory, Equation (12), is 

correct, one needs to do a single experiment to determine the critical value of the folding 
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parameter. Using that value, one should be able to predict the folding behavior of 

specimens of different geometries. To check the validity of this simple model, we first 

look at the experimental data of Py et al. (2007) on PDMS by plotting ( )critL S   vs. 

ECL . The results show that the two slopes for square and triangular foils indeed collapse 

onto one (See Fig. A.1). 

To determine int experimentally for Si thin sheets, we chose to measure the critical 

folding parameter using a simple specimen geometry – a uniform beam – as shown in Fig. 

A.2. The value measured is thus the intrinsic critical folding parameter for 

single-crystalline Si (111) sheets. For the 1.25 μm thick Si foil, the critical folding length 

Lcrit is measured to be 0.9 mm. With the material constants E = 130 GPa,  = 0.27 for Si, 

surface tension  = 0.0729 N/m, we obtained the critical folding parameter for Si thin 

foils: 

 2.59int = . (13) 

Therefore the critical effective folding parameter of the tapered beams is readily written 

as 

 ( ) 2.59 tancrit

eff  = . (14) 

This means that, for linearly tapered Si sheet with any base angle , spontaneous folding 

will occur when the effective folding parameter reaches the value given by Equation (14), 

i.e., Equation (14) gives a master curve governing spontaneous folding of any tapered 

sheet. This master curve is plotted as the solid line in Fig. 4. 

Experiments were carried out to validate the model predictions. In order to measure 

the critical dimension for spontaneous folding easily, we designed a star shaped specimen 

shown as the inset in Fig. 4 (Guo et al., 2009). Two different film thicknesses, 1.25 m 

and 2 m, were used. Specimens with five different angles  are investigated. The 

experimental results are plotted and compared with master curve in Fig. 4. It is clear that 

the model predictions agree extremely well with the experimental data. The slight 
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deviation at  = 45° is an artifact from geometric limitations. It is recalled that  = 45° is 

similar to the square sheet. However, as shown in Fig. 1, square sheets tend to undergo 

asymmetric folding, thus rendering a longer effective beam length and a lower critical 

value of the folding parameter.  

The intriguing aspect of the mechanics treatments described above is that the model 

is more broadly general, i.e., it can be used to predict the spontaneous folding of planar 

patterns with more complex shapes. In an effort to fabricate quasi-spherical photovoltaic 

devices using planar Si thin films, Guo et al. developed a technique to self-assemble 

spheres from flower-patterned sheets (Guo et al., 2009). From the same governing 

equation (2) with a different expression for Bx, we can obtain a similar expression for the 

effective folding parameter, as (see Appendix B) 

 
( )

( )

12

0 0

3 3 0 0
0 0

1
36

pL x p

eff

LL t t
d dx

E h L L t t t


 



−   −  
  =            

   (15) 

where E′ is the plane strain Young’s modulus, 0 the surface tension, h the thickness of the 

thin sheet, t0 the width at the base of the petal, t the width at location x, L the petal length, 

Lp the location of the capillary force. Fig. 5 shows the results of the critical folding 

parameter for the flower-patterned sheets with 4, 6, and 8 petals. The solid lines are the 

predictions of the model. The symbols are the experimental measurements. They again 

agree with each other very well except for the 8-pateled flower patterns at the t0/L ratio of 

0.15. This discrepancy may be due to the fact that, for 8-pateled flowers at the the t0/L 

ratio of 0.15, the petal is long and the capillary force along the edges of the petals may 

play a more important role, which should render a smaller eff than the theoretical 

prediction without considering the edge effect. 

 

5. Results and Discussions 

 

The main hypothesis of the model is that the dominant mechanism governing the 
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spontaneous folding of thin sheets upon water droplet evaporation is the competition 

between the bending of thin films and the pulling force by capillary interactions. Based 

on this assumption, the model is able to explain a variety of experimental observations, 

including tapered sheets of any base angle and curved flower-patterned sheets of different 

number of petals, with a single nondimensional parameter – the effective folding 

parameter. The excellent agreement found between the model predictions and the 

corresponding experiments provides strong evidence that this hypothesis is indeed valid. 

Although focused mostly on specific geometries, the model is general in nature. In 

principle, the approach can be applied to any planar geometry to determine whether 

spontaneous folding occurs. In fact, the effective folding parameter obtained for any 

patterned planar sheets can always be decomposed into two parts, an intrinsic parameter 

and a shape factor, and will take the form, 

 ( )
2

3eff int

L
S geometry

E h


 

 
=  

 
, (16) 

where L is the characteristic length dimension, h the thickness,  the surface tension, and 

E' the plain strain Young’s modulus of the thin sheet. One can draw direct analogy 

between this general formulation and formulations in other well-established boundary 

value problems such as those in fracture mechanics (Broek, 1982), where the stress 

intensity factor can be decomposed into an “intrinsic” part (representing the stress 

intensity factor of an infinite body with an isolated crack) and a dimensionless shape 

factor related to the geometry of the cracked body. There also exists a direct analogy 

between the folding criterion, Equation (12), and the fracture criterion, in both cases the 

left hand side of the equation is a parameter representing the driving force for the event 

(folding or fracture), whereas the right hand side representing the critical, 

materials/structure-dependent value of the parameter for the event to be triggered (Broek, 

1982). 

