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The general form of the surface stress tensor of an infinitesimally thin shell located on a

rotating null horizon is derived, when different interior and exterior geometries are joined

there. Although the induced metric on the surface must be the same approached from

either side, the first derivatives of the metric need not be. Such discontinuities lead to a

Dirac δ-distribution in the Einstein tensor localized on the horizon. For a general stationary

axisymmetric geometry the surface stress tensor can be expressed in terms of two geometric

invariants that characterize the surface, namely the discontinuities [κ] and [J ] of the surface

gravity κ and angular momentum density J . The Komar energy and angular momentum

are given in coordinates adapted to the Killing symmetries, and the surface contributions

to each determined in terms of [κ] and [J ]. Guided by these, a simple modification of the

original Israel junction conditions is verified directly from the Einstein tensor density to give

the correct finite result for the surface stress, when the normal n to the surface is allowed

to tend continuously to a null vector. The relation to Israel’s original junction conditions,

which fail on null surfaces, is given. The modified junction conditions are suitable to the

matching of a rotating “black hole” exterior to any interior geometry joined at the Kerr null

horizon surface, even when the surface normal is itself discontinuous and the Barrabès-Israel

formalism is also inapplicable. This joining on a rotating null horizon is purely of the matter

shell type and does not contain a propagating gravitational shock wave.
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I. INTRODUCTION

Singular surfaces in general relativity (GR) have a long history, beginning with Lanczos and Sen

just a few years after the introduction of GR itself [1–8]. A singular surface arises when one tries

to join or “glue” the geometries of two different regions of spacetime M+ and M− at their mutual

boundary Σ = M+ ∪ M−, where the metric and coordinates of the two regions coincide, but the

metric derivatives in general do not. The discontinuities in the metric derivatives lead to a δ-function

distributional surface stress tensor localized on the infinitesimal idealized boundary layer on Σ [9–14].

Singular surfaces in GR arise in describing the dynamics of first order phase transitions in the

universe, by the nucleation and growth of bubbles of a new phase of matter within the old metastable

phase [15–18]. The boundary layer or surface of the bubble separating the phases of different properties

and geometries can be approximated as an infinitely thin bubble wall or shell. In the approach of Israel

[9], the surface stress-energy tensor of this bubble wall is related to the discontinuity of the extrinsic

curvature of the three-dimensional hypersurface when embedded in the four-dimensional spacetime on

either side of it. In the application to nucleating bubbles and their dynamical evolution, the normal

vector n to the hypersurface is spacelike and can be normalized to unity, while the two-surface follows

a timelike trajectory. The Israel formalism [9] is quite satisfactory to handle this case, as well as the

converse situation where the normal vector to the hypersurface is everywhere timelike.

When the hypersurface is lightlike, the normal vector becomes null: n · n = 0. This leads to

difficulties in the formalism, at least as originally presented in [9], since the extrinsic curvature itself

vanishes. Barrabès and Israel (BI) subsequently reformulated the junction conditions and surface

stress energy tensor on null hypersurfaces by introducing a second “transverse” null vector N , and a

“transverse” or “oblique” extrinsic curvature defined in terms of N , rather than the normal n [12–14].

In applying the BI formulation both the transverse null vector and induced metric are taken to be

continuous and nonsingular on the null hypersurface. As we discuss in this paper, these regularity

conditions on the choice of transversal N may not be satisfied in an important case of physical interest,

namely the joining of interior and exterior black hole (BH) solutions at their horizons, particularly

when expressed in coordinates that may be singular there.

The conventional assumption is that coordinate singularities on a BH horizon can be eliminated

by a suitable change of coordinates, so that the horizon is a mathematical boundary only, and once

removed, the interior geometry is found by “analytic continuation” from the exterior [19]. Implicit in

this mathematical continuation is the physical assumption that there are no surface stresses on the

horizon, which would invalidate analytic continuation. Motivation for considering alternative possi-
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bilities for BH interiors arises from the unphysical interior geometries that result from mathematical

analytic continuation. In addition to the curvature singularity of infinite density present already in

the Schwarzschild case, more generally analytic continuation of the vacuum BH Kerr solution, leads

to acausal, closed timelike curves in the interior of a rotating BH with angular momentum [20].

When quantum effects are considered, additional difficulties arise, most notably the apparent non-

conservation of probability and uncertain origin of the enormous BH entropy apparently implied by

the Hawking effect [21]. These problems are generally classified under the heading of the ‘black hole

information paradox’ [22], and have been the source of speculation for more than four decades, with

a wide range of views on possible resolution [23], some quite radical [24]. At its root the information

paradox arises because of the existence of the BH horizon which acts as a one-way causal boundary

between two different regions of spacetime, and a sink through which matter can pass, but from which

it cannot reemerge, except possibly only after very long times, and in nothing like its original form.

If on the other hand, metric discontinuities and a nonvanishing surface stress tensor are present

on the horizon, the interior cannot be obtained from the exterior geometry by analytic continuation.

In that case the interior need not be singular or have unphysical or acausal features of any kind,

and consistency with quantum unitary evolution can be maintained. Such physical surface stresses

are perfectly consistent with the equivalence principle, and can be described within classical general

relativity. An explicit example of this is the nonrotating gravitational condensate star, where the

Schwarzschild exterior of a nonrotating “black hole” is matched to a static region of de Sitter space

with a positive vacuum energy but negative pressure, p = −ρ. The resulting nonsingular interior

“gravastar” solution can be obtained from Schwarzschild’s classical constant density interior solution

by a limiting process [25], which evades the Buchdahl bound [26], by having an anisotropic surface

stress tensor localized on the Schwarzschild radius R
H

= 2GM/c2. This classical solution is free of

any conflict with quantum or statistical mechanics, loss of unitarity, or information paradox [27, 28].

A similar proposal based on an analogy to quantum phase transitions was suggested in [29]. A

de Sitter interior could develop from a phase transition where the quantum vacuum energy changes

abruptly [30]. Independently of the microscopic quantum origin of the phase transition boundary

layer itself, the interior de Sitter and exterior Schwarzschild classical smooth geometries must be

“glued” together at their mutual horizon boundaries, of infinitesimal thickness in classical GR at

R
H
= 2GM/c2. The discontinuity [κ] in the surface gravities there results in a positive surface tension

τs = [κ]/8πG = (8πGR
H
)−1 [25].

If such a boundary layer with a nonvanishing surface tensor replaces the classical BH horizon,

the existence and physical characteristics of the surface layer may be probed by gravitational wave
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observations of binary neutron star and BH mergers [31]. The possibility of observable signatures

of a gravastar horizon surface has been attracting increasing interest, in the new era of gravitational

wave and multi-messenger astronomy [32]. Since rotating “BHs” are ubiquitous, it is important to

determine the properties of the surface stress tensor and junction conditions for a null horizon with

nonzero angular momentum within classical GR. This is the principal motivation and main result of

the present work.

Discontinuous boundary layers in GR have obvious parallels to those in electrodynamics where a

surface layer of charge density leads to a discontinuity in the electric field vector, by Gauss’ law. The

boundary conditions and discontinuity of the electric field vector are determined by purely classical

considerations, in first approximation independently of the details of the (quantum) matter surface

charge layer. In classical GR the analog of Gauss’ law for a stationary axisymmetric geometry is

furnished by the Komar mass and angular momentum, in terms of the Killing vectors of time trans-

lation and azimuthal rotational symmetry. The local differential form of these quantities can be used

to relate the discontinuities in certain functions of metric derivatives to the surface stress tensor on

the horizon where these discontinuities occur. Elucidating the physical meaning of possible metric

derivative discontinuities on a rotating horizon in terms of geometric invariants and their contribution

to the mass and angular momentum of the configuration is a second purpose of this study.

In investigating these issues, and guided by the mass and angular momentum expressions, we

find that there is a very simple and natural refinement of the original Israel junction conditions and

surface stress tensor in terms of the discontinuity of an extrinsic curvature of the null hypersurface,

which is free of the difficulties that motivated the Barrabès-Israel (BI) approach [13], and dispenses

with the need of the transversal N and oblique extrinsic curvature altogether. Presenting this new

“old” approach to null singular hypersurfaces and verifying it explicitly in the case of stationary,

axisymmetric horizons is the third main purpose of this work. Whereas Israel’s original approach [9]

fails for lightlike hypersurfaces, the modified junction conditions work equally well for timelike and

lightlike hypersurfaces, in which the latter can be viewed as a continuous limit of the former. The

reason for that and the relationship between the two is explained. Finally by studying the Weyl tensor

we are also able to characterize the junction on a rotating horizon as free of any gravitational shock

wave component.

The paper is organized as follows. In Sec. II the metric, coordinates and properties of the general

stationary, axisymmetric geometry are introduced. In Sec. III the surface stress tensor for a spherical

null horizon is reviewed and derived directly from the Einstein tensor density that contains the Dirac

δ-function surface contribution to the energy-momentum-stress tensor. This serves to introduce the
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method we use in Sec. IV to derive the singular stress tensor of the general axisymmetric, stationary

horizon surface directly from the Einstein tensor density, whose explicit form is given. The result,

Eqs. (4.14), depends upon just two invariant quantities that characterize the surface discontinuities:

the surface gravity κ and angular momentum density J . Both of these appear in the Komar mass and

angular momentum which are discussed in Sec. V in both their integral and local differential forms.

The latter is used to relate total derivatives of certain local quantities to components of the surface

stress tensor of the rotating horizon. In Secs. VI-VII we show that a relatively small but important

modification of the original Israel formalism yields the correct junction conditions for a stationary

axisymmetric null hypersurface in terms of the discontinuities of a modified extrinsic curvature Ki
j ,

by a continuous limiting procedure of the normal n · n= ε→ 0, as the hypersurface and its normal

become null, and compare it to the Barrabès-Israel (BI) approach. Sec. VIII contains a Summary and

our Conclusions. Units in which the speed of light c=1 are used hereafter in the paper.

There are three Appendices. The first contains a compact review of the tetrad formalism, sur-

face and volume integration of forms, and Stokes’ theorem applied to the axisymmetric geometry

used in this paper. Appendix B contains the explicit expressions for the Weyl tensor of the general

axisymmetric, stationary geometry and metric, and its singular surface contributions, showing that

the horizon discontinuities are necessarily associated with a thin shell matter distribution, and not a

lightlike gravitational shock wave [33]. Appendix C provides an explicit example of (mis)application

of the Barrabès-Israel formalism, in order to illustrate the pitfalls one may encounter when the normal

n or volume integration measure are themselves singular or discontinuous on the null hypersurface, as

is the case for BH horizons in familiar coordinates.

II. AXISYMMETRIC STATIONARY GEOMETRY AND METRIC

The condition of stationarity and axial symmetry is invariantly defined by the geometry admitting

two independent Killing vectors, denoted K(t) and K(φ)

K(t) = Kµ
(t)

∂

∂xµ
=

∂

∂t
, and K(φ) = Kµ

(φ)

∂

∂xµ
=

∂

∂φ
(2.1)

corresponding to time translation and rotations around the fixed rotation axis respectively. Each of

these satisfies the Killing equation

∇µKν +∇νKµ = 0 (2.2)

in component form. Since the two Killing symmetries commute [34], two coordinates (t, φ) can be

defined as in (2.1), corresponding to the vector fields generating the symmetries, so that the metric is
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independent of both t and φ. In the case of asymptotically flat spacetimes, the normalization of K(t)

can be fixed by the condition K(t) ·K(t)→−1 in the asymptotic region, while the normalization of the

spacelike K(φ) is set by a regularity condition on the symmetry axis [35, 36], which fixes the periodic

range of the azimuthal angle coordinate φ ∈ [0, 2π].

There are several forms for the general axisymmetric and stationary metric line element in the

literature [37–42]. A minimum of four functions of the remaining two coordinates are necessary to

specify the general such metric. It is most convenient to work with the line element

ds2 = −e2νdt2 + e2ψ
(

dφ− ω dt
)2

+ e2αdr2 + e2βdθ2 (2.3)

which contains five functions, ν, ψ, α, β, ω of the remaining two coordinates, which are (rather arbitrar-

ily) labeled here as (r, θ). There remains the freedom to define a coordinate condition on the functions

α, β to reduce these five functions to the minimal four functions of two variables (r, θ).

For reference we list here the nonzero components of the metric in (2.3) and its inverse

gtt = −e2ν + ω2 e2ψ gtt = −e−2ν (2.4a)

gtφ = gφt = −ω e2ψ gtφ = gφt = −ω e−2ν (2.4b)

gφφ = e2ψ gφφ = e−2ψ − ω2 e−2ν (2.4c)

grr = e2α grr = e−2α (2.4d)

gθθ = e2β gθθ = e−2β (2.4e)

for the stationary axisymmetric geometry. In these (t, r, θ, φ) coordinates, adapted to the symmetries,

the two Killing vectors (2.1) have contravariant components

Kµ

(t) = δµt = (1, 0, 0, 0) (2.5a)

Kµ
(φ) = δµφ = (0, 0, 0, 1) (2.5b)

and their inner products
K(t) ·K(t) = gtt = −e2ν + ω2e2ψ (2.6a)

K(φ) ·K(φ) = gφφ = e2ψ (2.6b)

K(t) ·K(φ) = gtφ = −ω e2ψ (2.6c)

are coordinate invariant scalars. Hence e2ν , e2ψ , and ω are separately coordinate invariant scalars.

The function ω(r, θ) = −gtφ/gφφ is the rotational frequency of the Lens-Thirring dragging of inertial

frames. The condition e2ψ = 0 where (2.6b) vanishes (with other metric components nonvanishing)

defines the axis of rotational symmetry. The particular linear combination
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ℓ ≡ K(t) + ωK(φ) (2.7)

plays a special role, since K(φ) · ℓ = 0 implies that particles with instantaneous four-velocity propor-

tional to ℓ (when not null) define the zero angular momentum observers: ZAMOs [40, 43]. Geometri-

cally, ℓ, ∂/∂r, ∂/∂θ, ∂/∂φ are the dual basis to the orthogonal basis dt, dr, dθ, dφ appearing in the line

element (2.3). Since

ℓ2 =
(

K(t) + ωK(φ)

)

·
(

K(t) + ωK(φ)

)

= −e2ν (2.8)

there are no timelike particle world lines if e2ν ≤ 0, and e2ν = 0 is the condition for a marginally

trapped surface and event horizon. If ω = ω
H
is constant on the horizon, then ℓ

H
is also a Killing

vector there and the horizon is a Killing horizon.

Unlike the (t, φ) coordinates adapted to the symmetry, the geometry and labeling of the other two

coordinates (r, θ) is somewhat arbitrary and may be chosen in different ways. In fact, the general form

of the line element (2.3) is preserved under any coordinate transformation (r, θ) → (r̃, θ̃) satisfying

g
r̃θ̃

= e2α
(

∂r

∂r̃

)(

∂r

∂θ̃

)

+ e2β
(

∂θ

∂r̃

)(

∂θ

∂θ̃

)

= 0 (2.9)

with r = r(r̃, θ̃), θ = θ(r̃, θ̃). These two functions are constrained by just one functional condition (2.9).

The remaining freedom allows the specification of one additional condition to reduce the five functions

of (2.3) to the minimal four. Such a coordinate condition could be imposed on any combination of

the diagonal components g
rr
, g

θθ
. In this paper we shall assume that the horizon where (2.8) vanishes

defines at fixed t a closed two-surface, and use the coordinate freedom in choosing the (r, θ) coordinates

so that this closed two-surface is a surface of constant r=R
H
in addition to constant t. In other words,

without loss of generality, the r coordinate is adapted to the specification of the horizon surface.

III. THE STRESS TENSOR OF A SPHERICAL HORIZON SURFACE

Prior to the case of a rotating horizon and to explain the general method, it is instructive to consider

the simpler case of vanishing angular momentum, where the geometry is both static and spherically

symmetric. The general static, spherically symmetric line element can be expressed in the form

ds2
∣

∣

sph
= −f(r) dt2 + dr2

h(r)
+ r2

(

dθ2 + sin2θ dφ2
)

(3.1)

in terms of just two functions f(r), h(r) of r only. This is clearly a special case of (2.3) with ω = 0,

and

e2ν
∣

∣

sph
= f(r) (3.2a)
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e2α
∣

∣

sph
=

1

h(r)
=

(

1− 2Gm(r)

r

)−1

(3.2b)

e2β
∣

∣

sph
= r2 (3.2c)

e2ψ
∣

∣

sph
= r2 sin2θ (3.2d)

where h(r) is also expressed in terms of the Misner-Sharp mass function m(r) [44]. The function ν is

the gravitational potential which approaches −GM/r in the asymptotically flat region, where in the

absence of matter m(r) = M and f/h are constants. This is the case for the Schwarzschild vacuum

BH solution for which f=h=1− 2GM/r. The ratio f/h is constant also if only the weaker condition

−T tt + T rr ≡ ρ+ p = 0 is satisfied, as for example with a cosmological constant Λ source.

The direct method of determining the form that a singular stress tensor may take on an infinitely

thin three-dimensional hypersurface is to examine possible Dirac δ(Φ) contributions to the Einstein

tensor for a hypersurface specified by a condition Φ(xµ) = 0, where Φ= r − R for a hypersurface at

fixed r=R. Einstein’s equations may then be used to find the singular surface stress tensor with δ(Φ)

support, together with the proper integration measure that makes this stress tensor meaningful as a

distribution when integrated over a small interval in r enclosing the surface.

An horizon occurs at a zero of e2ν , which for the line element (3.1) means an r=R
H
where f(R

H
)=0.

The induced metric on the horizon

lim
R→R

H

ds2
∣

∣

∣

r=R
≡ dΣ2

H
= R2

H

(

dθ2 + sin2θ dφ2
)

(3.3)

is just the round S
2 metric. The limit of fixed r = R → R

H
is a requisite prescription when the

coordinates (3.1) become singular on the event horizon at r = R
H
, as for the Schwarzschild vacuum

BH solution at r = R
H
= 2GM .

The four-volume factor (A8)
√
−g =

√

f

h
r2 sin θ (3.4)

is finite at the horizon provided that as r = R → R
H
where f(R

H
)= 0, h(R

H
) → 0 also, so that the

ratio f/h tends to a finite limit on both sides of the horizon. Note that f(R
H
) = h(R

H
) = 0 means

that f and h are separately continuous at the horizon, although the ratio f/h and hence
√−g need

not be be continuous, or tend to the same limit when approached from either side.

Now consider the case that the interior geometry r < R
H
is joined or “glued” to the null horizon at

r = R
H
with the same induced metric (3.3) but in general discontinuous derivatives. That is, consider

a static, spherically symmetric metric of the form (3.1), with continuous and piecewise differentiable

functions
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f(r) = f+(r)Θ(r −R
H
) + f−(r)Θ(R

H
− r) (3.5a)

h(r) = h+(r)Θ(r −R
H
) + h−(r)Θ(R

H
− r) (3.5b)

where Θ(x) is the Heaviside step function, and

f+(RH
) = f−(RH

) , h+(RH
) = h−(RH

) . (3.6)

The general rule of differentiation of a piecewise differentiable function defined by

F (x) = F+(x)Θ(x) + F−(x)Θ(−x) (3.7)

is

dF

dx
=
dF+(x)

dx
Θ(x) +

dF−(x)

dx
Θ(−x) +

[

F
]

δ(x) (3.8)

where δ(x) = dΘ(x)/dx = −dΘ(−x)/dx is the Dirac distribution and

[

F
]

≡ lim
x→0+

F+(x)− lim
x→0−

F−(x) (3.9)

is the discontinuity of F at x = 0. Since f and h are piecewise differentiable and continuous, i.e.

they satisfy (3.6), their first derivatives f ′ = df/dr and h′ = dh/dr do not contain a δ-function term.

However since their first derivatives are allowed to be discontinuous, applying (3.8) again to f ′ or h′

shows that the second derivatives f ′′, h′′ do contain δ-functions proportional to [f ′] or [h′].

In the Schwarzschild coordinates (3.1), the Einstein tensor components are

Gtt =
1

r

dh

dr
+

1

r2
(

h− 1
)

(3.10a)

Grr =
h

rf

df

dr
+

1

r2
(

h− 1
)

(3.10b)

Gθθ = Gφφ =
h

2f

d2f

dr2
+

h

4f

df

dr

(

1

h

dh

dr
− 1

f

df

dr

)

+
h

2r

(

1

h

dh

dr
+

1

f

df

dr

)

(3.10c)

with one covariant and one contravariant index. Viewed as a 4 × 4 matrix Gµν can be diagonalized,

with eigenvalues that are invariant under local frame rotations, and free of singularities associated

with singular coordinates of the metric tensor. Note that the second derivative of the metric function

f appears only in (3.10c), so that singular δ-function stresses localized on the surface can appear only

in the angular components Gθθ =Gφφ. However, due to divergent factors 1/f and 1/h multiplied by

first derivatives of f or h in (3.10c), and the possibility that h/f is allowed to be discontinuous at the

horizon, care is required, and (3.7)-(3.9) cannot yet be applied to (3.10c) for null horizons.

In handling these terms the key observation is that a δ-distribution must be defined with respect

to an integration measure, and the integration over a small interval in r enclosing the surface at fixed
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Φ=r−R
H
=0 involves the three-volume element (A23), which contains a factor of

√−g = r2 sin θ
√

f/h.

Since this is the proper measure against which the δ-function distribution is to be integrated, it is the

tensor densities
√−g Gµν not Gµν that are required for the calculation of the singular δ-function stress

tensor on the null hypersurface at r = R
H
. Since the r2 sin θ factor of

√−g is finite and continuous on

the horizon, but the derivatives f ′ and h′ and the ratio f/h may be discontinuous, consider therefore

√

f

h
Gθθ =

√

f

h
Gφφ =

1

2

d

dr

(
√

h

f

df

dr

)

+
1

2r

(
√

f

h

dh

dr
+

√

h

f

df

dr

)

(3.11)

and note the important fact that the potentially singular f ′/f, h′/h terms in (3.10c) involving the first

derivatives of f and h have now combined into a total r derivative in the first term on the right side

of (3.11). It is clear then that the last term of (3.11), although discontinuous, does not contain any

δ-function contributions to the surface stress tensor at r = R
H
.

The general rule (3.7)-(3.9) may now be applied to the discontinuous function
√

h/f f ′, the deriva-

tive of which in the first term of (3.11) gives

√

f

h
Gθθ =

√

f

h
Gφφ =

[

1

2

√

h

f

df

dr

]

δ(r −R
H
) + . . . (3.12)

where the ellipsis denotes nonsingular terms containing no Dirac δ-functions. Thus the total discon-

tinuity (3.12) of the tensor density and singular surface δ-function contribution in this quantity is

well-defined even if the metric is singular and f/h is discontinuous at the horizon. Indeed the relevant

quantity whose discontinuity must be computed is the surface gravity

κ(r) =
1

2

√

h

f

df

dr
(3.13)

which is the relativistic version of the force per unit mass or instantaneous acceleration exerted on a

particle fixed at r, projected onto the normal to the surface at that fixed r.

From Einstein’s equations, the result (3.12) implies that there is a distributional stress tensor on

the horizon surface given by [25]

(Σ)TAB

√

f

h
= SAB δ(r −R

H
) , SAB =

[κ]

8πG
δAB , A,B = θ , φ (3.14)

which is a well-defined distribution when integrated against the continuous measure
∫

dr dθ dφ r2 sin θ

at fixed t. This distributional stress tensor SAB is not equal to the surface energy tensors in Israel [9]

and Barrabès and Israel [13]; their relations are discussed at the end of Sec. VIA.

In the case of the spherical gravastar solution of [25], the de Sitter interior has

f−(r) =
1

4
h−(r) =

1

4

(

1− r2

R2

H

)

, 0 ≤ r ≤ R
H

(3.15)
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and the Schwarzschild exterior has

f+(r) = h+(r) = 1− R
H

r
, R

H
≤ r (3.16)

so that f/h is discontinuous in this case, but the surface gravities are equal and opposite in sign on

opposite sides of the surface at r = R
H
= 2GM . Their discontinuity from (3.13) and (3.15)-(3.16) is

[

κ
]

=
1

2

{

1

R
H

− 2
(

− 1

2R
H

)

}

=
1

R
H

=
1

2GM
(3.17)

and the surface stress tensor (3.14) of a spherical gravastar is given by (3.14) with

SAB = τs δ
A
B , A,B = θ , φ (3.18)

where
τs =

[κ]

8πG
=

1

16πG2M
(3.19)

is the surface tension tangential to the spherical horizon surface. The equal and opposite surface

gravities at the horizon indicate that there are equal and opposite radial forces (ingoing from outside,

outgoing from inside) that balance in a static configuration with no net force. These give rise to a

positive surface tension, and a surface energy differential dEs = τs dA that opposes increasing the

area A of the surface, indicating stability to small perturbations [25]. The Sφφ and Sθθ components

in Eq. (3.18) are the only nonzero components of the surface stress-energy tensor, and represent an

isotropic tension on the surface equal to the surface tension τs. In particular, the energy density term

Stt and the shear on the surface vanish.

Obtaining the finite coordinate invariant result (3.18)-(3.19) did not require a transformation from

Schwarzschild coordinates (3.1) to nonsingular coordinates on the horizon, but follows directly from the

Einstein tensor density (3.11). If one does transform to advanced or retarded Eddington-Finkelstein

coordinates
dv = dt+

dr√
fh

or du = dt− dr√
fh

(3.20)

which are regular on the future or past horizon respectively, it is clear that this coordinate transforma-

tion does not affect the θ, φ coordinates, so that the components of the Einstein tensor density (3.11),

and its discontinuity and δ-function distribution (3.12) with support on the surface are unchanged. It

is also clear therefore that exactly the same surface tensor distributions are produced by this matching

of (3.15) to (3.16) on both the future and past horizons in a time-symmetric manner.

The considerations of this section can be generalized to any spherically symmetric spacetime in the

interior region, continuously matched to the exterior at the horizon or indeed at any R, by specifying

f and h in each region, and recomputing the discontinuities in the derivatives of (3.17). In this way
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the δ-function contributions to the surface stress tensor in (3.14) are related directly to those in the

Einstein tensor density (3.12) by Einstein’s equations. If this matching were performed at a surface

where both f and h are nonvanishing and continuous, the multiplication of the Einstein tensor by the
√

f/h factor from
√−g is not essential to obtaining a well-defined distribution. However, the fact

that the second derivatives of the metric functions combine with singular first derivative terms to form

the total d/dr derivatives in the density (3.11) is essential for null horizon matching where both f

and h vanish and
√−g can be discontinuous. That this combination occurs is a result of the Killing

symmetries and related to the integral forms of the Komar mass-energy and angular momentum with

the proper integration measure, as demonstrated for the general stationary axisymmetric geometry in

the coordinates adapted to the symmetries in Sec. V.