This formulation leads to an interesting conclusion that, although there is limited 
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room to change the shape factor S (since it is largely determined by the intended 

geometry of the 3D structure), one can profoundly manipulate the folding behavior by 

changing materials properties (e.g., the modulus and magnitude of the surface tension) 

and the characteristic dimensions of the sheet (the ratio L2/h3). This single parameter can 

thus provide guidance for self-assembly of complex 3D structures using thin sheets. An 

obvious corollary is that the above model is applicable to any material, as long as it is in 

thin sheet form, as demonstrated by our experiments using three different materials, 

including a common food wrap.  

In our analysis, we made the small deformation assumption when calculating the 

deflection curve, so that an analytical expression of Beff and the nondimensional 

parameter eff can be derived. The real deformation during the folding, however, clearly 

involves finite rotation of the foils. Precise description of such folding processes requires 

large deformation theories. Furthermore, the real situation during self assembly of 3D 

structures is much more complicated than what is modeled here. The forces acting on the 

thin foils as the liquid droplet evaporates, for example, are not just the capillary force 

along the liquid contact line, but also include capillary interactions along the edges, and 

include the pressure differential on the two sides of the foil. Such effects have been 

analyzed by us and will not be presented in the current paper. It can be shown that the 

effects of these contributions are small compared to the capillary forces considered in the 

current paper. Although it is argued here that Equation (12) is the necessary condition for 

folding ,. comparison between experimental and analytical results suggests it is also a 

sufficient condition. Thus, if one is interested in whether folding occurs or not rather than 

the detailed folding process, the current analysis is sufficient. More elaborative treatments 

of the realistic problem, although important to understanding the process of folding, do 

not play a critical role in establishing the critical condition for spontaneous folding. 

The bifurcating instability resulting in asymmetric folding of square-shaped 

specimen observed in Fig. 1 can be relatively easily explained as follows. From Fig. 2(a) 
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it is seen that, when folding is symmetric, the controlling length is l. Spontaneous folding 

occurs when l is longer than a critical value determined by the critical folding parameter 

crit

eff  as stated in Equation (12). However, when asymmetric folding occurs by bending a 

pair of opposing corners towards each other while extending the other two opposing 

corners, the controlling length becomes 2l (i.e., l plus half the length of the side of dashed 

square in the middle, Fig. 2(a)). Therefore the critical value of spontaneous folding 

parameter can be reached for a smaller specimen size. Similarly, asymmetric folding of 

square specimens by bending along the edges increases the effective controlling length of 

the folding process. The bifurcating instability can also be qualitatively explained by 

energetic considerations. Symmetric folding of four corners requires large bending 

deformation and high curvature. Since the bending energy density is proportional to 

21
2

B , to wrap around the same liquid volume, the symmetric folding of four corners 

leads to a higher total bending energy than that of cylindrical edge folding or cylindrical 

folding of opposing corners, therefore the bifurcation into asymmetric folding.  

One additional detail in the current analysis is that, since the shape factor for linearly 

tapered thin foils takes the form of tan as in Equation (11), the result will not be valid 

at  = 90° where the value approaches infinity. The underlying reason for this limitation 

is that we used the base angle  as the geometric parameter for tapered foils which allows 

us to evaluate the ratio of L and t0. This in fact is not an issue for folding of the flower 

patterned thin foils. We expect that for complex geometric shapes, this problem will not 

be present as long as the characteristic length and width of the thin foils are independent 

parameters. 

 The above analysis can be verified using the energy method. For capillary-induced 

bending of a thin foil, the equilibrium state can be obtained by minimizing the total free 

energy, which consists of the surface energy of the fluid and the bending energy of the 

thin film. By taking variation of the energy functional, the governing equations and 

boundary conditions of the boundary value problem can be obtained. The shape of the 
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droplet and the thin film at the equilibrium state can then be determined by solving these 

equations (often numerically since the equations are nonlinear for finite rotation). The 

critical length of the thin film leaflet, beyond which the leaflet undergoes spontaneous 

folding, is determined. Our results using the energy method agree with the experiments 

well. 

 

6. Conclusion 

 

A mechanics model based on the theory of thin plate has been developed to identify 

the critical condition for thin film folding driven by capillary interactions. An intrinsic, 

non-dimensional material parameter, the effective folding parameter, has been identified 

in the model to be the single parameter controlling the thin film folding process. A 

criterion for spontaneous, capillary force driven folding has been established using this 

parameter. The experimental measurements agree well with the model predictions. The 

significance of the analysis is that it can be used to understand the self-assembly of nano- 

and micro-scale 3D structures from planar thin foils driven by capillary forces or other 

surface and interfacial interactions. Such understanding can provide guidance for 

fabrication of nano- and micro-scale complex 3D structures using self-assembly. 
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Appendix A. Validation of experimental data on PDMS by Py et al. (2007). 