IV. THE STRESS TENSOR OF A ROTATING HORIZON

In this section we follow the same direct method of determining the stress tensor Sij of a singular

null hypersurface as in Sec. III, now for the more general case of nonzero angular momentum. We

will compute the Einstein tensor density
√−g Gµν , retaining only those terms that can give rise to a

Dirac δ-function distribution on the horizon, obtained by differentiation of discontinuous functions,

according to the general rule (3.8). The coefficients of the δ-function yield the surface stress-energy

tensor localized on the horizon by Einstein’s equations.

Since at a null horizon ℓ · ℓ = −e2ν in (2.8) vanishes, the induced metric on the rotating horizon is

ds2
∣

∣

∣

r=R
H

= dΣ2
H
= e2ψH

(

dφ− ω
H
dt
)2

+ e2βH dθ2 (4.1)

and we require matching of the interior and exterior metrics on the horizon surface so that the metric

functions β=β
H
, ψ=ψ

H
, ω=ω

H
, and their derivatives with respect to θ are continuous at the horizon.

Hence only their second derivatives with respect to r may give rise to a Dirac δ-function on the horizon.

For the potentially singular α and ν functions, we must expect some combinations of second and first

derivatives with respect to r to contribute δ-functions on the horizon, analogous to (3.11).

The Einstein tensor Gµν for the general stationary axisymmetric metric (2.3) has the following

nonvanishing components, cf. [41, 42]

Gtt=e
−2α
{

βrr+ψrr +
(

βr+ψr
)(

ψr−αr
)

+β2r

}

+
1

2
e−2α−2ν+2ψ

{

ωωrr+ωωr
(

βr−αr−νr+3ψr
)

+
ω2

r

2

}

+e−2β
{

αθθ+ψθθ+
(

αθ+ψθ
)(

ψθ−βθ
)

+α2
θ

}

+
1

2
e−2β−2ν+2ψ

{

ωωθθ+ωωθ
(

αθ−βθ−νθ+3ψθ
)

+
ω2

θ

2

}

(4.2a)

Gtφ=−1

2
e−2α−2ν+2ψ

{

ωrr + ωr
(

βr−αr−νr+3ψr
)

}

− 1

2
e−2β−2ν+2ψ

{

ωθθ + ωθ
(

αθ−βθ−νθ+3ψθ
)

}

(4.2b)
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Gφt =
1

2
e−2α

{

ωrr+2ω(ψrr−νrr)+ωr (βr−αr−νr+3ψr)+2ω (ψr−νr) (βr−αr+νr+ψr)
}

+
ω

2
e−2α−2ν+2ψ

{

ωωrr+2ω2
r+ωωr(βr−αr−νr+3ψr)

}

+
ω

2
e−2β−2ν+2ψ

{

ωωθθ+2ω2
θ+ωωθ(αθ−βθ−νθ+3ψθ)

}

+
1

2
e−2β

{

ωθθ+2ω(ψθθ−νθθ)+ωθ (αθ−βθ−νθ+3ψθ)+2ω (ψθ−νθ) (αθ−βθ+νθ+ψθ)
}

(4.2c)

Gφφ=e
−2α
{

βrr+νrr+(βr−αr)(βr+νr)+ν2r
}

− 1

2
e−2α−2ν+2ψ

{

ωωrr+ωωr(βr−αr−νr+3ψr)+
3ω2

r

2

}

+ e−2β
{

αθθ+νθθ+(αθ−βθ)(αθ+νθ)+ν2θ
}

− 1

2
e−2β−2ν+2ψ

{

ωωθθ+ωωθ(αθ−βθ−νθ+3ψθ)+
3ω2

θ

2

}

(4.2d)

Grr = e−2α
(

βrνr+βrψr+νrψr
)

+
ω2

r

4
e−2α−2ν+2ψ − ω2

θ

4
e−2β−2ν+2ψ

+ e−2β
{

νθθ + ψθθ + (ψθ−βθ)(νθ+ψθ) + ν2θ

}

. (4.2e)

Gθθ = e−2α
{

νrr + ψrr + (ψr−αr) (νr+ψr)+ν2r
}

− ω2

r

4
e−2α−2ν+2ψ +

ω2

θ

4
e−2β−2ν+2ψ

+ e−2β
(

αθνθ + αθψθ + νθψθ
)

(4.2f)

Grθ = e−2α
{

− νrθ−ψrθ+αθ(νr+ψr)+νθ(βr−νr)+ψθ(βr−ψr)
}

+
ωθ ωr

2
e−2α−2ν+2ψ

= e−2α+2β Gθr (4.2g)

where a subscript on a metric function denotes a partial derivative, e.g. ωr ≡ ∂ω/∂r, and all compo-

nents not listed vanish identically by the stationarity and axisymmetry of (2.3).

As in the nonrotating case considered previously in Sec. III, the Dirac δ-distribution is defined

with respect to the three-surface integration measure (A23) involving
√−g = exp(α + β + ψ + ν),

cf. (A8). Since β and ψ are continuous on the horizon but α and ν need not be, we multiply (4.2)

by the potentially discontinuous factor exp(α+ ν) of
√−g, and retain only terms that may contain a

Dirac δ-function distribution on the horizon as R→ R
H
.

Since terms containing (either first or second) derivatives with respect to θ, while possibly discon-

tinuous at the horizon, cannot produce Dirac δ-distributions on the surface of constant r due to the

continuity of β, ψ, and ω there, we focus on the r-derivative terms in (4.2). Inspection of (4.2) shows

that these are of two kinds, depending on an overall factor of either (A) e−2α, or (B) e−2α−2ν+2ψ . The

first set of (A) terms, containing the second derivatives βrr, ψrr or ωrr, may give rise to δ-functions

that would have to be retained if the surface were not at the horizon, but that vanish at the horizon

where e−2α → 0. Since 2νrr = e−2ν(e2ν)rr − 4ν2r , (A) terms involving νrr (and only those terms) can

contribute a δ-function surface term comparable to the (B) terms. Note that there are no αrr terms

at all in (4.2).

Thus, terms that may contain a Dirac δ-function distribution on the horizon as R→ R
H
can come

only from (A) terms containing νrr in possible combination with first derivatives of the discontinuous

α, ν functions, and (B) terms containing ωrr, each of which after multiplication by exp(α+ ν) can be
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combined to give total r-derivatives as in (3.11). Proceeding in this way, we obtain the contributions

eα+νGtt =
ω

2
e−α−ν+2ψ

{

ωrr − ωr
(

αr + νr
)

}

+ · · · = ω

2
e2ψ

∂

∂r

(

e−α−ν
∂ω

∂r

)

+ · · · (4.3a)

eα+νGtφ = −1

2
e−α−ν+2ψ

{

ωrr − ωr
(

αr + νr
)

}

+ · · · = −1

2
e2ψ

∂

∂r

(

e−α−ν
∂ω

∂r

)

+ . . . (4.3b)

eα+νGφt =
1

2
e−α+ν

{

−2ωνrr + 2ωνr(αr−νr)
}

+
ω2

2
e−α−ν+2ψ

{

ωrr−ωr(αr+νr)
}

+ . . .

= −ω
2

∂

∂r

(

e−α−ν
∂e2ν

∂r

)

+
ω2

2
e2ψ

∂

∂r

(

e−α−ν
∂ω

∂r

)

+ . . . (4.3c)

eα+νGφφ = e−α+ν
{

νrr − αrνr + ν2r

}

− ω

2
e−α−ν+2ψ

{

ωrr − ωr(αr + νr)
}

+ . . .

=
1

2

∂

∂r

(

e−α−ν
∂e2ν

∂r

)

− ω

2
e2ψ

∂

∂r

(

e−α−ν
∂ω

∂r

)

+ . . . (4.3d)

eα+νGθθ = e−α+ν
{

νrr − αrνr + ν2r

}

+ · · · = 1

2

∂

∂r

(

e−α−ν
∂e2ν

∂r

)

+ . . . (4.3e)

where the ellipsis and components not listed contain terms that do not contribute a δ-function at the

horizon, because they either involve lower numbers of r-derivatives of metric functions, or contain an

additional power of e2ν→0 relative to the terms in (4.3), as can be checked explicitly from (4.2).

Since both e−α−ν(e2ν)r and e
−α−νωr are of the form (3.7), just as in the nonrotating case, applying

therefore the general rule (3.8) to their derivatives we have

∂

∂r

(

e−α−ν
∂ω

∂r

)

=

[

e−α−ν
∂ω

∂r

]

δ(r −R) + . . . (4.4a)

∂

∂r

(

e−α−ν
∂e2ν

∂r

)

=

[

e−α−ν
∂

∂r
e2ν
]

δ(r −R) + . . . (4.4b)

where the square brackets denote the discontinuity at r=R of the function enclosed. The coefficients

of these δ(r−R) terms in eα+νGµν can be identified with 8πG (Σ)T µν eα+ν of the surface stress tensor.

Note that there are no second derivative terms with respect to r or singular terms in the Grr component

(4.2e) which could give rise to singular δ-function terms on the surface. Thus the stress tensor localized

on the surface has only t, θ, φ components and is intrinsic to the surface (4.1) itself.

The two quantities appearing in (4.4) can be expressed in a geometrically invariant form with a

clear physical meaning. One can introduce the null vector N , orthogonal to a two-surface of constant

t and r, such that

N ·N = 0 , N · ∂θ = 0 , N · ∂φ = 0 (4.5)

where ∂θ = ∂/∂θ and ∂φ = ∂/∂φ = K(φ) are tangent to the two-surface. N is normalized by

ℓ ·N = −1 (4.6)
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so that the area element of the two-surface of constant t and r is l[µNν] dA as in (A24). On the horizon

ℓ becomes a null vector tangent to the horizon, and N becomes the second linearly independent null

vector on the horizon (called n in Ref. [45]).

In the (t, r, θ, φ) coordinates of (2.3), the components of N satisfying (4.5)-(4.6) are given explicitly

by
Nµ = (−1,−eα−ν , 0, 0) , Nµ = (e−2ν ,−e−α−ν , 0, ωe−2ν) (4.7)

Then one finds

Nµ ℓν
(

∇µKν
(t)

)

= κ+ ωJ (4.8a)

Nµ ℓν
(

∇µKν
(φ)

)

= −J (4.8b)

Nµ ℓν
(

∇µℓν
)

= κ (4.8c)

where
κ =

1

2
e−α−ν

∂

∂r
e2ν (4.9)

is the surface gravity in the general case of nonvanishing angular momentum, defined to be positive

for an inwardly directed gravitational acceleration. It reduces to (3.13) in the nonrotating case. The

second invariant scalar quantity

J = −1

2
e2ψ e−α−ν

∂ω

∂r
(4.10)

will be shown in Sec. V to be proportional to the angular momentum density.

The surface gravity is the acceleration with respect to the Killing time t of a particle at momentary

rest, projected to the normal direction to the constant r surface. Its discontinuity at the horizon

[

κ
]

=
1

2

[

e−α−ν
∂

∂r
e2ν
]

(4.11)

is therefore the difference of inward and outward accelerations at the horizon. The discontinuity of J

at the horizon
[

J
]

= −1

2
e2ψ

[

e−α−ν
∂ω

∂r

]

(4.12)

will be related to the angular momentum carried by the singular horizon surface itself in Sec. V.

We remark that the derivation of the δ-function terms (4.4) on the rotating horizon in terms of [κ]

and [J ] did not require any restrictions on the function e−α. However, for the discontinuities (4.11)-

(4.12) to be finite, e−α must tend to zero at the horizon at least as fast as eν . If it does not, then

not only would the discontinuities and the resulting surface stress tensor on the horizon be infinite,

but the Einstein tensor (4.2) itself would also contain terms that grow without bound in the bulk as

R → R
H
. Conversely, if e−α tends to zero at the horizon faster than eν , then the δ-function terms
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in (4.4), and resulting horizon surface stress tensor will vanish in the limit R → R
H
. In both the

nonrotating Schwarzschild exterior considered in Sec. III and the rotating Kerr BH vacuum exterior,

in fact e−α ∝ eν → 0 tend to zero the same way as R → R
H
. Thus in the most relevant physical

applications to BH horizons, e−α−ν and the two discontinuities (4.11)-(4.12) are well-defined and

finite. A finite e−α−ν as R → R
H
is necessary for a finite nonzero

√−g = eα+ν+β+ψ volume measure

at the horizon.

From the Einstein equations Gµν = 8πGT µν , the stress tensor localized as a Dirac δ-function

distribution on the horizon surface is

(Σ)T ij e
α+ν = Sij δ(r −R

H
) (4.13)

where from (4.3), (4.4) and (4.11)-(4.12), the nonvanishing components of Sij for a general rotating

null horizon are given by

8πGStt = −ω
H

[

J
]

(4.14a)

8πGStφ =
[

J
]

(4.14b)

8πGSφt = −ω
H

[

κ
]

− ω2
H

[

J
]

(4.14c)

8πGSφφ =
[

κ
]

+ ω
H

[

J
]

(4.14d)

8πGSθθ =
[

κ
]

(4.14e)

obtained directly from the possible δ-function contributions to the Einstein tensor. The tensor (4.13) is

a well-defined distribution when integrated at fixed t against the continuous measure
∫

dr dθ dφ eβ+ψ =
∫

dr dA, where dA is the area element (A25) of the induced metric on the two-surface of fixed t and

r. The surface stress tensor Sij differs in general from the horizon limit of the surface energy tensors

Sij defined in [2, 3, 9, 13]; its relation to them is discussed in Sec. VI.

As a check on our result (4.14), we also obtained the δ-function terms in the Einstein tensor density
√−g Gµν on the rotating horizon by transforming all second derivatives of the metric in

√−g Gµν into

derivatives of the form (
√−g gµν,α),β, and taking the limit R → R

H
assuming a finite

√−g and

continuity of the Killing vectors and the induced metric on the horizon. This gives the coefficients

Gµν of the δ-function Einstein tensor density eα+νGµν=Gµνδ(r−R
H
) concentrated at the null horizon.

Then Einstein’s equations relate these δ-function terms to those of the stress-energy tensor through

Gµν=8πGSµν , which leads to Srr=Sir=Sri=0 and the Sij components of the surface stress tensor in

(4.14).

All the surface stress tensor components (4.13), when taken to the horizon, can be written in terms

of [κ] and [J ]. This generalizes (3.14) to the case of a rotating horizon. In the limit where both
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ω
H
→ 0 and [J ]→ 0, the previous result (3.18) for the spherically symmetric horizon surface stress is

recovered. Equations. (4.13) and (4.14) together with (4.8)-(4.12) are a principal result of this paper.

Since
Sit + ω

H
Siφ = 0 , i = t, θ, φ (4.15)

the surface stress tensor (4.14) is particularly simple in the corotating local orthonormal tangent frame

basis of (A3)-(A4)
Sab = eaµ Sµν υνb (4.16)

in which it has components

S0
0 = Stt + ω

H
Stφ = 0 (4.17a)

S0
3 = eν−ψStφ = eν−ψ

[

J
]

8πG
(4.17b)

S3
0 = eψ−ν

{

Sφt + ω
H
Sφφ − ω

H

(

Stt + ω
H
Stφ
)

}

= 0 (4.17c)

S3
3 = Sφφ − ω

H
Stφ =

[

κ
]

8πG
(4.17d)

S2
2 = Sθθ =

[

κ
]

8πG
(4.17e)

where although (4.17b) goes to zero on the horizon, we retain its explicit form with eν small but finite

in order for the transformation (4.16) to be strictly invertible back to the coordinate basis (4.14).

Similar simplifications occur if the components of the Einstein tensor in the bulk (4.2) are expressed

in the corotating orthonormal tangent frame basis.

The surface stress tensor in (4.14) has the null vector ℓ as eigenvector with zero eigenvalue, i.e.,

Sµν ℓν = 0, or

Sij ℓj = 0 (4.18)

since both ℓ and S are tangential to the horizon (this is the geometrical meaning of Eq. (4.15), and the

considerations in this paragraph can be carried out equally well in the tangent space of the spacetime

or of the horizon). For
[

κ
]

6= 0, Sij has two additional independent eigenvectors orthogonal to ℓ and

tangent to the null horizon, with degenerate eigenvalue
[

κ
]

. They can be chosen to be the vectors

θ̂ = e−β∂θ and ϕ̂ = e−ψ
(

∂φ + ℓ
[

J
]

/
[

κ
])

, which are spacelike unit vectors orthogonal to each other.

The surface stress tensor then decomposes as

Sij =
[

κ
]

(θ̂ i θ̂j + ϕ̂ i ϕ̂j) (4.19)

where the index j in θ̂j and ϕ̂j has been lowered with the induced metric, resulting in θ̂j dx
j = eβ dθ

and ϕ̂j dx
j = eψ (dφ − ω

H
dt). The decomposition (4.19) of the surface stress tensor Sij shows that it

is locally isotropic in the frame (ℓ, θ̂, ϕ̂) on the rotating null horizon.
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The equations allow for
[

κ
]

= 0 and
[

J
]

6= 0, in which case the surface stress tensor Sij is traceless

and has only one other eigenvector besides ℓ, namely θ̂ = e−β∂θ, with eigenvalue zero. It decomposes

as

Sij = e−ψ
[

J
]

ℓi ϕ̂j (4.20)

and so its structure agrees with the algebraic type of the energy-momentum tensor of a null Maxwell

field (pure radiation) [35]. Thus Sij with
[

κ
]

= 0 and
[

J
]

6= 0 may represent a null azimuthal flow

on the null horizon. Finally, and trivially, for
[

κ
]

=
[

J
]

= 0, Sij = 0.

The decompositions (4.19) and (4.20) of the surface stress tensor Sij support the interpretation

that the anisotropy between the azimuthal and meridional stresses Sφφ and Sθθ, and the azimuthal

“flow” indicated by the time components Stt, Stφ, and Sφt in (4.14), are kinematical effects due to the

rotation of the horizon. The kinematical coordinate transformation is particularly simple for constant
[

J
]

/
[

κ
]

with
[

κ
]

6= 0,

t̄ = t−
[

J
]

[

κ
] (φ− ω

H
t) , θ̄ = θ, φ̄ = φ− ω

H
t (4.21)

It is easy to verify that S ī
j̄
= Sij (∂xī/∂xi) (∂xj/∂xj̄) has only two nonzero components,

S θ̄
θ̄
= S φ̄

φ̄
=
[

κ
]

(4.22)

To hypothetical observers at fixed coordinates (θ̄, φ̄) on the horizon, which circle the horizon at fixed

θ with angular velocity ω
H
, the surface stresses appear as a stationary isotropic surface tension

[

κ
]

.

In Appendix B we show from the form of the Weyl tensor that the surface stress tensor (4.14) or

(4.17) describes a simple infinitely thin stationary matter shell, and does not contain any propagating

spin-2 gravitational shock wave component [33].

V. KOMAR MASS AND ANGULAR MOMENTUM OF ROTATING GEOMETRY

Since the general stationary axisymmetric geometry is invariantly characterized by the existence

of the two Killing vectors (2.1) of time translation and azimuthal axial symmetry, one can define the

Komar mass-energy and angular momentum in terms of these Killing vectors [46]. In addition to

their fundamental coordinate invariant significance for geometries possessing Killing symmetries, the

expressions for the Komar mass and angular momentum are also useful for relating the surface stress

tensor on singular null hypersurfaces to Einstein tensor densities such as (3.11).
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A. Integral form

Taking a covariant derivative of Killing’s Eq. (2.2) and using the commutation of covariant deriva-

tives gives the fundamental local differential relation

∇ν∇µKν =
[

∇ν ,∇µ
]

Kν = Rµν K
ν = 8πG

(

T µν −
1

2
Tδµν

)

Kν (5.1)

where the last equality follows by Einstein’s equations, and T = T µµ is the trace of T µν . Eq. (5.1) can

be integrated over a three-surface V with boundary ∂V . Referring to Appendix A, since (A22) applies

to any antisymmetric two-tensor, it can be applied to Fµν = ∇µKν = −∇νKµ for Kµ any Killing

vector. This immediately yields

∫

∂V

∇µKνd2Σµν =

∫

V

∇ν∇µKνd3Σµ = 8πG

∫

V

(

T µν −
1

2
Tδµν

)

Kνd3Σµ (5.2)

Rearranging slightly yields the fundamental integral relation

1

4πG

∫

∂V

∇νKµd2Σµν = −
∫

V

(

2T µν − Tδµν
)

Kνd3Σµ . (5.3)

If applied to the Killing vector of time translation Kµ
(t), and in the situation where the boundary of

the three-volume V is composed of outer and inner surfaces ∂V+ and ∂V− respectively, with oppositely

directed normals, (5.3) then gives the Komar mass-energy [25, 46, 47]

MK =
1

4πG

∫

∂V+

∇νKµ
(t)d

2Σµν = −
∫

V

(

2T µν − Tδµν
)

Kν
(t)d

3Σµ +
1

4πG

∫

∂V−

∇νKµ
(t)d

2Σµν (5.4)

for any time independent (static or stationary) geometry admitting a time translation Killing vector

Kµ
(t). This shows that if T

µ
ν = 0, the volume integral vanishes and MK is independent of the bounding

two-surface. Conversely, if the geometry is nonsingular and the volume includes all of space within

∂V+, then the contribution of the inner boundary ∂V− vanishes.

In a similar way the Komar angular momentum JK is given by the two-surface integral of the

covariant derivative of the Killing vector of azimuthal rotational symmetry Kµ

(φ)

JK = − 1

8πG

∫

∂V+

∇νKµ
(φ)d

2Σµν =

∫

V

(

T µν −
1

2
Tδµν

)

Kν
(φ)d

3Σµ −
1

8πG

∫

∂V−

∇νKµ
(φ)d

2Σµν (5.5)

where the factor of −1/8πG can be verified by evaluating the surface integral in the asymptotically

flat region on the outer boundary ∂V+. As in the case of the mass, (5.5) implies that in the absence of

any matter, the three-volume integral vanishes, and the two-surface integral of ∇νKµ is independent

of the surface chosen.

Expressions (5.4) and (5.5) are coordinate invariant, and may be evaluated in any set of coordinates.

The most convenient coordinates in which to evaluate them are those adapted to the Killing symmetries
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(2.1), which are exactly those of the general stationary axisymmetric line metric (2.3). In these

coordinates where (2.5) applies we have

∇νKµ
(γ) = gνβ Γµβγ = −1

2
gµαgνβ

(

∂αgβγ − ∂βgαγ
)

(5.6)

for γ = t, φ. If the three-volumes V in (5.4) and (5.5) are at fixed t enclosed by two-surfaces at r−

and r+ in coordinates (2.3), we may make use of (A24) for the two-surface element d2Σµν to obtain

∇νKµ
(t)d

2Σµν =
1

2

√
−g grr

(

gtt∂rgtt + gtφ∂rgtφ
)

dθ dφ = Nµ ℓν
(

∇µKν
(t)

)

dA = (κ+ ωJ ) dA (5.7a)

∇νKµ
(φ)d

2Σµν =
1

2

√
−g grr

(

gtt∂rgtφ + gtφ∂rgφφ
)

dθ dφ = Nµ ℓν
(

∇µKν
(φ)

)

dA = −J dA (5.7b)

respectively, since grt = grφ = 0 in coordinates (2.3), and we have also made use of (A25) and (4.8).

Therefore the mass integral (5.4) takes the form

MK =
1

4πG

∫

∂V+

(κ+ ωJ ) dA

=

∫

V

√
−g

(

− T tt + T rr + T θθ + T φφ

)

dr dθ dφ +
1

4πG

∫

∂V−

(κ+ ωJ ) dA (5.8)

and likewise the angular momentum integral is

JK =
1

8πG

∫

∂V+

J dA =

∫

V

√
−g T tφ dr dθ dφ+

1

8πG

∫

∂V−

J dA (5.9)

for the three-volume V at fixed t enclosed by two-surfaces at r− and r+ in coordinates (2.3). Thus J

is 8πG times the angular momentum areal flux density and ωJ the angular momentum contribution

to the Komar mass-energy respectively, of the two-surface at constant t and r.

B. Local form of mass and angular momentum flux

Since ∇ν∇µKν = −∇ν∇νKµ = − Kµ, from (5.1) we have

− Kµ

(γ) = − 1√−g∂ν
(√

−g∇νKµ

(γ)

)

= 4πG
(

2T µν − T δµν

)

Kν
(γ) (5.10)

for the two Killing vectors (2.1) of (2.3), or using (5.6)

∂

∂xν

{√
−g gµαgνβ

(

∂αgβγ − ∂βgαγ
)

}

= 8πG
√
−g
(

2T µγ − T δµγ

)

(5.11)

which gives the local form of the conservation laws for the Komar mass flux and angular momentum

flux in coordinates (2.3) when γ = t, φ respectively.

For either value of γ, since in (2.3) all the metric functions depend upon only (r, θ), the index ν in

(5.11) ranges over these two values only. Thus for γ = t we have

∂

∂r

{√
−g gµαgrr

(

− ∂rgαt
)

}

+
∂

∂θ

{√
−g gµαgθθ

(

− ∂θgαt
)

}

= 8πG
√
−g
(

2T µt − T δµt

)

(5.12)
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since β = r and β = θ are the only nonzero terms respectively in each of the terms on the left side

and gtr = gtθ = 0. The index α now ranges over t, φ only and so we obtain

∂

∂r

{√
−g grr

(

gµt
∂gtt
∂r

+ gµφ
∂gtφ
∂r

)}

+
∂

∂θ

{√
−g gθθ

(

gµt
∂gtt
∂θ

+ gµφ
∂gtφ
∂θ

)}

= −8πG
√
−g
(

2T µt − T δµt

)

(5.13)

as the local form of the mass-energy flux.

Repeating these steps for the Killing vector of azimuthal symmetry and γ = φ in (5.11) gives

∂

∂r

{√
−g grr

(

gµt
∂gtφ
∂r

+ gµφ
∂gφφ
∂r

)}

+
∂

∂θ

{√
−g gθθ

(

gµt
∂gtφ
∂θ

+ gµφ
∂gφφ
∂r

)}

= −8πG
√
−g
(

2T µφ − T δµφ

)

(5.14)

for the local form of the angular momentum flux.