 

If the length of the thin sheet edge, L0, instead of the beam length L, is used (see Fig. 2(a)) 

in calculating the effective folding parameter in Equation (9), the shape factor in Equation 

(11) would become 

 ( ) ( )
2

sin tanS   = , (A.1) 

where we use 2L = L0sin. In the experiment, the critical value of the effective folding 

parameter can be determined as ( )
2crit

eff crit ECL L = . Our model shows 

( )
21

4
sin tancrit

eff int   =  . Equating those two leads to ( ) 2crit EC intL S L =  = 

constant. After plotting ( )critL S   vs. ECL  with the experimental data of Py et al. 

(2007) on PDMS, the data for the square and triangular sheets fall on the same straight 

line as shown in Fig. A.1. 

 

Appendix B. Mathematic description of the petal shape unfolded from a sphere 

 

Consider a sphere of radius R being cut along its longitudes into n equal part (n = 4, 6, 8 

in the current study). Between two neighboring longitudinal cuts one can construct a 

surface with one principal curvature being zero (a flat surface), illustrated in Fig. B.1, as 

surface ABC. Unfolding the sphere made of these surfaces onto a plane results in a planar 

flower pattern with n petals. This was flower patterned thin film used in the folding 

experiments by Guo et al. (2009). 

 

A simple geometrical consideration is used to obtain the planar shape and its functional 

form of the petals. We consider the base of the flower pattern is a horizontal plane with 
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the height z0 from the bottom of the sphere, as shown in Fig. B.1. At the height z, the 

corresponding latitude intersects with n longitudes to form an n equilateral polygon. 

Radius of the inscribed circle of polygon is, 

 

2
π

1 1 cos
r z

R R n

   
= − −   

   
. (B.1) 

The nondimensional length of the petal after unfolding will be an incomplete elliptic 

integral of the second kind, 

 
( )( )0

0

2 22
1

21

1 sin π1
1

1

z z R

z z R

nx dr
dz d

R R dz






−

−

− 
= + = 

− 
  , (B.2) 

where  0 , 2z z R . The nondimensional width of the petal will be  

 

2
π

2 1 1 sin
t z

R R n

   
= − −   

   
. (B.3) 

The width at the base of the petal can be easily obtained by replacing t by t0 and z by z0, 

respectively, in Equation (B.3). A typical petal shape is also shown in Fig. B.1. 

 

For petal shaped specimen, the mechanics solution can be obtained by substituting local 

stiffness 
( ) 32

12
x

t x h
B E=  into Equation (2) and integrating the differential equation 

twice to obtain the deflection at x = Lp, 

 
( )

( )0 0
0 0

pL x p

taper

LP
d dx

B t t


 



 −
 =
 
 

  . (B.4) 

Following the same steps as in Equations (4-6) leads to the effective folding parameter, as 

                
( )

( )

12

0 0

3 3 0 0
0 0

1
36

pL x p

eff

LL t t
d dx

E h L L t t t


 



−   −  
  =            

  , (B.5) 

where ( )3 2

0 0 12 1B E t h = − . Similar to the case in the linearly tapered beam, this 

effective folding parameter reaches a maximum value (i.e., the critical effective folding 
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parameter) for each combination of n and t0/L, which characterizes the necessary 

condition for a petal to fold. It should be noted that, for flower patterned geometry, the 

evaluation of the effective folding parameter can only be done numerically, and a simple 

expression of the shape factor S(n, t0/L)  cannot in general be obtained as in Equation 

(11). After the maximum value is reached, the effective folding parameter would be 

 ( )
2

0
03

,eff

L
A S n t L

E h


 =  


, (B.6) 

where A′ is a dimensionless constant representing the magnitude of the capillary 

interaction when the pulling force due to surface tension is the strongest. S(n,t0/L) is the 

shape factor considering petal number n and the ratio of the width at the base of the petal 

t0 to the petal length L. 
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Figure captions 

 

Figure 1. Spontaneous wrapping of the thin films with a water droplet on top in a time 

lapse sequence, including PDMS thin films of (a) 6 mm triangle; (b) 6 mm square; and 

plastic food wrap thin films of (c) 7 mm triangle; (d) 7 mm square. 

 

Figure 2. (a) Modeling of each corner as a tapered beam. (b) Equivalence of a tapered 

beam to a uniform beam. 

 

Figure 3. Nondimensional function F() reaches maximum, 0.068, at  = 0.77. 

 

Figure 4. Comparison of the experimental data to the theoretical prediction ( infinite at 

 = 90° because of the singularity of the equivalence from the tapered beam with  = 90° 

to the uniform beam). 

 

Figure 5. Comparison of the experimental data to the theoretical prediction for 

flower-patterned sheets with 4, 6 and 8 petals. 

 

Figure A.1. Modified critical folding length ( )critL S   vs. elasto-capillary length LEC 

(data obtained from Py et al. (2007)). 

 

Figure A.2. int measured from the uniform beam. (a) top view: design of the uniform 

beams; (b) corresponding side view. L, t, and h are the beam length, width and thickness, 

respectively. 

 

Figure B.1. Unfolding of a sphere with radius R into a planar flower pattern with 6 

petals. 
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