C. Discontinuities on a singular surface at fixed r

Each of the two local relations (5.13) and (5.14) gives two relations for µ = t, φ respectively. Making

use of (2.4) and (A8), the four quantities under ∂/∂r derivatives that appear on the left sides of these

four relations are given explicitly by

√
−g grr

(

gtt
∂gtt
∂r

+ gtφ
∂gtφ
∂r

)

= eβ+ψ e−α−ν
(

∂e2ν

∂r
− ω e2ψ

∂ω

∂r

)

= 2 eβ+ψ (κ+ ωJ ) (5.15a)

√
−g grr

(

gtφ
∂gtt
∂r

+ gφφ
∂gtφ
∂r

)

= ω eβ+ψ e−α−ν
(

∂e2ν

∂r
− ω e2ψ

∂ω

∂r

)

− eβ−ψ e−α+ν
∂(ωe2ψ)

∂r

= 2 eβ+ψω (κ+ ωJ )− eβ−ψ e−α+ν
∂(ωe2ψ)

∂r
(5.15b)

√
−g grr

(

gtt
∂gtφ
∂r

+ gtφ
∂gφφ
∂r

)

= eβ+3ψ e−α−ν
∂ω

∂r
= −2 eβ+ψ J (5.15c)

√
−g grr

(

gtφ
∂gtφ
∂r

+ gφφ
∂gφφ
∂r

)

= ω eβ+3ψ e−α−ν
∂ω

∂r
+ eβ−ψ e−α+ν

∂e2ψ

∂r

= −2 eβ+ψ ωJ + eβ−ψ e−α+ν
∂e2ψ

∂r
(5.15d)

where κ and J are defined by (4.9) and (4.10) respectively.

If each of the four relations (5.13)-(5.14) are integrated with respect to r over an infinitesimally

small range r ∈ [r−, r+], where the metric derivatives in r are discontinuous at a surface, but the θ

derivatives are not discontinuous, then the ∂θ terms do not contribute. Furthermore, if the surface is

located at the horizon where e2ν = 0, then the last terms in (5.15b) and (5.15d) involving derivatives
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of ωe2ψ or e2ψ respectively do not contribute. In that case we obtain the four relations

1

2

[√
−g grr

(

gtt
∂gtt
∂r

+ gtφ
∂gtφ
∂r

)]r+

r−

= eβ+ψ
(

[

κ
]

+ ω
[

J
]

)

= 4πG

∫ r+

r−

dr
√
−g

(

−T tt + T θθ + T φφ

)

(5.16a)

1

2

[√
−g grr

(

gtφ
∂gtt
∂r

+ gφφ
∂gtφ
∂r

)]r+

r−

= eβ+ψ ω
(

[

κ
]

+ ω
[

J
]

)

= −8πG

∫ r+

r−

dr
√
−g T φt (5.16b)

1

2

[√
−g grr

(

gtt
∂gtφ
∂r

+ gtφ
∂gφφ
∂r

)]r+

r−

= −eβ+ψ
[

J
]

= −8πG

∫ r+

r−

dr
√
−g T tφ (5.16c)

1

2

[√
−g grr

(

gtφ
∂gtφ
∂r

+ gφφ
∂gφφ
∂r

)]r+

r−

= −eβ+ψ ω
[

J
]

= 4πG

∫ r+

r−

dr
√
−g
(

T tt + T θθ − T φφ

)

(5.16d)

where we have dropped the T rr term since it has no singular surface component at the two-surface of

fixed r and t. If the surface at fixed r is not at the horizon, then the additional terms in (5.15) would

have to be retained.

Substituting
√−g from (A8) we now observe that the integrands on the right side of these relations

involve the singular surface contributions (4.13) so that

∫ r+

r−

dr
√
−g (Σ)T ij =

∫ r+

r−

dr eν+ψ+α+β e−α−ν Sij δ(r −R) = eβ+ψ Sij (5.17)

since both β and ψ are continuous on the surface, as is ω. Making use of this relation the continuous

factors eβ+ψ cancel from (5.16) and we obtain the four conditions

[κ] + ω
H
[J ] = 4πG

(

− Stt + Sθθ + Sφφ
)

(5.18a)

ω
H
[κ] + ω2

H
[J ] = −8πGSφt (5.18b)

[J ] = 8πGStφ (5.18c)

−ω
H
[J ] = 4πG

(

Stt + Sθθ − Sφφ
)

(5.18d)

on the null horizon surface. Referring to the results for the horizon surface stress tensor (4.14) shows

that all four relations (5.18) are satisfied as identities. Thus the local form of the Komar energy and

angular momentum fluxes provide a consistency check on the calculation of the singular stress tensor

from the Einstein tensor in Sec. IV on a rotating null horizon surface.

VI. MODIFIED JUNCTION CONDITIONS AND BARRABÈS-ISRAEL FORMALISM

The first treatments of junction conditions and surface stress tensors generally assumed implicitly

or explicitly the existence of admissible coordinates where all metric components are continuous on Σ

[3–5]. This condition is relaxed in the approach of Israel [9], but was still restricted to the cases that the
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singular hypersurface is entirely timelike or spacelike, so that its normal vector n can be normalized

to n · n = ±1 respectively. With this restriction, the conventionally defined surface energy tensor Sij

of an entirely spacelike or timelike hypersurface can be expressed in terms of the discontinuities of the

extrinsic curvature tensor

Kij ≡ e
µ
(i) e

ν
(j) (∇νnµ) = −nµ eν(j)∇νe

µ
(i) (6.1)

at the hypersurface as

8πGSij = −
[

Kij

]

+ hij
[

K l
l

]

(6.2)

where Kij is Kij with a unit normal n and the indices are raised and lowered with the induced metric

hij [9]. Here ei are the three vectors tangent to the hypersurface with components

e
µ
(i) =

∂x̄µ(ξ)

∂ξi
(6.3)

where xµ = x̄µ(ξ) are the parametric equations specifying the surface in the embedding geometry in

surface coordinates ξi, and n is normal to the surface so that n · e(i) = 0. The conventional definition

of the surface energy tensor Sij for a timelike hypersurface is such that Sij = lim
δ→0

∫ δ

0 Tij dln, where

ln is the proper distance measured in a direction normal to the hypersurface (the normal Gaussian

coordinate of the hypersurface, see e.g. [5]).

Since it is not possible to normalize a null vector to ±1, the algorithm of [9] as first formulated is not

applicable to null horizon surfaces where n ·n = 0. Barrabès and Israel (BI) cited the convenience of a

unified formalism to treat both cases of null and nonnull hypersurfaces, and to that end introduced a

transverse null vector N , satisfying N ·N = 0, but n ·N = η−1 6= 0, and an “oblique” or “transverse”

extrinsic curvature and surface energy tensor based on it [13]. The components of the transverse vector

Nµ and normal nµ are assumed to be continuous across the null hypersurface in this BI approach.

In this section we show that the original Israel formalism applies even to the case of rotating null

horizon hypersurfaces if the normalization of n is allowed to approach zero

n · n ≡ ǫ = e2ν → 0 (6.4)

as the horizon is approached, provided also that the discontinuity junction conditions are specified for

a modified contravariant/covariant extrinsic curvature tensor Ki
j with the nonunit normal n in (6.4)

and one index raised compared to (6.1). On a non-null hypersurface, Ki
j = eνKi

j, where Kij is the

usual extrinsic curvature tensor defined with a unit normal and the index is raised with the induced

metric. The junction conditions determined in this way do not require any oblique extrinsic curvature

based on N , and yield a finite limit as R→R
H
that agrees with the Einstein tensor analysis of Sec. IV.
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A. Spherically symmetric nonrotating case

To see what the problems are with earlier general formulations of junction conditions on null

hypersurfaces, and how to cure them, consider again the spherically symmetric case analyzed directly

from the Einstein tensor in Sec. III. Specifying the surface to be at fixed r = R > R
H
away from the

horizon in the coordinates (3.1) by Φ ≡ r −R = 0, the normal n is given by

nµ =
1

ζ
∂µΦ =

1

ζ
δrµ (6.5)

where ζ is an arbitrary normalization factor (called α in the notation of [13]) that may depend on R.

The normal vector n is spacelike for R > R
H
and has norm

n · n =
h(R)

ζ2
(6.6)

in the metric (3.1). If we were to set this normalization to +1 by choosing ζ =
√
h, a short calculation

of (6.1) shows that 2Kij =
√
h ∂rgij for the surface coordinates i, j = t, θ, φ [25]. Thus all components

of Kij ∼
√
h go to zero as R → R

H
, and the usual junction conditions give a vanishing discontinuity

and vanishing surface energy tensor Sij. On the other hand if one raises one of the indices i or j,

the Kt
t component is 1

2

√
h ∂rf/f which diverges when R → R

H
since f → 0 with h/f → const,

and hence junction conditions with mixed indices would give a divergent energy tensor Sij on the

null horizon. This divergence stems from the simple kinematical fact that the spacelike normalization

n ·n = 1 requires going to the rest frame of the two-surface, but this involves an infinite Lorentz boost

as R→ R
H
where the hypersurface is null, and no rest frame for the null hypersurface exists.

On the other hand, if in (6.5) and (6.6) we set

ζ−1 =

√

f

h
, so that n · n = f(R) = ǫ→ 0 (6.7)

in the continuous normalization (6.4) with ǫ = exp(2ν) = f(R) in the spherically symmetric case, and

we compute the discontinuity in

Ki
j = −giknµΓµjk =

1

2
gikgrr

√

f

h

∂gjk
∂r

(6.8)

with one index raised, for this n instead of that of (6.1), we find

Kt
t =

1

2

√

h

f

df

dr
= κ (6.9a)

Kθ
θ = K

φ
φ =

√
fh

r
→ 0 (6.9b)

and
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[

Kt
t

]

= [κ] (6.10a)

[

Kθ
θ

]

=
[

K
φ
φ

]

= 0 (6.10b)

in the null horizon limit R→ R
H
, ǫ = f(R) → 0. Substituting these results into the usual form (6.2)

of the Israel junction conditions but with one index raised and the unit-normal extrinsic curvature

Ki
j replaced by Ki

j, gives exactly the surface stress tensor Sij in (3.14) in place of Sij ,

8πGSij = −
[

Ki
j

]

+ δij
[

Kl
l

]

(6.11)

where the trace
[

Kl
l

]

= [κ], in agreement with the direct calculation from the Einstein tensor density

(3.12) and (3.18) [25].

What has happened is that although the discontinuity in Kij defined by (6.1) vanishes as
√
ǫ as

ǫ→ 0 with the unit normalization of n, and the modified n of (6.7) contributes another factor of
√
ǫ,

raising one index in (6.8) contributes 1/ǫ so that (6.10) is finite in the limit R → R
H
, ǫ → 0. The

contravariant/covariant tensor (6.8) removes the singular coordinate dependent effects in going to the

null horizon hypersurface, is physically motivated by the Komar formulae and gives a well-defined

δ-function distribution for the surface stress tensor with the proper integration measure.

To find the relation between these new or modified junction conditions and the original prescriptions

of Refs. [9, 13], note that the stress-energy tensor T µν is determined through Einstein’s equations by

the Einstein tensor, which is independent of the normalization chosen for the normal n. In [13],

(Σ)Tαβ = ζ Sαβ δ(Φ) (6.12)

and the BI surface tensor Sαβ depends upon the normalization ζ of (6.5) in such a way that at given

Φ

ζ1
(1)Sαβ = ζ2

(2)Sαβ (6.13)

where (1)Sαβ is computed from (6.8) with n normalized by (6.6) with ζ = ζ1, and
(2)Sαβ is computed

from the same formula (6.8), but with n normalized by (6.6) with ζ = ζ2. Therefore the surface stress

tensor computed by the original Israel junction conditions given in [9] with n · n = 1 and ζ1 =
√
h is

related to the surface stress tensor (2)Sαβ = Sαβ computed by our modified junction conditions with

n · n = ε and ζ2 =
√

h/f by

(

Sαβ
)

here
=
ζ1
ζ2

(

Sαβ
)

Israel
=
√

f(R)
(

Sαβ
)

Israel
(6.14)

which was found previously in [25]. When ǫ is finite and both the metric and
√−g are nonsingular and

continuous, the redshift factor
√

f(R) is finite and can easily be kept track of, causing no problems.
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However when R → R
H
and f(R) → 0, the Israel junction conditions give an infinite or ambiguous

result, while the modified junction conditions (6.11) with (6.7) work equally well for singular null

horizon surfaces, even if expressed in singular Schwarzschild coordinates and
√−g is discontinuous, as

in the gravastar case of [25] and Sec. III. The modified junction conditions given here also correspond to

the natural integration measure
√−g of the Komar mass and angular momentum formulae of Sec. V.

B. Comparison to the Barrabès-Israel prescription

In the BI method of [13], a second transverse vector N is introduced to satisfy the condition

n ·N = η−1, where η can take on any nonzero value, and may conveniently be taken to be −1. This

one condition on 4 components leaves 3 components of N undetermined, as the only other requirement

BI impose on N is that its projection onto the surface must be continuous. If one also requires N to be

null, and normal to the two-surface of constant t and r, satisfying (4.5) and (4.6) as in Refs. [14, 25, 48],

then N is fixed (up to a sign of N r), and may be chosen to coincide with N introduced in Sec. IV.

Specializing (4.7) to the spherically symmetric case first, the vector N has components

Nµ =
1

f
δµt −

√

h

f
δµr , Nµ = gµνN

ν = −δtµ −
1√
fh

δrµ (6.15)

so that Nµ projected onto the surface of constant r has (t, θ, φ) components (−1, 0, 0) which are all

finite and continuous across the surface for any r, while neither Nr nor nr are continuous across the

horizon if
√

h/f is not, and N t is singular at f = 0.

The authors of [13] define the “oblique extrinsic curvature”

Kij ≡ −Nµ e
ν
(j)∇νe

µ
(i) = −NµΓµij (6.16)

and the discontinuity on the null hypersurface

γij ≡ 2 [Kij ] = −2 [NµΓµij ] = −2
[

N rΓrij
]

= −
[
√

h

f

dgij
dr

]

(6.17)

giving

γtt =

[
√

h

f

df

dr

]

= 2 [κ] (6.18)

with the other components vanishing. Then Eqs. (17)-(18) of Ref. [13] with (6.5) and γ = gijγij give

−16πGSθθ = −16πGSφφ = ǫγ = −γtt = −2 [κ] = − 2

R
H

= − 1

GM
(6.19)

with all other components projected onto the surface vanishing. Thus (3.14) is recovered by the BI

method, with the particular (singular) choice (6.15) of N , provided one keeps the ǫγ term in Sij , since

γ = gttγtt = −γtt/ǫ is singular, and takes the limit R→R
H
, ǫ→0 which yields the finite result (6.19).
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At this point one may ask if the result (6.19) is independent of the conditions (4.5) and (4.6) on

N . The authors of [13] remark that although the oblique tensor Kij is not independent of the choice

of transverse vector N , transforming under the change

N → N + λk(ξ)e(k) , as Kij → Kij − λk Γkij (6.20)

the discontinuity [Kij ] is independent of λ
a, on condition that the tangential Γkij is continuous at the

surface. The continuity of N is also implicitly assumed in Ref. [13]. However, inspection of (6.15)

shows that Nµ and in particular N r which enters (6.17) is neither finite, nor continuous at the horizon

in the case of the gravastar, cf. (3.15)-(3.16). Thus although the result (6.19) is correct in this case,

with the particular choice (6.15), as it can be verified independently from the Einstein tensor in Sec. III,

the argument given in Ref. [13] for the prescription being independent of the choice of N does not

apply. For this reason the BI prescription may lead to ambiguous or incorrect results for the surface

stress if it is applied in the cases that its underlying assumption of continuity of the oblique vector N

does not hold. In Appendix C, we give an explicit example in the case of the rotating horizon, where

applying the BI algorithm - or rather mis-applying it where N is discontinuous and independence of

the choice of N cannot be assumed - leads to incorrect results with the choice (4.7).

VII. MODIFIED ISRAEL JUNCTION CONDITIONS FOR A ROTATING NULL HORIZON

We may apply the proposed modification of the original Israel junction conditions (6.11) with (6.8)

to the rotating horizon as well. Define the (nonunit) normal vector n to the surface at constant r = R

to be defined by (6.5) and fix

ζ = e−α−ν so that n · n = e2ν ≡ ǫ → 0 (7.1)

as R→ R
H
approaches the horizon. The normal n so defined has components

nµ = δrµ e
α+ν , nµ = δµr e

−α+ν (7.2)

and as R→ R
H
the generators of the future and past horizons are given respectively by the null vectors

(ℓ± n)/2. The extrinsic curvature tensor (6.8) defined with one index raised for this n

is

Ki
j = −giknµΓµjk =

1

2
e−α+νgik

(

∂gjk
∂r

− ∂grk
∂xj

− ∂grj
∂xk

)

, i, j = t, θ, φ (7.3)

which has the nonvanishing components

Kt
t =

1

2
e−α−ν

∂

∂r
e2ν − 1

2
ω e2ψ e−a−ν

∂ω

∂r
= κ+ ωJ (7.4a)
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Kt
φ =

1

2
e2ψ e−a−ν

∂ω

∂r
= −J (7.4b)

K
φ
t =

1

2
ω e−α−ν

∂

∂r
e2ν − 1

2
ω2e2ψ e−a−ν

∂ω

∂r
− 1

2
e−2ψ e−a+ν

∂

∂r

(

ωe2ψ
)

= ω κ+ ω2 J +O(ǫ) (7.4c)

Kθ
θ =

1

2
e−α+ν−2β ∂

∂r
e2β = O(ǫ) (7.4d)

K
φ
φ =

1

2
ω e2ψ e−a−ν

∂ω

∂r
+

1

2
e−2ψ e−a+ν

∂

∂r
e2ψ = −ωJ +O(ǫ) (7.4e)

with the nonlisted components vanishing. The discontinuities of these components on the null horizon

hypersurface where ǫ→ 0 are

[

Kt
t

]

=
1

2

[

e−α−ν
∂

∂r
e2ν
]

− 1

2
ω

H
e2ψ

[

e−α−ν
∂ω

∂r

]

= [κ] + ω
H
[J ] (7.5a)

[

Kt
φ

]

=
1

2
e2ψ

[

e−α−ν
∂ω

∂r

]

= −[J ] (7.5b)

[

K
φ
t

]

=
1

2
ω

H

[

e−α−ν
∂

∂r
e2ν
]

− 1

2
ω2

H
e2ψ

[

e−α−ν
∂ω

∂r

]

= ω
H
[κ] + ω2

H
[J ] (7.5c)

[

Kθ
θ

]

= 0 (7.5d)

[

K
φ
φ

]

=
1

2
ω

H
e2ψ

[

e−α−ν
∂ω

∂r

]

= −ω
H
[J ] (7.5e)

where we have used ǫ= e2ν → 0 and ω=ω
H
on the horizon. If the singular surface is not located on

the horizon, all terms in (7.4) would have to be retained. Finally computing the surface stress tensor

through the junction conditions (6.11), we find a result that coincides with (4.14) computed directly

from the Einstein tensor, which verifies the modified prescription for rotating null horizons.

The discussion in the previous Sec. VIA and the relation (6.14) for the nonrotating case carries

over to the rotating case as well, and we see that the modified junction conditions given here can be

obtained from the original Israel junction conditions of [9] by having one index raised and the other

lowered and multiplying the latter by eν before taking the horizon limit eν → 0. This then corresponds

to (7.3) with (7.1) and yields the finite result (6.11) for the rotating null horizon stress tensor, upon

using (7.5). This simple modification of the junction conditions works perfectly well for lightlike or

timelike surfaces, and eliminates the need for a special formalism for null surfaces, involving the oblique

extrinsic curvature introduced in Ref. [13].

VIII. SUMMARY AND CONCLUSIONS

In this paper we have given the junction conditions and surface stress tensor of a rotating null

surface, stationary in time, and in particular for the horizon of a rotating “black hole,” where the

region interior to the Kerr horizon generally may differ from the analytic continuation of the exterior
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Kerr solution. Relations (4.13) and (4.14) are the principal result of this analysis, derived directly

from the singular contributions to the Einstein tensor density (4.3) for a null surface at constant r in

the general axisymmetric, stationary coordinates of (2.3). These results and surface stress tensor are

applicable in particular to the matching of a regular or nonsingular solution to Einstein’s equations in

a rotating black hole interior to the Kerr solution external to its horizon.

The approach to the junction conditions and stress tensor of a singular null surface followed in

this paper differs from previous work in focusing on the tensor density
√−g Gµν with one covariant

and one contravariant index. It is this Einstein tensor density and corresponding stress-energy density

that appear in expressions (5.8) and (5.9) for the Komar mass and angular momentum, and which

are free of coordinate artifacts. By identifying all the terms in this tensor density that are singular

and can be expressed as total derivatives with respect to r in (4.3) we have identified those terms and

only those terms that can give rise to a well-defined δ-function distribution localized on a singular null

surface. The two quantities [κ] and [J ] determining these surface contributions (4.9) and (4.10) having

a coordinate invariant physical meaning, are well-defined and finite, even if the horizon is defined in

the most familiar singular Schwarzschild or Boyer-Lindquist coordinates of BH exteriors.

In deriving the junction condition for a rotating null horizon based on the Komar expressions and

the tensor density
√−g T µν , we observed that difficulties which the earlier Israel formalism encounters

when applied to null surfaces are easily circumvented. The modified junction algorithm is the following:

1. The normalization n · n = ǫ = e2ν → 0 of the normal n to the surface should be continuously

defined and taken to zero for the null surface only in the final step;

2. The extrinsic tensor Ki
j (6.1) of the surface is calculated using this n but with one contravariant

and one covariant index (6.8), which is well-defined for ǫ 6= 0 and has a finite limit as ǫ→ 0.

3. The surface stress tensor Sij is calculated from the discontinuities [Ki
j] at the surface according

to (6.11), just as one would ordinarily in the Israel approach;

4. The limit ǫ→0 is taken to obtain the finite stress tensor Sij on a null horizon hypersurface.

In the case that ǫ 6= 0 and the metric at the surface is nonsingular, this algorithm is equivalent

to the original one, related by (6.14), or a factor of eν in the general rotating case. However, for

joining on null hypersurfaces when ǫ → 0 and the original Israel junction conditions fail, the simple

modification above gives a finite result for the surface stress tensor. This is in contrast to the original

prescription in terms of Kij which vanishes as ǫ → 0 and thus would lead to an indeterminate result

for the surface stress tensor. By keeping ǫ finite and raising the index before taking the ǫ→ 0 limit, as

is also motivated by the Komar mass and angular momentum, one obtains finite, coordinate invariant
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results for the surface stress on a singular null hypersurface, which coincide with the direct derivation

from the Einstein tensor density.

With this modified Israel prescription for the junction conditions and surface stress there is no

need to introduce a transversal N vector or oblique extrinsic curvature tensor as in the approach of

Ref. [13], and indeed that approach should not be applied uncritically to the cases in which the normal

n, transversal N or integration measure
√−g in the density are themselves singular or discontinuous,

where independence of the results from the choice of N cannot be assumed. These are the cases of

most direct physical interest for BH horizons and interiors, where Schwarzschild or Boyer-Lindquist

coordinates are most convenient. Misapplication of the BI approach to these singular cases may lead

to incorrect results, as the example of Appendix C shows, while the direct method of derivation of

the singular null surface stress tensor from the Einstein tensor density in Sec. IV does not suffer from

this drawback. The application of the junction conditions for a rotating gravastar in the slow rotation

approximation of Hartle and Thorne is given in a second paper accompanying this one.
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Appendix A: Tetrads, Surfaces, Integration and Stokes’ Theorem

The metric and curvature conventions used in this paper are those of Misner, Thorne and Wheeler

[19]. Greek indices are four-dimensional and xµ ranges over (t, r, θ, φ) in the metric of (2.3). Orthonor-

mal tangent space indices are indicated by a, b, c, . . . , while coordinates of a three- or two-dimensional

hypersurface are labeled ξi, ξj etc. In the tetrad or vierbein formalism the line element is written

ds2 = gµνdx
µdxν = waηabw

b (A1)

with ηab = diag (−1, 1, 1, 1) the flat spacetime Minkowski metric in the tangent space and wa are the

one-forms

wa = eaµ dx
µ with eaµ e

b
ν ηab = gµν , gµν eaµ e

b
ν = ηab (A2)

for a, b = 0, . . . , 3, the orthonormal tangent space indices. In the case of (2.3) a basis of such one-forms

is

w0 = e0t dt = exp(ν) dt (A3a)

w1 = e1r dr = exp(α) dr (A3b)

w2 = e2θ dθ = exp(β) dθ (A3c)

w3 = e3φ dφ+ e3t dt = exp(ψ) (dφ − ω dt) (A3d)

with all other components of the vierbein eaµ not shown vanishing [42]. The dual basis of vectors υa

υ0 = exp(−ν)
(

1, 0, 0, ω
)

= exp(−ν)
(

∂

∂t
+ ω

∂

∂φ

)

= e−ν ℓ (A4a)

υ1 = exp(−α)
(

0, 1, 0, 0
)

= exp(−α) ∂
∂r

(A4b)

υ2 = exp(−β)
(

0, 0, 1, 0
)

= exp(−β) ∂
∂θ

(A4c)

υ3 = exp(−ψ)
(

0, 0, 0, 1
)

= exp(−ψ) ∂

∂φ
(A4d)

in (t, r, θ, φ) coordinates, satisfy eaµυ
µ
b = δab, e

a
νυ

µ
a = δµν and υµaυνb gµν = ηab, υ

µ
aυνbη

ab = gµν . The

vector υ0 = e−ν ℓ is the four-velocity of a zero angular momentum observer (ZAMO) [40, 43]. Note

http://dx.doi.org/10.1007/BF01645742
http://dx.doi.org/10.1103/PhysRev.113.934
http://dx.doi.org/10.1142/S0217751X10047762
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that the orthonormal tangent space basis (A4) becomes singular as eν → 0,which limit we take only

at the very end.

The tetrad formalism is useful for defining the integration measures for surfaces embedded in the

geometry, and for Stokes’ theorem. The four-volume integration measure relies on the Hodge star dual

of the constant scalar function f(x) = 1, which we denote by 1, namely

∗
1 =

1

4!
ǫabcd w

a ∧ wb ∧ wc ∧ wd = 1

4!
ǫabcd e

a
µ e

b
ν e

c
λ e

d
ρ dx

µ ∧ dxν ∧ dxλ ∧ dxρ

= ǫabcd e
a
t e
b
r e

c
θ e

d
φ dt ∧ dr ∧ dθ ∧ dφ =

√
−g dt ∧ dr ∧ dθ ∧ dφ (A5)

where ǫabcd is the totally antisymmetric Levi-Civita symbol of four indices, with orientation fixed by

ǫ0123 = +1. It is convenient also to define the metric dependent anti-symmetric Levi-Civita tensor

density

εµνλρ ≡ ǫabcd e
a
µ e

b
ν e

c
λ e

d
ρ (A6)

in the coordinate basis. The integral of the four-form (A5) over the four-volume Ω is defined to be

∫

∗
1 ≡

∫

Ω
ǫabcd e

a
t e
b
r e

c
θ e

d
φ dt dr dθ dφ =

∫

Ω
det(eaµ) d

4x =

∫

Ω

√
−g d4x (A7)

since viewing eaµ as a 4× 4 matrix, the determinant

det(eaµ) = ǫabcd e
a
te
b
re
c
θe
d
φ =

√
−g = exp (ν + ψ + α+ β) (A8)

is the covariant volume element measure factor of the metric in (2.3).

A three-dimensional hypersurface Σ3 embedded in the four-geometry is defined by the 4 coordinate

functions xµ = x̄µ(ξ1, ξ2, ξ3) of the 3 variables (ξ1, ξ2, ξ3) on the hypersurface. The Hodge star dual

of a 1-form j=jµ dx
µ is the three-form

∗j =∗(jµ dx
µ) =

1

3!
jµεµνλρ dx

ν ∧ dxλ ∧ dxρ (A9)

The integral of the three-form (A9) over the three-surface Σ3 is by definition

∫

Σ3

∗j =

∫

Σ3

jµ d3Σµ (A10)

where the integrand is evaluated at xµ = x̄µ(ξ1, ξ2, ξ3) and the three-surface element

d3Σµ = εµνλρ

(

∂x̄ν

∂ξ1

)(

∂x̄λ

∂ξ2

)(

∂x̄ρ

∂ξ3

)

d3ξ (A11)

follows from the pullback of ∗j onto the three-surface Σ3

1

3!
εµνλρ dx̄

ν ∧ dx̄λ ∧ dx̄ρ = 1

3!
εµνλρ

(

∂x̄ν

∂ξi

)(

∂x̄λ

∂ξj

)(

∂x̄ρ

∂ξk

)

dξi ∧ dξj ∧ dξk
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= εµνλρ

(

∂x̄ν

∂ξ1

)(

∂x̄λ

∂ξ2

)(

∂x̄ρ

∂ξ3

)

dξ1 ∧ dξ2 ∧ dξ3 . (A12)

Integrals of the kind (A10) on closed three-surfaces are related to a four-volume integral by Stokes’

theorem ∫

Ω
d ∗j =

∫

∂Ω

∗j (A13)

expressed in the language of differential forms, where ∂Ω = Σ3 is the three-surface boundary of the

four-volume Ω and d is the exterior derivative. Now

d ∗j =
∂

∂xα

(

jµ

3!
εµνλρ

)

dxα ∧ dxν ∧ dxλ ∧ dxρ = ∂µ
(

jµ
√
−g
)

dt ∧ dr ∧ dθ ∧ dφ (A14)

as can be verified by writing out the four terms for α = t, r, θ, φ explicitly and observing that α, ν, λ, ρ

must all be different by the antisymmetry of εabcd, so that µ = α necessarily. Since the four-form at

right is ∗
1 (∇µj

µ), Stokes’ theorem (A13) may be written in this case as

∫

Ω
∇µj

µ
√
−g d4x =

∫

∂Ω
jµd3Σµ (A15)

with the three-surface element given by (A11).

These steps may be repeated in applying Stokes’ theorem again to a vector jµ = ∇νF
µν which is

the covariant derivative of an antisymmetric tensor field Fµν = −F νµ. In this case the two-form

1

2!
εµνλρ dx

λ ∧ dxρ = εµνλρ

(

∂x̄λ

∂ξ1

)(

∂x̄ρ

∂ξ2

)

dξ1 ∧ dξ2 (A16)

characterizes the two-dimensional surface parametrized by xµ = x̄µ(ξ1, ξ2). Contracting this with

Fµν/2! gives
(

1

2!

)2
Fµνεµνλρ dx

λ ∧ dxρ = ∗F (A17)

which is the Hodge star dual of the two-form

F ≡ 1

2!
Fµν dx

µ ∧ dxν . (A18)

Thus applying Stokes’ theorem to this case,

∫

V

d ∗F =

∫

∂V

∗F (A19)

where on the left side we have the integral of the three-form

d ∗F =
∂

∂xα

(

1

(2!)2
Fµνεµνλρ

)

dxα ∧ dxλ ∧ dxρ = ∂ν(
√
−gF tν) dr ∧ dθ ∧ dφ

− ∂ν(
√
−gF rν) dt ∧ dθ ∧ dφ+ ∂ν(

√
−gF θν) dt ∧ dr ∧ dφ− ∂ν(

√
−gFφν) dt ∧ dr ∧ dθ
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= ∇νF
µν 1

3!
εµνλρ dx

ν ∧ dxλ ∧ dxρ = ∗j (A20)

over the three-volume, relabeled V here instead of Σ3.

The three-volume integral on the left side of (A19) can be written exactly as in the right side of

(A15) for this jµ with (A11). At the same time the right side of (A19) can be written in terms of the

element of directed 2-surface area

d2Σµν =
1

2
εµνλρ

(

∂x̄λ

∂ξ1

)(

∂x̄ρ

∂ξ2

)

d2ξ (A21)

with one combinatoric factor of 1/2! cancelled by specifying the order of ξ1, ξ2, while the second factor

of 1/2! remains to account for the 2 equal terms in the sum over µ, ν. Thus finally (A19) can be

written
∫

V

∇νF
µνd3Σµ =

∫

∂V

Fµνd2Σµν (A22)

in component form, with d3Σµ and d2Σµν given by (A11) and (A21) respectively.

The surface elements simplify if the surfaces are at fixed values of the coordinates of the embedding

spacetime. In the case of interest for the Komar mass and angular momentum considered in the text,

the three-surface is the spacelike constant t slice of (2.3), with coordinates ξ = (r, θ, φ) the same as

the embedding space coordinates. In that case (A11) becomes

d3Σµ = δtµ
√
−g dr dθ dφ = δtµ e

α+ν+β+ψ dr dθ dφ (A23)

with only a future directed µ = t component, and where (A8) has been used. Likewise, if the two-

surface in (A21) is at fixed t and r in the same coordinates

d2Σµν =
1

2
ǫabcd e

a
µ e

b
ν e

c
θ e

d
φ dθ dφ = δt[µ δ

r
ν]

√
−g dθ dφ = ℓ[µNν] dA (A24)

in terms of the vectors ℓ and N of (4.5)-(4.7) orthogonal to the two-surface, and where

dA = eβ+ψ dθ dφ (A25)

is the area element on the metric induced from (2.3) on the two-surface of constant t and r. Since

ℓ = n+ e2ν N , with n given by (7.2), the area element (A24) is also n[µNν] dA.

Appendix B: Axisymmetric Geometry and Weyl Tensor on the Singular Horizon Surface

The Riemann tensor corresponding to the general stationary axisymmetric metric (2.3) has exactly

12 nonzero and a priori independent components, of a possible 20 in the most general case of no

symmetry [42]. These 12 components can be decomposed into 6 for the nontrivial traceless Weyl
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tensor, and 6 for the nonzero components of the Ricci tensor in the trace parts. Following from

this, there are a total of 6 nontrivial Einstein equations for the remaining 6 components of the Ricci

and Einstein tensors, which are given explicitly by (4.2), and correspondingly 6 generally nonzero

components of the stress-energy tensor, viz. Ttt, Ttφ, Tφφ, Trr, Tθθ, Trθ, each of which are functions of

just r and θ. The remaining 4 components of the Einstein (and Ricci) tensor, viz. Gtr, Gtθ, Gφr, Gφθ

vanish identically, by stationarity and axial symmetry, and hence so must the corresponding stress-

energy tensor components Ttr, Ttθ, Tφr, Tφθ.

This has the immediate consequence that the covariant conservation equations ∇νT
ν
t = 0 = ∇νT

ν
φ

are also satisfied identically. However, the two other (first order) covariant conservation equations

∇νT
ν
r = 0 and ∇νT

ν
θ = 0 are in general nontrivial and independent of each other, so that they can

be substituted for 2 of the 6 Einstein equations if desired. Finally, in either description, there are

6 partial differential equations in (r, θ) for 10 functions, i.e. 4 metric functions plus 6 stress-energy

components, in the general stationary axisymmetric geometry.

Without further restrictions, this system is underdetermined and the Segre class is also the most

general, with the Ricci tensor possessing in general 4 distinct eigenvalues at each point. If the stress-

energy tensor vanishes or has the specific form of a cosmological constant, the 2 covariant conservation

equations also become vacuous, and there are just 4 Einstein equations for 4 metric functions of r, θ.

The solution of these is then unique up to integration constants depending upon boundary conditions.

The Kerr solution is an example of a such a special vacuum solution which is asymptotically flat.

The Weyl conformal tensor, defined by [19]

Cαβµν = Rαβµν − 2 δ
[α
[µR

β]
ν] +

1

3
δ[α[µδ

β]
ν]R (B1)

is antisymmetric under exchange of µ and ν and of α and β, symmetric under exchange of the pairs

µν and αβ, and completely traceless, Cαβαν =0. The orthonormal tangent frame components of the

Weyl tensor are defined via the tetrads and dual basis vectors of Appendix A by

Cabcd = eaα e
b
β C

αβ
µν υ

µ
c υ

ν
d (B2)

with orthonormal indices 0, . . . , 3 raised and lowered by the flat metric ηab = diag(− +++).

Because of the symmetries obeyed by the Weyl tensor, each pair of indices (ab) or (cd) can be

restricted to just one of six possible pair values (ab) = (01), (02), (03), (23), (31), (12), and Cabcd can

be expressed in the form of a symmetric 6× 6 traceless matrix with the 3× 3 block structure
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Cabcd =

(01)
(02)
(03)
(23)
(31)
(12)















E H

−H E















(B3)

where the (ab) rows are labeled by six index pair values as shown, and the columns (cd) are labeled

similarly. The information in the matrix (B3) can be expressed still more compactly in the form of

the complex 3× 3 matrix
Q = E + iH (B4)

with relabeled indices ranging over i = 1, 2, 3 for (0i) → i, and (jk) → i for i, j, k a cyclic permutation

of 1, 2, 3. Thus
Eij = C0i

0j =
1

4
ǫikl ǫjmnC

kl
mn = Ckjik +

1

2
δij C

kl
kl (B5a)

Hij =
1

2
ǫjklC

0i
kl = −1

2
ǫjklC

kl
0i (B5b)

with the real and imaginary parts of Q the “electric” and “magnetic” parts respectively of the Weyl

tensor [35]. Note that in fact Cklkl=0=ǫijkC
0i
jk. The matrix Q inherits both its transpose symmetry

Qij = Qji, and traceless property Qii = 0 from those of Eij and Hij separately.

The nonzero components of the matrices Eij and Hij for the stationary, axisymmetric metric of

(2.3) are given explicitly by

E11 =
1

6
e−2α

{

βrr + ψrr − 2νrr − (βr + ψr − 2νr)(αr − νr) + (βr − ψr)
2
}

+
1

3
e−2α−2ν+2ψ ω2

r

+
1

6
e−2β

{

αθθ + νθθ − 2ψθθ − (αθ + νθ − 2ψθ)(βθ − ψθ) + (αθ − νθ)
2
}

− 1

6
e−2β−2ν+2ψ ω2

θ (B6a)

E12 = E21 =
1

2
e−α−β

{

ψrθ − νrθ + αθ (νr − ψr) + νθ (βr − νr) + ψθ (ψr − βr) + e2ψ−2ν ωθ ωr

}

(B6b)

E22 =
1

6
e−2α

{

βrr + νrr − 2ψrr − (βr + νr − 2ψr)(αr − ψr) + (βr − νr)
2
}

− 1

6
e−2α−2ν+2ψ ω2

r

+
1

6
e−2β

{

αθθ + ψθθ − 2νθθ − (αθ + ψθ − 2νθ)(βθ − νθ) + (αθ − ψθ)
2
}

+
1

3
e−2β−2ν+2ψ ω2

θ (B6c)

E33 =
1

6
e−2α

{

ψrr + νrr − 2βrr − (ψr + νr − 2βr)(αr − βr) + (νr − ψr)
2
}

− 1

6
e−2α−2ν+2ψ ω2

r

+
1

6
e−2β

{

ψθθ + νθθ − 2αθθ − (ψθ + νθ − 2αθ)(βθ − αθ) + (ψθ − νθ)
2
}

− 1

6
e−2β−2ν+2ψ ω2

θ (B6d)

H11 =
1

2
e−α−β−ν+ψ

{

ωrθ − ωr (αθ + νθ − 2ψθ)− ωθ (βr − ψr)
}

(B6e)

H12 =H21=
1

4
eψ−ν

{

e−2β
{

ωθθ−ωθ (αθ + βθ + νθ−3ψθ)
}

−e−2α
{

ωrr−ωr (αr + βr + νr−3ψr)
}

}

(B6f)

H22 =
1

2
e−α−β−ν+ψ

{

− ωrθ − ωr (ψθ − αθ) + ωθ (βr + νr − 2ψr)
}

(B6g)

H33 =
1

2
e−α−β−ν+ψ

{

ωr (νθ − ψθ) + ωθ (ψr − νr)
}

(B6h)

with all other components not listed vanishing.
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It follows that for a stationary, axisymmetric spacetime and for the choice of tetrad in Eq. (A3),

the complex matrix Q has the following block structure

Q =











Q11 Q12 0

Q12 Q22 0

0 0 Q33











with Q11 +Q22 +Q33 = 0 (B7)

and hence contains just 3 independent complex components (the Newman-Penrose coefficients

Ψ0,Ψ2,Ψ4), accounting for the 6 nonzero real components of the Weyl tensor in this geometry.

The three eigenvalues of Q are

1

2

{

Q11 +Q22 ±
√

(Q22 −Q11)2 + 4Q2
12

}

and Q33 = − (Q11 +Q22) (B8)

If these are all different, which is the generic case, then the geometry is Petrov Type I. If any two of

the eigenvalues are equal (but not equal to the third), at all points, then the geometry is Petrov Type

D. This is an algebraically special case, of which the vacuum Kerr solution is a well-known example.

The symmetric matrix Q can be brought to a diagonal form QD by a complex SO(2,C) rotation

Q
D
=MQMT (B9)

where the matrix M also has the 2× 2 block form

M =











cos(ξ + iη) − sin(ξ + iη) 0

sin(ξ + iη) cos(ξ + iη) 0

0 0 1











(B10)

and

tan
{

2(ξ + iη)
}

=
2Q12

Q22 −Q11
(B11)

in terms of two real functions (ξ, η) of (r, θ). This corresponds to the local Lorentz transformation

w′ a = Λabw
b of the orthonormal tangent frame basis one-forms (A3) to

w′ 0 = cosh η w0 + sinh η w1 (B12a)

w′ 1 = sinh η w0 + cosh η w1 (B12b)

w′ 2 = cos ξ w2 − sin ξ w3 (B12c)

w′ 3 = sin ξ w2 + cos ξ w3 (B12d)

in which ξ is the rotation angle in the rθ plane, and η is the boost parameter (rapidity) in the tφ

plane. Thus 2 of the 6 real components of the Weyl tensor at any point are accounted for by this
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rotation-boost to the tangent frame basis where Q is diagonal, and the remaining 4 real components

are accounted for by any two of the unequal complex eigenvalues (B8).

Identifying the null surface singular δ-function contributions to the Weyl tensor proceeds in the

same fashion as for the Einstein tensor in Sec. IV, namely by multiplying the components (B6) by the

potentially discontinuous factor exp(α+ ν) of
√−g, grouping all second derivative terms with respect

to r together with the singular αr+νr terms to form total r-derivatives, and finally taking the horizon

limit e2ν → 0. In this way we obtain

eα+νE11 = −1

6

[

e−α−ν
∂e2ν

∂r

]

δ(r −R) + · · · = −1

3

[

κ
]

δ(r −R) + . . . (B13a)

eα+νE22 =
1

12

[

e−α−ν
∂e2ν

∂r

]

δ(r −R) + · · · = 1

6

[

κ
]

δ(r −R) + . . . (B13b)

eα+νE33 =
1

12

[

e−α−ν
∂e2ν

∂r

]

δ(r −R) + · · · = 1

6

[

κ
]

δ(r −R) + . . . (B13c)

eα+νH12=e
α+νH21 =

1

4
eψ+ν

[

e−α−ν
∂ω

∂r

]

δ(r −R) + . . .=
1

2
eν−ψ

[

J
]

δ(r −R) + . . . (B13d)

where (4.3e) and the definitions (4.11), (4.12) have been used, and with other components not listed

giving no null-horizon contributions. We have retained the last contribution (B13d), even though like

(4.17b) it goes to zero on the horizon, because it is needed if one transforms to the (t, r, θ, φ) coordinate

basis. This transformation involves e−ν through (A4a), and leads to finite [J ] dependence of (Σ)Cαβµν

on the surface, as does (4.17) if transformed back to the coordinate basis (4.14).

The singular surface contributions (B13) of the Weyl tensor can be related to those of the Einstein

tensor and surface stress tensor as follows. From the definition of the Weyl tensor (B1) and Einstein’s

equations it follows that

Cαβµν = Rαβµν − 16πGδ
[α
[µT

β]
ν] +

16πG

3
δ[α[µδ

β]
ν] T (B14)

so that multiplying by exp(α+ν), and selecting out only the singular surface contributions proportional

to δ(r −R
H
) gives

eα+ν (Σ)Cabcd = eα+ν (Σ)Rabcd +
(

−16πGδ
[a
[cS

b]
d] +

16πG

3
δ[a[cδ

b]
d] Sff

)

δ(r −R
H
) (B15)

in the orthonormal tangent frame basis. Using (B5), (B13) and (4.17) one may check that for the six

independent components C31
31=E22, C

03
03=E33, C

01
31=H12, and C

02
31=H22, C

03
12=H33, C

01
02=

E12, the Weyl tensor δ-function surface contributions on the left are precisely given by the surface

stress tensor terms on the right of (B15), the last three with vanishing surface contributions. In

other words, these six components have zero (Σ)Rabcd surface terms, and hence the Weyl tensor and

Q matrix (B7) on the surface are completely determined by the surface stress tensor Sab. Since all
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the Weyl tensor δ-function surface contributions are completely fixed in this way by the matter stress

tensor on the horizon, there is no independent lightlike singular gravitational shock wave propagating

along the horizon [33].

By inverting the transformation (B2), i.e.

Cαβµν = υαa υ
β
b C

ab
cd e

c
µ e

d
ν (B16)

which is well defined and nonsingular for all eν 6= 0, e−α 6= 0, one can also express the Weyl tensor in

the original coordinate basis of (2.3), and evaluate the singular surface components in this basis in the

horizon limit, e2ν → 0. Defining the δ-function contributions to the Weyl tensor at the null horizon as

eα+ν (Σ)Cαβµν ≡ Cαβµν δ(r −R
H
) (B17)

and making use of (B13), in this way we obtain

Ctθ tθ = Crφrφ =
1

6

[

κ
]

+
1

2
ω
H

[

J
]

(B18a)

Ctφtφ = Crθrθ =
1

6

[

κ
]

(B18b)

Cθφθφ = Crtrt = −1

3

[

κ
]

− 1

2
ω
H

[

J
]

(B18c)

Ctθθφ = Crtrφ =
1

2

[

J
]

(B18d)

Cθφtθ = Crφrt = −1

2
ω
H

[

κ
]

− 1

2
ω2
H

[

J
]

(B18e)

with all other components not obtained from those listed by the antisymmetry in the first and second

pair of indices equal to zero.

Naturally this same result is also obtained by computing the components of (B1) directly in the

coordinate basis (2.3). As a consistency check, or in case the reader is worried about the use of the

orthonormal basis at the horizon where it becomes singular, we have evaluated the δ-function terms in

the Weyl tensor density
√−g Cαβµν directly in the coordinate basis, transforming all second derivatives

of the metric gµν into derivatives of the form (
√−g gµν,α),β, and taking the limit R→ R

H
assuming a

finite
√−g at the horizon and continuity of the Killing vectors and the induced metric. We then reach

the same conclusion about the absence of a gravitational shock wave at the null horizon working in

the coordinate basis as follows. The coefficients of the δ(r−R
H
) terms in Eq. (B14) obey the equation

Cαβµν = Rαβ
µν − 16πGδ

[α
[µS

β]
ν] +

16πG

3
δ[α[µδ

β]
ν] Sλλ (B19)

where eα+ν (Σ)Rαβµν = Rαβ
µν δ(r−RH

). Substituting the explicit results (B18) and (4.14) into (B19),

or by direct calculation of Rαβ
µν , one can verify that all the tangential components of the surface
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Weyl tensor, i.e., all the components Cijkl in (B17) with indices i, j, k, l ranging over t, θ, φ, receive no

contribution from the Riemann tensor term in (B19) and are determined completely by the terms in

(B19) that contain the surface stress tensor Sµν , to wit

Rij
kl = 0, Cijkl = −16πGδ

[i
[kS

j]
l] +

16πG

3
δ[i[kδ

j]
l] Smm (B20a)

with i, j, k, l,m = t, θ, φ. All other components of Cαβµν , i.e. those with one or more indices equal to

r, either vanish or are equal to one of the tangential components Cijkl according to the leftmost equal

signs in (B18) and the antisymmetries of the Weyl tensor. Therefore by an analogous accounting as

that leading to (B15), all components of the Weyl tensor density Cαβµν δ(r − R
H
) at the null horizon

are completely determined by the local value of the surface stress tensor Sµν at the same point on the

horizon. There is no impulsive gravitational wave on the null horizon.

Appendix C: Barrabès-Isreal Formalism for the Null Surface Stress Tensor in the Rotating Case

The BI transverse null vector N satisfying (4.5) and (4.6) in the general axisymmetric stationary

metric of (2.3) is given by (4.7). Proceeding with the BI formalism of [13] we compute the oblique

curvature

Kij = −Nµe
λ
(j)∇λe

µ

(i) = −NµΓ
µ
ij =

1

2
Nµ
{

∂µgij − ∂igµj − ∂jgµi

}

(C1)

so that the discontinuity γij = 2 [Kij ] has components

γtt =

[

N r ∂gtt
∂r

]

=

[

e−α−ν
∂

∂r

(

e2ν − ω2 e2ψ
)

]

(C2a)

γtφ =

[

N r ∂gtφ
∂r

]

=

[

e−α−ν
∂

∂r

(

ω e2ψ
)

]

(C2b)

γφφ =

[

N r ∂gtφ
∂r

]

= −
[

e−α−ν
∂

∂r
e2ψ
]

(C2c)

γθθ =

[

N r ∂gθθ
∂r

]

= −
[

e−α−ν
∂

∂r
e2β
]

(C2d)

γtθ = −
[

N t ∂gtt
∂θ

]

−
[

Nφ ∂gtφ
∂θ

]

=

[

e−2ν ∂

∂θ
e2ν
]

−
[

ω e−2ν+2ψ ∂ω

∂θ

]

(C2e)

γθφ = −
[

N t ∂gtφ
∂θ

]

−
[

Nφ ∂gφφ
∂θ

]

=

[

e−2ν+2ψ ∂ω

∂θ

]

(C2f)

Note that all of these γab are finite on the horizon. The first four entries in (C2) depend only upon

N r and are clearly independent of the other components, which characterize displacements tangential

to the surface described by BI Eq. (12): N → N + λke(k) and which would change N t, N θ, Nφ. The

only possibly problematic nonzero entry in (C2) is the fifth one, γtθ 6= 0, which does depend upon the

tangential components, N t and Nφ, and causes a problem below.
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We then apply BI Eqs. (17)-(18) for the surface stress tensor Sij, with η =−1. Noting that the

normal n as given by (6.5) has no (t, θ, φ) components, so that γµ = 0= γ†, this is equivalent to BI

Eq. (22) or

−16πGSij = −ǫ
(

gikγjk − δijg
klγkl

)

(C3)

which is well defined and finite away from the horizon where ǫ > 0. Making use of (C2) to evaluate

these components and then taking ǫ = e2ν → 0 on the null horizon gives

16πGStt = e2ν
(

gtcγtc − gcdγcd
)

→ ωγtφ + ω2γφφ = ω e2ψ
[

e−α−ν
∂ω

∂r

]

(C4a)

16πGStφ = e2ν
(

gttγtφ − gtφγφφ
)

= −γtφ − ω γφφ = −e2ψ
[

e−α−ν
∂ω

∂r

]

(C4b)

16πGSφt = e2ν
(

gtφγtt − gφφγtφ
)

→ −ωγtt − ω2γtφ = −ω
[

e−α−ν
∂

∂r
e2ν
]

+ ω2e2ψ
[

e−α−ν
∂ω

∂r

]

(C4c)

16πGSφφ = e2ν
(

gφcγφc − gcdγcd
)

→ γtt + ω γtφ =

[

e−α−ν
∂

∂r
e2ν
]

− ω e2ψ
[

e−α−ν
dω

dr

]

(C4d)

16πGSθθ = e2ν
(

gθcγθc − gcdγcd
)

→ γtt + 2ω γtφ + ω2γφφ =

[

e−α−ν
∂

∂r
e2ν
]

(C4e)

16πGStθ = ǫ (gtcγcθ) = e2νgttγtθ = −
[

e−2ν ∂

∂θ
e2ν
]

(incorrect) (C4f)

16πGSθt = ǫ (gθcγct) = e2νgθθγtθ = e2ν−2β

[

e−2ν ∂

∂θ
e2ν
]

(incorrect) (C4g)

16πGSθφ = ǫ (gθcγcφ) = e2νgθθγθφ = 0 (C4h)

16πGSφθ = ǫ (gφcγcθ) = e2νgφtγtθ = −ω
[

e−2ν ∂

∂θ
e2ν
]

(incorrect) (C4i)

where we have put to zero all terms which vanish as ǫ = e2ν → 0 on the null horizon surface. We

note from (C4) that in the case of ω=0 and no θ dependence, only Sφφ and Sθθ in (C4d) and (C4e)

are nonzero, proportional to γtt and equal to each other, reducing to the spherically symmetric case

already considered in Sec. VIA. Note that although some of these components agree with those derived

directly from the Einstein tensor in Sec. IV, the nonzero results for Stθ,Sθt and Sφθ do not agree. These

components cannot possibly appear in the true answer since the relevant components of the Einstein

tensor vanish identically by symmetry. This discrepancy is a result of the discontinuous oblique N

vector, in violation of the assumptions made in [13] to argue for the independence of the result for the

discontinuity of Kij and the surface stress tensor on the choice of N , which makes the BI formalism

inapplicable to this case. Rotating lightlike horizon surface “branes” were also considered in [49].
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